UNIVERSIDADE DE SAO PAULO

Instituto de Ciéncias Matematicas ¢ de Computacgdo
ISSN 0103-2577

PHASE PORTRAITS OF QUADRATIC POLYNOMIAL VECTOR
FIELDS HAVING A RATIONAL FIRST INTEGRAL OF
DEGREE 3

JAUME LLIBRE
REGILENE D. S. OLIVEIRA

N2 282

NOTAS

Série Matematica

S

Iicnc
(o @)

Sdo Carlos — SP
Set./2007

sYsNoO_JbdF4.3

DATA [ I

ICMC - SBAB




PHASE PORTRAITS OF QUADRATIC POLYNOMIAL VECTOR
FIELDS HAVING A RATIONAL FIRST INTEGRAL OF
DEGREE 3

JAUME LLIBRE AND REGILENE D. S. OLIVEIRA

ABSTRACT. In this paper we classify all the global phase portraits of the qua~
dratic polynomial vector fields having a rational first integral of degree 3.

RESUMO. Neste trabalho classificainos os retratos de fase globais dos cain-
pos de vetores polinomiais quadraticos que possuemn integral primeira racional
de grau 3.

1. INTRODUCTION

Let R[z, y] be the ring of the polynomials in the variables x and y with coefficients
in R. We consider a system of polynomial differential equations in R? defined by

= Plz,y),
1 .
W) y= Qlz,y),
where P,Q € Rz,y]. We say that m = max{deg P,deg Q} is the degree of system
(1). We can associate to system (1) the polynomial vector field X = P(z,y)Z +
Q(z, ?/)a% A quadratic polynomial vector field is a polynomial vector field for which
m=2.

Let U be an open and dense subset of R?, we say that a nonconstant function
H:U — R is a first integral of system (1) on U if H(z(t),y(t)) is constant for all
of the values of ¢ for which (x(t), y(t)) is a solution of system (1). Obviously H is
a first integral of system (1) if and only if

Ox
for all (z,y) € U. On the other hand given [ € R[z,y] we say that the curve
f(z,y) =0 is an algebraic invariant curve of system (1) if there exists K € R(z, y]
such that

@) Ple, ) o (a,9) + Q(z,w%(z,y) =0

af ofr .
(3) Bt @ =K,
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The search of first integrals is a classic tool in order to describe the phase portraits
of a bi-dimensional differential system. As usual the phase portrait of a system
is the decomposition of the domain of definition of this system as union of all its
orbits.

Quadratic polynomial vector fields and its applications have been studied inten-
sively in the last 25 years, and more than one thousand papers have been published
about the subject (see for instance [9, 10]). But the problem of classifying all the
integrable quadratic vector fields remains open.

In this paper we classily all the global phase portraits in the Poincaré disc of
the quadratic vector fields having a rational first integral I of degree 3, this means
that H is of the form

3 o
(4) DY
= 77 T 38 —

b Ei+.7’-.=() ai;r'y’
with e2g + 3, + e, + eds +adq + a3, +a}y +ads # 0 and with H, and Hy different
from a constant. This last condition do not allow that H and 1/H be a polynowmial.

The quadratic vector fields having a polynomial first integral and their phase
portraits have been characterized in [5, 6]. The phase portrait of all quadratic
vector fields having a rational first integral of degree 2 have been characterized in
[3].

Our main result in this paper is the following.

Theorem 1. The phase portrait on the Poincaré disc of any planar quadratic
polynomial vector field (P,Q) with a rational first integral of degree 3 and wilh
(P,Q) = 1, or the phase portrait with the sense of all orbits reversed, is topologically
equivalent to one of the 13 phase portraits described in Figure 1.

The paper is organized as follows. The basic definitions and results about the
different kinds of finite and infinite singular points and the results about the Poin-
caré compactification are given in Section 2. In Section 3 we described the two
ways used to obtain all normal forms for the systems of Theorem 1. In Section
4 we show that there are not quadratic polynomial vector fields having a rational
first integral of degree 3 when we follow the first way. In Section 5 we describe
the normal forms of all quadratic polynomial vector fields having a rational first
integral of degree 3 when we follow the second way. Finally in Section 6 we study
the global phase portraits of the vector fields of Section 5 in order to complete the
proof of the main result.

2. BASIC RESULTS

In this section we introduce the basic definitions, notations and results that
we will need for the analysis of the local phase portraits of the finite and infinite
singular points of the quadratic polynomial vector fields.

We denote by P,(R?) the set of all polynomial vector fields on R? of the form
X(z,y) = (P(z,y),Q(z,y)) where P and Q are real polynomials in the variables
z and y of degree at most n (with n € N). As usual N denotes the set of positive

integers.
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Fi1GURE 1. The 13 non topologically equivalent phase portraits of
the planar quadratic polynomial vector field with a rational first
integral of degree 3. The dashed lines denotes lines filled of singular
points.
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2.1. Singular points. A point p € R? is said to be a singular point of the vector
field X = (P,Q) if P(p) = Q(p) = 0. We recall first some results which hold when
P and () are analytic functions in a neighborhood of p. As usual P, denotes the
partial derivative of P with respect to the variable x.

If A = P(p)Qy(p) — Py(p)Qu(p) and T = Pi(p) + Qy,(p), then the singular
point p is said to be non-degenerate if A # 0. Then p is an isolated singular point.
Moreover, p is a saddle if A < 0, a node if T? > 4A > 0 (stable if T < 0, unstable
if T >0), a focus if 4A > T? > 0 (stable if T <0, unstable if T > 0), and either a
weak focus or a center if T =0 < A: for more details see [1], p. 183.

The singular point p is called hyperbolic if the two eigenvalues of the Jacobian
matrix DX (p) have nonzero real part. So the hyperbolic singular points are the
non—degenerate ones except the weak focus and the centers.

A degenerate singular point p (i.e. A =0) with 7' # 0 is called semi-hyperbolic,
and p is isolated in the set of all singular points. Now we summarize the results
on semi-hyperbolic singular points that we shall need in this paper, for a proof see
Theorem 65 of [1].

Proposition 2. Let (0,0) be an isolated point of the vector field (F(z,y),y +
G(z,y)), where F and G are analytic functions in a neighborhood of the origin
starting at least with quadratic terms in the variables x and y. Let y = g(x) be the
solution of the equation y+G(x,y) = 0 in a neighborhood of (0,0). Assume that the
development of the function f(z) = F(z,g(z)) is of the form f(z) = pa™ + HOT
(Higher Order Terms), where m > 2 and p # 0. When m is odd, then (0,0) is
either an unstable node, or a saddle depending if > 0, or p < 0, respectively.
In the case of the saddle the stable separatrices are tangent to the x-axis. If m is
even, then (0,0) is a saddle-node, i.e. the singular point is formed by the union of
two hyperbolic sectors with one parabolic sector. The stable separatriz is tangent to
the positive (respectively negative) a—azis at (0,0) according to p < 0 (respectively
w>0). The two unstable separatrices are tangent to the y-axis at (0,0).

The singular points which are non—degenerate or semi-hyperbolic are called ele-
mentary.

When A = T = 0 but the Jacobian matrix at p is not the zero matrix and
p is isolated in the set of all singular points, we say that p is nilpotent. Now we
suminarize the results on nilpotent singular points that we shall need. For a proof
see Theorems 66 and 67 and the simplified scheme of Section 22.3 of [1].

Proposition 3. Let (0,0) be an isolated singular point of the vector field (y +
F(z,y), G(z,v)), where F and G are analytic functions in a neighborhood of the
origin starting at least with quadratic terms in the variables x and y. Lel y = flz)
be the solution of the equation y + F(x,y) = 0 in a neighborhood of (0,0). Assume
that the development of the function G(z, f(z)) is of the form Ka* + HOT and
®(z) = (OF |9z 4+ 0G /9y)(x, f(z)) = La* + HOT with K # 0,k > 2 and A > 1.
Then the following statements hold.

(1) If K is even and
(1.a) & > 2\+1, then the origin is a saddle-node. Moreover the saddle-node has
one separatriz tangent to the semi-azis x < 0, and the other two separatri-
ces tangent to the semi-axis x > 0.
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(Ib) kK < 2XA+ 1 or @ = 0, then the origin is a cusp, i.e. a singular poinl
formed by the union of two hyperbolic sectors. Moreover, the cusp has two
separalrices tangent to the posittive x—-azis.

(2) If k is odd and K > 0, then the origin is a saddle. Moreover, the saddle has
two separatrices tangent to the semi—aris ¥ <0, and the other two tangent
to the semi-azis = > 0.

(3) If k is odd, K <0 and

(3.a) A even, k = 2\ + 1 and L*> + 4K (A + 1) >0, or A even and k > 2\ + 1,
then the origin is a stable (unstable) node if L <0 (L > 0), having all the
orbits tangent to the z-azxts at (0,0).

(3b) X odd, k =2\ +1 and L? +4K(\A+ 1) >0, or A odd and k > 2\ + 1 then
the origin is an elliptic-saddle, i.e. a singular point formed by the union of
one hyperbolic sector and one elliptic sector. Moreover, one separatriz of
the elliptic-saddle is tangent to the semi-azis z < 0, and the other to the
semi-azis v > 0.

(3.c) k = 2X+ 1 and L? + 4K(\+ 1) <0, or kK < 2\ + 1, then the origin is a
focus or a center, and if ®(x) =0 then the origin is a center.

Finally if the Jacobian matrix at the singular point p is identically zero, and p is
isolated inside the set of all singular points, then we say that p is linearly zero. The
study of its local phase portrait needs a special treatment (directional blow—ups),
see for more details [2]. But if a quadratic vector field has a finite linearly zero
singular point, then it is equivalent to a homogeneous quadratic vector field doing
if necessary a translation of the linearly zero singular point to the origin, and the
global phase portraits of the quadratic homogeneous vector fields are well known,
see Figure 2 and for more details [10].

2.2. Poincaré compactification. Let X € P,(R?) be a planar polynomial vector
field of degree n. The Poincaré compactified vector field p(X) corresponding to X
is an analytic vector field induced on S? as follows (see for more details [7]). Let
S ={y = (y1,y2,y3) ER® 1y} +y3 + y2 = 1} (the Poincaré sphere) and T,S* be
the tangent plane to S? at point y. Identify R? with T(OAU.I)SZ. Consider the central
projection f : T(o,o,1)82 — §2. This map defines two copies of X on S%, one in the
northern hemisphere and the other in the southern hemisphere. Denote by X’ the
vector field Df o X defined on S? except on its equator S! = {y € S? : y3 = 0}.
Clearly S! is identified to the infinity of R?. In this paper when we talk about the
circle of the infinity of X we simply talk about the infinity.

In order to extend X' to a vector field on $? (including S!) it is necessary that
X satisfies suitable conditions. In the case that X € P,(R?), p(X) is the only
analytic extension of y;’;’ng' to S2. On S%\S! there are two symmetric copies of
X, and knowing the behavior of p(X) around S', we know the behavior of X in
a neighborhood of the infinity. The Poincaré compactification has the property
that S! is invariant under the flow of p(X). The projection of the closed northern
hemisphere of §? on y3 = 0 under (yi1,y2,y3) — (y1,y2) is called the Poincaré
disc, and it is denoted by D?.

In the rest of this paper we say that two polynomial vector fields X and Y on
R? are topologically equivalent if there exists a homeomorphism on S? preserving
the infinity S carrying orbits of the low induced by p(X) into orbits of the flow
induced by p(Y).
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FIGURE 2. The phase portraits of the homogeneous quadratic vec-
tor fields.

As S? is a differentiable manifold, for computing the expression for p(X), we can
consider the six local charts U; = {y € §* : y; > 0}, and V; = {y € §? : y; < 0}
where 7 = 1,2,3: and the diffeomorphisms F; : U; — R2 and G; : V; — R? for
i = 1,2,3 are the inverses of the central projections from the planes tangent at
the points (1,0,0), (-1,0,0),(0,1,0),(0,-1,0),(0,0,1) and (0,0, —1), respectively.
If we denote by z = (z1,22) the value of Fi(y) or Gi(y) for any i = 1,2,3 (so z
represents different things according to the local charts under consideration), then
some easy computations give for p(X) the following expressions:

) A() (o( >_21P <i£>_P (—l——1->)m Uy,
® s (P(2)-n0(2.5) =0 (2.2))m o

(7) A(z) (P(z1,22),Q(21,22)) in  Us,

where A(z) = (22 + 23 + 1)72("=1D. The expression for V; is the same as that for
U; except for a multiplicative factor (=1)"='. In these coordinates for i = 1,2,
25 = 0 always denotes the points of S!. In what follows we omit the factor A(z) by
rescaling the vector field p(X). Thus the expression of p(X) becomes a polynomial
vector field in each local chart.

™
-

3 |’_‘ b I .
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3. CHARACTERIZATION

Let X = (P, Q) be a polynomial vector field having a rational first integral H of
degree 3 written as in (4). Then except a common factor the polynomials P and @
are

P = (epragn — eopan1) + (e11a00 — e10ao1 + enraio — egoain)e
+2(—egoar2 + e12a00 — €10002Y + €02¢10) Y+
2
(e21a00 — €20a01 + €11a10 — €10a11 + €oraz0 — €noaz; )T+

2(egou00 — 10002 + €02a10 — oot 12)ry+

(3e03aon + eo2a01 — €o1a02 — 3€0oao3)y>+

(—es0a01 + e2rag — ez0arn + eriazn — ejpag + 8016130)1‘3
+2(—e20a02 + e12a10 — €10a12 + eg2an0)z’y+

(8) (e12a01 — e11a02 — eroaps + 3epsaio + €p2a11 — epraiz)zy?

+2(egzan — enaos)y’ + (—esoa1r + ezrazg — eapaz; + er1aso)z?
+2(—e30a02 — ea0u12 + e12a0 + ep2as0) 2’ y+

(—621(102 — 3exgans + erzai — er1a12 + 3egzaz + €<12021)1’2y2
+2(—er1a0s + aosain)zy® + (eozao2 — eo2aos)y*+

(—esoaar + earaso)x® + 2(—esoar2 + e12a30)xty+

(—3es0ans — e21a12 + e12a21 + 3epzaso)z Y+
2(—earaos + eogant)z?y® + (—er2a0s + eozarz)wy?,

Q= —((e10an0 — €ona1n) + 2(e20a00 — ennazo)z+

(e11@00 + €10a01 — €01@10 — €00@11)Y-+

(3€:ma(m + e20a10 — €10a20 — 36()()a30)l'2+

(2e21a00 + 2e20a01 — 2ep1a20 — 2€0pun1 )2y

+(e12a00 + €11a01 + €10a02 — €02a10 — €01a11 — eopa2)y>+
(3es0a01 + e21a10 + ea0a11 — €11a20 — €10a21 — 3e01a30)z%y
+(2e01001 + 2e20a02 — 2e02a20 — 2eo1any )y’ +

9) (e12a01 + e11a02 + e1paos — eozaio — €p2a11 — eorai2)y’

+(es0ano — esoaso)z” + 2(esoarr — e11as0)rdy+

2(earaoe + e20a03 — €o3ano — €02a21)ry’+

(3€:mau2 + exjar) + ex0a12 — €12a20 — €112 — 36()2a:s())z2y2+
2(egpary — elna:m)l‘B + (emaoz + €e11a03 — €g3a11 — 8()2a12)y4+
(espaz1 — e21a30)xy + 2(egoa1z — e1z2as0)z’y*+

(3es0a03 + e21a12 — e12a21 — 3enzazo)z?y®

+2(eaya03 — eozant)zy® + (e12a03 — eoza12)y®),

where P = (—0H/dy)H3 and Q = (OH/9z)H3.

There are two ways in order that the vector field X becomes quadratic. The first
is equating the coefficients of the terms of degree 3, 4 and 5 of P and Q to zero.
Proposition 5 will show that there are not polynomial quadratic vector fields with
rational first integral of degree 3 of this kind.

The second way is when P and @ have a common factor R of degree 1, 2 or 3
and the maximum of the degrees of P/R and Q/R is 2.

In order to find all systems satisfying these conditions we start trying to reduce
the number of variables in the system. Without loss of generality we can assume
that the numerator H; of H is a polynomial of degree 3 in the variables z and y.
Then Hj is either an irreducible cubic polynomial or is given by the product of a
conic and a straight line. Using the classification of cubics and conics we have that
H can be written as one of the following 13 cases of the next proposition.
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Proposition 4. Let H be a rational first integral of degree 3 of the quadratic vector
field X. Then H can be written after an affine change of variables in one of the
following forms:

(az® + zy® + ba® + cx + dy + e)/Ha(z,y) (I!)
(az® + y? 4 ba? 4 ca 4+ d)/Ho(z,y), a#0 (I?),
(az® + 2y + b2® + cx +d)/Ha(z,y), a#0 (I3),
)

(az® + y + ba® + cx + d)/Ha(z,y), a#0 (1Y),
(:1:2 Fy? = 1) (y—d)/Ho(x,y), (E)

(:v2 +y* + 1)(y —d)/Ha(z,y), (CE)

( —y)(az + by + ¢)/Ha(x,y), (P)

(2* —y* = V)(az + by +c)/Ha(z,y),  (H)

(2? + y*)(y — d)/Ha(z,y),  (p)
(zy)(az + by + ¢)/Ha(z,y), (LV)

(2® = 1)(az + by + ¢)/Ha(x,y), (PL)

(l‘ + 1)(y —d)/Ha(z,y), (CL)

2?(az + by + ¢)/Ha(z,y), (DL)

where Ho, given as in (4), denotes an arbitrary polynomial of degree 3.

Proof. For the classification of the four irreducible cubics see the Newton’s investi-
sation of cubic algebraic curves in Section 2.5 of the book [8]. The remainder nine
cases are obtained from the classification of the conics, real ellipse 22 +y> — 1 = 0,
complex ellipse 22 + y*> + 1 = 0, parabola z? —y =0, hyperbola 2> —y*> — 1 = 0,
two complex straight lines intersecting in a real point 22 +y? = 0, two non—parallel
straight lines zy = 0, two parallel real straight lines 2% —1 = 0, two parallel complex
straight lines 22 + 1 = 0, and a double real straight line z? =0, 0

Now we proceed as follows, for every one of the thirteen cases of H (Proposition
4) find P = —0” H3 and Q = ‘2,’11 H3. Then suppose

(10) P — R(z,y)P(x,y) =0,
(11) Q — R(z,y)Q(z,y) =0,

P(z,y) = coo + croz + co1y + ca0z? + cnizy + cooy?,

Qz,y) = doo +dioz +dny + dooz® + diizy + doay?,

R Y= boo + broz + bory + baoz? + brizy + boay® +
bsoz® + boz?y + braay® + bosy’.

This means that in order to find all quadratic polynomial vector fields with
rational first integral of degree 3 following the second way, we have to solve 13
systems given by 42 equations in the variables x and y with at most 37 unknowns,
namely a;j, bij, cij, dij, a,b,c,d and e.

We solve these systems with the help of an algebraic manipulator as Mathema-
tica. See Section 5 for details.

where
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4. THE FIRST WAY

Let H be a rational first integral of degree 3 of the planar quadratic polynomial
vector field X = (P, Q). If we suppose H as in (4) then P and @ are given as in
(8) and (9).

Proposition 5. All vector fields X obtained when we equate to zero the coefficients
of degree 3, 4 and 5 of P and Q) have not rational first integral of degree 3.

Proof. If H is given as (4) then H has 20 parameters and P and also @ have 15
coefficients with degree greater than 2. So the system obtained when we equate
to zero the coefficients of degree 3, 4 and 5 of P and @ has 30 equations and 20
variables.

With the help of an algebraic manipulator as Mathematica we found 9 soluti-
ons for this system. But all solutions have the first integral H given by either a
polynomial function, or a rational function of degree 2. So there are no guadratic
vector fields with a rational first integral of degree 3 under the assumptions of the
proposition. ]

5. THE SECOND WAY

We distinguished two cases depending on H. By Proposition 4 the numerator of
H can be written either as an irreducible cubic, or as the product of a conic by a
straight line.

5.1. Irreducible cubic. Suppose that X = (P, Q) is a planar quadratic polyno-
mial vector field with a rational first integral H = Hy/Ho where Hj is given by an
irreducible cubic (cases (I') — (I*) of Proposition 4). The next proposition says
about the normal forms of X and H.
Proposition 6. Lel X be a planar quadratic polynomial vector field with H =
Hy/Hs as a rational first integral of degree 3 for which Hy is an irreducible cubic.
Then X can be written as
(12) = 4(da —2bx + 2c2?),

- = cd+4by + day?,
where a # 0,b,c and d are parameters and

2db — cdz + 4day + daxy®

4b% — cda — 2cbz + 8bay — 4cazy + 4a?y?’

(13) H=

The proof of this proposition follows from the next two lemmas.

Lemma 7. If H is (I?), (I*) or (I') (see Proposition 4) then the quadratic vector
fields having H = H1/Ho as a first integral also have a rational first integral H,/H>
with H, reducible.

Proof. For each case we proceed as it is described in Section 3. Here we do with
detail the case where H is (I*). The other two cases follow in a similar way.

Cousider the system obtained by doing zero all coefficient of the polynomials
(10) and (11). In this system there are nine equations where the parameters of Ho,
a0, A01, G10, @20, A11,d02, 430, A21,d12, Aoz can be written as linear combinations of
the others variables of the system.
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After doing the substitution of the a;;’s in the others equations, two of the
resultant equations are bpzcos = 0,bg3dp2 = 0. Then we divide our study in two
cases: bgy = 0 and byy # 0.

If bos # 0 we have cp2 = doz = 0. Under these conditions and using the
other equations of the system we conclude that the coefficients cyy,cy1,cio, c20,
con, d11,do1, d10, doo, dop are zero. After substituting by zero all these coefficients
we obtain that H is constant. So there are no such quadratic systems when bgg 7# 0.

Suppose that by; = 0. Then, among the other equations of the system, we can
found byacor = boacos = badps = 0. So we consider 3 subcases: b2 # 0, bja = 0,
and b()g # 0 and blg = b()g =1,

If b1a # 0 then c¢go = dy2 = 0. Then from the others equations of the system we
get C11 = €01 = €20 — €10 — d11 = d()l = dgo = Co0 = le = doo = 0. Then H is
constant.

If b2 = 0 and by2 # 0, then ¢p2 = 0 and using that a is also non—zero we obtain
that C11 = Co1 — d11 = Clg0 = C0 = dOl = Cop = d()() = d]() = d20 =0 Again H is
constant.

Now we suppose that bjo = bpa = 0. Here we do not have conditions about
non—zero coefficients, except for a. We divide our study in several subcases.

As byicoz = barcor = 0 are two equations of the system after doing by = b2 = 0,
we consider two situations: cgo = 0 and cga # 0. For c¢oo # 0, by1 = by = 0 and
bp1 = bog = b1y = byp = bpo = 0. Under these conditions H is constant. If cpo = 0,
we proceed as above. As boydye = bajcyp = 0 are two equations of the system,
we divide our study in two subcases: bo; # 0 and boy = 0. If by # 0 we have
cop = Ca9 = c10 = coo = d11 = do1 = 0 and there are no quadratic vector field under
these conditions. If bo; = 0, we have byic;; = 0 and byjcp2 = 0 as equations of the
system so we divide the study in two subcases: by = 0 and by # 0. If by; # 0 then
c11 = dog2 = 0 and also co1 = c20 = ¢10 = di1 = oo = doy = dyo = dao = doo = 0
and H is constant. If b;; = 0 we have bso(coo — d11) = 0 and bsgodeo = 0 as
equations of the system. We consider two subcases bgg = 0 and bgg # 0. If bzg # 0
then coo = dq1 and dyp = 0. With the help of Mathematica we conclude that there
are 16 solutions to (10) and (11). But for all these solutions the vector fields are
non—quadratic, after divided by the common factor.

If by = 0, with the help of Mathematica we find several solutions of system (10)
and (11). Eliminating the vector fields that are non-quadratic and the ones with
a non-rational first integral of degree 3 we have only two distinct solutions. They
are

X = (-(bnn + bml‘)(ZCLboo — bbl() — abm.’L’)‘ 2[Lb(2mc — bbgobroc + 2bb%(,d—
3abgobiod + A’labbgol‘ — 2b2bgobroz — 2aboobiocx + bb%ocw+
3ab}gda + 6a2byx? — dabboobioz” + 2abgca? — Baboobroy + 2bbigy

(14) +3“b%()~U!/)v . . ;
H= (d+cx+ba® +az® + y)/(2abfo — bbiobio + biod + 3abobrox
—2bboobgz + bigez + bipy),
and
X = (bIO + 2byox, —byoc + 6bggd — 2bbipx + 4boocz — 3ablOIQ‘l"
(15) 2bbaox? 4 6bay),

H= (d+cx+ba®+ax® +y)/(—abl, + 8b3yd — 6abiybaox + 8bj,ca
—12abygb3gx” + 8bb3gz? + 8b3yy).
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Both systewms have a first integral which can be written as the product of a conic
by a straight line. So H will not be of the form (I*). Indeed since H is a first
integral of X then H — k is also a first integral, for all constant k. In system (14)
bio # 0 (if bjo = 0 H is not a rational function according with our definition). So
H=H- —— is first integral of the same system and

10
(bu() + bml')z(—2ab()() + bbyo + arbml‘)
Qabgn — bb%obm + l)%od + 3&1)501110.1’ - 21)()00[}:1201' + b"f(,cw + b:f()y‘

H=

The same can be done with the system (15), bog # 0 (if not H is not a rational

function). Then H = H — is a first integral and

83
- (b0 + 2b90x)3
—ab}y + 8b3yd — 6ab3gbaox + 8b3gcx — 12abiobaga? + 8bb3a2 + 8bgy
So we conclude that the quadratic vector field having a rational first integral of
degree 3 with H of the form (I4) also have a rational first integral H,/Hs of degree
3 with H; reducible. O

Lemma 8. If H is (I') then there is a unique quadralic differential system with
H = Hy/H; as a rational first integral. The differential system and the first integral
are given in (12) and (13), respectively.

Proof. The way to find the quadratic system in this case is the same that the one
described when H is (14).

Here, as in that case, we find more than one differential system but all, except
one has a first integral A with H; reducible. This system is (13), where we renamed
the parameters as dga = a, do1 = b and co9 = c. O

iFrom Lemmas 7 and 8 it follows the proof of Proposition 6.

5.2. Reducible cubic case. Now we study the quadratic systems having rational
first integrals Hy/H2 of degree 3 with H; reducible.

Proposition 9. Let X be a quadratic polynomial vector field with a rational first
H,/H, of degree 8 given as in Proposition 4 with H # 17 for j = 1,2,3,4. Then
X and H can be written as one of the following systems:

(16) X = (az+ b2® —2ay — bay + cy?),
H = 2%y/(2a + 2bx — cy):
(17) X = (abz + acz?, —2aby + bdy?),
H = 2%y/(20%a + dbcax + 2¢%ax? — b2dy — 2beday):
(13) X = (az+ ba? —cay, :2;q(u + cy)),
H = 2%y/(a+bz+cy)*
X = (2ax + ba? = 2cay, —day + bry — 2cy?),
(19) H = 2%y/(8a® + 12a%bx + 6ab®z? + b%2® + 12a’cy + 12abcay+
6ac?y? + 3bcay® + Ay?):
(20) X = (2az? + 2bzy,2cx + 2dz® + dazy + 3by?),

H = 2%/(cx + 2d2? + 2azy + by?);
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X = (abax + aca® c¢d 4 cex + 3bay + cary),
(21) H = 2%/(2bcd + 3c*dx + 3bcex + 6c*ex® + 6b ay + 12bcazy+
6clax?y);
X = (2abx + 2acz?,3bd + ebx + 2dcz + 3aby + 2aczy)
(22) H = 23/(d®b+ 2dbx + d*cz + e?ba® + 2deca® + 2daby + a”by?
F2acbry + 2dacwy + 2aeca?y + acay?):
(23) X = (abr —bx?, 2ac + a’d — 3cx — 3dz — 3dz? 4 2aby — 3bxy),
N H = 2%z —a)/(2c+ ad + 3dz + 2by):
X = (=2adx + 2dz?®, —2ab + 3bz + c2® — 2ady + 3dzy),
(24) T : 2,
H = a%(z—a)/(b+cx +dy)*:
X = (6acx — 6cx?, 2ab — 3bx — adw + dacy — 6eay)

(25) H = z2%(z—a)/(b®+ 3b%da + 3bd*2? + ad3z? + 6b%cy + 12bcdzy
+6cd? 2y + 12bc*y? + 12¢%dxy? + 8c%y°);

where a,b,c and d are parameters.

Proof. The proof follows a similar way to the proof of the irreducible case (I4),
and as in that proof H always can be written in the form (DL), see Proposition
4. The reduction is obtained using that if H is a first integral of X then 1/H and
H — k, with k constant, are also first integrals. It is enough to choose a convenient
constant k.

Now in the study of the quadratic systems having first integrals of the form (DL)
three situations need to be consider: b #20,b=0and ¢ #0, b =c=0.

If b # 0 then doing the change of variables (z,y) — (z,az + by + ¢) we can
assume that H = 22y/H, and H= (1/H) —ao is also a first integral of the system
so we can suppose ao; = 0. Applying the arguments of Section 3 the polynomials
P and @ have x as a common factor. Dividing P and @ by z the common factor
R will be at most degree 2. Consequently b3y = ba; = by1o = bos = 0. Now it is
possible to write a;j, ¢,j = 0,1,2 as linear combinations of the others parameters
of the system (10) and (11). Dividing the study in cases, four quadratic systems
having a rational integral of degree 3 are found. They are the systems (15)-(18) of
this proposition.

If b = 0 then a # 0 and we get z as a factor of P and @ again. As before dividing
P and Q by = we get byg = ba; = bia = bps = 0. From the system (10) and (11),
it is possible to write the coefficients of Hy as a linear combination of the others
coefficients. We find six quadratic polynomial differential systems with a rational
first integral of degree 3. They are the systems (19)-(24) of this proposition. d

6. PHASE PORTRAITS

The goal of this section is to study the eleven normal forins of the quadratic
polynomial vector fields having a rational first integral of degree 3 obtained in
Section 5. We shall study each normal form separately.

6.1. Irreducible first integral. In Section 5.1 it. was shown that if a quadratic
vector field X has a first integral H = Hj/Hs of the form (I'), then the normal
forms of X and H are given by (12) and (13), respectively.

For studying the infinity of a polynomial vector field via the Poincaré com-
pactification we need to use the local chart U; and the origin of the local chart
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Us. In the chart U, the vector field (1‘2) writes (—4(;:1 RS 4uz¥ + 12bz129 + cdz.'_% -
dadz123, —4z5(c—2bzo+adz3)), having the infinite singular points (0,0) and (¢/a,0).
As A(0,0) = 16¢* = —A(c/a,0) and T(0,0) = =8¢, T(c/a,0) = 0 it follows that
T? —4Ais 0 at (0,0) and 64c? at (c/a,0). So if ¢ # 0 then (0,0) is an attractor
and (c¢/a,0) is a saddle point. If ¢ = 0 the origin is a linearly zero singular point.

The vector field (12) in the chart Us is (—dazy + dez? — 12b2120 + dadz? -
cdzlzg, —z9(da | 4bzy + cdz3)), having the origin as a stable node since A(0,0) =
16a® and T(0,0) = —8a and a is non-zero, otherwise the rational first integral has
degree 2.

About the finite singular points, there are four finite singular points, namely
(zi,y;) = ((=b+ (=1)Vb? —acd) /e, (=b + (=1)Vb? —acd)/2a), i,j = 1,2 if b* —
acd > 0 and ¢ # 0. There is no finite singular point if b*> — acd < 0 and ¢ # 0 and
H has degree 2 if b> —acd = 0 and ¢ # 0. There are two singular points, namely
(ad/2b,0) and (ad/2b,b/a) if ¢ =0 and b # 0 and H has degree 2 if ¢ = b = 0.

Moreover if ¢ # 0 and 0% — acd > 0 then A(z;,y;) = (—1)*732(b? — acd) and
T(zi,y;) = (—1)*14Vb2 —acd, if i # j and zero if i = j. So for i,j = 1,2 we have
that (z;,y;) are nodes if i = j and saddle otherwise. Besides (z1,y;) is a stable
node and (a9, y2) is unstable.

If c = 0 and b # 0 then A(ad/2b,0) = —32b* = —A(ad/2b,—b/a) and
T(ad/2b,0) = —4b = 3T(ad/2b,—b/a). So the (ad/2b,0) is a saddle and
(ad/2b, —b/a) is a stable node.

We complete the study with some invariant curves passing by the singular points.
If 82 — acd > 0 and ¢ # 0 the straight lines z; = (b + (~1)Vb% —acd)/c, y; =
(b + (=1)7V1? —acd)/2a are invariant. If ¢ = 0 and b # 0 the straight lines
x = —ad/2b, y = —b/a and y = 0 are invariant.

Using the local phase portraits at the finite and infinite singular points, some
invariant straight lines and the first integral it follows the next result.
Proposition 10. The phase portrait of a planar quadratic polynomial vector field
with a rational first integral H = Hy/Hy of degree 3 where Hy is an irreducible
cubic, in particular a # 0 (see Proposition 6), is topologically equivalent to Figure
1(1) if ¢ #0 and acd — b> >0, Figure 1 (2) if ¢ # 0 and acd — b> <0, and Figure
1(8)ifc=0andb#0.

6.2. Reducible first integral. ;From Proposition 9 there are 10 reducible sys-
tewns.

System (16) First we shall study the singular points at infinity. In the chart U;
the vector field writes (21(—2b + c21 — 3az2), —22(b + azz)) so if ¢ # 0, it has two
infinity singular point (0,0) and (2b/c,0), otherwise only the origin.

If be # 0 the origin is a stable node point since A(0,0) = 2b%, (T? —4A)(0,0) = b?
and 7(0,0) = —3b. If ¢ # 0 and b = 0 this is a linearly zero point. The case
¢ =b =0 is not possible because H has degree 2.

The second point has A(2b/c,0) = —2b% and T(2b/c,0) = b, so it is a saddle
point if b # 0 and it coincides with the origin if b = 0.

The same vector field in the chart Us is (z1(—c + 2bz1 +3az2 — 1), z2(—c + bz +
2azs—1)). So the origin is a stable node point, with A(0,0) = ¢? and 7(0,0) = —2¢c
and (T? —4A)(0,0) = 0 if ¢ # 0 and a linearly zero point otherwise.

This vector field has at most four finite singular points depending if a,b and ¢
are zero or not. We observe that at most one coefficient among a, b, c can be zero,
otherwise the first integral has no degree 3.
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If abe # 0 then there are four singular points: (0,0), (—a/b,a/c), (—a/b,0) and
(0,2a/c). The first and the second are saddles and the others are nodes: (—a/b,0)
is stable and (0,2a/c) is unstable. From the expression of the vector field we
conclude that there are the invariant straight lines z = 0,y = 0,z = —a/b and
y = (2a + 2bz)/c passing through the singular points. If @ = 0 then bc # 0 and the
unique singular point is the origin. It is a linearly zero point. Here 2z = 0,y = 0
and y = 2z are invariant straight lines. If b = 0 or ¢ = 0 only two of the above four
singular points exist. They have the same type described above. In the same way
there are three invariant straight lines passing through the singular points. From the
first integral expression we have that z = 0,y = 0,2 = —a/b and y = (2a + 2bz)/c
are invariant straight lines depending if b, c are zero or not. The case b = ¢ =0 1s
not possible, if not H is not rational.

The next proposition is a summary of the above study.

Proposition 11. The phase portrait of a planar quadratic polynomual vector field
with a rational first integral H = Hy/Hs of degree 3 where H is as in (16) of
Proposition 9 is topologically equivalent to Figure 1 (2) if abc # 0, Figure 1 (3) if
be=0,b>+¢*#0 and a £ 0, and Figure 1(4), if a = 0 and bc # 0.

System (17) At infinity this system has the same behavior as system (16) of
Proposition 9. The samme happens with the singular points. They are at most
4, depending on the coefficients a,b,c and d. If abed # 0 they are four: (0,0),
(0,2a/d),(~b/c,0) and (—b/c,2a/d). If c or d are zero then there are three. The
case where ¢ = d = 0 is not possible because H would not be rational of degree 3.

When there are four finite singular points two of them are saddles and two
nodes, one stable and the other unstable. The nodes are the intersection points of
three invariant curves (two straight lines and a parabola) and the saddle are the
intersection points of two invariant straight lines.

When the finite singular points are two there are a saddle and a stable node. Both
are the intersection points between two invariant straight lines. So the conclusion
is the next result.

Proposition 12. The phase portrait of a planar quadratic polynomial vector field
with a rational first integral H = Hy/Hy of degree 3 where H is as in (17) of
Proposition 9, in particular ab # 0, is topologically equivalent to Figure 1 (2) if
ed # 0, and Figure 1 (3) ¢d =0 and ¢ +d* # 0.

System (18) The finite singular points are (0,0), (0, —a/c), (—a/b,0) and
(—a/b,—a/c), if abe # 0. So the origin and the point (—a/b, —a/c) are saddles
and the other two singular points are nodes: (—a/b,0) is unstable and (0, —a/c) is
stable. If @ = 0 then be # 0 and the origin is the unique singular point. It is a
linearly zero point. Through it there are 3 invariant straight lines. If a # 0 and
b =0 or ¢ =0 only two of the four singular points exist. The case b = ¢ = 0 is not
possible if not H would not be rational.

;From the first integral of system (18) the straight lines 2 =0,y = 0,y = —a/c
and y = (—a — bz)/c are invariant if ¢ is no zero. If ¢ = 0 then b # 0 and
z=0,2 = —a/band y =0 are invariant.

At infinity the behavior is the same of system (16) so we have the next result.

Proposition 13. The phase portrail of a planar quadratic polynomial vector field
with a rational first integral H = Hy/Hs of degree 3 where H is as in (13) of
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Proposition 9 is topologically equivalent to Figure 1 (2) if abc # 0, Figure 1 (3) if
be=0,0%4+c*>#£0 anda £ 0, and Figure 1 (4) if a =0 and be # 0.

System (19) In the chart U; the vector field X writes (—6azjz9, —z0(b — 2¢z; +
2az7)) and in the chart Us is (6azjze, —z2(2¢ — bzy + 4az)). Then the infinity is
filled of singular points.

The finite singular points are (0,0), (0, —2a/c) and (—2a/b,0) if be # 0 and, if
¢ =0or b =0 then they are two. Here a is always non—zero and the case b =c =10
is not possible (if not the vector field has a common factor or it is a linear system).
The origin is a saddle. The point (0, —2a/c) is an unstable node and (—2a/b,0) is
a stable node. Besides the singular points are the intersection points between two
invariant straight lines of the system.

If ¢ # 0 then the straight lines = 0,y = 0 and y = —(2a + bz)/c are invariant
passing through the singular points. If ¢ = 0 and b # 0 then the straight lines
2z =0,y =0and x = —2a/b are invariants.

Summarizing we have the next result.

Proposition 14. The phase portrait of a planar quadratic polynomial vector field
with a rational first integral H = Hy/Hy of degree 3 where H is as in (19) of
Proposition 9, in particular a # 0, is topologically equivalent to Figure 1 (5) if
be # 0 and Figure 1 (6) if be =0 and b> + ¢ £ 0.

System (20) In the chart U; the vector field (20) writes (2d + 2az; + bzf +
2¢z0, —2(a + bz1)z2) having the infinite singular points (—a & va? — 2bd/b,0) if
a? —2bd > 0, (=a/b,0) if a®> — 2bd = 0, it has no infinite singular points in this
chart if a® — 2bd < 0.

For each singular point A = —4(a?—2bd) and T = 0, indicating that if a® —2bd >
0 the singular points are saddles. If a> — 2bd = 0 the vector field is linearly zero.

The vector field (20) in the chart Us is (—z1(b+ 2az; + 2dz? 4+ 2c2120), —22(3b+
dazi+2dz342¢z120)) having the singular point (0,0) as a stable node since A(0,0) =
3b% and T(0,0) = —4b and b is always non—zero (if not the first integral has degree
2).

Now we study the finite singular poiuts of the vector field. As before we shall
divide the study in cases. If a®> — 2bd # 0 the finite singular points are (0,0) and

2ac 2bc
(oo 7w

D . v . 2ac 2be o ) .

If a* — 2bd < 0 and ¢ # 0 the point (—a2 —obd’ 2= de) is a saddle, and if

a? —2bd > 0 and ¢ # 0 it is a center. The origin has A(0,0) = 7(0,0) = 0 and the
Jacobian matrix is equal to zero if ¢ = 0 and non identically zero if ¢ # 0.

Suppose now that ¢ # 0. Then 2 = 0 and the curve cz + 2da? 4 2axy + by? =0
are invariant the system passing thought the singular points. This last curve is a
hyperbola, ellipse or parabola depending on a® — 2bd.

Applying Proposition 3 we conclude that the origin is a elliptic-saddle because
k=3 A=1,s0k =2 \+1land L = 16022, K = 240%¢%, so L? + 4K (N + 1) is
always positive.

If ¢ = 0 then the vector field is homogeneous. Here the invariant curves will
use to decide about the phase portrait. If a> — 2bd > 0 there are three invariant
straight lines passing through the singular points. If a’® —2bd < 0 the line = 0 is
invariant. If a? — 2bd = 0 the system has a common factor and it is equivalent to

). If a®> — 2bd = 0 the unique singular point is (0,0).

a linear system.
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Summarizing we have the next result.

Proposition 15. The phase portrait of a planar quadratic polynomial vector field
with a rational first integral H = Hy/Hs of degree 3 where H is as in (20) of
Proposition 9, in particular b # 0, is topologically equivalent to Figure 1 (7) if
a? —2bd < 0 and ¢ £ 0, Figure 1 (8) if a®> — 2bd > 0 and ¢ # 0, Figure 1 (9) if
a? —2bd =0 and ¢ # 0, Figure 1 (10) if a*> —2bd <0 and ¢ = 0, and Figure 1 (11)
ifa® —2bd >0 and ¢ = 0.

System (21) and (22) As the behavior of systems (21) and (22) are very similar
we shall do the study of both simultaneously.

Note that abe is always non-zero in both systems (if not the system is linear).
Besides they have three invariant straight lines. The lines = 0,2 = —b/c are
common invariant. The line 2bed — c¢*dx + 3bcex + 6ab’y = 0 is invariant by
system (21) and d + ex + ay = 0 by system (22). The finite singular points are
the intersection points between the invariant straight lines. The singular point on
x =0 is a node and the singular point on z = —b/c is a saddle.

At infinity the behavior also is the same for both system. In both local charts,
U, and Us, z5 is a common factor, so the infinity is filled of singular points. After
rescalling the system by the time we have a system with a stable node at the origin
of the chart Us. In what the we conclude the following.

Proposition 16. The phase portrait of « planar quadratic polynomial vector field
with a rational first integral H = Hy/Hs of degree 3 where H is as in (21) or (22)
of Proposition 9, in particular abc # 0, is topologically equivalent to Figure 1 (6).

System (23) and (24) As in the last case systems (23) and (24) are also very
similar. ’

Note that because the systems can not have common factors we have ab # 0 in
system (23) and ad # 0 in (24).

It follows from the expression of H that both systems have the straight lines
z =0, x = a and a transversal line to them invariant.

The finite singular points are the intersection points between each two of the
above invariant lines. Both points are nodes. The singular point on 2 = 0 is an
unstable node and the other one is a stable node.

At infinity both systems have a unique saddle in the chart U; and the origin of
Us is a degenerated point. Applying blow ups we conclude that this singular point
is given by one hyperbolic and two parabolic sectors (see Figure 3). In short we
have proved the following.

Proposition 17. The phase portrait of a planar quadratic polynomual vector field
with a rational first integral H = Hy/H> of degree 3 where H is as in (23) or (24)
of Proposition 9, in particular ab # 0 in (23) and ad # 0 in (24), is topologically
equivalent to Figure 1 (12).

System (25) Outside the infinity the behavior is exactly the same than of systems
(21) and (22).

Here ¢ is non—zero if not the system would be linear. The lines = 0, x = a
and b + dz + 2cy = 0 are invariant. The intersection between each two above lines
determines one singular point. So we have two singular points. Both points are
nodes, one is stable and the other unstable.
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23

FIGURE 3. The local phase portrait of the vector field (22) and
(23) at the origin of chart Us

In the local chart U; the vector field is (z2(—3b—ad —2aczy +2abzs), —6cza(—1+
az2)). So all points at infinity are singular points. In the chart Uy the vector field
is (2122(2ac + 3bzy + adz; — 2abzs), —22(—6cz1 + daczg — 3bz120 — adz 29 + 2abz3)).
So the infinity is filled by singular point. Note that rescalling the system by the
time we have a unique singular point, the origin of the chart U,. This is a saddle.
Hence we obtain the next result.

Proposition 18. The phase portrait of a planar quadratic polynomial vector field
with a rational first integral H = Hy/Hs of degree 3 where H is as in (25) of
Proposition 9, in particular ac # 0, is topologically equivalent to Figure 1 (13).

iFrom Proposition 10 and 18 it follows the proof of Theorem 1.
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