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ApsTRACT. The goal of this survey-type article is to present some
of the recent trends in ergodic theory of dynamical systems and
new achievements in this rapidly developing area. I will try my
best to write it accessible for graduate students and include open
questions.
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A modern approach to study the ergodic properties of dynamical
systems can be divided into two following cases:

(1) Volume preserving systems: In this case, we consider a dif-
feomorphism f : M — M which preserves a Lebesgue proba-
bility measure (induced from a volume form of the compact
Riemannian manifold M.)

(2) Dissipative systems: in this case we consider diffeomorphisms
f M — M such that there exists a trapping region, i.e., an open

set U C M, f(U) C U; the set A = N,5f"(U) is said to be an
attractor.

A main feature of volume preserving (or consevative) diffeomor-
phisms is the ergodicity of Lebesgue measure. The Boltzmann-
Maxwell ergodic hypothesis, prompted a search for ergodic mechan-
ical systems. In Geometry, the quest for ergodicity led to the study
of geodesic flows on negatively curved manifolds, where Eberhard
Hopf [2] provided the first and still only argument to establish er-
godicity in the case of nonconstantly negatively curved surface.

The celebrated Birkhoff-Khinchin ergodic theorem states that when-
ever f : M — M (we always consider M compact metric space) pre-
serves a measure v and ¢ is an integrable function then for v—almost
allxe M :

n—1

1 : A
lim = J(xv)) = Ar
lim ~ ]Z P = $ix),
where ¢ is an integrable function and moreover f pdv = f pdv.

We just recall that y is ergodic if for u— almost all x € M and any

¢ € CO(M,R),

tim 2 Y 67w = [ odn
j=0

It can be proved that the following definitions are equivalent to the
ergodicity
e any invariant measurable subset A (i.e., f71(A) = A) has full
or null measure.
e Whenever ¢ € L’(v) and ¢ o f = ¢ a.e. then ¢ is constant a.e.
The main purpose of this survey is firstly to review some applica-
tion of the ergodicity of some transformations. Secondly, we recall
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some well known arguments for the proof of the ergodicity of Anosov
diffeomorphisms and finally anounce some new results of the ergod-
icity of volume measure for conservative diffeomorphisms beyond
uniformly hyperbolic ones.

In the dissipative setting there exist a similar parallel study. An
invariant probability measure u is called physical (in some cases it
coincides with Sinai-Ruelle-Bowen measures) if the basin of y has
positive Lebesgue measure. By basin of y, B(u) we mean:

n—1

Bu) o= {x € M Jim " 6(60) = [
j=0

This means that for a positive Lebesgue mesure sets of initial datas,
the time average of any continuous observable ¢ : M — R coin-
cides with its space average with respect to . We emphasize that,
by Birkhoff theorem if y is ergodic B(u) has full y—measure and we
dont have a priori any information about the Lebesgue measure of
the basin of a measure. Given a dynamical systems, it is a challeng-
ing problem to find such measures or to prove their finiteness. The
uniqueness of such physical measures can be compared to the er-
godicity of Lebesgue measure for the conservative diffeomorphisms.
In fact, by definition if the Lebesgue measure is ergodic then it is
physical with basin of full measure.

1. SoME ExAMPLES

1.1. Irrational Rotations. The rotation Rg for 0 € R\ Q is an ergodic
transformation with respect to the Lebesgue measure of circle S' :=
{z: 2] = 1)

To see this, suppose that A C S' is an invariant set and m(A) > 0.
Let x be a density point of A. By definition, for small € there exists
anarc | := (x — §,x + §) (with 6 < €) such that m(A NI) > (1 — €)m(I).
From invariance of A and m we conclude that

m(R"(I) N A) > (1 — e)m(R"(I)).

Now we apply a well known result of Jacobi which states that the
orbit of any point is dense (minimality of dynamics) in the circle.
This implies that we can take 19,115, - - - 11; such that R"(I) are disjoint
and cover a subset of S! with measure at least 1 — 2¢€. So, we obtain

m(A) > ) m(ANR D) > (1-eym(|_JR"(1) 2 (1 - e)(1 - 2¢)

This proof can be generalized to obtain the ergodicity of some “irra-
tional rotations” on the n—dimensional torus.
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Remark 1.1. It is easy to see that in general whenever an absolutely
continuous (with respect to Lebesgue measure) measure is ergodic,
then the orbit of almost all point is dense. The inverse is not true
in general. In fact Furstenberg [8] had given an example of mini-
mal volume preserving diffeomorphism which is not ergodic. In the
above example we used the minimality to prove the ergodicity. The
density of almost all orbits some times is called weak ergodicity. It
is a good project to investigate when weak ergodicity implies ergod-
icity. In [19] we related robust transitivity of diffeomorphisms with
ergodicity in some especial cases. See also [6], where weak ergodicity
and essential accessibility is treated.

1.1.1. Distributions of first digits of 2". As a corollary of the ergodicity
of irrational rotation we can prove some nice results in number theory.
The last digits of a natural number indicates the congruence modulo
10%. However, the first digits of a number is not so easy to detect. For
example the first two digits of 2!° is equal to 65 because 2'¢ = 65536.
The first digits of 2" is equal to k if and only if k X 10" < 2" < (k+1)10",
for some r € N. This is equivalent to

r+ log(k) < nlog(2) < r+log(k + 1).
Let a = log(2) € R\ Q. So, the above inequality is equivalent to
r+log(k) < {na} < r+log(k + 1).

Take A = [log(k), log(k + 1)]. By (unique) ergodicity of rotation R, we
obtain that

k
Where F(n,A) is the number of times that the orbit of (up to iterate
1) a typical point belongs to A. It is easy to see that this is nothing
but the number of elements of the sequence 1,2,---, 2""! which first
digit is k. As a corollary we obtain even more interesting result which
states that ”7” occurs more frequently as a first digit of powers of 2
than ”8”!

1
lim %F(I’I,A) =log(1+ ).

1.2. Lagrange Problem. Consider a system of d + 1 points labelled
0,1,---,d that perform a planar motion according to the following
rule: the point 0 is fixed while for k = 1,---,d the point k circle
around the point labelled k — 1 with radius 7, and angle velocity
wy. We would like to describe the motion of the last point which by
means of complex numbers may be written as

z(t) = @y et + - + gre’
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with ay € C |a| = rc for k = 1,---,d. Lagrange asked whether an
average angular velocity could be assigned to the system. By av-
erage angular velocity we mean wey, := lim;_,« #t—) where ¢(t) is the
argument of z(t). Lagrange found that in the the special case

P, = Z ri for someky € {1,---,d|,

i#ko

the mentioned limit exists and in fact we, = wy,. Here, we use the
ergodicity of certain torus map to show a more general result about
the average we.

For this purpose we recall an irrational translation in T". For every
v € RY, the v—translation p, of T is defined by p,(x) = x + 71(v) where
7 is projection to torus. We may define a continuous translation
generating by v (velocity vector) as ¢(x,v) := ps(x). The numbers
X1,Xa,++ ,Xqaresaid tobeindependent over Q) if they are independent
vectors in R considered as a vector space over rational field. For v =
(x1,-+,x4), the ergodicity (of Lebesgue measure) of p, is equivalent
to the independence of 1, x1, x,- -+, x4. The proof is an easy corollay
of the following: There exists an ortonormal base {(lk € Z?) of L*(T¥)
such that ¢g = 1 and ¢ 0 prg) = €2y So, if ¢ € L? is such that
¢ © prx) = ¢ we conclude that

< P, Pk >=< P O Pr(y), P >=

< Py Pr © Primy >= €I <, i >

and so if < k,x ># 0 (mod Z) for all k € Z“ implies that < ¢, ¢ >= 0
and so ¢ is constant.
Now, we will back to the Lagrange problem on th emean rotation

of moving bodies. Let z(t) := r(t)e). We have that

D o2 o L ke
(P - R(E) - R( Zakeiwkt )
Now, let us define f : T* - R as
X |ak|wk€2"i"'*')
L laxle? i

f(xll" ) /xd) = R(
Taking ax = |axle*™* introduce

a:=m(ay, - ,0g) and w:i= —(wq, - wy).
27
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If z(t) # 0 we have

T
P(T) = $(0) = j; S(pro(@))dt.

By the unique ergodicity of the irrational translation (so provided
w is irrational, i.e, 1,wy, -+, wy are independent over rational num-
bers. ) we have that

,_.</>(T>_.1fT _f
We = lim T —%151;10? i fpr)(w)dt = Trdfdnquf.

T—o0

Observe that in the above proof we used the convergence of time
average to space average for an specified point which is permitted
by unique ergodicity (in the case of uniquely ergodic transformation,
the Birkhoff average converges for all points.)

So, it has come out that we = } wipr where

|ak|a2‘r‘li.\'k
13 2 larle?m
Finally we leave as an exercise to prove that

Pk = mw({x eT: lax| > IZ |f11|6’2nix'|])-

1#k

Pr = R( dxq --'dxd)

This in particular, implies the Lagrange result.

1.3. Linear Automorphisms. Let A be a matrix in SL(N, Z). Then A
induces in a canonical way a diffeomorphism on the torus T" which
will be denoted by A. It can be proved that A is ergodic if and only if
no root of unity is an eigenvalue of A. We recall a proof, because of
its nature. It uses Fourier analysis. However, this method is not used
for the proof of the ergodicity of larger classes of transformations.

If Y pezn cke®™<k*> is the Fourier series of a function f : TN — R

then
5 &
f 0A = z CkeZm<A k,.\>.
kezZN

If ¢2™5 is an eigenvalue of A then (A")(ko) = ko for some k € ZN \ {0).
Consequently, f(x) = Zj;; o2k g invariant f o A = f and is
not constant.

Now assume that no rrot of unity is eigenvalue of A. If f is an

invariant function then ¢, = c(tyy for all n. So, if f is not constant
then for infinitely many [ we have ¢, is constant amd constradicts

Y lel? < oo
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A more interesting question is whether an ergodic automorphism
of torus is stable ergodic. A volume preserving diffeomorphism f is
stably ergodic iff any volume preserving diffeomorphism g, C 1_close
to f is also ergodic. For a deep result in this direction see [13].

2. ErcobpiciTy oF CONSERVATIVE ANOSOV DIFFEOMORPHISMS AND HoOPF
ARGUMENT

Anosov [1] proved that C*—globally hyperbolic diffeomorphism (so
called Anosov diffeomorphisms) are ergodic. A diffeomorphism f :
M — M of a compact manifold is Anosov if the whole manifold M is
a hyperbolic set, i.e. there exists a decomposition TM = E° @ E" such
that

IDFIESII < A <1< A < |IDfFYEY|™

for an appropriate choose of norm. This means that the derivative
is direct sum of a uniform expansion and a uniform contraction. In
fact any C'—perturbation of Anosov diffeomorphism is also Anosov
and consequently, they are stably ergodic. Here we give the sketch
of the proof of the ergodicity of a volume preserving Anosov diffeo-
morphism. After it we discuss the developments after Anosov and
the stable ergodicity beyound uniform hyperbolicity.

2.1. Ergodicity of Anosov diffeomorphisms. Let f : M — M be a
diffeomorphism preserving a Lebesgue probability measure u. We
denote by B the Borel o—algebra. In what follows, we will outline
the Hopf’s argument [2] and show how it can be applied to prove the
ergodicity of C>~volume preserving Anosov diffeomorphisms. By
ergodicity of a diffeomorphism here we mean the ergodicity of the
fixed Lebesgue measure.

Observe that as u is also invariant for f~! one can apply the
Birkhoff-Khinchin theorem for f~'. It comes out that the function
¢ obtained as above is the same for both f and f~! in a full measure
set. See [7] for a proof of Birkhoff-Khinchin theorem in more general
forms and more consequences.

Let f be a C? diffeomorphism of a smooth compact Riemannian
manifold M that is partially hyperbolic and that pre serves a smooth
measure y . To study ergodicity of f one uses a version of the Hopf
argument adapted to the case of partially hyperbolic systems. Let 8
be the Borel v-algebra of M . Say that x, y € M are stably equivalent
if

d(f"(x), f*(y)) = Oasn — oo,



8 A. TAHZIBI

and unstably equivalent if

d(f"(x), f'(y)) = 0asn — —oo.

Stable and unstable equivalence classes induce two partitions of M
and we denote by S and U, the Borel o-algebras they generate. In the
case of an Anosov diffeomorphism the partition of stably equivalence
and unstably equivalence classes are respectively partition by stable
and unstable foliations. Recall that for an algebra A C B its saturated
algebra is the set

Sat(A) = (B € B : there exists A € Awith u(AAB) = 0).

Now we briefly recall the Hopf argument which states that f is er-
godic if

Sat(S) N Sat(U) = 7 (2.1)
where 7 is the trivial algebra. To see this observe the following:

(1) For any continuous function ¢, let ¢* (resp. ¢~ ) denotes
the Birkhoff average of ¢ obtained in Birkhoff-Khinchin the-
orem for iterates of f (resp. f7'). Then <;5+ (resp. (f)') is
constant along the elements of stably (resp. unstably) equiv-
alence classes.

(2) As we have mentioned before, there exists a full y—measure
subset of M on which ¢* = ¢~.

The above two observations imply that for any « € R, the level set
Go = {x € M: $*(x) = a)

is an invariant set which belongs to Sat(S) N Sat(Ul). Recall that the
ergodicity of the Lebesgue measure is equivalent to prove that for
some a and almost all x € M one has gAb“(x) = a. Now by 2.1 and
routine measure theory argument we obtain the ergodicity of the
Lebesgue measure.

It remains to show the identity 2.1 for an Anosov diffeomorphism.
Observe that, up to the moment, we have not used more than C!
regularity for the diffeomorphism. In fact we just used the existence
of the invariant manifolds. But, now we need a C!*¢,¢ > 0 regularity
of f. This is because we will use the absolute continuity of the stable
and ustable foliations of an Anosov diffeomorphisms. Indeed, let
A € Sat(S) N Sat(U). By definition there exists A; with m(A;AA) =0
and A is formed by stable leaves. On the other hand, there exists a
subset B with m(BAA;) = 0 such that B is u—saturated. By absolute
continuity 8 is almost equal to an s and u saturated subset of M. The
only non empty s and u saturated subset of M is exactly M.
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As we pointed out, at this point the C* (or even C'**) regularity
of the Anosov diffeomorphism is crucial. In fact C. Robinson and
L.S. Young gave an example of a C! Anosov diffefomorphism with
non-absolutely continuous stable foliation. See subsection “Fubini
Nightmare” to see examples of non-absolutely continuous foliations.
o

3. STABLE ERGODICITY BEYOND UNIFORM HYPERBOLICITY

Although uniform hyperbolic behavior has proved to be a pow-
erful tool to get different types of chaotic properties, as early as the
late 60’s or early 70’s the need of relaxing the full hyperbolicity hy-
pothesis became apparent. Among other important attempts, partial
hyperbolicity and non-uniform hyperbolicity have shown to be very
useful in order to obtain such kind of properties, for instance the
ergodic ones. Let M be a compact manifold and f: M — M a C* dif-
feomorphism. We say that the splitting TM = E* & E*" is dominated
ifitis D f invariant and there exist C > 0 and A < 1 such that:

||Df|E§5||.||Df'1]E;’(’x)I| <A forall xeM.

A diffeomorphism is called partially hyperbolic if the tangent
bundle admits a dominated splitting and at least one of the sub-
bundles E® or E® is uniformly hyperbolic. Some times people call f
a partially hyperbolic diffeomorphism if TM = E° @ E° & E" where E°
and E" are respectively uniformly contracting and expanding and E°
is called central bundle.

Ergodicity is one of the paradigms of chaotic dynamics and is quite
well understood for the conservative uniformly hyperbolic diffeo-
morphisms. Recently, we have focused on some ergodic properties
of diffeomorphisms in the midway between non-uniform and partial
hyperbolicity.

In very recent results we give new criteria to obtain ergodicity
based on properties of the Lyapunov exponents and periodic points
of the diffeomorphism f. These criteria should be seen as comple-
mentary to the method of local ergodicity. Roughly speaking, local
ergodicity means that each ergodic component is contained and of
full measure in some open set. This fact plus transitivity implies er-
godicity of f. Probably there are many examples where both criteria,
ours and local ergodicity, can be applied. In a forthcoming paper
([15] and the research announcement [14]) we present some cases
where it seems difficult to obtain (a priori) local ergodicity and our
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criteria apply. For instance we prove that a transitive non-uniformly
hyperbolic conservative diffeomorphisms of a surface is ergodic.

3.1. Ergodicity and partial hyperbolicity. Animportanttoolin prov-
ing ergodicity of these systems is the accessibility property i.e. f is
accessible if any two points of M can be joined by a curve that is a
finite union of arcs tangent to the strong bundles.

In the last years, since the pioneer work of Grayson, Pugh and
Shub [9], many advances have been made in the ergodic theory
of partially hyperbolic diffeomorphisms. In particular, we want to
mention the very recent works: by Burns and Wilkinson [5] proving
that (essential) accessibility plus a bunching condition (trivially sat-
isfied if center bundle is one dimensional) implies ergodicity and by
R. Hertz, R. Hertz, and Ures [16] obtaining the Pugh-Shub Conjec-
ture (see about density of stable ergodicity for conservative partially
hyperbolic diffeomorphisms with one dimensional center. That is,
ergodic diffeomorphisms contain an open and dense subset of the
conservative partially hyperbolic ones. See [17] for a recent survey
on the subject.

Pugh and Shub have splitted their conjecture into two conjectures
(see [11]): (essential) accessibility implies ergodicity and stable (es-
sential) accessibility is a dense property among partially hyperbolic
diffeomorphisms.

Let us define accessibility and essential accessibility. For a par-
tially hyperbolic diffeomorphism there are two invariant foliations
W*, W* which are respectively stable and unstable foliations of a par-
tially hyperbolic diffeomorphism. The existence of such foliations
are guaranteed by previous works of Hirsch-Pugh-Shub. For any
point x € M we define the accessibility class of x as the set of all
points y which satisfies the following: y € Acc(x) if there exists a
piecewise smooth curve y : [0,1] — M such that y(0) = x,y(1) = y
and y(t) is tangent to E* U E" (It is not E* ® E".) A diffeomorphism is
called accessible if the unique accessibility class is the whole M and
a partially hyperbolic diffeomorphism f : M — M is essentially ac-
cessible if every measurable set that is a union of entire accessibility
classes has either full or zero volume.

The question of accessibility is closely related to problems in control
theory. In fact, analogous density theorems in control theory initially
suggested the Conjectures of Pugh-Shub. The sole reason that the
results in control theory cannot be directly transported to this setting
is that we do not perturb the bundles E* and E° directly, but rather
the diffeo morphism f .
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Many of the arguments of [5] and [16] seem to have technical
difficulties to be generalized to prove, inits full generality, Pugh-Shub
Conjecture for center bundle of any dimension. Just to mention one
of them, some center bunching condition (see [5]) seems to be needed
to obtain that strong holonomies restricted to center manifolds are
Lipschitz. This fact is used in an essential way in their Juliennes
arguments.

From here up to the subsection of Fubini Nightmare we follow
Pugh-Shub-Grayson paper:

Hirsch, Pugh and Shub showed that f (a partially hyperbolic dif-
feomorphism) leaves invariant foliations “W", W*. Some times, It
also leaves invariant a center foliation “W*. For example time one
map of the geodesic flow on a manifold with negative curvature and
any C!—perturbation of it satisfies this peoperties. According to Pugh
and Shub, the foliations W", ‘W* are absolutely continuous and their
Radon-Nikodym derivatives are uniformly bounded on reasonable
transversals. The absolute continuity property in a more general
setting is verified. To analyze ergodicity of f one adapts the ideas
from Hopf and consider the forward, backward, and bi-directional
Birkhoff averages of functions ¢ : M — R along f-orbits, If g is any
L'— function, these Birkhoff averages converge almost everywhere
to limit functions B*g and B~g. These three functions are invariant
under f and are equal almost everywhere. In fact the map is a contin-
uous linear projection from L! onto the closed linear subspace Inv(f)
of f-invariant functions. See Mafié’s book on ergodic theory.

Suppose that f is not ergodic. Then Inv(f) includes essentially
noncon stant functions-functions which are nonconstant on every set
of full measure. The set C of continuous functions is dense in L! and
a continuous transforma tion carries dense subsets of the domain to
dense subsets of the range. Thus, B(C) is dense in Inv f, and for some
continuous function g, G = B(g) is essen tially nonconstant. However,
except for a zero set, G is constant along stable leaves and along
unstableleaves. Since we know that B* g(y) exists almost everywhere,
it follows from the absolute continuity of “W?* that for almost all W*-
leaves, W*(y), B* g exists everywhere on “W?(y) and is constant along
the leaf. The same is valid for unstable leaves respecting backward
Birkhoff averages. Since B*g(y) = B~g(y) = G almost everywhere,
we deduce that our essentially nonconstant function G is essentially
constant along stable and unstable leaves.

For any value v € R, divide M, modulo a zero set,as M = AUB
where A = {pe M :G(p) <vland B = {p € M : G(p) > v]. Since
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G is integrable, A and B are measurable, and since G is essentially
nonconstant there exists a choice of v so that A and B both have
positive measure. Since G is essentially constant along unstable and
stable leaves, A and B consist (modulo zero sets) of essentially com-
plete unstable and stable leaves. That is, A and B are essentially
W*"-saturated.

We suppose that any two point of M may be joint with curves
tangent to E° or E". This is the case for time one map of the geodesic
flow. Let a be a density point of A and b be a density of B. They are
joint by a W*-path , and we claim that this leads to a contradiction.
Here are false proof of this fact.

Assume that the center foliation W¢ is absolutely continuous. Since
A and B have positive measure they meet many center leaves in sets
of positive leaf measure. Thus, we may assume that a is a density
point of A N W¢(a) and b is a density point of B N W¢(b). The natu-
ral thing to do is to start at 4 and slide along the foliations W", W*
, using W" along the unstable arcs and W* along the stable ones.
Sliding along the unstable foliation sends center manifolds to center
manifolds because the unstable manifolds foliate the center unstable
manifolds. (this is not the case for a general partially hyperbolic
diffeomorphism). The same is true for the stable manifolds. The
concatenated holonomy map h : W¢(a) — W¢(b) is absolutely contin-
uous with bounded Radon-Nikodym derivative. It carries A N W<(a)
onto A N W¢(b) since A is essentially W'"*-saturated. The map is a
C! diffeomorphism (It is proved rigorously) and therefore does not
affect density.

So we see that b is a density point of both A N W¢(b) and B N W(b).
Since A and B are disjoint this is impossible.

The first defect in this proof is the assumption that W¢ is absolutely
continuous. Shub-Wilkinson has given a dynamical example for non-
absolutely continuous foliation. The second defect is that essential
W'*-saturation of A does not imply that the holonomy carries A N
W¢(a) to A N We(D).

Here is a second false proof. Instead of using the unstable and
stable foliations to define holonomy maps on transverse center man-
ifolds, one can use them to slide a three-dimensional neighborhood U
of a. Points of U slide along unstable arcs neighboring the first leg of
the path jointing a to b, then along stable arcs neighboring the second
leg, etc. This gives a homeomorphism 0 : U — V withO(a) = band V
aneighborhood of b. By absolute continuity of W*, W*, O is absolutely
continuous. Since A is essentially W*-saturated, O(ANU) = ANV
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except for a zero set. Since O(a) = b,bis a density point of both A and
B, a contradiction.

The defect of this proof is the tacit assumption that 0 carries den-
sity points to density points. Although a Lipeomorphism between
open sets of Eu clidean space has this property, the existence of a
bounded Radon-Nikodym derivative does not imply Lipschitzness
in dimensions > 1. To settle these problems Pugh-Shub propose a
dynamical way to define the density points, called julienne density
points and turns out that sliding along W*", W* preserves the julienne
density points.

3.2. Fubini’s Nightmare. The non-absolute continuity of a foliation
is a “pathological” phenomenon which has been mentioned by some
dynamicists and has been shown that it is typical in some senses (so
may be it is better not to call pathological!). A first example which is
not a dynamical foliation has been given by Katok-Milnor, See [12].
We just give the idea of the construction of this example.

Let
X 0<x<cg

ﬁ(x):{ x1 c<x<1.

c=1/

We know that by ergodicity of f, for almost all point x € (0, 1) we

have i ‘
lim Yico Xoa(fi(x)) .

n—o0 n

Now consider the following partition of

0,11 = |7 = (¢, ) : Fpa(x) = a)

where Fjo(x) stands for the the expression inside the limit above. It
can be shown that each leaf is an analytic curve. But we can show
that the foliation is not even absolutely continuous. To show this,
we consider two vertical interval in the square and transversal to
foliation Ty = {x = ¢o}, T1 = {x = c1). By above observations we obtain
that, almost all (Lebesgue one dimensional measure) points in Ty
belong to a unique ¥,,- On the other hand almost all points in T;
belong to ¥, .,. This means that a full measure subset of T} is sent to
a null measure set in T;! As an exercise show that we can find a full
(two dimensional Lebesgue measure) measure subset of [0, 1]> which
intersects each leaf of the foliation in a unique point.

The example of Shub-Wilkinson is as follows. Let A be a linear
Anosov diffeomorphism of T? and f = A x Id : T> — T°. Then, f is
partially hypeerbolic with zero Lyapunov exponents in the central di-
rection. By a C'-pertubation one can gain a new partially hyperbolic
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diffeomorphism with non-zero integrant central Lyapunov exponent,
i.e, s Ac(x) > 0. As f is partially hyperbolic with a central foliation,
this foliation is normally hyperbolic and by Hirsh-Pugh-Shub theory
we know that this foliation is structurally stable. This means that for
any C!-close diffeomorphism g a new invariant foliation and equiv-
alent to the foliation by circles (which is invariant by f) is available.
So, for instance the leaves of the new foliation are topological circles.
It can be shown that under the condition of absolute continuity of
this foliation, the integral Lyapunov exponents can not be positive.
As, th example of C'—close enough ¢ with positive central Lyapunov
expoenent is given by Shub-Wilkinson, their example is also an ex-
ample of pathological phenomenon of non-absolute continuity.

3.3. Ergodicity beyond partial hyperbolicity. The Pugh-Shub pro-
gram for ergodicity is a deep program which is in the context of par-
tially hyperbolic diffeomorphisms. Still, stable ergodicity of Lebesgue
measure implies some dynamical properties (weak forms of Hyper-
bolicity). Tahzibi and Horita [10] have proved that a stably ergodic
symplectic diffeomorphism is partially hyperbolic. This means that
the robustness of ergodicity implies a weak hyperbolicity property.
A similar (but topological) result to their result is a result of Bonatti-
Diaz-Pujals which proves that robustly transitive diffeomorphisms
admit dominated splitting. In fact, the proof of Tahzibi-Horita’s re-
sult uses the arguments of Bonatti-Diaz-Pujals.

We may divide the problems and further studies in the theory in
two category:

e Give sufficient conditions for ergodicity (or even stable ergod-
icity).

e Understanding necessary conditions for stable ergodicity in
terms of dynamics in tangent space or topological properties
of the ambient manifold.

Pugh-Shub program provides an approach to the first question.
There are not many results outside partially hyperbolic world.

Tahzibi, in his thesis [18] showed the existence of an open class of
ergodic diffeomorphisms which are not partially hyperbolic. How-
ever, they enjoy dominated splitting property. Later, Tahzibi and
Horita [10] proved that in fact partial hyperbolicity is a sufficient
condition for stable ergodicity inside symplectic diffeomorphisms.
Saghin and Xia, in the asame time and independently prove that if
a symplectic diffeomorphism is not partially hyperbolic, then with
an arbitrarily small C' perturbation we can create a totally elliptic
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periodic point inside any given open set. As a consequence, a C =
generic symplectic diffeomorphism is either partially hyperbolic or
it has dense elliptic periodic points and so, stably ergodic diffeomor-
phisms are partially hyperbolic. This is because, a diffeomorphism
with totally elliptic point can be perturbed to break ergodicty. This
perturbation can be made in the symplectic world and this argument
(which is simple and wellknown in symplectic diffeomorphisms) is
common between Tahzibi-Horita and Saghin-Xia results.

Let us introduce the class of diffeomorphisms for which we proved
stable ergodicity wothout partial hyperbolicity [18]. The class V C
Diff'(T") under consideration consists of diffeomorphisms which are
deformations of an Anosov diffeomorphism. To define V, let f; be
a linear Anosov diffeomorphism of the n-dimensional torus T" (in
fact, we need f; only to be an Anosov diffeomorphism on M = T"
whose foliations lifted to R" are global graphs of C! functions over
the corresponding invariant subbundles). Denote by TM = Ej & E
the hyperbolic splitting for f, with dim (Ej)) = s, dim (Ej;) = u and let
V = UV, be a finite union of small pairwise disjoint balls in T". We
suppose that f; has at least one fixed point outside V. By definition
f € V if it satisfies the following C' open conditions:

(1) TM admits a dominated decomposition and there exist small
continuous cone fields C® and C® invariant for Df and D f™
containing respectively E; and Ej.

(2) fis C! close to fy in the complement of V, so that for x ¢ V
thereiso < 1:

IDAT.D) <o and [IDfIT.D”|| < o.
(3) There exists some small 5y > 0 such that for x € V:
(D FIT.D) <1+ and [(DfIT:D¥|l <1+ &
where D and D are disks tangent to C* and C*.

Theorem 3.1. Every f € V N Diff> (T") is stably ergodic.

For non-conservative diffeomorphisms in V we prove uniqueness
of SRB measure. In fact we assume the diffeomorphisms are vol-
ume hyperbolic (in the conservative case this is automatic from the
domination property):

Definition 3.2. Let f: M — M be a C! diffeomorphism and TM = E' ®E?;
we say that this decomposition is volume hyperbolic if for some C > 0 and
A<1:

|det(D f*(x)[EY)| < CA" and |det(Df™(x)|E?)| < CA".
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Theorem 3.3. Any f € VN Diff3(T") for which the dominated decompo-
sition TM = E® @ E™ is volume hyperbolic has a unique SRB measure with
a full Lebesgue measure basin.

3.4. Example. Here we give a C! open set of diffeomorphisms that
satisfy the hypothesis of Theorems 3.1 and 3.3.

In particular in the above theorem, if we work in V C Diff,,(M)
(the volume preserving subset), we obtain stably ergodic diffeomor-
phisms. A diffeomorphism f is called robustly transitive if any C'
nearby diffeomorphism to f is also transitive. The first non-partially
hyperbolic and robustly transitive example is constructed in [4] on
T*. We will construct the example of robustly transitive diffeomor-
phisms without hyperbolic subbundles in higher than 4 dimensions.
Let fy be a volume preserving linear Anosov diffeomorphism on the
T" for which

T(T")=R"=E; <E;--- <E, _, <E"

where dim (E*) = 2 and dim(E{) = 1 and E* is uniformly expanding
and all E? are uniformly contracting.

We may suppose that fy has fixed points pi,p,, ..., pu-2. Let V =
U B(pi, 6) be a union of balls centered at p; and radius sufficiently
small 6 > 0. By iteration, we may also suppose that f; has a fixed point
out of V. The idea is to deform the Anosov diffeomorphism inside
V, passing first through a pitchfork bifurcation along (E; & E;,,)(p;)
inside B; = B(p;, 6) and then another deformation (see flg 1) to get
complex eigenvalue for a fixed point near to p;.

More precisely, first we modify along E:(p;)®E, ,(p;) for1 <i <n-3
until the stable index of p; drops one and two fixed points g;, 7; are
created. These new fixed points have stable index equal to n — 2
In the next step we mix the two contracting subbundles of T, M
corresponding to Ei(g;) and E} ,(g;) and get a complex eigenvalue.
These modifications can be done by an isotopy and in a way to
obtain volume preserving diffeomorphisms (see [4]).

After these deformations we get a new diffeomorphism which we
call also f and we have the following D f invariant decomposition
for the tangent bundle of g;:

qu.M:E1<"'<E,'_1 <F<---<E"

where E; is one dimensional, E* is two dimensional and uniformly
expanding and F; is the two dimensional subbundle corresponding
to the complex eigenvalue. Finally we do the same for p,_,, but in
the unstable direction of it. That is, after the modifications along the
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Ficure 1. Deformation of Anosov

unstable subbundle of p,_, we get a new fixed point g,_, such that:
T, M=E <---<E;, ,<F,»

and F,_, is the subbundle corresponding to the complex expanding
eigenvalue of g,_».

In this way we get a C' open set V of diffeomorphisms satisfying
the conditions 1-3 mentioned in the Introduction. Another important
fact is about the mentioned hyperbolic fixed point outside V.

We supposed that there exists a hyperbolic fixed point g of f,
outside V with stable index s = n — 2 in our example. Forany f € V,
as f is C! near to Anosov diffefomorphism outside V, it has a fixed
point outside V which is the continuation of g4 which we will call it
also by g.

It is easy to see that the stable manifold of the continuation of g
intersects any disk tangent to C** with radius more than €y, for some
small € > 0. The similar thing for the unstable manifold and disks
tangent to C® happens. This is just because of the denseness of stable
and unstable leaves of f;. Indeed, take a compact part of W*(g, fo) to
be €y dense. Now, is we V is small enough this compact part of the
stable manifold continues to be a part of the stable manifold for the
continuation of g.

Lemma34. f € Vis robustly transitive.

Proof. The proof goes as in T* case in [4, Lemma 6.8] and we just
remember the steps. The main idea to prove robust transitivity is to
show the robust density of the stable and unstable manifold of an
hyperbolic fixed point.

Let U and V be to open subsets. Using A-Lemma and the density
of invariant manifolds of g4 we intersect some iterate of U with V and
get transitivity of f. O

Lemma 3.5. f € V is not partially hyperbolic.
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Proof. This is just because of the definition of partially hyperbolic sys-
tems. f is partially hyperbolicif TM = E*®E°®E" is a decomposition
into continuous subbundles where at least two of them are nonzero
where E° and E" are respectively uniformly contracting and expand-
ing. Suppose that f is partially hyperbolic. By the continuity of the
decomposition of TM and existence of a dense orbit , the dimension
of Ef and E" is constant.

We claim that dim(E°) = n — 2 and this results a contradiction,
because in T, M there does not exist n — 2 contracting invariant di-
rections. To prove the claim observe that if we suppose that dim
(E°) = j < n =2, then by the decomposition of T, M :

T[]jM:El <...<E1._1 <F/....<E”.

By definition, E*(q;) must contain E; &+ - ®E;_; and then as F; does
nothave any invariant subbundle we conclude that dim (E*(g;)) > j+1
and this is a contradiction, because dim(E*) = j. This shows that dim
(E*) = 0. By investigating T, _,M, it is obvious that TM can not have
invariant unstable subbundle, too. |

3.5. Recent Progresses in Pugh-Shub Conjecture. In a recent work
joint with F. Rodriguez Hertz, M.A. Rodriguez Hertz and R. Ures we
proved a new criterium for ergodicity based on transversality con-
dition between some invariant manifolds. We used this criterium to
prove the Pugh-Shub conjecture in C'-topology for partially hyper-
bolic diffeomorphisms with two dimensional central bundle. More
precisely we proved that there exists an open and dense subset of
Diffi(M, 2) whose elements are ergodic. By Difff,(M, 2) we mean
the set of volume preserving partially hyperbolic diffefomorphisms
whose central direction is two dimensional. The proof of this conjec-
ture is not in the scope of this survey.

3.6. Few more (non-easy(?)) open Problems.

e Prove that C?-volume preserving diffeomorphisms is dense
among C! diffefomorphisms. This is an old question, see Zehn-
der [20]for the history.

e Giveanexample of anon-ergodic C'-Anosov diffeomorphism.

e Give more examples of stably ergodic diffeomorphisms which
are not partially hyperbolic. We mean except for the examples
in [18].



ERGODIC PROPERTIES OF DYNAMICAL SYSTEMS 19

REFERENCES

[1] D.V, Anosov. Geodesic flows on closed Riemannian manifolds of neg-
ative curvature. Proc. Steklov Math. Inst., 90:1-235, 1967.

[2] E.Hopf, Statistik der geoditischen Linien in Mannigfaltigkeiten nega-
tiver Kriimmung, Ber. Verh. Siichs. Akad. Wiss. Leipzig 91 (1939), 261-304.

[3] A.Baraviera and C. Bonatti, Removing zero Lyapunov exponents, Erg.
Th. Dyn. Sys. 23, 6 (2003) 1655-1670.

[4] C.Bonattiand M. Viana. SRB measures for partially hyperbolic systems
whose central direction is mostly contracting. Israel ]. Math., 115:157—
193, 2000.

[5] K. Burns, A. Wilkinson, On the ergodicity of partially hyperbolic dif-
feomorphisms, to appear in Annals of Math.

[6] K. Burns, D. Dolgopyat, Ya. Pesin, Partial hyperbolicity, Lyapunov
exponents and stable ergodicity, /. Stat. Phys. 108 5-6 (2002) 927-942.

[7] R.Mané. Ergodic theory and differentiable dynamics. Springer Verlag, New
York, 1987.

[8] H.Furstenberg, Strict ergodicity and transformation of the torus, American
Journal of Mathematics, 83, 1961, 573-601.

[9] M. Grayson, C. Pugh, M. Shub, Stably ergodic diffeomorphisms, Ann.
Math. 140 (1994), 295-329.

[10] V. Horita and A. Tahzibi, newblockPartial hyperbolicity for symplectic
diffeomorphisms, Ann. Inst. H. Poincaré Anal. Non Linéaire, , Annales de
I'Institut Henri Poincaré. Analyse Non Linéaire, 23 (2006), 5, 641-661.

[11] C. Pugh, M. Shub, Stable ergodicity and julienne quasiconformality, J.
EMS 2, (2000) 1-52.

[12] J.Milnor, Fubini foiled: Katok’s paradoxical example in nieasure theory Math.
Intelligencer, 19, 1997, no. 2, 30-32.

[13] F. Rodriguez Hertz, Stable ergodicity of certain linear automnorphisms of the
torus, Ann. of Math. (2), 162, 2005, 1, 65-107.

[14] E Rodriguez Hertz, M. Rodriguez Hertz, A. Tahzibi and R. Ures, A
criterion for ergodicity of non-uniformly hyperbolic diffeomorphisms,
research announcement 2007. www.icmc.usp.br/~tahzibi/publication

[15] F. Rodriguez Hertz, M. Rodriguez Hertz, A. Tahzibi, R. Ures, New
criteria for ergodicity: uniqueness of SRB-measures, in preparation 2007.

[16] F. Rodriguez Hertz, M. Rodriguez Hertz, R. Ures, Accessibility and
stable ergodicity for partially hyperbolic diffeomorphisms with 1d-
center bundle, Preprint 2006.

[17] E Rodriguez Hertz, M. Rodriguez Hertz, R. Ures, A survey of partially
hyperbolic dynamics, to appear in Fields [nst. Comm.

[18] A. Tahzibi, Stably ergodic systems wich are not partially hyperbolic,
Israel . Math. 142 (2004), 315-344.

[19] A. Tahzibi, Robust transitivity and almost robust ergodicity. Erg. Th.
Dyn. Sys. vol 24.4, (2004) 1261-1269.

[20] E. Zehnder, Note on smoothing symplectic and volume preserving
diffeomorphisms, Lect. Notes in Math. , 597 (1977) 828-854.



20 A. TAHZIBI

DEPARTAMENTO DE MATEMATICA, ICMC-USP SAo CarrLos, Caixa PostaL 668,
13560-970 SAo CARLOs-SP, Braziv.

E-mail address: tahzibi@icmc.sc.usp.br

URL: http://www.icmc.sc.usp.br/~tahzibi



282/2007

281/2007

280/2007

279/2007

278/2007

277/2007

276/2007

275/2007

274/2007

273/2007

NOTAS DO ICMC

SERIE MATEMATICA

LLIBRE, J.; OLIVEIRA, R.D.S. — Phase portraits of quadratic polynomial
vector fields having a rational first integral of degree3.

BONOTTO, E.M.; GRULHA JR., N.G. — Lyapunov stability of closed sets in
impulsive semidynamical systems.

CARBINATTO, M.C.; RYBAKOWSKI, K.P. - On the suspension
isomorphism for index braids in a singular perturbation problem.

CARVALHO, AN.; LANGA, J.A.— An extension of the concept of gradient
systems which is stable under perturbation.

CARVALHO, A.N.; CHOLEWA, J.W. — Local well posedness, asymptotic
behavior and asymptotic bootstrapping for a class of semilinear evolution
equations of the second order in time.

MATTOS, D.; SANTOS, E.L. — A parametrized Borsuk Ulam theorem for a
product of spheres with free Z, — action and free S'- action.

ROMERO-FUSTER, M.C.; RUAS, M.AS.; TAR], F. — Asymptotic curves
on surface in IR’

CARVALHO, AN.; NASCIMENTO, M. J. D. - Singularly non-autonomous
semilinear parabohc problems with critical exponents and applications.

BAPTISTELLI, P. H.; MANOEL, M. G. - The classification of reversible-
equivariant steady-state bifurcations on self-dual spaces.

BONOTTO, E.M.; FEDERSON, M. - Limit sets and the Poincaré-
Bendixson theorem in impulsive semidynamical systems.



