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Resumo

Neste artigo estudamos as equacoes de Cahn-Hilliard viscosas com nao-linearidades
de crescimento critico em W,"(Q), Q C R para n > 3. Para tais ndo-linearidades
provamos que o problema é localmente bem colocado, obtemos um procedimento
de bootstrapping e mostramos que as solugoes obtidas sao classicas. Para p = 2
e nao-linearidades quase criticas e dissipativas obtemos a existéncia global de
solugdes, a existéncia de atratores globais em H{(f2) e estimativas L°°(2) uniformes
(relativamente ao parametro). Finalmente, obtemos um resultado de continuidade
dos atratores exponenciais mostrando que, em dimensdes n = 3 e n = 4, o atrator
do problema de Cahn-Hilliard original coincide (em um sentido a ser especificado)
com o atrator do problema do calor associado.






DYNAMICS OF THE VISCOUS CAHN-HILLIARD EQUATION

A. N. CARVALHO" AND TOMASZ DLOTKO?

ABSTRACT. In this we study generalized viscous Cahn-Hilliard equations with critically
growing nonlinearities in W, *(Q), @ € R™ for n > 3. We prove that the problem with such
critically growing nonlinearity is locally well posed and obtain a bootstrapping procedure
assuring that the solutions are classical. For p = 2 and almost critical dissipative nonlin-
earities we obtain a global well posedness result, existence of global attractors in Hg(€2)
and uniform L*°(Q) bounds for the attractors. Finally, we obtain a result on continuity of
exponential attractors which shows that, in dimensions n = 3 and n = 4, the attractor of
the original Cahn-Hilliard equation coincides (in a sense to be specified) with the attractor
for the corresponding semilinear heat equation.

1. INTRODUCTION

Our aim is to study viscous Cahn-Hilliard equations of the form,
(1 =)y =—-A(Au+ f(u) —vw), t>0, z€9Q,
u(t,z) = Au(t,xz) = 0 on 99, (1.1)
u(0, ) = up(x),

where v > 0, f € C*(R,R) with suitable dissipation properties (in particular; f(z) = z — 2°)
and €2 is a smooth bounded domain in R™,n > 3. This model equation was introduced by
A. Novick-Cohen in [18] to describe the dynamics of viscous first order phase transitions.
Equation (1.1) is interesting not only because of its physical background but also because
it contains important particular cases; when v = 0 the original Cahn-Hilliard equation and
when v = 1 the semilinear heat equation. The transition of the asymptotic behavior as
parameter v varies from 0 to 1 was studied in [16] where (1.1) is written in the form of a
system

(1 =)y =Aw, x€Q, t>0,

vug = Au + f(u) + w, L2}

with suitable initial-boundary conditions. Our paper extends and improves the results of
[16] where asymptotic properties of (1.1) were first examined in details.
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We are interested in studying the semigroup generated by (1.1) on the phase space H}(Q)
(and on W, P(Q) in case of local solutions), with the equation satisfied in H ~1(Q) when
v >0 or in H73(Q) when v = 0. Assume that f € C'(R,R) is a real function satisfying the
following set of assumptions.

e For the local existence of solutions of (1.1), we assume there are constants C >0
and 1 < ¢ < %j—z, such that

1) < C(L+]s|7"), Vs ER, (1.3)
e For the global solvability we need to add the dissipativeness condition
lim sup f(5) <N\ (1.4)
EEI

where —)\; is the first eigenvalue of the Dirichlet Laplacian in 2.
e Studying existence of the global attractor for (1.1) we need to assume that the non-
linearity is almost critical, which can be obtained if f satisfies

()]

Clearly (1.5) implies (1.3) required for local existence of e-regular solutions to (1.1).

Remark 1. If ¢ > 1 and f € CY(R,R) fulfils (1.5) then for arbitrary n > 0 there is a
positive constant C,, such that

|£(s1) = f(s2)] < Is1 — 52| (Cy +mls1]" +7ls2]77") (1.6)
and
1£(s)] < C,y + n|s|® (1.7)

In the present paper, under critical growth condition (1.3) on f, we show local well posed-
ness of the viscous Cahn-Hilliard equation in W,?(Q). By local well posedness we understand
the existence, uniqueness and continuity wit respect to initial data of e-regular solutions, as
introduced in [1]. We prove that

Theorem 1. Let f € CL(R,R) fulfils the condition (1.3). Then, to arbitrary uy € W, ()
corresponds a unique e-reqular solution u of (1.1). Moreover, if the condition (1.5) is sat-
isfied, given a bounded subset B of Wol’p(Q), there is a time 7 = 7(B) > 0 such that any
solution starting at a point of B must exist in the interval [0, 7] and the image of B through
the local semigroup generated by (1.1) in WyP(Q) will be compact for all 0 <t < 7.

When p = 2, assuming additionally the dissipativeness condition (1.4), local solutions
constructed in Theorem 1 are in fact global solutions. We have

Theorem 2. If (1.3) and (1.4) are satisfied, then the unique local e-regular solution to (1.1)
in Hy(Y) exists for allt > 0.
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The same condition (1.4) together with the almost critical growth assumption (1.5) are suf-
ficient to assure existence of the global attractors A, v € [0, 1], for the semigroups generated
by (1.1) on Hy(Q) (see Theorem 4 in the main body of the paper).

The main result of our paper states that the dynamics generated by (1.1) on the space
Hy(£2) is the same (in a sense to be specified) for all values of v in [0, 1]. Thus, in particular,
the dynamics generated (under our assumptions) by the semilinear heat equation (corre-
sponding to v = 1) is the same as the dynamics generated by the original Cahn-Hilliard
equation (v = 0). This result, stated precisely in Theorem 3 below, is obtained through
the sequence of auxiliary theorems describing mostly spectral properties of the operators
B, == A((1 = v)I + vA)™" (see (2.3)) and 4, = (=A)B, (here A = (—=A) with Dirichlet
boundary condition). We consider first convergence of linear semigroups corresponding to
various v € [0, 1], then convergence of nonlinear semigroups and finally, assuming that all the
equilibria of (1.1) are hyperbolic (the set of equilibria € is independent of ) also continuity
of local unstable manifolds of the set of equilibria when v € [0,1]. Since each attractor A,
is characterized as unstable set of the set of equilibria,

A, = W)(€),

we have thus continuity of the family {A,}.c,1 of global attractors to (1.1). The main
result of the paper states that

Theorem 3. Let {1,(t) : t > 0} be the gradient nonlinear semigroup associated to (1.1), A,
be its global attractor and V : H3(Q) — R is its Lyapunov function (independent of v, see
(3.2)). If {T1(t) : t > 0} has a finite number of hyperbolic equilibria u}, 1 < i < n, then A,
15 given by

A, = JWE), (1.8)

i=1
where W (u}) denotes the unstable set of u! related to the semigroup {T,(t) : t > 0}.
Furthermore if we denote by {ny,---,n,} the set of all distinct values of V(uj), ordered

so that n; < n;, 1 < i< j <p<n, and define & = {uf € € : V(uf) = ng}, then if
v, (1) : R — X1 is a global solution for {T,(t) : t > 0}, there are ki, ko with 1 < ky < ko < p,
uj € &, and uj € &,, such that

lim y,(t) = uj and lim y,(t) = u;.

t——00 t——+o00

For all v, € [0,1],

dimg(A,) = jmax rank(Q;,) = jmax rank(Q; o) = dimgy (A1), (1.9)
distz(A,, 4,) =50 (1.10)

where dimy denotes the Hausdorff dimension, disty is the symmetric Hausdorff distance
and Q;, := Q,(c" (u}) is the projection in L(H(SY)) defined by the part of the spectrum of
3



the operator L, = (vI + (1 — v)(=A)™)"H(=A — f'(u*)) to the right of the imaginary azis.
In addition, there exists v > 0 (independent of v) such that, for all B C H;(Q) bounded

dist (T, (t)uo, Ay) < c(B)e™™, for all ug € B. (1.11)

Certain problems related to (1.1) were recently considered in literature. In [13] the two
parameter hyperbolic extension of (1.1):

Wl + U — A(—AU + f('LL) + (5ut) = 0,

introduced earlier in [21] in one dimensional case (n = 1), was studied. The presentation
includes regularity, existence of global attractors and their upper semicontinuity as (w,8) —
(0,0) (w,8 € [0,1],6 > puw for some p € (0,1]). The function f(s) growth like |s|° in
dimension 3 and the phase space considered in [13] is [H*(Q) N Hg ()] x L*(£2) when w > 0
and H%(Q) N Hj(Q) when w = 0.
The problem

uy — A (a(uy — Au+u® —u)) =0, (1.12)
where o : D(a) C R — R is a strictly increasing differentiable function, was considered in
[19] (see also references there). Using J.M. Ball’s recent approach (see [5]), she studies weak
solvability and existence of the global attractor for (1.12) on large phase space (like L*(Q2)).

This paper is organized as follows. In Section 2 we obtain the local well posedness for the
problem (1.1) in WO1 P(Q2) and prove a bootstrapping result ensuring that the solutions are
classical. In Section 3 we prove global well posedness, In section 4 we obtain the existence of
global attractors for (1.1). In Section 5 we study the continuity of the family of semigroups
generated by —AB,. In Section 6 we use the results of Section 5 and the variation of
constants formula to obtain the convergence of nonlinear semigroups. In Section 7 we study
the linear semigroups associated to the linearizations around a hyperbolic equilibrium. Using
the continuity of the linear unstable manifolds obtained in Section 7 we prove in Section 8
that the local unstable manifolds of hyperbolic equilibrium points behave continuously for
all values of the parameter and in particular we obtain that the Hausdorff dimension of the
attractors A, is independent of the parameter v. Finally, in Section 9, we use the results of
the previous sections to obtain upper and lower semicontinuity of attractors.

2. SETTING OF THE PROBLEM, LOCAL SOLVABILITY OF (1.1) AND BOOTSTRAPPING

We first rewrite (1.1) in a more suitable form to our purposes. If A denotes the Dirichlet
Laplacian, inverting the operator ((1 — v)I — vA) we have that (1.1) can be rewritten as

wy = (1 = )] — vA) N =A% — Af(u))
= — AY((1 = v)I —vA)'u— A((1 = v)I — vA) 7 H(f(u)).
Therefore (1.1) will be written abstractly as:

ug = —A*((1 —v)I + VA)”1U4+ A((L =) +vA) ' (f(w), (2.2)

(2.1)



where —A denotes the realization in W~1?((2) of the Laplace operator with Dirichlet bound-
ary condition with domain D(A) = W,?(Q).

To simplify further notation let us introduce an auxiliary operator
B, = (—A)((1=v)I —vA) ™ = A((1 — v)I + vA). (2.3)

The operator B, has several nice properties; first B, : X® — X% s € R (X* denotes here
the domain of the fractional power A?), is bounded and invertible, it is also self-adjoint and
positive. With the use of this operator equation (2.2) will be written as:

u = —AByu+ B,(f(u)), (2.4)

or, inverting, as
B luy = —Au+ f(u). (2.5)

Remark 2. The formula (2.4) express important property that the viscous Cahn-Hilliard
equation (v > 0) behaves as a parabolic equation with second order elliptic main part. Thus
important properties of its solutions will be similar as for solutions of such parabolic problems.
In order, the limiting original Cahn-Hilliard equation (v = 0) is again a parabolic equation,
but with forth order elliptic operator in the main part.

Remark 3. In a number of references (e.g. [20]) the authors consider the “bi-Neumann”
boundary value problem for the original Cahn-Hilliard equation, that is the case of boundary
conditions:

ou  O0Au
That could be considered here as well with few changes.

When the nonlinear term is subcritical in W,*(€2) (which means that ¢ < %), then the
problem (2.2)

uy = —A%((1 = )] + vA)u+ A((1 —v)I +vA) " f(u) = —AByu + B, (f(w)),

will be studied using the standard approach (see [15]) since A?((1 — v)I + vA) is a sectorial
operator in W=17(Q).

In this paper, for critically growing nonlinearities, we need to consider the concept of e-
regular solutions for (1.1). The notion was introduced in [1] and studied further, in particular,
in [8]. For completeness of the presentation we will recall now basic definitions and properties
of e-regular solutions referring to the above mentioned works for more complete information.
We start with an abstract formulation of the problem.

In Banach space X consider sectorial operator A : D(A) C X — X having the addi-

tional property that Reo(A) > 0 ( “positive operator”). Denoting by X* := D(A%),a > 0,
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fractional power spaces connected with A we consider semilinear differential equation
ug + Au+ F(u), t >0,

u(0) = ug € X7,
where F : D(F) € X' — X® with certain o > 0. With that notation we recall ([1]):

(2.6)

Definition 1. The map F is called a critical e-reqular map relative to the pair (X LX), if

there are positive constants c,n,Cyp, ¢ > 1 and € € (0, %) such that for each v,w € X1*¢

IF(v) — F(w)||xae < cllv —wllxire (Cy + nllvll%aie +nllwliake)
(2.7)
| F'(v) || xae < c(C —{—77HUH\1+6) for v e XTe

In addition, if for each n > 0 there is Cy > 0 such that (2.7) holds with c,q and € inde-
pendent of n, then F is called an almost critical e-reqular map relative to the pair (X1 X).

We have also a variant of Theorem 2.1 in [8]:

Proposition 1. Let F be a critical e-reqular map. Fizing vo € X L then, there is r > 0 and
70 > 0 such that for each ug € Bxi(vo,r) there exists a unique e-regular solution u of (2.6),
defined in [0,70]. In addition,
(1) t&]|u(t, uo)|| x1+¢ — 0 as t — 0%, 0 < & < ge,
(i) t&]|ult, ur) — u(t, ug)||x1re < C'llur — us|lx1 fort € [0,7), 0 < & < & < g€, ug,uz €
Bxl(’Uo,T),
(iii) u(t, uo) € C((0, 7o), X1+%) N CH((0, 70}, X *¢) for 0 < € < qe; in particular the solution
u(t,ug) satisfies (2.6) for each t € (0, o).

If F is an almost critical e—regular map, then all the above holds for arbitrarily large r > 0.

In addition, if the solution u(t,ug) is bounded in X' in its mazimal interval of ewistence,
then it must exist for all t > 0.

Now we apply these abstract results to obtain local well posedness of (1.1) in W, P(9).
First we check that the condition (2.7) of Definition 1 is satisfied.

Lemma 1. Letn >3, p<n, q:= % and f : R — R satisfying (1.5). When v > 0, then

for each € € [0 ’E) there is a constant ¢ > 0 and, for each n > 0, a constant Cy, > 0 such
that

1 (wi) = fws)llxee < cllf(w1) = fwa)llw-1+20ep(0)
S C”u}1 - w2||W701+26’p(Q <C77 + n”w1||W1+2€ P( + 77||’LU9||‘/V1+25 P(Q))
for wy,wy € Wyt?P(Q) = X+, Also the second estimate of (2.7) is satisfied between the

same Spaces.

If instead of (1.5) we assume that (1.3) is satisfied, then the above estimate is satisfied

with certain positive constants n and C,.
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Proof. It follows from Sobolev imbedding theorem that for r := —22

n—p(2e+1)?
Wo™P(Q) C L'(Q), Li(Q) ¢ Wi+2er(q). (2.8)
Next, from (1.6) and from Holder inequality,
I w1) = Flawa)llxee < el Fan) — Fwa)l 5
J ; q2=p(2et1)
1 np np
<c {/ (w1 = wa|(Cy + mlun| ™" + pluws)*™)] q"_p(zm)J
Q
n—p(2e+1) n—p(2¢+1)
n np n np
<c| [jo-wi=m| " [ [0y api s thualt=) =] 29)
Q Q

< cllwy = wallzay (Co + allwalloy + allewallrie

< cllw; — 2U'z||wol+2€’7’(n) (Cn + 77Hw1||(‘]47011+2e,p(9) + 77||1U2”(‘]4:011+26,1>(Q)) .

The proof of the second estimate in (2.7) is similar, but simpler. The lemma is thus proved.

The case of parameter v = 0 in (1.1) requires separate treatment. In that case we will use

for the scale {X*} notation with subscript 0 to point out the difference with the previous
case; X§ = WyP(Q), XI = W3+1er(Q). We have:

Lemma 2. Letn >3, p<n, q:= Z“_LZ and f : R — R satisfying (1.5). When v = 0, then

for each € € [0, ﬁ) and n > 0 there are ¢ > 0 and C,, > 0 such that

| ACf (w1)) — A(f(wz))||xg‘~ < || f(wy) — f(TUQ)Hw—lew(Q)

S C“’lU1 - /lUQHI/VOl-"L“‘p(Q) (CYU + 77“w1“;147011+46,p(9) + nllw’ll‘z‘—/—ollﬂe,pm)) ’

for wy, wy € WyT*P(Q) = X1+

Under weaker assumption (1.3) the conclusion is as in the previous lemma.

The proof is precisely as in Lemma, 1.

Remark 4. The above Lemmas allow us to conclude that if f € C*(R,R) fulfils conditions
(1.3), then the corresponding to it Nemitskii operator F is a critical e-reqular map relative to
the pair (W, * (), W=12(Q)). As a consequence of Proposition 1 we thus conclude ezistence
of the unique local e-reqular solution to (1.1) in Wy P(Q). If in addition condition (1.5) is
satisfied, then the corresponding to f Nemitskii operator F will be an almost critical e-reqular
map relative to the pair (W, P(Q), W=12(Q)) and the results of Proposition 1 will hold with
arbitrary positive 7.

The last remark concludes the proof of Theorem 1.
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9.1. Bootstrapping property. It is known (see [1], [9]), that the local solution obtained
above regularizes in time. We will give now a slightly more complete description of this
property. Let us focus on the case v > 0 in (1.1). From Theorem 1, to any uo € WP (Q)
corresponds a unique local e-regular solution to (1.1),

u(t) € C((0, 7], X4 N C*((0, 0], X 1*°). (2.10)
It was assumed in Lemma 1 that 2ge < 1, hence in case v > 0 the solution
u(t) € W? P(Q) for small t > 0,

and for such t will vary continuously in W2 P(Q) (by "r~” we denote an arbitrary number
smaller than 7).
Similarly, for v = 0, the local e-regular solution described in Lemma 2 starting from
uy € WyP(92) will enter and for small ¢ > 0 vary continuously in the space W 7P(Q).
Fixing now small ¢y > 0 and using the Sobolev inclusions

W2 R(Q) NWEP(Q) € WEPH(Q), pr < —F

1 . . (2.11)
‘/V'j ,P(Q) N Wo’p(Q) C Wo’pl(Q), p(ll S ;’L——_Q_Z)__,

we will consider local e-regular solutions u(t) in Wy () or W, ’pg(Q) forv>0orv =0,
respectively, existing locally for ¢ < ¢ as shown in Theorem 1. This procedure can be
iterated. Our task is to show that after a few iterations the iterated exponent p will exceed
n. An induction argument will be used to prove the claimed. We have:

Lemma 3. Consider a sequence {p,} of real numbers given by the recurrent formula:

n
Dendt = P —, po:=p<n, meN
fl.— P
As long as its elements are less than n, this sequence is strictly increasing and there is a
minimal index m = mg such that pm, > n.

It is evident from the definition that pp,4+1 > pm (if p,, is taken sufficiently close to pp, < n).
Therefore the sequence is strictly increasing. Consider next the quotient:

Pm+1 _ Pm n_p1_rL——l

Pm Pm—1 n—p;z ‘

Since the sequence {py,} is strictly increasing, the factor ;p i L will be chosen greater than
1. Therefore, as long as p,, < n, we have the chain of inequalities:
Pkl o P o s Py (2.12)
Pm Pm—1 P

showing there must be an element p,,, > n. The proof is completed.

We are thus able to formulate:



Lemma 4. Let uy € VVO1 P(Q) and p < n. Then the corresponding to it e-reqular solution u
enters for t > 0 the space W* Pmo(Q) and, consequently, also CY™H(Q) with certain p > 0.

Similar result is avaliable for the case ¥ = 0 when the smoothing action of the equation is
even stronger. Further increase of the regularity can be obtained through considerations in

Hélder spaces C"(52).

Remark 5. The result of the above lemma allows us to strengthen slightly the compactness
property of solutions reported in Theorem 1. Namely, if f is as in Theorem 1 and generates

an almost critical e-reqular map and B is any bounded subset of Wol’p (), then the local
semigroup {S(t)} generated by (1.1) in Wy P(Q)

S:[0,7] x B — WyP(Q),

satisfies the condition || S(t)B||crnqy < 00, t > 0, that means images of bounded subsets of
X' =W,P(Q) are compact.

3. GLOBAL SOLVABILITY OF (1.1)

We will limit our studies on global solvability of (1.1) and its global attractor to the case
of Hilbert space Hj(Q2). Of course all what was said previously about the local solvability
in Wdl P(2) applies to the present case p = 2. In order to conclude global in time solvability
in Hg(Q) of the problem (1.1), according to Proposition 1, we need to justify global in
time HJ(Q) boundedness of the e-regular solution in its maximal interval of existence. To
justify this Lyapunov type functional will be used which is common for (1.1) with all values
of v € [0,1]. We will use an equivalent form (2.5) of (1.1) to construct such functional.
Multiplying equation (2.5) by u; and integrating,

/ B Yuy wydz = — | Aw wdz + f(u) wdz.
Ja Q Q

Now, thanks to the self-adjointness of B! and integration by parts in the first right hand
side component we get:

0< 5 (~3IVulla) + [ F)as), (3.1

where F(s) := [] f(2)dz is a primitive of f. We will thus introduce the Lyapunov function
for (1.1) through the formula

£(6) = 51Vl — [ F@)de (32)

Remark 6. It is interesting to note that the same Lyapunov function L works for the
semilinear heat equation, for the original Cahn-Hilliard equation and for the whole range of

problems (parameter v € (0,1)) contained in (1.1). This observation suggests that the sets
9



of equilibria and the asymptotic behavior of solutions to all this class of problems will be the
same. The last remark will be extended in section discussing continuity of global attractors.

To conclude following from Proposition 1 global solvability of (1.1) in Hg(§2), we need to
have a global in time a priori estimate of the local solution in H;(Q2) norm. The last is a
consequence of the form of the Lyapunov function (3.2) and our assumptions. Let us analyze
briefly properties of £(u(t,-)). Note first that with our growth restriction (1.3) the primitive
F(¢) is well defined when ¢ € Hj(€). Indeed,

/Q F(&)|dz < CI9 + ClolILh

which is controlled by the HZ(Q) norm of ¢. It follows next from assumption (1.4) that, for

some € > 0, F(s) satisfies
)\1 =6

F(s) < $*+d, (3.3)

for some d > 0. Since the Lyapunov function decreases along solutions; L(u(t,-)) < L(up),
we are able to estimate the H¢ () norm of the solution using the Poincaré inequality:

SVt My < L)+ [ Pluta))de

. (3.4)

< L)+ (3 - 55 ) 190t + I

As a consequence of Proposition 1 and of the above considerations we have completed the
proof of Theorem 2.

4. EXISTENCE OF THE GLOBAL ATTRACTOR FOR (1.1)

Proving existence of the global attractor we will strengthen the assumption concerning
nonlinear term to condition (1.5). Since the problem (1.1) has a very good structure, exis-
tence of its global attractor will be shown using the classical and nice result in that direction,
stating that: a gradient, compact nonlinear semigroup with bounded set of equilibria possess
a global attractor coinciding with the unstable manifold of the set of equilibria (see [14]).

Observe first that the problem (1.1) equipped with the Lyapunov function £ generates in
the space H}(Q) a gradient system in the sense of [14]. Boundedness in Hg(Q) of the set of
equilibria satisfying

Av+ f(v)=0 in &,
v =0 on 02,

follows through the standard multiplication by v with the use of the assumption (1.4) and
Poincaré inequality;

(4.1)

Aj = €
IVollia < | fw)ods < 25 Tolfa) + 9.
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Finally, compactness of that semigroup for ¢ > 0, which is a consequence of the smoothing
property of e-regular solutions stated in condition (ii) of Proposition 1, was mentioned in
Theorem 1. We have thus all the ingredients required to formulate:

Theorem 4. Let the conditions (1.4) and (1.5) be satisfied. Then, for arbitrary v € [0, 1]
there exists a global attractor A, for the semigroup of global e-reqular solutions of (1.1) in
HH).

4.1. Additional properties of the global attractors. In further studies we need uniform
with respect to v € [0, 1] estimate of the global attractors in L>(£2).

e We need, inside this subsection, to strengthen assumption (1.5) to the form
n+ 2
n—2

V7]>036'77>OVS€R |f//(5)’ S 77|3|q_2 + CT]’ q= (42)

For the problem (1.1), due to its symmetry, estimates of better norms of the solution will be
obtained multiplying the equation by A™u, m € N:

/Q((l — ) +vA) A iy, A™uda = _/

Q

Au A™udx + / f(u) A™udz. (4.3)
Q

For m = 2 this leads to the equation:

/ ({1 — )T+l M= — / (ARu)2ds + / A% f(e) A, (4.4)
Q JQ Q
Now, with the use of assumption (1.5), the last component above will be estimated as follows:

4

142 £ (W)l 2@y < ellf' ()o@ Vull 2@y < c(nllullfZq) + Co)IVul 2y- (4.5)

Further, using Agmon’s and interpolation inequalities, we will estimate the L>(£2) norm of
w:

1 1
“U”iw(m < C(“UH?p(Q)||Uf|f[2(g))4 < C,||’U”§11(n)||UHH3(Q) for n = 3,

[l Zee ) < cllull @ lull ey for n =4, (4.6)

4 2 2 i
el ey < ellwll eyl oy for m =5.

In all the cases n = 3,4, 5, this leads to an estimate:

1d 1

—((1—-v A2y 2drc+1// Au 2da:> dx

5 (-9 [ [ (a0 .
< —||A%u||%2(9) + c’(nHuH?{s(Q) + const(M (up))).

Denoting £1(¢) := (1-v) [, (A2¢)%dz + v Jo(Ad)2dz, for sufficiently small n > 0 the above
estimate together with our earlier v-independent a priori estimate (3.4) will be extended to

d :
Eﬁl(u(t, ) < —cLy(ult,-)) + const’' (M (uy)), (4.8)
with const’' (M (up)) independent on v.

11



We proceed with the estimates of better norms of solutions to (1.1) letting m = 3 in (4.3);

/Q((1 _ )T+ v A)uy Audn = —/

(Au)*dzx + / Af(u) A*udz. (4.9)
Q Q

The nonlinear term will be now estimated with the use of assumption (4.2):

IAf (W]l 2@ = |1 (w)Au+ ()| Vul*|| 2@
<N (@)l e @l Al 2y + 117 (@) [l Lo@ Vel Il 2@ (4.10)

6—

4 S=1
<o (5 + o) Nl + ¢ (o +C3) 19wl
The interpolation inequalities give us

2 1

12wl 2y < cllull o)l Fa) (4.11)
12-n n ‘
“VUH%LI(Q) < CHUHHE;(Q)HUHEI%Q)’

and consequently, for n = 3,4,5, we obtain

IAf (@) 20) < Clllull ) (llullms@ +1) -

This leads to

1d ((1 —v) /(Au)Qd:U + V/(A%U)le‘) dx
ok 2 o (4.12)
< — A%l Zaqqydz + ¢ (nllullscay + const(M(w)))

and with a sufficiently small n > 0, for Ls(¢) == (1 —v) [,(A¢)*dz +v fQ(A%qb)zdx, extends
to the estimate

%@@(t, )) < —eLafult, ) + const”(M(uo)), (4.13)

with const”(M (ug)) independent on v. Note that for n = 3 equation (4.13) provides in
particular uniform with respect to v € [0, 1] estimate of the global attractors A, in L*(2) C
Q)

Assuming existence of the third derivative of f and an appropriate almost critical growth
restriction (similar to (4.2)) we will proceed obtaining a priori estimates. In particular,
analyzing formula (4.3) with m = 4, an a priori estimate for

La(u(t,-)) = (1- 1/)/

[(bute, ot v [ (Auct, s

Q
is available. This estimate will imply uniform with respect to v € [0, 1] estimate in L*°(2)

of the global attractors A, in dimensions n = 4, 5.
12



5. CONVERGENCE OF LINEAR SEMIGROUPS

Let A = —A with Dirichlet boundary condition with domain D(A) = H}(Q) = X! and
taking values in X = H1(Q) = (H}(Q)) = D(A™Y).

Define A, = A*((1 — v)I + vA)™" and let B, = A((1 — v)I + vA)~!. Clearly, for all
v € [0,1], the operators A, are self-adjoint and positive operators defined in D(A) with
values in D(A™') for v € (0,1] and with values in D(A;') if » = 0. Similarly, the operator
B, is a bounded positive and self-adjoint if v € (0,1] and By = A: D(A) ¢ X — X.

Lemma 5. If A € p(—A,) N p(—A,) then, the following identity holds
A+A) T =(A+A4,)"!

5.1
=AM+ A,) (A - A;I)Aﬂ()\ +A,)7n g2
In addition
A+ A) ™ = (A +A)7TH < NI4T - 45 (5.2)
and for any o € [0,1], v € [0,1], i = 0,1,
|Aje= "t — Abe™ || < Mt A — A (5.3)

Proof: To prove (5.1) we simply add and subtract —A(A+A,) ' (A+A,)~! to the left hand
side of it and note that —A(A+A4,) '+ = A,(A+A,) P and —A\(A+A,) "' +1 = 4,(A+A,)7
that is,

A+A4)" = +A4)7"
=A+A)T AN+ A) T HD = (AA+A) T DA+ 4,) 7
=M+ A4) AN+ A) T - A0+ AT A+ A

= AI/()‘ + Au)ﬁl(A;l - A~1)Au(/\ + Au)~1~

n

It follows from (5.1), (5.2) that

1
et _ g7 Ant = 5 / MA+A,) - (A + A4,)7dA (5.4)
r
and therefore
le 4% — e~ 46t < Mt A — A;lll. (5.5)
Now since ]
Avem Mt = Ayem it = o— | AM[(A+ A) 7 = (A + A) T,
r
we have that
|Aje~t — Ayt < MET2|| AT = ALY, (5.6)
Also, from the fact that A, and A, are positive and self-adjoint, note that
le= 4t — et < M (5.7)

13



and
| A4t — A et < Mt (5.8)

Combining (5.7) with (5.5) and (5.8) with (5.6) we have that, for any a € [0,1] the
estimate (5.3) holds.

Lemma 6. There is a constant M > 0 such that
IA;T = A7 < My,
and
147 = AL < My = pl.
Proof: In fact, since A, = A*((1—v)I +vA)~!, we have that
Al A= (- +VvA) AP - A = v[ AT — A7Y)]
and the first estimate follows. For the second estimate we proceed in a similar manner; that
is,
A7 = AT = [(1 = )T +0A) — (1 - I+ pA) A = [y — wl[A7' (T - A7)
Lemma 7. There is a constant M > 0, independent of v, such that
1B.A ) < M. (5.9)

Consequently

| Bye~ ™t — Ae™**|| < Mt~3 (5.10)

and

|Bye 4 — Be~ || < Mt™3. (5.11)

Proof: First note that
ByA? = (Wl + (1 — )A™) AT = (Wl + (1 — »)A1)347% = (1 — v)] + vA)~z
and that
(1= )] + vAJu,u) = (1) +vA)lull®
Consequently
(1= ) +vAlRu, [(1 = v)I +vA]2u) > (1= v) +vA)|Jul?

and
1 1
1 S 10
(L=v)+vA)2  min{1,AZ}
proving the first estimate. The estimates (5.10) and (5.11) follow from (5.9).

111 = ) +vA]2|| <

Theorem 5. For any 0 < e <1 and v € [0,1],

|A'B,e~ || < Mt™1¥5.
14



Proof: Note that
|AB, e~ || < Mt™!

and that
-1 1 1
|Boe™ | < ||B, A2 AZe M| < Mt~ 2,

Consequently
|A"B,e™ || < M||AB,e~*||'"¢|| B,e~ || < Mt7'*%,
and the result is proved.
Theorem 6. Given 0 < e < 1 then for a < sa—g we have =1+ a(l—¢€) —§ <1, and
|A¢B,e vt — A2 ™A% < MEP|| At — A2 00

and also
|41 Bye™et — A< Bye~ ] < MiP 47" — A7%|00

for all u,v € [0,1].
Proof: The result follows from (5.3), (5.10) and from the moment inequality
|A"z|| < M||Az||*~¢||z||¢, for all z € D(A).
6. CONVERGENCE OF NONLINEAR SEMIGROUPS
In this section we consider the nonlinear semigroups
T, (t)up = e Atuy + /Ot e =B, (T, (s)ug)ds

and ,
To(t)’do = €_A2t’LL0 + / G_Az(t_s)Af(To(S)Uo)dS.
0

We will assume that f: X! — X¢ is globally Lipschitz continuous with Lipschitz constant
L and globally bounded by N. Then

I, (£)uo — To(t)uol|xr < [le™* — e_A2t|JL(X1)||U0HXI

- /t le= 4= B, f(T,(s)uo) — e~ 4"~ A f(Ty(s)uo)
0

deS
< [le™ 4 — e A% poxny ||uol| x1

41/anﬂw“$wax@wo—fauwmn
0

deS

t
. / [Bye2(t=) _ Ae=A=9)] £(T) (5)ug) | 1.
0
15



Hence

T3 (t)uo — To(t)uollx1 < Jle”* — e 1 xry ol 2

0 /ot || A= B, e~ =) [ £(T, (s)uo) — f(To(s)uo)]

XedS

t
b [ A B — gt I Ty
0
< |le At — e—A2t||L(x1)||U0HX1

4
+ ML/ (t — 8) 72| T, (s)uo — To(s)uo|| x2ds
0 | .
- MN[AZ — A / (t— 5)Pds.
0

It follows from the Singular Gronwall’s Lemma ([15]), that
sup  sup || Tu(t)uo — To(t)uollxr < C(r, T)|| AT — A7H|*

t€[0,T7] |luol| 1 <rk

7. LINEARIZATION AROUND A HYPERBOLIC EQUILIBRIUM

Note first that the set of equilibria for (1.1) given by
£ ={u" € H*(Q)N Hy(Q) : Au*+ f(u*) = 0}.

is independent of v € [0,1]. Clearly, € is a bounded subset of C(£2).

Before we proceed, let us study the hyperbolicity of the equilibria for (1.1). The linearized
equation around u* € £ is given by

v, = —L,v,

where L, : X! C X — X fulfils
Lou=wl+1-v) (=AY (A= f(u))u, ue X

It is interesting to note that L, is not necessarily self-adjoint but it is the composition of
two self-adjoint operators.

Choose § > 0 such that L, = L, + 61 and o(L,) > 0 for all v € [0,1]. Then
Ll/ - AI/ = BVfI(U*)a
and

Lemma 8. There is a constant M independent of v € [0, 1] such that

1A, 2 (Ly = A)|| < M| f(u?)]]
16



Proof: Since for each z € D(A),
1Ay 2 (Ly — Av)z|| = | A ? By f'(w*)zl| < M| f'(u)]]]|]l,
the result follows.

Lemma 9. For each (3 € [0, 1] there is a constant Mg > 0, independent of v, such that

I, P AT < Mg
Proof: First note that |AS(A + A4,)7!|| < CIAP~Y, |LE(N + L,)™Y| < C|AJP~! and that

O+A) = O+ L) T = O A= Ok Lyt A= LG L)Y
=+ A) YL - A)0+ L) (7.1)

Consequently
AP+ A) 7 = [1 4+ (A + A) T AZAT (B — A+ L)1 A8,
and there is a constant C' such that
IO+ L) 7T A) < CHL
Now, since
AP [P = %sin 8 /Ooo AP+ A) YL, — AN+ L) 7N,
then we have

. 1 e i 1 x A
L7PAB =T — — sin Wﬁ/ AP+ A)TTAZA R (L, — AN+ L) TABA,
0

Hence there is a constant C, independent of v € [0,1], such that the integrand is bounded
by C_’/\_%, and the result is proved.

It is easy to see that the hyperbolicity of an equilibrium is independent of the parameter
v. That is, the following result holds

Proposition 2. For allv € (0,1}, L, is sectorial and has compact resolvent. All eigenvalues
of L, are real and, if A = 0 is not an eigenvalue of Lo, then it is not an eigenvalue of L,
for any v € (0,1].

Proof: If we change the inner product of the space to (B,-, ), the operator L, becomes
self-adjoint and therefore all its eigenvalues are real and L, is bounded below. Clearly L,
has compact resolvent. To prove the remaining statement, simply note that the injectivity

of Ly implies the injectivity of L, = LoB, for all v € (0, 1].
17



In similarity with A,, the operator L, behaves like a second order elliptic operator (as far
as regularization goes) for v € (0, 1] and as a fourth order operator for v = 0. Also, for all
v € [0,1],

L' =L = (v =) (A + f @)= (-28)7,

showing that the resolvent of L, is a Lipschitz continuous function of v. Note also.that L,
is a self-adjoint operator for each v and since u* is a hyperbolic equilibrium point for (1.1)
we can define

B =min{\ € o(L,) N {\: ReX > 0}

and
B; = max{\ € o(L,) N {\: ReX < 0}.

Further, for 4 € [0,1] fixed, if A € o(L,) is isolated its generalized eigenspace equals
W(\ L) = Q(\ L,) X", where

QL) = — / (€ - L)"de,
|E—A|=d

T omi
and ¢ is so that o(L,) N {€ € C: |¢ — A| < 6} = {A}. From Lemma 4.9 in [4], there is €,
such that p(L,) D S5 = {€: |€ — \| = 0}, V|v — p| < es,. Let W(X, L) = Q(\, L,) X! where

QL) = —— / (e - L,)"de.
l6-2=

i

The next result says that the spectrum of L, for e small, approaches the spectrum of L,
(see [4]). We already know that o(L,), v € [0,1], consists of isolated eigenvalues only and
0¢o(L,).

Theorem 7. Let L,, L, be as above. Then the following conditions hold.

(i) If A, € o(L,), there exists a sequence v, — p and Ay, € o(Ly,), n € N, such that
Ay, —* Ay G3 L — 0O,

(i) If for some sequences vy, — p, Ay, € 0(Ly,), n € N, one has A\, — A, as n — o0,
then A, € o(L,).

(iii) There ezists €, > 0 such that dimW (X, L,) = dimW (A, L) for all |v — p| < e,

(iv) If u € W(Au, L), there exists a sequence {uy}, u, € W(Ay, L,), such that u, — wu.

(v) If vy, — u, and u, € W(X, Ly,), satisfies ||uy|| = 1 then, {u,} has a convergent
subsequence and any limit point of this sequence is in W (A, L,,).

In particular, 8} and 3, are continuous functions of v € [0,1]. Since for each v € [0, 1]
we have that 3 > 0 and 8, < 0, it follows that min,ejo1 ;7 = 67 > 0 and max,cjo,1 8, =
B~ <O.

18



Denote by 0% (u*) = {A € 6(L,) : ReA > 0} and let T be a contour, independent of v,
entirely contained in C* = {\ € C: Re) > 0}, enclosing ¥ (u*) and set

0, (0% (u*)) = 2—; /F (¢ — L)de. (7.2)

It is clear that R(Q,(c" (u*))) is independent of v.

Consider the following decomposition of X'; let X! =Y, @ Z, where Z, = Q, (0% (u*)) X"
and Y, = (I — Q,(0o%(u*)))X". We note that Q,((¢"(u*))) is a compact operator and
therefore Z, is finite dimensional. Also, since Q,((0" (u*))) varies continuously with the
parameter v in the uniform operator topology, the dimension of Z, is independent of v €
[0, 1].

We have shown that there are constants M > 1 and 3 > 0 such that, for all v € (0, 1] and
a € [0,1],

le™ 2]l x1 < Me||z]|x1, ¢ <0,

leHyllxs < Me*e |yl xm, t > 0. (73)
Proceeding exactly as in Lemma 5 we have the following result
Lemma 10. If XA € p(—=L,) N p(—L,), then the following identity holds
A+ L)' =(A+L,)™" (7.4
=L,(A+L,) (L' — L) Lu(A + L) ™"
In addition
A+ L) = (A + L) < CIIL; = LY (7.5)
and for any o € [0,1], v € [0,1], i = 0,1,
B2 Lfte‘L“‘ < Mt™|Lt - L;lﬂa. (7.6)
Also, proceeding exactly as in Lemma 6 we obtain the following result
Lemma 11. There is a constant M > 0 such that
12" = L5l < M,
and
IL5" = LM < My - 4.
Lemma 12. There is a constant M > 0, independent of v, such that
le™™*B, — eIt A|| < Mt2, (7.7)
and ) A
le=t'B, — e B, || < Mt~ (7.8)

19



5L Aol 1 1
Proof: Note that L, 2B, = L,?A2A,?B,. From Lemma 7 and Lemma 9 we have that
(7.7) and (7.8) hold.

Before we proceed we need to introduce the adjoint of L,; that is, L} = LB, and note
that, L} — A, = f'(u*)B,. Consequently,

Theorem 8. For any 0 < e <1 and v € [0,1],
|t e B, || < Mt~I*s,

Furthermore, for any o € [0,1], v € [0,1],

| Lie~2tB, — Lie ™ B,|| < Mt™'=%||L;" — L;'|1*. (7.9)
Proof: Note that
1
g B, = o / e Li(A+ Ly) " BydA
. ! (7.10)

/eVLlBu(I\ + 1B, Y di= L;G—Lﬁt _ (Lue—L,,t,)*'
r

~ omi

Consequently, there is a constant M, independent of v, such that ||Lie™**B,|| < Mt~
and ) ) )
|Li-¢e= 2B, || < M||Lie™™'B,||'""“|le™™'B, || < Mt 3,

and hence the first estimate is proved. Furthermore, from Lemma 10, for any a € [0, 1],
v e [0,1],

|Ere 2B, = LB, = [Le™* — Lye™t|| < Mo |15 = L,
which concludes the proof.
Theorem 9. Given 0 <e <1, for a < 55— we have B =1+a(l—¢€)—5 <1 and
|1t e 2B, — Li~ e~ Al < MtP| L7" = LG

and also ) )
Bttt — LiemintB, | < MiP| £ — A7)0
for all p,v € [0,1].

Proof: The result follows from (7.8), (7.9) and from the moment inequality
i) < M| Lyz||*~¢||||, forallze€ D(Ly).

Theorem 10. If Q, = Q, (0% (u*), there is a constant M, independent of € € [0,1], such
that
1Que 9B, — Qe (= A|| < M2, £ <0,

1L1Q e~ 9B, — LyQoe™ = A|| < Mt~'eP™ Y| L' — LM%, ¢ <0,
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and
(I = Q,)e ™ =)B, — (I — Qp)e™ =) 4| < Mt 277t ¢t >0,
I1Li(I — Q))e ™=, — L,(I — Qp)e~ "0t 4| < Mt e YLt — L', t>0.
Proof: Note that
Ll de—Lu(t—s)BU e L: Q;e_L'tt

and consequently, for all ¢t <0,

20 1 1
1Que™ (=) B, — Que =9 4]| < 2 sup {IILB Qe =9I L, ZBVH} < Mtm2efM

vel0,1]

| L1Qve™ =) B, — L,Que 0 A|| = ||L2 Qe 5t — LiQge™ o
= ||L,Que™ ™" — LoQoe ™! || < Mt e "L — L;lna.

The other inequality is proved in a similar way.

8. CONTINUITY OF LOCAL UNSTABLE MANIFOLDS

Let u* € € be a hyperbolic equilibrium point. Rewrite (2.4) as
wy = —L,w + B,h(w) (8.1)

where w = w —u*, L, = B,(A+ f'(u*)I) and h(w) = f(u* +w) — f(u*) — f'(u*)w. We
decompose this equation using the projection given in (7.2); that is, if Q, := Q, (0% (u*),
z(t) = Quw(t) and y(t) = (I — Q,)w(t) we have

2(t) = e P (r) + / Qe 9 B, ((5) + (s))ds,
r (8.2)

y(t) = e =y(r) + / (I —Q,)e ™ =B, h(z(s) + y(s))ds.

First we modify the nonlinearity h in such a way that, it remains the same inside the ball
lw||x <4, and

[A(w)]lxe < ,;), (8.3

[A(w) = h(@)|x- < pllw — B]|x1.

We obtain that the unstable manifold of u* is given as a graph near u* and that this graph
varies continuously with respect to v.

Remark 7. Observe that we are looking for a function X,* such that, if T € R and

(¢, X%.,°(¢)) € Z, then the solution of (8.2) starting at z(t) = ¢, y(1) = £,*(¢) stays in
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the graph of £, for all positive and all negative time. This means that y(t) = X,*(2(t)) for
all t and thus (8.2) becomes

2(t) = e~ LTy / Q,e =B h(2(s) + £,*(2(s)))ds,
(8.4)

y(t) = e~ L=y (1) +/ (I - Q,,)e_L”(t'S)Bl,h(z(s) + 2,5 (2(s)))ds.

T

Also, the solution (z(t),y(t)) should tend to zero as t — —oo (in particular, it should stay
bounded ast — —oo). Letting to — —oo we have

t
)= 57 0) = [ (1= Qe IBLAG(s) + 5 (=(s))ds
and, in particular,
(€)= 2 (2() = yl71) = / (I — Q)e ™ B,h(2(s) + Z," (2(s)))ds.
The unstable manifold W*(u*) of an equilibrium u* is defined as follows:
W' (u*) = {z € Z : there is a global solution y(t) for {T,(t) : t > 0}
satisfying y(7) = z and such that tlil_n lly(t) — u*||z = 0}.

Proposition 3. For suitably small & and for all v € [0, 1] there exists a function L} : Z, —
Y, such that the unstable manifold W(u*) of the equilibrium solution u* to (8.2) is given

by
Wi (u*) = {u* + (Quw, Zy(Quw)) :w € Z, DY, };

also, for any ¢, € Z, and v € [0,1],
526) = [ FIGUE(s), Bl ()i,
J =00

For any 7 >0 and p € [0,1],
sup  {]]Qu(2) — Qu(2)

zex!
Izl x1<r

x1+ 125(Qu(2) = Zp(Qu(@)llx } =0,

and there exists v > 0 such that, for any ug € V and as long as T, (t)ug € V/,
11 — Q) (T (t)uo) — T Qu(Ty (t)uo)) llxr < Me™™.

The proof of this result follows using the procedure as in [7] from the results obtained in
Section 5 and Section 7. Crucial is the uniformity with respect to v € [0, 1] of the estimates
obtained in Sections 5 and 7. We remark that this procedure is standard but the estimates
in the above sections must be obtained and cannot be claimed just from the continuity of
the resolvent operators or eigenvalues.
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9. CONTINUITY OF ATTRACTORS AND THEIR DIMENSION

In this section we study continuity with respect to the parameter v € [0, 1] of the attractors
A, of (1.1). As seen in [16] the attractors behave continuously with respect to the parameter
v (under some more restrictive conditions on the nonlinearity). Besides that we also show
that the dimension of the attractor is the same for all values of v € [0, 1].

The attractor for (1.1) in X' = H}(Q) is given by
A, =W}(E),
where WY (&), the unstable set of the set of equilibria £, is defined as

W(E) = {v € Hy() : there is a backwards solution w,(t,v) of
(1.1), u,(0,v) = v, such that u,(t,v) — € as t — —oo}.

We stress the dependence of WY (E) on the parameter v. Even though the set £ is inde-
pendent of v, the flow defined by (1.1) may be completely different for different values of v.
Our aim is to show that in the attractor the flow behaves the same for all values of « € [0, 1].

Before we proceed let us recall the definition of the gradient semigroup.

Definition 2. We say that a nonlinear semigroup {T,(t) : t > 0} is gradient if {T},(t)u : t >
0} is relatively compact for each uw € X1 and there exists a continuous function £ : X' — R
such that

o t — L(T,(t)u) : [0,00) — X! is non-increasing for each u € X'.

o Ifu e X' is such that there is a global solution &(-) : R — X through £(0) = u and
there exists a t* € R such that L(£(t)) = L(u) for all t > t* or for all t < t*, then u
is a solution for {T,(t) : t > 0} (and so in fact L(E(t)) = L(u) for allt € R).

The function L : X' — R is called a Lyapunov function for {T,(t) : t > 0}.

We note that the function £ defined in (3.2) is independent of v and is a Liapunov function
for {T,(t) : ¢t > 0},v € [0,1].

Theorem 3 formulated in the introduction is a consequence of the results in the previous
sections and of the results in Section 3.8 of [14].

Proof of Theorem 3. From the results in [12] we have the first equality in (1.9). For the
remaining equalities in (1.9) we only have to mention that the projections vary continuously
and therefore must have constant rank. The continuity of attractors follow from the conti-
nuity of unstable manifolds (Proposition 3) (see [2]) and the exponential decay towards the
attractors is proved in [6].
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