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Resumo

Neste artigo obtemos resultados para o estudo sistematico de campos vetoriais
reversiveis-equivariantes — a saber, na presenca simultanea de simetrias e anti-
simetrias — empregando técnicas algébricas da teoria de invariantes para grupos
de Lie compactos. Introduzimos as séries de Hilbert-Poincaré e suas féormulas de
Molien associadas e provamos férmulas de caracter para o cilculo da dimensdo
dos espacos das fungdes polinomiais anti-invariantes e das aplicagoes polinomiais
reversiveis-equivariantes homogéneas. Dois algoritmos algébricos também sao obti-
dos, um para o calculo de geradores para o médulo dos anti-invariantes e o outro
para o médulo dos reversiveis-equivariantes ambos sob o anel dos polinémios invari-
antes. Mostramos que este cdlculo pode ser obtido diretamente de uma situagao
bem conhecida, a saber de geradores do anel dos invariantes e do médulo dos
equivariantes.
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1. INTRODUCTION

Many natural phenomena possess symmetry properties. In particular, symmetries and
reversing syminetries can occur simultaneously in many dynamical systems physically mo-
tivated. When this occurrence is taken into account in the mathematical formulation, it
can simplify significantly the interpretation of such phenomena. The conventional notion
of presence of symmetries (equivariances) and reversing symmetries in a system of differ-
ential equations consists of phase space transformations, including time transformations
for reversing symmetries, that leave the equations of motion invariant. The formulation of
this situation is given as follows: consider the system

i = G(z) (1)

defined on a finite-dimensional vector space V of state variables, where G : V. — V is a
smooth vector field. We assume that V carries an action of a compact Lie group I" together
with a distinguished normal subgroup I'; of index 2 such that system (1) transforms under
the action of I on R x V by (¢,z) — (t,yz) if v € Ty and by (t,z) — (—t,vyz) if
v € T\ T';. In other words, ¥ € '} maps trajectories onto trajectories of (1) with the
direction of time being preserved, while v € I' \ '} maps trajectories onto trajectories
of (1) with the direction of time being reversed. Dynamical systems with such property
are called reversible-equivariant systems and I is called the reversing symmetry group of
the ordinary differential equation (1). The elements of the subgroup I'y act as spatial
symmetries or simply symmetries and the elements of the subset T_ = I' \ I'} act as
time-reversing symmetries or simply reversing symmetries.

The effect of symmetries in local and global dynamics has been investigated for decades
by a great number of authors in many papers. In particular, if a system of type (1) is
provided with an external bifurcation parameter, then it is well known that symmetry
properties of such a system affect the genericity of the occurrence of local bifurcations.
The first systematic treatment of symmetries in bifurcation theory has been given by
Golubitsky, Stewart and Schaeffer [14], where singularity theory in combination with group
representation theory has provided a powerful approach to a wide range of situations. Since
then, the subject has become an important area of research in dynamical systems and its
applications. The importance of reversing symimetries in dynamics was first recognized in
the context of Hamiltonian mechanics, going back to the works of Birkhoff [5] on the 3-body
problem and DeVogelaere [9] on periodic motions in conservative systems. More recently,
Devaney [8], Arnol'd [2] and Sevryuk [22] have renewed the interest on the concept of
reversibility in dynamical systems. See Lamb and Roberts [18] for a historical survey and
comprehensive bibliography. The interest on reversible-equivariant bifurcations is much
more recent. As it turns out, the first impulse to the subject came from the classification
of the reversible-equivariant linear systems in termns of group representation theory (see
Lamb and Roberts [19]). An approach based on singularity theory, in the same lines as
Golubitsky et al. [14], has been developed by Baptistelli and Manoel [4] for the analysis
of the so called “self-dual” case. In another direction, Buono et al. [7] have employed
equivariant transversality in order to tackle the case of “separable bifurcations”.
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The starting point for local or global analysis of equivariant systems is to find the general
form of the vector field G : V' — V in (1) that satisfies the requirements of equivariance.
The Theorems of Schwarz and Poénaru (see Golubitsky et al. [14]) reduce this task to
a purely algebraic problem in Invariant Theory, which, in turn, can be solved by sym-
bolic computation. See Sturmfels [26] for example, or Gatermann [13], where the tools of
computational invariant theory are developed with the view towards their applications to
equivariant bifurcation theory.

Recall that the space 73V(F) of all equivariant polynomial mappings on V is a finitely
generated module over the ring Py (') of invariant polynomial functions on V' — which is
also finitely generated according to the Hilbert-Weyl Theorem (Theorem 2.2). Therefore,
the problem of finding the general formn of the equivariant vector fields is reduced to the
computation of generating sets for Py (I') as a ring and for 7:’\(1“) as a module. What
makes it feasible through computational methods is the simple observation that Py (I")
and 75v(F) are graded algebras by the polynomial degree, that is,

PD) = PED)  md oD = D),
d=0 d=0

where P (T') is the space of homogeneous polynomial invariants of degree d and 755(1“) is
the space of equivariant mappings with homogeneous polynomial components of degree d.
Since these are finite dimensional vector spaces, generating sets may be found by Linear
Algebra together with the Hilbert-Poincaré series and their associated Molien formulas. In
fact, the symbolic computation packages GAP [11] and SINGULAR [16] have all these tools
implemented in their libraries.

In the reversible-equivariant case we face a similar situation. The requirement of G being
reversible-equivariant with respect to I' can be written as

G(yz) = (v G(z),

where o : I' — Zo = {£1} is a Lie group homomorphism which is 1 on I'y and —1 on
T'_. The space Q_‘\,—(F) of reversible-equivariant polynomial mappings is a finitely generated
graded module over the ring Py (I') and so the same methods described before could be
adapted to work in this context. In this paper we follow a different approach, based on a
link existent between the invariant theory for I' and for its normal subgroup I' . In order
to provide this link, we observe that Py (') is a subring of Py (I';) and so this may be
regarded as a module over Py (I'). Next we introduce the space Qv (I') of anti-invariant
polynomial functions: a polynomial function f:V — R is called anti-invariant if

flyz) = o flz) ,

for all y € I" and z € V. It follows then that Qy(T') is a finitely generated graded module
over Py (). Now, our first main result states that there are decompositions

Pv(ly) = Pv(D)® Qv(I)
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and
Pr(Ty) = Pv(T)® Ov(T)

as direct sum of modules over Py (T). The principal tools here are the relative Reynolds
operators

RFJr Py (Ty) — Pv(T)) and RF+ : Py () — Pv(Ty)

(onto Py (') and Py-(T'), respectively) and their “twisted counterparts”, namely the relative
Reynolds o-operators,

SIE+ : T’v(r+) — Py (T,) and .5_;11:+ : ﬁv(l—‘+) — ﬁv(r+)

(onto Qy(T') and Qy (I'), respectively), which are homomorphisms of Py (I')-modules (see
Section 3).

For our second main result, we shall fix a Hilbert basis {uj,...,us} of Py(T'4+) and
a generating set {Ho,...,H,} of the module Py (T'4) over the ring Py (T'y). Note that
these two sets can be readily obtained by the standard methods of computational invariant
theory applied to I'y. By applying the operator S]I:+ to u;, we obtain a generating set
{1, ..,us} of Qy(T) as a module over the ring Py (I'). Now, by adding the polynomial
function @y = 1 to the set {a1,..., %} we obtain a generating set of Py(I'y) as a module
over the ring Py (T). Finally, we multiply the elements of {io,...,%s} by the elements
of {Hp,...,H,} and apply the operator §II:+ to that to get the desired generating set of

Oy (') as a module over the ring Py (I') (see Section 4).

It should be pointed out that it is not evident, a priori, that by applying S& to a Hilbert
basis of Py (I'y) one produces a generating set of Qv (I') as module over the ring Py (I').
In fact, it is quite remarkable that such a simple prescription gives a non-trivial procedure
to obtain a generating set of Qy-(T") from a Hilbert basis of Py (T';).

We have also included here a brief presentation of the Hilbert-Poincaré series and their
associated Molien formulas. In addition, we prove character formulas for the anti-invariants
and reversible-equivariants. Although these tools are not used in the proofs of the main
results, we felt that, on one hand, it is instructive to show that the standard concepts of
invariant theory can be adapted to the reversible-equivariant context; on the other hand,
it is quite convenient for future references to have all this material collected in one place.

The paper is organized as follows. In Section 2 we recall some concepts and results
from representation theory and invariant theory of compact Lie groups. In Section 3 we
present the reversible-equivariant framework. In our first main result, we analyze the struc-
ture of the space of anti-invariant polynomial functions (Corollary 3.1) and the space of
reversible-equivariant polynonial mappings (Corollary 3.2). We end the section obtain-
ing the Hilbert-Poincaré series, their associated Molien forinulas and character formulas
for the dimensions of the spaces of homogeneous anti-invariant polynomial functions and
homogeneous reversible-equivariant polynomial mappings of fixed (but arbitrary) degree.
In Section 4 we present the second main result of the paper, namely the procedures for
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the computation of generating sets for anti-invariant polynomial functions and reversible-
equivariant polynomial mappings as modules over the ring of invariant polynomial func-
tions.

2. PRELIMINARIES

In this section we present the definitions and some basic results concerning representa-
tions of compact Lie groups and their associated characters. We also recall some elements
of the invariant theory of compact Lie groups including the Hilbert-Poincaré series, their
associated Molien formulas and the character formulas for the dimensions of spaces of ho-
mogeneous invariant polynomial functions and equivariant polynomial mappings.

2.1. Representations and Characters

We start by recalling some notions of representation theory. For a more detailed account,
see for example Brocker and tom Dieck [6], Sattinger [21] in the case of compact Lie groups
and Fulton and Harris [10], James and Liebeck [17] in the case of finite groups.

Let I' be a compact Lie group acting linearly on a finite-dimensional real vector space
V. This action corresponds to a representation p of the group I' on V' through a linear
homomorphism from T to the group GL(V) of invertible linear transformations on V. We
denote by (p, V') the vector space V together with the linear action of I' induced by p. We
often write yz for the action of the linear transformation p(y) of an element v € T on a
vector z € V', whenever there is no danger of confusion. Two representations of a group
I" on the vector spaces V; and V, are called equivalent or T'-isomorphic if there exists a
non-singular linear transformation 7 : Vi — V5 such that T(yz) = yT(z), for all v € T
and all z € V).

The character xv of a representation (p, V) is given by the traces of the linear maps
that represent the elements of I':

xv(v) = tr(p(v)),
for every v € I'. We note that a character is an example of a class function, that is,
xv(8v67h) = xv(7),

for all 9,y € T.

2.2. Haar Integral and the Trace Formula

Every compact Lie group I' admits an (unique up to a constant multiple) invariant
measure, denoted by dy. We may assume that the measure is normalized so that jr dy =1.
In this case, the measure dv is called the Haar measure of I' and the integral with respect
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with this measure is called normalized Haar integral. See Brocker and tom Dieck [6] for a
proof of the existence of the Haar measure on a compact Lie group. For finite groups the
Haar integral reduces to the “averaging over the group” formula:

1
/Fw(v)dv = m;w(v)-

Using invariant integration it is possible to construct a I-invariant inner product ()
on V, that is, (yu,yv) = (u,v) for all u,v € V and v € T. See, for example, Golubitsky et
al. [14, Proposition XII 1.3]. In that way, we can identify I' with a closed subgroup of the
orthogonal group O(n), so we assume without loss of generality that I' acts orthogonally
on V. As a consequence, we shall use throughout the following additional property of
characters for real representations of compact Lie groups:

xv(r™) = xv(v),

for all vy € T
Let ¥ C I be a subgroup. The fized point space of ¥ is the subspace of V' given by

Fixy(£) = {zeV:iyz=2,VyeX}.

The next proposition provides an integral formula to compute the dimension of Fixy (Z).

ProposITION 2.1 (Trace Formula). LetI' be a compact Lie group acting on a vector
space V and let ¥ C I" be a Lie subgroup. Then

dim Fixy (%) = /XV(’Y)d’Y7
»

where xv is the character of (p,V) and [ denotes the normalized Haar integral.

Proof. See Golubitsky et al. [14, Theorem XIII 2.3]. ||

If ¥ is finite, then the Trace Forinula becomes

dim Fixy (%) = I%I > xv(y) -

YEX

The following theorem is concerned with the integration over a compact Lie group given
by an iteration of integrals. It is used in Section 3, with character theory, to obtain the
dimension of vector spaces of homogeneous polynomials.

THEOREM 2.1 (“Fubini”). Let T be a compact Lie group, A a closed subgroup. Let
d(yA) denote the left-invariant normalized Haar measure on I'/A. For any continuous
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real-valued function ¢ on T,
Jetnan = [ ([ ctroas) aoay.
r r/a \Ja

Proof. See Brocker and tom Dieck [6, Proposition I 5.16]. ||

Remark 2. 1. In the theorem above, if A C I' is a normal subgroup of finite index
[[': A] = n, then I'/A is a finite group and so the integral over I'/ A becomes a finite sum,
that is,

/Fso(v)dv = %%(/Atp('yé)dé) .

Here the summation runs over the (finite) set of left-cosets of I'/ A and 7 is a representative
of the left-coset yA. O

In what follows, we shall use [ ¢(y) for [ ¢(y)dy to simplify notation.

2.3. Invariant Theory

Let I" be a compact Lie group acting linearly on V. A real-valued polynomial function
f:V — R is called I'-invariant, or simply tnvariant, if

flp(v)z) = f(2),

for ally € T and z € V. We denote by Py (T") the ring of I'-invariant polynomial functions.

We say that a finite subset {uj,...,us} of invariant polynomial functions generates
Py (T) (as a ring) if every invariant polynomial function f can be written as a polynomial
function of {uy,...,us}, that is,

@) = 3 s ub(e). b @), 2

1yeeests

where a; . ;, € R. Such a finite set of generators (which is not unique) is called a Hilbert
basis for Py (T).

THEOREM 2.2 (Hilbert-Weyl). Let I' be a compact Lie group acting linearly on V.
Then there ezists a Hilbert basis for Py (T).

Proof. See Golubitsky et al. [14, Theorem XII 4.2]. |
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Now let (p, V) and (1, W) be two representations of I'. A polynomial mapping G : V' —
W is called I'-equivariant, or simply equivariant, if

G(p(v)z) = n(1)G(z),

for all v € T and z € V. We denote by Py (T') the Py (T)-module of equivariant poly-
nomial mappings between V and W. When (n, W) = (p,V), we write Py (L) instead of
75‘/,“:(1‘).

We say that a finite subset {H, ..., H,} of equivariant polynomial mappings generates
Pyv.w (L) (as a module over the ring Py (T)) if every equivariant mapping G € T;‘f,w(l"‘)
can be written as

G=p H1+...+p-H,,
where p1,...,p, € Py (D).

THEOREM 2.3 (Poénaru). Let D' be a compact Lie group acting linearly on V. Then
there ezists a finite set of I'-equivariant polynomial mappings that generate Py,w (T) as a
module over the ring Py (T).

Proof. See Golubitsky et al. [14, Theorem XII 6.8]. |

The “Reynolds operators” (see Smith [24]) constitute a basic tool in invariant theory.
Let 3 be a closed subgroup of I' and (p, V') a representation of I'. The relative Reynolds
operators from ¥ to T on Py (X) and on Py (X) are denoted, respectively, by

Ry :Pv(2) = Pv(S)  and  BL:Pu(E) — Pr(Z)

and are given by
R(N@ = [ fox)  ad 8O = [ 600
r/s r/s

When ¥ is a subgroup of finite index [I" : 3] = n, the formulas for the Reynolds operators
become

1 —~ 1 _
REN@ = 23 f0w)  ad  RE@)@E) = -3 r7'C0w)
¥ ¥E
and when ¥ is the trivial group we suppress it from the notation for the Reynolds operators.

2.4. Hilbert-Poincaré Series and Molien Formulas
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Recall that the ring of polynomial functions Py on a finite-dimensional vector space V'
has a natural grading

o
Pv = P,
d=0

where P& is the space of homogeneous polynomial functions of degree d. By the linearity
of the action of " on V, it induces a natural grading on Py (T"), that is,

Pv(l) = € PHD),
d=0
where P(T) = Py (T) N PE.
For W a finite-dimensional vector space, let us denote by ﬁmv the module over Py~ of

polynomial mappings from V to W. When W = V| we shall simply write Py. Let us
notice that Py w has a natural grading

o
» oy
Pvw = @P(/,Wa
d=0

where 73{1,“, is the space of homogeneous polynomial mappings from V to W of degree d

which induces a natural grading on Py w (T), that is,

[e]

Prw(l) = @ Plw(D) .

d=0
where 73$’W(1") = Pyw(T) NPy

The Hilbert-Poincaré series of Py (') is the generating function for the dimensions of the
spaces of homogeneous polynomial invariants of each degree and is defined by

oy() =) dim PHI) " .
d=0
The following theorem provides an integral formula for the Hilbert-Poincaré series of Py (T').

TuEOREM 2.4 (Molien). Let (p,V) be a finite-dimensional real representation of a
compact Lie group I'. Then the Hilbert-Poincaré series of Py (L) is given by

r B 1
Pvlt) = /pdetu 50
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Proof. See Sturmfels [26] for the proof in the case where I' is a finite group and Sat-

tinger [21] for the case where I' is a general compact Lie group. |

Similarly, the Hilbert-Poincaré series of ﬁv,w(r) is the generating function for the di-
mensions of the spaces of homogeneous polynomial equivariant mappings of each degree
and is defined by

oo
\Ilr“/vw-(t) = Z dim 'P‘d/yw(r) td
d=0
The generalization of the Molien’s Theorem to the equivariant case when (p,V) = (n, W)
is given by Sattinger [21] and the case when (p, V) is not equivalent to (7, W) is given by
Gatermann [12].
THEOREM 2.5. Let (p,V) and (n,W) be two finite-dimensional real representations of
a compact Lie group T'. Then the Hilbert-Poincaré series of Py,w (L) is given by

i Xw 7)
wt) = | T =)

where xw is the character of (n, W). In particular, if (p,V) = (n, W) then

L) = / xv (7)

r det(1 —tp(v)) ’

where xv is the character of (p,V).

Proof. See Gatermann [12, Theorem 12.2]. |

2.5. Character Formulas for Invariants and Equivariants

Let two representations of a group I" be given on the vector spaces V' and W, respectively.
Then there is a natural representation of I' on the tensor product V @ W given by y(v ®
w) = yv ® yw. By iteration of this construction one obtains an action of I' on the k-th
tensor powers V®F of a representation p of I' on V. Finally, by restriction, one obtains
a representation of I' on the k-th symmetric tensor power S ky, since it is an invariant
subspace of V@* under the action of T.

The following theorem (Sattinger [21, Theorem 5.10]) provides formulas, in terms of the
character xv of (p, V), for the dimensions of Pg(T") and Pg(T").

THEOREM 2.6 (Sattinger). LetT be a compact Lie group acting linearly on a finite-
ditnensional real vector space V. Let x be the character afforded by V' and x(q) the character
afforded by the induced action of T' on SV. Then

dim PE(T) = /F xt@ ()
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and

dim PE () = /I:X(d)(’Y) x(v) -

Proof. See Sattinger [21] or Antoneli et al. [1]. |

3. THE STRUCTURE OF THE ANTI-INVARIANTS AND
REVERSIBLE-EQUIVARIANTS

We start this section by giving the definitions of an anti-invariant function and a reversible-
equivariant mapping under the action of a compact Lie group. We then present some basic
facts about the reversible-equivariant theory. Next we obtain results about the structure
of the spaces of anti-invariant functions and reversible-equivariant mappings. Finally, we
generalize the character formulas of Theorem 2.6 to character formulas for the dimensions
of the subspaces of homogeneous polynomials of each fixed degree in these spaces.

3.1. The Representation Theory

Let I" be a compact Lie group. Consider an homomorphism of Lie groups
o: T — Zy = {£1}, 3)

where Z5 is regarded as a zero-dimensional Lie group with respect to the discrete topology.

Note that o defines a one-dimensional representation of I', by z + o(y)z for z € R.
Also, the character afforded by the homomorphism o is the real-valued function whose
value on v € I' is o(7); in other words, it is o itself, but regarded as a real-valued function,
which we shall also denote by o.

If o in (3) is non-trivial, then its kernel I' | = ker(o) is a normal subgroup of I" of index
2 and the complement I'_ of T'}. in I' is a noun-trivial left-coset. If we choose some § € T'_,
then we have a decomposition of I' as a disjoint union of left-cosets:

F:F+UF_:F+U 6F+

In this case T is called a reversing symmetry group. An element of ' is called a symmetry
in I" and an element of I'_ is called a reversing symmetry in I'. Note that a product of two
symimetries or two reversing syminetries is a symmetry and a product of a symmetry and
a reversing symmetry is a reversing symmetry; if v is a symetry (reversing symmetry)
then ’y_l is a symmetry (reversing symmetry).

Let (p, V) be a representation of I and consider o in (3) a non-trivial homomorphism of
Lie groups. We now give the following two definitions for the main objects of this work:
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DEFINITION 3.1. A polynomial mapping G :V — V is called I'-reversible-equivariant,
or simply reversible-equivariant, if

G(p(v)z) = a()p(v)G(z) (4)

for all vy € T and z € V. The space of all reversible-equivariant polynomial mappings is a

module over Py-(T') and is denoted by Qy-(T'). O

DEFINITION 3.2. A polynomial function f : V. — R is called T'-anti-invariant, or
simply anti-invartant, if

flp()z) = o(Mf(2) , ()

for all v € T and z € V. The space of all anti-invariant polynomial functions is a module

over Py (T) and is denoted by Qv (T). O

We proceed by defining the dual of a representation:

DEFINITION 3.3. Let (p,V) be a representation of I" and let o : I' — Za be a
homomorphism. The o-dual of p is the representation ps of I' on V' defined by

po: I' — GL(V)
v = a(y)e(y)

The corresponding action of I' on V is called dual action and it is written as (y,z) —
po(Y)z. Note that (ps)o = p. O

A representation (p, V) of I is said to be self-dual if it is [-isomorphic to (ps, V) or,
equivalently, if there exists a reversible-equivariant linear isomorphism L : V' — V. In this
case, we say that V is a self-dual vector space.

emark 3. 1. Using the o—dual representation p, of p, condition (4) may be written

G(p(m)z) = po(7)G(z) . (6)

In this way, we may regard a reversible-equivariant mapping on V' as an equivariant_map-
ping from (p, V) to (ps, V). Also, equation (5) is equivalent to the requirement that f is an
equivariant mapping from (p, V) to (o, R). Therefore, the existence of a finite generating
set for both Qv (I') and Qy (I) is guaranteed by Poénaru’s Theorem (Theorem 2.3). ¢

temark 3. 2. We make the following two observations:
(i) There is an important particular case in the reversible-equivariant theory, i. e., when
I is a two-element group. This is the purely reversible framework, where there are no



INVARIANT THEORY AND REVERSIBLE-EQUIVARIANT VECTOR FIELDS 13

non-trivial symmetry and only one non-trivial reversing symmetry which is an involution.
(i) When o in (3) is the trivial homomorphism, (p, V) and (p,, V) are the same represen-
tation and so we encounter the purely equivariant framework. O

3.2. The Application of the Invariant Theory

In this subsection we relate the rings of invariant polynomial functions of I' and T';,
the module of anti-invariants playing a fundamental role in this construction. We start by
observing that Py (['y) (as well as Qy/(I')) is a module over Py (T').

Let us consider the relative Reynolds operator from I' ;. to I on Py (T'y), RRF :Pv(ly) —
Py(Cy). In our particular case, it is simply given by

E (NG = 33 560) = 3@+ 162) ™

b B

for an arbitrary (and fixed) § € T'_.
Now we define the relative Reynolds o-operator on Py (T'y), SII:+ :Pv(Ty) — Py (Ty),
by

St (f =5 Z 7) f(vz).
T4

So
St (=) = 5(f(2) - f(62)) , (8)

for an arbitrary (and fixed) 6 € T'_.
Let us denote by Ip, (r,) the identity map on Py (I'y). We then have:

o] —

PROPOSITION 3.1. The Reynolds operator RF+ and the Reynolds o-operator SI[“‘+ satisfy
the following properties:

(i) They are homomorphisms of Py (T)-modules and
Rp, + ST, = Ip,qr,) - (9)
(i) They are idempotent projections with
ker(RL,) = Qu(f)  and  kex(St,) = Pu(l),
im(Rf,) = Pv(l)  and  im(SE,) = Qv(I).
(iii) The following decompositions (as direct sum of Py (I')-modules) hold:

Pv(Ty) = ker(Rf, )& im(RfL ) = ker(St,) ® im(Sf,)
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Proof. To prove (i) we just note that if f € Py-(I'y) and p € Pv(T), then
RE,(f) = pRE()  and  SE(0f) = PSE()) -

Moreover, (9) follows directly from (7) and (8).
To prove (iz), we first show that

Py(T) = {f € Pv(Ty): f(0z) = f(z), Yz eV}

and

Qv() = {fePly): f(bz) =—f(z), Vz eV}
The inclusions “ C ” follow directly from the definitions of Py (') and Qy (T), so we just
show “ D ". Since I'_ = 6"y and I' is normal in T, it follows that for every v € I'_ we
have v = 76, for some 7 € T'y.. If f € Py(Ty) is such that f(dz) = f(z) for all z € V, then

fyz) = f(Roz) = [f(bz) = f(z), VzeV,
that is, f € Py(T). If f € Py(T4) is such that f(dz) = —f(x), for all z € V, then

f(yz) = f(Foz) = [(0z) = —f(z) = o(¥)f(z), VzeV,

that is, f € Qv (I).
Now we show that, for any f € Py-(I'y.), we have

RE (f)ePy(T) and  SE (f) € Qv(D).
In fact, for any 7 € I'y, we have that &y = 75 for some 7 € T’y and thus
f312) = 1(305) = f(6a), VaEV.
Then, it is again direct from (7) and (8) that
RE(NG2) = RE(NE)  and  SE(N0) = SE(N@)
Also, since 6% € T,
RE(N62) = 3(/62)+ 1) = RE, (@)

and

SE()62) = 3(76x) ~ S5%) = S5, (NE) .
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Hence, im(RFJr) C Py(T) and im(SII:JF) C Qu(I'). The other inclusions are immediate,
since
Rt lpym) = Ipvay  and  SE lovm) = Tov@m.
Finally, (iiz) follows from (i) and (it). |

COROLLARY 3.1. The following direct sum decomposition of modules over the ring Py (T)
holds:

Pv(ly) = Pv(l) & Qv(T) .

Now we relate the modules of equivariant polynomial mappings under I' and I" .. This can
be done by a similar construction as above for the rings of invariant polynomial functions
under I" and '} : we consider the relative Reynolds operator from I'y to ' on Py-(Ty),

R}:+ : Py(I'4) — Pv(T'y), which is, in the present case, given by

R (G)() = %Zy—lcm) - é(G(:v)-{-é'_lG((Sw)), (10)
yr4

for an arbitrary 6 € I'_. B N
Now we define the relative Reynolds o-operator fromT'y to T on Py (T'y), gll:+ :Py(Ty) —
75‘/(11—{-)7 by
1 =
S, (Q) (=) = 3 > oy Clya).
T+
So

SE.(G)=) = 3(G(z) - 67'G(s)) . (11)

DO —

for an arbitrary § € I'_.

Let us denote by I3

Pu(Ty) the identity map on Py (I';). We then have:

PROPOSITION 3.2. The Reynolds operator R‘{«+ and the Reynolds o-operator §1L+ satisfy
the following properties:

(i) They are homomorphisms of Py (T')-modules and
Rf, + St, = I, - (12)
(ii) They are idempotent projections with

ker(R‘Il:Jr) = Oy(I) and ker(§11j+) = Py(T),

im(BL,) = Pv(l) and  im(ST,) = Ov(I).
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(iii) The following decompositions (as direct sum of Py (T')-modules) hold:

Pv(Ty) = ker(glli) €Bi111(§§+) = ker(ﬁ&) @im(ﬁ&) :

Proof. It is analogous to the proof of Proposition 3.1. |

We are now in position to state the following corollary which, together with Corollary 3.1,
forms our first main result.

COROLLARY 3.2. The following direct sum decomposition of modules over the ring Py (T')
holds:

’ﬁv(r‘+) = 75‘/(1_‘) D éV(r) 8

We end this subsection with a remark.

Remark 3. 3. The notion of anti-invariant polynomial function is a particular case of the
definition of relative invariant of a group I'. Stanley [25] carried out a study of the structure
of relative invariants when I is a finite group generated by pseudo-reflections. Smith [23]
has focused attention to the invariant theory by using results on relative invariants when
T is also an arbitrary finite group. Let us switch to the notation of Smith. Let F be a
field, p : T — GL(n,F) a representation of a finite group I and x : I' — F* be a linear
character. Therein, the ring of invariants of I' is denoted by

FIVI' = {/ €FV]: f(h2) = f(=), Vv €T}
and the module of x-relative invariants of " by
FIVIy = {f €F[V]: f(3z) = x(7) f(2) , Vv €T}.
Now let ¥ be a subgroup of ' of index m = [[" : 3]. Then,

FIV]® = FVI" & FlV]L & - @ FV]}

xm-1 - (13)
If 4,2 generates the cyclic group I'/E, then the subspaces IF[V];-, for j =0,...,m—1,
are the eigenspaces associated with the eigenvalues x('yx)j of the action of v, on IF[V]Z.
In particular, when I is generated by pseudo-reflections, Smith [23, Theorem 2.7] shows
that IF[V]E is a free module over ]F[V]F on a single generator which can be constructed
from the action of I on F™. Switching back to our notation, the module Qv (I') of anti-
invariants is the module of o-relative invariants R[V]L. Thus, when I is a finite group, the
ring Pv (') and the module Qv (I") are the eigenspaces associated to the eigenvalues 1 and
—1, respectively, of the action of § € I'_ on Py (I'y). Therefore, decomposition (13) is a
generalization of the Corollary 3.1 (where m = 2 and x is a real-valued linear character).
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On the other hand, Corollary 3.1 is an extension of the decomposition (13) for arbitrary
compact Lie groups. O

3.3. Hilbert-Poincaré Series, Molien Formulas and Character Formulas for
Anti-Invariants and Reversible-Equivariants

As well as in the case of invariants and equivariants it is possible to define Hilbert-
Poincaré Series for the modules Qy (I') and Qy (I') and establish Molien formulas for them.
In the same vein, we prove character formulas for the dimensions of their homogeneous
components. See Sattinger [21] or Antoneli et al. [1] for the case of invariants and purely
equivariants.

We begin by observing that Qv (I') is a subspace of Py and Qv (I) is a subspace of Py
and so they have natural gradings

Qv(l) = EBQ?/(F) and  Qy(l) = @Q@(F),
d=0 d=0

where Q% (I') = Qy(I') N P and Q% (I') = Qv (') N PL, respectively. It follows from
Corollaries 3.1 and 3.2 that we have the direct sum decomposition of vector spaces

Pi(Ty) = PHI) @ QF (D)

and

Pi(Cy) = Pe(D) & 9y (D)

Il

for every degree d € N. .
The Hilbert-Poincaré series for Qv (I') and Qv (T') can be defined in the same way as for

Py (I') and Py (I) and are denoted by
dL(t) = Z dim Q¢ (I) ¢4 and oL = Z dim Q% (T) ¢4 .
d=0 d=0
The general Molien formula (Theorem 2.5) applied to the Hilbert-Poincaré series of Qv (I')

and QV(F) gives

seey - [0 gr = [ e
WO - [ 0 RO - iy

where v is the character of (p, V).
Now let L(V') denote the space of real-valued symmetric d-multilinear functions on V¢
Then there is a canonical isomorphism

LYv) = pd. (14)
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Let LY(V,W) denote the space of W-valued symmetric d-multilinear mappings on V<.
Then there is a canonical isomorphism

1R

LAV, W) = Py . (15)

We also have the following canonical isomorphism (see (15, p. 621]):
Hom(SV, W) = L4V, W) . (16)
Since V* = Hom(V,R) and V* @ W = Hom(V, W) (see [15, p. 618]), we have that
LYV, W) = Hom(SV,W) = (SWV)* @W,
which, together with (15), gives
Py = (SV) @W. (17)

If (p,V) and (5, W) are two finite-dimensional representations of I', then the group I’
acts naturally on Py, by

(v-G)(z) = n(v 1 G(p(y)z), VYyel,zeV,Ge Prw
and so we have
Pyw(T) = Fixgy (T). (18)
Combining (17) with (18) we get
75\%,”/(1—‘) = FiX(de)-®‘,v(F) . (19)
We then obtain:

TueoreM 3.1. Let ' be a compact Lie group. Let (p,V) and (n,W) be two finite-
dimensional representations of I' with corresponding characters xv and xw. Then

dim Py (T) = /F xv@@)xw () |

where Xy (q) is the character afforded by the induced action of T on S4V.
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Proof. The Trace Formula (Proposition 2.1) combined with equation (19) leads to
dim P¢  (I) = dimFix(sayy.gw(T)

/FX(sdv)‘@W(’Y)

= /FX(sdv)'(’Y)va(“Y)

=[x )

/F xv@(xw ()

I

as desired. [
Now recalling Remark 3.1 and applying the above theoremn we obtain:

COROLLARY 3.3. Let I’ be a compact Lie group. Let (p,V) be a finite-dimensional rep-
resentation of I' with corresponding character x. Then

dim Q% (T) = /FU(’Y)X(J)(’Y)

and
dim G4.(T) = / e xa(Mx) »

where X (q) 15 the character afforded by the induced action of T' on SV

In order to evaluate these character formulas it is necessary to compute the character
X(a) of SV . There is a well known recursive formula, whose proof can be found in Antoneli
et al. [1, Section 4]:

d—1
P
dx@() = >_x(r*xe() (20)
i=0
where x () = 1. See [1, Section 6] for several examnples of calculations with these formulas.

We note that Theorem 2.6 is a particular case of Theorem 3.1, where W = R under the
trivial action of I in the invariant case and where (n, W) = (p, V') in the purely equivariant
case.

Remark 2.1 applied to the character formulas provides useful integral formulas for
the dimensions of the spaces of invariants, anti-invariants, equivariants and reversible-
equivariants: for an arbitrary (and fixed) § e I'_,

1
dimPE(T) = 5[ /F X(a)(7) + /F x<d>(5v)] .
+ +
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o 1
dim Qy/(T") = 5[ Xl — X(d)(a')'):l 5
r. T

dim PE(T) = [/ X(d)(”Y)Xv(’Y)Jr/r X(d)(5”/)/\’v(57)],

Ty +

o | =

dim Q%(I") = %[/m X (xv () — /m X(rl)(57)XV(5'Y)] ;

;From the above formulas we get
dim PE(T) 4+ dim Q& (T') = / X@(y) = dimPy(Ty) (21)
Ly

and
dim PE(T) + dim @4(T) = / x@Mxv(y) = dim PE(Ty) , (22)
Iy

in agreement with Corollaries 3.1 and 3.2.
Next we present two necessary conditions for a representation (p, V) of T to be self-dual.

PROPOSITION 3.3. Let I’ be a compact Lie group acting on a finite-dimensional vector
space V as a reversing symmetry group. If V is self-dual, then every reversing symmetry
has vanishing trace.

Proof. Let (p,V) denote the given representation of I' and (p,, V') its dual for a non-
trivial homomorphism o : I' — Z,. For every v € T,

tr(p(v)) = tr(po(7)) = tr(e(v)p(r)) = o(3)tr(p(v)) -

If v € T'_, then tr(p(y)) = —tr(p(7)), that is, tr(p(y)) =0. |

PROPOSITION 3.4. Let I be a compact Lie group acting on a finite-dimensional vector
space V' as a reversing symmetry group. If V is self-dual, then the Hilbert-Poincaré series
of Pv(T) e Qv (T) are equal. Moreover, every coefficient of the Hilbert-Poincaré series of
ﬁv(r+) 1S even.

Proof. By Proposition 3.3, we have xv(y) = 0 for all y € I'_ and so dim PE(I') =
dim Q¢ (T'), for every d € N. Thus

vht) = Y dimPpD) et = > dim OH(D) ¢! = TT(1) .
d=0 =0
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Moreover, from (22) it follows that dim P& (I';.) = 2dim P4 (T), which is even for every d €
N. |
Remark 3. 4. If V is self-dual, then from Proposition 3.3 and (20) it follows that

X()(7) =0 for all v € I'_ whenever d is odd. Therefore, by a similar argument as applied
above to the equivariants and reversible-equivariants, we conclude that

dimPH(T) = dim QL ("), if d is odd.

(From (21), dim PE(T';) is even whenever d is odd. O

We finish this section with some examples.

EXAMPLE 3.1. [’ = Sy] Consider the action of the group I' = S5 on R? by permutation
of the coordinates. This action is generated by the matrix § = (¢ 3), which we take to be
a reversing symmetry. So I'y = {1} and T'_ = {§}. Hilbert bases for Pr2(S2) and Pg2
are {z +y,2y} and {z,y}, respectively. From (21) we have that

dim QL:(S2) = dim Q}2(S2) = 1, dimQ%2(S2) = dim Qk2(S2) = 2.

Since Qr2(S2) is a module over Pr2(S2) and from the fact that z™ —y™ are anti-invariants
for all n € N, it follows from the identity

n n o)

-y = (@)

=2 'n—2)

y" ) = ry(a y

that Qr2(Ss) is generated by v = z — y. By Theorem 2.5, the Hilbert-Poincaré series of
Pra2(S2) is UR.(t) = (1_—1tF Furthermore, it is easy to check that

I 1. 0
0 -1
is an Sy-reversible-equivariant linear isomorphism and so this representation of S on R* is

self-dual. Therefore, by Proposition 3.4, the Hilbert-Poincaré series of Qg (S2) is ‘I~J§2 (t) =
1
(=L 0

ExAMPLE 3.2. [[' = O] Cousider the action of the octahedral group @ on R? generated
by

-1 0 0 190
Kyp = 0o 1 0}, S =100 -1}, S, = 0
0 0 1 0 1 0O -1 0 0

Here, k. is a reflection on the plane z = 0 and S,, S, are rotations of m/2 about the axis
z e y, respectively. Let § = K, act as reversing symmetry and S, S, act as symmetries.
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Hence I'y = (S,,5,) = Sy and I'_ = «, T'y. Using the software SINGULAR to compute the
generators of Pra(S4) we find

2 9 2
Uy :r2+y2+22, U9 :xzy“—l-yzz“—i-a:QZ“, uz = Yz,

ug = 22(yz® — v°2) + 3 (e%z — 22°) + 2P (zy® — 2Py).
By Melbourne [20, Lemma A.1] it follows that ui,us and ug generate Prs (0). Note that
uy is an homogeneous @-anti-invariant (of degree 9) and, from (21), that

dim Qis(0) = 0,Vi=1,...,8 and dimQRs(0) = 1.

Hence, it follows directly from the decomposition in Corollary 3.1 that Ors(0) admits
only one generator of degree 9, which can be taken to be uy. Finally, using the software
GAP to compute the Hilbert-Poincaré series of Prs(S4) we obtain

t—t2 418
(1I=t)(1 —¢2)(1 =t

—tro A S 6T At

\I’sl{a (t) =

Since dim 75%{3(54) =1 is odd, it follows from Proposition 3.4 that a such representation
of the octahedral group is non self-dual. O

4. THE ALGORITHMS

In this section we prove the second main result of this paper, namely the algorithmic way
to compute anti-invariants and reversible-equivariants. The basic idea is to take advantage
of the direct sum decompositions from Corollaries 3.1 and 3.2 to transfer the appropriate
basis and generating sets from one ring or module to another. We finish this section by
applying these results to some important examples.

4.1. Algorithm for Computing the Anti-Invariants

In Corollary 3.1 we consider the ring Py (I'}) of I'j-invariant polynomial functions as
a module over its subring Py (I') of I-invariant polynomial functions and obtain a direct
sum decomposition into two Py (I')-modules, where one of them is Py (T) itself and the
other is the module Qv (T') of anti-invariant polynomial functions. In this subsection we
show how to obtain generating sets of Qv (I') and Py (I';.) as modules over Py (T') from a
Hilbert basis of Py (I'y).

We start by introducing the multi-index notation in order to write expressions like (2),
in more compact way. A multi-indez « of dimension s is an s-tuple o = (a1,...,05) of
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non-negative integers. The degree of a multi-index o is

S
la] = Zai.
i=1

For u = (uq,...,us) an s-tuple of indeterminates we write
a 31 Qg
u® = uft. g

so (2) is simply rewritten as
f(x) = Zaa u*(z) ,

with coefficients a, € R. Now if we introduce a new indeterminate u,, then a polynomial
in the indeterminates v and u441 may be written as

a, Qs+1
E Qooey; W Ugy] -

a, (541

Note that this is simply a polynomial in s + 1 indeterminates with the last indeterminate
being explicitly singled out.

THEOREM 4.1. Let D' be a compact Lie group acting on V. Let {us,...,us} be a Hilbert
basis of the ring Py (Ty). Set

i = Sp, ().

Then {t1,...,0s} is a generating set of the module Qv (T') over Py (T).

Proof. We need to show that every polynomial function f € Qy (T) can be written as
~ S
flz) = > pi(2)i(z), VzeV,
j=1

where p; € Py(T) and @; = SF+ (uj). We prove this by induction on the cardinality s of

the set {uy,...,us}.
Let usfix § € I'_ and let {uy, ..., us} be a Hilbert basis of Py (I'y.). From Proposition 3.1,

there exists f € Py (I';) such that SE_(f) = f. First we write

@) = Zaaua(m),

[e3

with a, € R, and compute

Il

f@) = SE(NE = 5@ - 162) .
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Thus, we get that
flz) = Zaa (u®(z) — u*(dz)) .
e Assume s = 1. Then we may write

f) = Y ai(u(@) - ). (23)

where a; € R and i € N. Recall the well-known polynomial identity

i—1

ui(z) —ui(dz) = (u(z) —u(dz)) Z'uj(w)'u(i_l)_j(éw)

=0

and consider the following homogeneous polynomial of degree i — 1:

i—1

pi(z) = Zuj(u:)u(i_l)—j(&;) .

=0

We show now that p; € Py (T). Since I'y is a normal subgroup of T, it follows that for
every v € I'y there exists 4 € I';. such that

u(dyz) = u(Fdz) = u(dz), VzeV.

Thus for all v € I'y we have

i—1 i—1
pive) = Y w(ya)ulD(Gyz) = Y W (@)ulTDTI(82) = pie) -
3=0 7=0

Furthermore, since 62 € 'y,

i—1 i—1
pida) = Y w(6x)u D) = 3w (02) uTIT@) = pila)
j=0 j=0

Therefore, (23) becomes
fl2) = Zaim(fv)(U(r) —u(bz)) = p(z)u(z) ,

where p = 2% . a;p; € Pv(T).
o Assume that for all sets {uq,...,uc} with 1 < ¢ < s we have

S aa (we) —ut(62) = S pie)is(a), (24)
7j=1

«
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where p; € Py(T) and a € N¢.
Now consider the set {uy,...,ue} U {uep1} and let f € Qu(T). Then we may write

f@) =3 aaan (W @ugi () — u(0)ugyy (52))

a,opq
= D o [u@ T (@) — ugi (02) + ugry (62)(u® (2) — u*(62))]
a,0p 41

Qo

with u®, u 1" € Pv(ly), a € N¢ and oy 1 € N. By Corollary 3.1 we can decompose
u¥(z) = va(z) + wal(z) and  u V() = va,y, (@) + Wa,,, (2),
with va, Va,,, € Py (T) and w,, Wa,,, € Qv(T). Then
u*(6z) = va(x) — wa(z) and Ut (02) = Yy, (B) —Wapy. () -
By subtracting, we get
u¥(z) —u*(dz) = 2wa(z) and ugt (z) — up i (07) = 2wq,,, (x),
Therefore,

f(:r) = Z Aoyop 4y [(va(l) + wa(I))Zme(‘r) + (vaul(:’:) - "Uaf+1(3'"))2wa(x)]

= 3 oo (200 (@) W0y, (2) + 200, (2)0a(2))
= 3 toren [0 (@) (3 (@) — 653 (62)) + v, (2) (1% (2) — u*(62))]

= Z aa,a,ﬂva(x)(u[aﬁ‘ (z) — u?ﬁ‘ (6z))
+ Z vue-ﬂ(z) (Z au,u/-}—l(uu(z) - ua(ax))> 2

By the induction hypothesis (24) we can write

(ugy (@) — gy 1 (07)) = Pritars (2)ier1(2)

and

/
Zau,at’+1 (uu('ﬂ) - ua(d‘l')) = ijqa/f—f-l (.L)&_,(L) )
« 71=1
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With pesiacsss Piac € Pv(T). Then

f(l) = Zaa.oiﬂUG(I)(pf+1,O:+1(I)ﬁl’+1($)) + ZUQHI(JI) ij,aul(z)ﬁj(m)

Q0041 Qi1

[
= Zaﬂ,ﬂi+1uﬂ(1’)pﬁ+1,ai+1(x) ’&{+1(.Z)+Z Zva,+1(x)Pj,a,+1(z) ﬂ](l)

CHCTESY j=1\ae+1

But now we observe that

b = Z'Uap+1pj,up+1 E’PV(F)

Qi
and
Pey1 = Z a‘u,a,g_'_lvapl{-l,u“_l € PV(F) .

Q4
Therefore,

: +1

fla) = Y pil)d;(=) .
] !

It is a straightforward consequence of the theorem above that Qgrs(Q) in Example 3.2

admits a unique generator as a Prs(0)-module, which is us obtained therein.

COROLLARY 4.1. Let I' be a compact Lie group acting on V. Let {uy,...,us} be a
Hilbert basis of the ring Py (L'y). Set 4; = S&(ui) ,fori=1,...,s. Then {1,q1,...,Us}

is a generating set of the module Py (') over Py (T).

Here is the procedure to find a generating set of the module of anti-invariants Qy (I')

over the ring Py (T):

ALGORITHM 4.2 (Generating Set of Anti-Invariants).
INPUT:- compact Lie group I' C O(n)
- normal subgroup I'y C T’ of indezx 2

-0el\ Iy
- homogeneous Hilbert basis {uy,...,us} of Py(I'y)
OQUTPUT: homogeneous generating set {41, ..., 0s} of the module of anti-invariants
Qv (T) over the ring Py (T)
PROCEDURE:

for i from 1 to s do

i(z) = 5(ui(z) — ui(dz))
end
return {41, ...,Us}
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4.2. Algorithm for Computing the Reversible-Equivariants

In Corollary 3.2 we consider the module Py (T'4) of T'y-equivariant polynomial mappings
as a module over the ring Py (') of invariant polynomials and obtain a direct sumn decom-
position into two Py (I')-modules, where one of them is the module Py (T) of purely equiv-
ariant polynomial mappings and the other is the module QV(F) of reversible-equivariant
polynomial mappings. In this subsection we show how to obtain generating sets of ﬁv(F+)
and Qv (T') as modules over Py (T) from a Hilbert basis of Py (') together with a gener-
ating set of Py (T'y) as a module over Py-(I').

In particular, we achieve our ultimate goal, which is to show how the construction of a
generating set for the module QV(F) of reversible-equivariant polynomial mappings over
Py (T) can be reduced to a problem in standard invariant theory, whose solution is well
known in several important cases.

LEMMA 4.1. Let I’ be a compact Lie group acting on V. Let {uy,...,us} be a Hilbert
basis of Py(I'y). Let {ug = 1,%,...,Us} be the generaling set of the module Py (T)
over the ring Py (') obtained from {ui,...,us} as in Corollary 4.1 and {Ho,...,H,} a
generaling set of the module Py (T'y) over the ring Py (T'y). Then

{H.,'j = ﬂ,‘Hj:i:O,...,S; jZO,.‘.,T‘}

is a generaling set of the module ﬁ\-(F+) over the ring Py (T).

Proof. Let G € Py (T'y). Then

G = Y p;H; (25)

=0

with p; € Py('y). Since {ao,..., %} is a generating set of the module Py (I'y) over the
ring Py (L), it follows that

pi= > pili (26)
i=0

with p;; € Py (T). From (25) and (26) we get

G = Z( OPijfti> H; = Zpij (@:Hj) ,

7=0 \i= 1,j=0

as desired. ||
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LEMMA 4.2. Let T be a compact Lie group acting on V. Let {Hoo,...,Hs} be a gen-
erating set of the module Py (T'y) over the ring Py (L) given as in Lemma 4.1. Then

{Hi; = SE (Hy):i=0,...,5; §=0,...,1}

is a generating set of the module Qv (T') over the ring Py (T).

Proof. Let {Hoo,...,Hs } be a generating set of the Py (T)-module TSV(F+) and let
G € Qu(I'). From Proposition 3.2, there exists G € Py (') such that G = §F+(G). Now
write

G = ) pijH
1,7=0

with p;; € Py(T'). Applying §II:+ on both sides, we get

G = Y pifF(Hy) = Y piiHy,
1,7=0 i,7=0

as desired. |

It is now immediate from the two lemmas above the following result:

THEOREM 4.3. Let T be a compact Lie group acting on V. Let {uy,...,us} be a Hilbert
basis of Py(Ty) and {Ho, ..., H.} be a generating set of the module Py (Ty) over the ring
Py(T,). Let {iig = 1,1, ..., 1} be the generating set of the module Py (T'y.) over the ring
Py (T) obtained from {uy,...,us} as in Corollary 4.1. Then

{Hy; = ST, (@H;):3=0,...,8; j=0,...,7}
is a generating set of the module Oy (T) over Py(I).

Here is the procedure to find a generating set of the module Qv (T) over the ring Py (I'):

ALGORITHM 4.4 (Generating Set of Reversible-Equivariants).
INPUT:- compact Lie group I' C O(n)

- normal subgroup 'y C T of index 2

-0ell\ Iy

- homogeneous Hilbert basis {uy,...,us} of Pv(I'y)

- homogeneous generating set {Hy, ..., H.} of Py(T'y) over Py (Ty)
OUTPUT:homogeneous generating set {I:Ioo,...,flsr} of the module of reversible-

equivariants Qv (T') over the ring Py (T)
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PROCEDURE:
ap(z) =1
for i from 1 to s do
ai(z) = -é—(u,(,L) —u;(0x))
for 7 from 0 to r do
Hoj(z) := Hj(z)
Hij(z) == @;(z) H;(x)
Hij(z) := §(Hij(z) — 57" Hij(6x)
end
end

return {f.[()o, .. ,ﬁsr}

4.3. Examples

We illustrate now the methods obtained in this paper with some examples. Before pre-
senting the examples, we should point out that despite our methods are completely general,
they are only necessary when the representation at hand is non self-dual. Otherwise, when
the representation is self-dual, there is a much more efficient procedure which takes advan-
tage of the existence of a reversible-equivariant linear isomorphism L : V' — V to obtain
the generators of Qv (I') from those of Py (T) by the “pull-back” of L. See Baptistelli and
Manoel [4] for details.

EXAMPLE 4.1. [I' = Zs] Cousider the action of the group I' = Zy on R? generated by
the reflection § = (_(,1 _01 ), which we take to be a reversing symmetry. So I'y = {1} and
I'_ ={0}. It is clear that ui(z,y) = = and uz(z,y) = y constitute a Hilbert basis of Pg:.
By Algorithm 4.2 we have that

w(z,y) = x and w(z,y) = vy
constitute a generating set of Qr2(Z2). Now set @g(z,y) = 1 and let
Hy(z,y) = (L,0) and Hi(z,y) = (0,1)
be a generating set of the module 75R2 over the ring Pr2. By Algorithm 4.4 we get

HOO(Iay) = Ho(-T,'y) == (170)7
(

Hoi(z,y) = Hi(z,y) = (0,1),

Hyo(z,y) = wi(z,y)Ho(z,y) = (z,0),
Hu(z,y) = (z,y)Hi(z,y) = (0,2),
Hso(z,y) = ua(z,y)Ho(z,y) = (v,0),
Hoi(z,y) = t2(z,y)Hi(z,y) = (0,y) .
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First, we note that H;; € 75R2(Z2) for : = 1,2. Hence flij =0fori=1,2 and
Hoo(z,y) = (1,0) and  Ho(z,y) = (0,1)

constitute a generating set of the module Or2(Zs) over the ring Pr2(Z2). O

EXAMPLE 4.2. [ = Za & Zo] Consider the action of the group I' = Zy & Z2 on R?
generated by the reflections

(10 _d__—10
K1 =g aln K2 =\ o 1)

Let ustake 6 = 51 € ['_ and ko € T'4. So Ty = Za(ka) = {1,k2} and I'_ = {x1, —1}. Itis
well known that ui(z,y) = 22 and us(z,y) = y constitute a Hilbert basis of Prz(Z2(k2)).
By Algorithm 4.2 we have that

1 (z,y) %(m(z,y)—ul(ﬂl(%y))) =0,

ty(z,y) = 3(ua(z,y) —ua(ki(z,y))) = v,
that is, Qr2(Zo ®Zs) is generated by {y} over Prz(Zy G Zs). Nc:w set 4o(z,y) = 1 and take
{Ho(z,y) = (z,0), Hi(z,y) = (0,1)} as the generating set of Pr2(Z2(x2)). By Algorithm
4.4 we get
Hoo(z,y) = Ho(z,y) (z,0),
Hoi(z,y) = Hi(z,y) = (0,1),
Hy(z,y) = w(z,y)Ho(z,y) = (0,0),
Hip(z,y) = t(z,y)Hi(z,y) = (0,0),
Ha(z,y) = ta(z,y)Ho(z,y) = (2y,0),
Hyi(z,y) = ta(z,y)Hi(z,y) = (0,y)

Note that Hgo, Ho1 € ﬁRz(ZQ & Zs) and so Hoo = Hsy = 0. Hence,
Hoi(z,y) = (0,1) and  Hao(z,y) = (zy,0)
constitute a generating set of the module s (Zo & Z2) over Pr2(Zo & Zs).

If we choos_(? Ty = Zo(k1) = {1,k1} and T = {ka, —1}, then Qr2(Zy & Zy) is generated
by {z} and Or2(Zs & Z) is generated by {(1,0), (0,zy)} over Pr2(Z & Zs). O
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ExampLE 4.3. [[' = D,,] Consider the action of the dihedral group I' = D,, on C
generated by the complex conjugation x and the rotation Ror

KZ = 2 and R2rz = e nz.
-

Let us take 0 = Roy/n, € I and k € I'y.. We observe that this is only possible for n even
(see [3, p. 249]). Then

F+ = <K,R22_.,,> = D;_, .
It is well known (Golubitsky et al. [14, Section XII 4]) that
u1(z) = 2z and  wg(z) = 2% 4+ 2%

coustitute a Hilbert basis for Pc (Dn/z). Application of Algorithin 4.2 gives

(ul(z)—ul(ei%_:rz)) =0

(uz(z) —up(ei™2)) = z¥ 432%

17,1(2) ==

1.1.2(2) =

(SIS
[NE)

that is, Uy is the only generator of Qc(D,,). In_‘order to obtain the generators of Qc(D,,)
we set o(z) = 1 and pick a generating set for P(D,,/2) (Golubitsky et al. [14, Section XII
5]):

Hy(z) = = and Hi(z) = z77%.
Now applying Algorithin 4.4 we get

H()()(Z) = H(](Z) = z,

H01(z) = Hl(z) = Z%_l,

Hlo(z) = ﬁl(Z)Ho(z) = 0,

Hu(z) = ’al(Z)Hl(Z) = O,

Ho(z) = aa(2)Ho(z) = 2%t 4 (22)2771,

H21(Z) = ﬁQ(Z)Hl(z) = (zf)%"12+5"—1 .
Note that Hgg and Hop € T;C(Dn) and so I:IOO = P.Igl = 0. Moreover,

Ho(z) = 2571,

Hf)o(z) = zzHl + (22)2%_1 .

Since zZ is a D,-invariant, we obtain {2”/2‘1, z"/2+1} as a generating set of the module
Oc(D,,) over the ring Pc(D,,). Let us observe that Baptistelli and Manoel [3, p. 249]



32 F. ANTONELI, P. H. BAPTISTELLI, A.P.S. DIAS AND M. G. MANOEL

use a different approach to deal with this example, obtaining the same set of generators by
direct calculations. O
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