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Resumo

Inspirados na teoria de semigrupos com crescimento «, construimos os pro-
cessos de evolugdo lineares com crescimento a com a finalidade de lidar com
problemas singularmente nao auténomos que apresentam natureza singular no
instante inicial. A teoria abstrata linear é aplicada ao estudo de problemas
parabdlicos singularmente ndo autoénomos semilineares.  Provamos que, sob
condicOes naturais, um conceito razoavel de solugao pode ser dado para tais
problemas parabdlicos singularmente nao auténomos com natureza singular no
instante inicial. Consideramos aplicacbes a problemas parabdlicos singularmente
nao auténomos em espacos de fungdes Holder continuas e a problemas parabdlicos
singularmente nao autonomos em dominios 2 C R" com alcas unidimensionais.
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ABSTRACT. Inspired by the theory of semigroups of growth a, we construct an evolution
process of growth .. The abstract theory is next applied to study semilinear singular non-
autonomous parabolic problems. We prove that, under natural assumptions, a reasonable
concept of solution can be given to such semilinear singularly non-autonomous problems.
Applications are considered to non-autonomous parabolic problems in space of Holder con-
tinuous functions and to a parabolic problem in a domain  C R™ with a one dimensional
handle.
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1. INTRODUCTION

In this paper we consider the Cauchy problem for singular non-autonomous evolution

equation

dzx
A = f()

z(1) =20 € X,
in a Banach space X. In the usual theory (see [19, 18]) each operator A(t) is sectorial and
the family {A(t)} is Holder continuous with respect to time ¢ (which will be precised later).
Our interest is to consider operators A(t) whose resolvents contain a sector, but for which the
resolvent operators do not satisfy the estimate required to be sectorial. Instead we assume

that for each ¢ the operator A(t) is almost sectorial.
To better explain the results we need to introduce some terminology. Recall first the

definition of an almost sectorial operator (see [4, 17]). A closed linear operator A(t) :
D(A(t)) C X — X is called almost sectorial if for some 6 € (0, 7),

p(=A(t)) D Zp:={) € C\{0} : |arg \| < 7 — 0} U {0} (1.1)
and, for some 0 < a < 1,

C
A+ A@®) ) < e’ VA € Zy. (1.2)

tResearch partially supported by CNPq # 305447/2005-0 and by FAPESP # 03/10042-0, Brazil.
tResearch partially supported by FAPESP # 07/51373-0, Brazil.

*Research partially supported by FAPESP # 02/11855-2, Brazil.
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Consequently,
JA®)(A+ AW) M lux) < 1+CIA, VA€ Sy, (1)

It is impossible to conclude from the above estimates that A(t) generates a strongly contin-
uous semigroup. However we will show that A(t) generates a semigroup with a singularity
at ¢ = 0 in a sense that will be specified later.

Theory of semigroups of growth 1 — « was investigated earlier by Da Prato [8], when
1 — « is a non negative integer. In [14], the author extend the notion for 1 —a > 0 (see
[20]). Recall de definition of semigroup of growth 1 — a.

Definition 1.1 ([14]). Let 1 — a > 0. Then a family of operators {T'(t) : t > 0} on X that
satisfies the conditions
(1) T(t+s) =T(t)T(s) for every t,s > 0,
(it) If T(t)u = 0 for all t > 0 then u = 0,
(i72) ||¢*~*T(t)]| is bounded as t tends to zero,
(iv) Xo = U T(t)[X] is dense in X,

is called the semigroup of growth 1 — a.

Note, that the condition (i) of the above definition need not be satisfied for ¢t = 0 or
s = 0. Examples of semigroups of growth 1 — a: will be found in Krein [11]. Inspired by the
theory of semigroups of growth 1 — «, we define an evolution process of growth 1 — « of the
following manner.

Definition 1.2. Let 1 —a > 0. A family {U(t,7) : t > 7 € R} C L(X) that satisfies
(1) U(t,o)U(o,7) =U(t,7), foranyt >0 > 1, T €R,
2) lE=7)"2U(t,7)|| < M, Vi>r,
(3) (t,7) — U(t, T)vy is continuous for t > 7, vy € X,

1s called a linear evolution process of growth 1 — a.

Let I" be the boundary of the sector of ¥y oriented in such a way that the imaginary part
is increasing. If

Tam () = QLM /F MO+ A(r)"1d), (1.4)

by (1.2) we have that {Ta¢-)(t) : t > 0} C L(X). Then, from (1.2), we obtain that T(,(t) is a
semigroup of growth order 1 — . Theory of linear evolution process of growth « is presented
in Section 2. The notion of linear evolution process of growth o, {U(t,7) : t > 7 € R}, is

defined there allowing us to solve linear homogeneous problem
d
d—? + A(7)z =0, z(0) = =,.

The main result of that section, Theorem 2.4, asserts local solvability of the integral equation

Ut,T) =Tam(t—7)+ /t Ul(t, s)[A(T) — A(S)|Ta¢r) (s — 7)ds,
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using Banach contraction principle in a complete metric space
B={U € O(frt0), LV : sup (to =)' Il < oo
T, to

The corresponding semilinear parabolic problem is studied in Section 3. Assuming that
the nonlinear term fulfills suitable growth restriction we prove there its local solvability (see
Theorem 3.2). Applications of the abstract theory to semilinear parabolic problems in Holder
spaces C} (Q) and to parabolic problems in n dimensional domains with one dimensional
handles are described next in Section 4.

The notion of an almost sectorial operator was studied by W. von Wahl in [22]. An
interesting investigation of functional calculus for such operators were presented recently in
[16, 17]. Our studies of the semigroups generated by almost sectorial operators have their
origin in the paper [4]. Here we extend the existence results known in case of autonomous
problems to time dependent equations and connected with them processes of growth c.

2. ABSTRACT THEORY OF EVOLUTION PROCESSES OF GROWTH «

Let X be a Banach space and A(t) : D(A(t)) C X — X, ¢ > 0, a family of closed operators.

In this section we introduce the problem
du

7T A(t)u = f(t) (2.1)

u(0) =y € X,

where the operators A(t) have some special features that we describe below. In particular,
any of the operators A(t) need not generate an analytic semigroup nor a C°—semigroup.
Moreover, f is an appropriate nonlinearity defined on X.

Remark 2.1. Throughout this paper the name “analytic semigroup” is reserved for C°
(strongly continuous) analytic semigroup (as in [15]). The semigroups consider here, called
“semigroups of growth a”, need not be strongly continuous at t = 0, also their generator A
need not have dense domain, but they are analytic in an open sector of the complezx plane C
(compare the definition in [13], p. 34).

Assumption. Assume that there exists another Banach space Z with Z — X such that
Az(t) : D(Az() C Z = 2 (2.2)
with D(Az(t)) = {z € D(A(t)) N Z : A(t)z € Z}, and Az(t) satisfies

C
A+ Az() oz < o VA € Ty.

Remark 2.2. While at the first view this assumption looks strange, it is automatically sat-
isfied for the natural and important ezamples described at the end of the paper.

For 0 < v < 1 we can define fractional powers Az(t)™ € L(X°) of Az(t) as

Ag(t)™ = == /O 5™ (s + Az(t)ds,
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and observe that, for » > 1 — «, the integral operator

Aft)> = STV / " 5(s + A(t))ds

™

defines an operator in L(X) that coincides with Az(t)™ on Z. We introduce A(t)” as the
inverse of A(t)™ and set X” = D(A(t)”) with the graph norm.
Moreover, for 1 > a > v > 1 — a (consequently; a > 3),

”A(t)_HVxHX

< B[ 5 (54 A@) el s+ [ 57 o+ AC) ] )

n T

< T[T Ao + ) A el ds+ [ 57 G5+ A0) M  ds)

™

- sin v (Ml /T s ds || A(t) x|, + My /oo s ds ||zl )
T 0

T

M M.
< BT (B ) el + = ol )

U
< SRR +_) 4l llel

where, in the last inequality, we minimize the right hand side for 7 € (0,00). Thus, for
x € D(A(t)) we have

A(E) 2] x <
Using the fact that

sin v

M EME (2 4+ —=) el F 1 A0al§. (23)

— F(r)F(l —r) and the expression

()\ -+ A(t))_l = / e—’\STA(t)(s)ds, YA> 0,
0

we have for v > 1 — q,

A(t)™ = = ] /000 s" 1T (s)ds. (2.4)

I'(v
Let I be the boundary of the sector of ¥y oriented in such a way that the imaginary part
is increasing. Observe that

R Y 3
27fi/re (A4 A(1))""dA,

converge in the uniform operator topology of L(X) for all ¢ > 0; in fact,

L At -1 “ - i —cos O[]t -1
5 [0 +ama], <o [ n<A+A<T>> leodA

1
< e—cosﬂl)\lt dI\
Sar kT .

ta—l 0||
< e “——d ’
<= P
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Hence, if

Tyl =— /P MO+ A(r)1dA, (2.5)

= omi
we have that {Ta¢-y(t) : ¢ > 0} C L(X) and there is a constant C' > 0 such that
| Tagry @) lixy < Ct1e. (2.6)

Note that {Ta¢)(t) : ¢ > 0} decays exponentially.

In the same way as when —A(7) generates a usual analytic semigroup, one can show that
the semigroup property, T4 (¢ + s) = Ta)(t)Ta)(s), t, s > 0, is satisfied. Also, since the
operator A(7) is closed and since, from (1.3), the integral

—l—/e’\t()\+A(T))"1d)\,

21 r
is convergent we have that A(7)T4(,)(t) € L(X) for all ¢ > 0 and
1
< ||— At -1
1A a0 Ollco < |57 [ A+ @),

< 1 &= SN A (YO A(T) Mnxd|A|

- 2'/T r
1
< — e—cos0|/\|tC 1+ [\ l1-a dIX
<5/ (1+ AP=)d] -
1
- e—cosﬁ|u|cr(1 +ta_1|[1,|1_a)t_1d|/1,|
27 r
1
< max{t!, )5 [ MO + ') dlu
™ Jr

< M max{t™},t72t}.
Note that, for 0 < £ < 1, we have
|A(T)Tagry (B)lloxy < M2+, (2.8)

In particular, Ty(r)(t)zg € D(A) for all ¢ > 0. It follows from of the moment inequality
(2.3) and from (2.6) and (2.8) that, for o > v

4T Ol < O %,

Note that, if 0 < 1 —a < v < o? (consequently, 1 —v >1—aand 1 > a > 3/%), then
=1 e L~
The next lemma (for its proof see [4]) says that, in some sense, the semigroup {Ta(-)(?) :
t > 0} defines the solution operator for linear homogeneous problem
dx

d—t+A(7'):L‘=0,

z(0) = zo € X.
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Lemma 2.3. The semigroup Ta((t) : (0,00) = L(X) is differentiable and
d 1 [
—Tan(t) = — AeM (X + A(T)) ")
FTao0) = 50 [ A0+ A)

In addition, for each xo € X, we have that

d
aTA(T) (t)iL‘o + A(T)TA(T)(t).’EO =0,%t> 0.

Consider the problem

%+A@x:0 (2.9)
in a Banach space X. We shall denote by U(t,7) the solution satisfying initial condition
v(7) =1 (I is the identity operator on X). (2.10)

Note that, for fixed 7 € R, the family {T4¢;)(t —7) : t > 7} is the solution operator family

associated to :
%:Aum (2.11)
Therefore, if {U(t,7) € L(X) : t > 7 € R} is the linear evolution process of growth o
associated to (2.9), the difference {U(t,7) —Ta¢r)(t — 7) : t > 7} is the family of the solution

operators associated to
dx

= T AWz = ~[A(t) = A()|Ta(t — 7) (2.12)
with trivial wnitial condition. Hence we have
t
U(t,7) =Tan(t—1) + / Ul(t, s)[A(T) — A(3)]Ta¢) (s — 7)ds. (2.13)

To obtain the evolution process of growth a, {U(t,7) € L(X) : t > 7 € R}, we will use
(2.13); that is, we show that, for each 7 € R, equation (2.13) has an unique continuous
solution {U(t,7) € L(X) : t > 7}.

Assume that

(a) The operator A(t) : D € X — X is a closed linear operator (its domain D is
independent of ¢) and for some 0 < a < 1, it satisfies the equation (1.2). To express
this fact we will say that the family A(¢) is uniformly almost sectorial.

(b) Moreover, there exists C' > 0 and € € (0, 1] such that

I[A(t) — A(T)ATH(S)|lex) < C(t—1)¢, Vi, 7,8 €ER. (2.14)

To express this fact we will say that the function A(t) is uniformly Hélder continuous.

Fix typ > 7 and denote by U(t) the operator U(to,t). For a + ¢ > 1 consider the complete
metric space

E ={U € C([r,t), L(X)) : sup (to — )" *||U(®)|lrex) < oo}

te[r, to)
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equipped with the metric

NUllg= sup (to — )"~ *lU)]|Lx)-
te(r, to)

Let S be the map defined by
(SU)(t) = Taw(to —t) + /tto U(s)[A(t) — A(s)|Taw(s — t)ds. (2.15)
If U € E, then the integral in the above equality is convergent and
e [ UEAW - AGTao(s - i

is in C([7, o), L(X)).
We are now able to formulate

Theorem 2.4. There ezists a unique solution of an integral equation (2.15) in the metric
space E.

The proof of this result will be given in a number of lemmas presented below.

Lemma 2.5. Fort,s, & € R, the following inequalities hold
| Taey(7) = Ta) (D) |loxy < er™272%(t — s)¢, for 7 >0, (2.16)
IAE) [T (7) = Tag)(M)llzxy < er™>2%(t = )¢, for 7> 0. (2.17)
Proof: Note that
A +A®) T = (A+A®) ™ = (A + A1) THA(s) — A@I(A + A(s) 7
Thus, due to (2.5), we get

(Tao(r) = Tago (7)) =~ /F (A + A®M)[A®) - AN + A(s))MdA. (2.18)

To prove (2.16) note that
1Ty (7) — Tags) (7))l
— 1= 57 [0+ AB) AW - AGAG)AG) A+ A(s) N

L [ emeomopir CL | \jimag)\| O (¢ — 5)°

- % T |’\|a
= gﬂ / . coso|u|T—1+20|u|1—20M (t — 3)6
2 iy L]
< %7’_2““ / e—cos0lu||u|1'2°‘d|u| (t—s)< c7_2+2°‘(t - 5)".
™ r

This concludes the proof of (2.16). To prove (2.17), note that
AW [Tao() ~ Tan(™)] = 5= [ @TADR+AWD)[A@) ~ A+ Als)) ™ d.

7r7:r\
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Then, it follows that
IA©[Tawy (T) = Taw) (Ml < all AW [Taw (1) = Tae (Dlllzeo
<all- 5 [ TAGO+AD)HAD - AGIO+A() Al

< 2 e——cos&]/\lrl/\|2—2ad|)\l (t . 8)6

T Jr
2—2a
Co — cos 0|u| |U’I dlul €
< s I8 cos 8 ) by fh ) t___ s
— 27 /Fe T2—20 ( )

S CT—3+20(t _ 8)6,
which shows (2.17). O

Lemma 2.6. The functions (0,00) x R 3 (7, ) + Tae) (1) € L(X) and (0,00) x Rx R 3
(7,t,8) = A(t)Ta()(T) € L(X) are continuous in the uniform operator topology of L(X).

Corollary 2.7. The functions
(ta T) B TA(T) (t - T)’ (t) T) =2 TA(t) (t - T)a
(t,7) = [A(T) — A(t)]Taqr)(t — 7) and (¢, 7) — [A(T) — A(t)]Taq)(t — 7)
are continuous from {(t,7) € R* : t > 7} into L(X) in the uniform operator topology.

It follows from the Corollary 2.7 that ¢ — T4 (to — t) is in E. In what follows, we prove
that S is a contraction from E into itself and therefore has a unique fixed point in FE.
Recall that the beta function B(,-) : (0,00) x (0,00) — (0, 00) is defined by

B(a,b) = /01 s 1(1 — s)*lds.
Firstly, note that if U € E, then thanks to (2.6), (2.14) and (2.8),
(to — )" (ST))lleex) < (to — )" Tag (to — 8)llzex)
+ (o — 1) /tto 10z I[AE) — ASIAT Ol lA#) Tae (s — Ol ds
< C+(tp—t)™™ ’ Mty — 8)*71C(s — t)*M (s — t)~2*%ds
<C+CB(a,a+ Z —1)(t — t)>re L,

Now, given U,V € E, it follows that

(sU)O - (V) = | "[U(s) = V()IA(E) — A()|Tao (s — t)ds,
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and thus
(to — )" I(SU)(#) = (SV) ()l o xy

to
< (to—t)'7° t IU(s) = V($)llpexy 1A(s) = Al xy 1Tacy (5 — 8)llLox,x1yds

< (- t)l_a/t 0 Clto — 5)*7'(s = 1)°C(s — 1) ***ds sup {“U(S) - V(S)”L(X)}

t<s<to
to
<Gt = [ (to = ) (s — s U - VI,
t
< CiB(a,a+e—1)(to — t)** U - V|| 5.

Also, similarly,
(to = &)= [[(S*U)(¢) = (S*V)®)|| ,ixy = (b0 — ) "2 IS(SV)(¥) = S(SV) (D)l )

< (to - t)l‘“/t 0 I(SU)(s) = (SV)($)ll i) 1A(s) = AWDlx1,30) 1 T4 (5 = )lloex,xnyds

< (o= t)l_a/t 0 C(to — 5)*** (s — t)C(s — t)">**ds sup {HU(s) = V(S)”L(X)}

t<s<to

to
S Cl(to . t)l—a/ (to _ s)2a+e——2(s o t)e+a——2d8 ”U _ V”E

t

<CiBQ2a+e—1a+e—1)(to—t)*@ VU - V|,.
Then, we have

(to =)'~ [ (SV)(®) = (SV)@)]| 5 = (to =)' [|S(S?U)(2) - S(S?

V() “L(X)

<ar4y-/°mﬁvx> (S2V)(3)]] ) I4() = AWl en s [Ty (s = Dl xnyds

< (to —t)! / C(to — s5)3+23(s — t)C(s — t)"***ds sup {HU IIL(X)}

t<s<to
< Cl(to _ t)l a/ (t 3a+2c 3( t)e+a—2d3 ”U _ V“E

< CB(3a+2—2,a+e—1)(ty — t)3@r D |U - V||.
Following with the iterations, we get
1(S™U)(&) = (S"V) (@)l i)
<CB(a,a+e—1)BRa+e—1l,a+e—1)...B(na+(n—1)(e—1),a+¢€e—1)
X (tg = )"+ DU -V
Recalling that B(s,t) = Jp(is%?, where I is the Gamma function, we have
o) M(a+e—1)"
I'((n+1)a+n(e—1))

B(a,a+e¢—1)...B(na+(n—1)(e—1),a+e—1) =
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That gives,
15" = (SV) W lr) < CF(a{J{( o o

Consider the power series

10 =Vl

@ .

«T'((n+1) a+n(e—1))

If its radius of convergence is mﬁmte, for each s € R there is n € N, such that
CT(a)[[(a+ € —1)(ty — t)>re 1

I'((n+1)a+n(e—1))
and then by the Banach contraction principle S™ has an unique fixed point in £ and, con-

sequently, S has an unique fixed point in E.
To verify that the radius of convergence is infinite, we apply the ratio test. Dividing the
(n + 1) coefficient of the series by its n'" coefficient we obtain

MNa+e—1)"'"B((n+1a+n(e—1),a+e—1).

<1,

Since X
B((n+1)a+n(e—1),a+e—1)= / gletljednle=ll=ly . gyare-dde
0

and for each 0 < s < 1 the integrand is bounded by (1 — s)**<~! and pointwise converges to
zero as n — oo it follows from the dominated convergence theorem that B((n+1)a+n(e—1),
a+e—1) 2% 0. The proof of existence of a unique fixed point of S in E is completed.

As to was arbitrary in [0, 7], (2.13) has an unique solution U(t,7) which is continuous in
the uniform operator topology for all ¢ > 7.

Proposition 2.8. Let 0 < a <1 and < a, then
IA®)PTagy(7)l|Lx) < C max{r~1te~a r-i+e=f})
Proof: It follows from (2.3), (2.6) and (2.7) that
_8 8
IA®) Tag 1)zl < Ce, B)ITaw (7)z]|'~= | A(t) Tag (7)=|=
_g B
< C(a, B) (7"”") <max{r‘1, 7'_2+°’}) ‘

< C(a, B) max{'r"H"‘_g, s

O
The proof of the two next results is due to Sobolevskii [19], Theorem 2, we only go to
emphasize the necessary adjustments to ours case.

la’

A(£) Ty (t — T)A(T)—ﬂnL(x) <Ot — T)—1+a—’%‘-’-. (2.19)
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Proof: We have
A(t)7TA(t) (t — T)A(T)_ﬁ — A7_ﬂ(t)TA(t) (t—71)+ A(t)7TA(t) (t — T)[A(T)_B — A(t)_ﬂ].

The norm of the first term does not exceed

Oy, B)(t — )+
For the second term, it follows from (2.4) that
_ _ Y o
Alr)? = A7 = 7 [ o) = Tao 9”1, (2.20)
Now, for any 7 € [0, 1], using (2.16) and (2.17), we get from (2.3) that for n < «
IA®)"[Taer)(8) = Ta ()]l < Cs™>27a (t — 7). (2.21)

Let 0 < 8 < 1. From (2.20), (2.21) and closedness of the operators it follow that for any 7,
with 2a+ 8 > 2+ %,

|A@)[A®t) P — A(T)™? / Ce s "2+2°‘"1( — 1) ds
t—T e v (2.22)
& e~ 08 g—2+2a v ﬁ 1ds
<<t@ ),

< Cla, B,m)(t — 7)°.
If 2> f > 1, then (2.22) holds for n = 1. In fact,
A)[A@) ™ — A(m) 7] = [A(7) — A@)]AH (1) A~ (7) + [A7C-D (1) — A~C=D(7)],

and the result follows by (2.14) and through the bound already obtained for the case g < 1.
Using (2.22), we have

A T (¢ = A ™ = A@Q) ) < A" Tao (¢ = DI [AG)1AG)* - A
< Clay )™t — 1) e EC(y, B) (- 7)° < Cla, B, y)e T (t — ) TIHOTIE

where % — €< 21 < —-2+2a+ B and, consequently f < —2a + %%, which concludes the
proof. O

Proposition 2.10. Let 0 < a <1, a+€>max{l,2}, v - < a and B < —2a+ %%, then
1A U, T)AM) o) < C(E =)o (2:23)

Proof: For any z € D(A#(7)) (0 < B < 1), it follows from closedness of A(7)~# and (2.15)
that

Ul(t, T)A(’/")_'BZE = Ta)(t — T)A(T) Pz

t 2.24
+ / Ty (t — 8)[A(s) — A@®)]U (s, 7)A() Pzds. (2.24)
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Using (2.19) with v =1 for 1 — 8 < a, we have next
IA@)U (¢, 7) AP (T)2]| < |A()Ta (t - 7)A(T) P

+/Tt 1AW Tago (¢ = o)l I[A(s) = A@)IAT (5)II AU (s, 7) A(T) Pl ds
< O(1,P) (=) |l
+ C? /t(t — 5)7He|| A(s)U (s, ) A(T) P x||ds.

From this and the Ger:eralized Gronwall Lemma ([10], Exercise 4, p. 190) it follows that

IA@U (¢, 7) AP (1)z] < 11, B)(t — 7)1+ 32 ||

As D(A'?(7)) is dense in X, the inequality (2.23) holds for 1 — 8 < o and v = 1.
For v < a, and B < —2a + %%, it follows from (2.13) and (2.23) that

IA@) U, ) AT)Pall < AW Taw (¢ - 7)A(r) 2]
+ [ 1AE Tao (¢ = 9l 114G) = AGIA™ ()] AU (s, TV A) Palds
< Ce M (t — 1) e g

t
+C [ &9t = sy Hesdae(s - sl
T

where v = min{3, 1} and = € D(A'=7(7)). This show (2.23). O
Let
o1(t,7) = [A(7) — A)]Tacr (t — 7), (2.25)
and assume that the integral equation
t
®(t,7) = p1(t, 7) +/ ®(t,s)p1(s, T)ds (2.26)

has an unique solution ®(¢,7), ¢ > 7. Setting

t
U(t, T) — TA(T)(t - 7') + / TA(s)(t = S)(I)(S, T)dS‘,

and noting that
t t
/ U(t, s)pu (s, 7)ds = / [Tae)(t — 5) +
t
_ / il — ) (s o / Tais)(t — 9) / B(s, 0)p1 (0, 7)d0ds

T T

S

t
Tao)(t — 0)2(0, 5)db)1 (s, 7)ds
t s

t
=/ Ta(s)(t — 5)®(s, 7)ds,
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we have that U(t,7) = U(t, ) for all t > 7, and

U(t,7) = Taen(t — 7) + / o) (t — 5)B(s,7)ds. (2.27)

It remains to show that (2.26) has a unique solution to ensure that (2.27) holds. The
expression (2.27) will be used to study regularity properties of ¢t — U(t, 7).

Note that ¢,(s,7) = [A(T) — A(5)]T4)(s — 7) is continuous in the uniform operator
topology in all variables for s > 7 (see Corollary 2.7). From (2.14) and (2.8) we have that

lles (s, Tllzex) < Cs — 7). (2.28)

With this in mind we show that (2.26) has an unique solution ®(¢,7) which is continuous in
the uniform operator topology for all (¢,7) with ¢ > 7 and which satisfies

12t 7)llzx) < C(t — 7)™ (2.29)

The procedure is analogous to that used to obtain U(, 7). For a+¢ > 1 and fixed ¢y € R,
with ¢ty > 7 consider the complete metric space

Y ={® € C([r,t0), L(X)) = sup (to —)*"* | @(#)ll(xy < o0},

tE[T, to)

with the metric

[@lly = sup (to —t)*~ " |@(t)|l ) -
te[r, to)

Define the map G by the formula

(G2P)(t) = pr(to, t) + /t i D(s)p1(s, t)ds.

Clearly G takes Y into C([7,%p), L(X)). We prove next that G takes Y into itself and that,
for some n € N, G" is a contraction. Indeed,

(to — )~ (GO) ()| < C [1 T (to — )=+ ]ly /0 (1 = spretgatezgg
silifel proves that G ¥ —3 V. Now, for 8,0 = ¥,
@) - @0 = [ 18(6) ~ ¥lor(s,)ds
and
(to — - ((GB)(®) — (CV)(D)l1s0) < CBlat ¢ — Late— 1)(to — ) & — W

Using this estimate and iterating we obtain
1(G"®)(t) — (G"E)(D)ly
<C"Bla+e—-1l,a+e—1)B2(a+e—1),a+e—1)...B(n(a+e—1),a+¢e—1)
X (to — )"V [|@ — )y,
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which means
CT(a+e—1)[T(a+e—1)(ty — t)*r | @ — T,
L - (G" < :
”(G (I>)(t) (G \I’)(t)”L(X) — F((n+ 1)(a+ e 1))
From Banach contraction principle G has an unique fixed point in C([7, tp), L(X)), which
concludes the proof that (2.26) has a unique solution. Also the proof of Theorem 2.4 is thus
finished.

3. LOCAL SOLVABILITY OF SEMILINEAR PARABOLIC PROBLEMS

Fory— 3 <1and a— -"’;—ﬂ > 1 — «a, we consider an abstract semilinear parabolic problem

of the form -
d_?tL + A(t)u = f(u), t >,
u(1) =uo € X7,

(3.1)

where {A(t) : t € R} is a family of linear operators satisfying conditions (a) and (b) of
Section 2. Assume that f : X7 — X? and that there are constants ¢ > 0 and ¢ > 1 such
that

1f(v) = f(w)llxs < cllv = wllx+ (1+[loll% + lwl|%), for all v,w € X7 (3.2)

with
oo 3.3
(< T (3.3)

We will show that for each 7 € R and arbitrary uy € X7 the problem (3.1) has a unique
local mild solution defined on certain interval (7,7 + 79) with 75 dependent on wuy.

Definition 3.1. A function u: (1,7 + 1) — X7 is said to be local mild solution to (3.1), if
(1,7 +70) Dt w(t) :=u(t)—U(t,T)up € X" is continuous, limy_,+ |w(t)||x» = 0 and

u(t) =U(t, T)ug + / U(t,s)f(u(s))ds,

holds for all t € (1,7 + 79), where {U(t,7) : t > 7 € R} is the process of growth a corre-
sponding to the linear part of (3.1).

According to the above definition, since the process {U(t,7) : t > 7 € R} is singular at
t = 7, solutions to (3.1) are assumed to have the same kind of singularity at ¢ = 7 as the
process U.

For 7,uq as in (3.1), u > 0 (to be choosen later) introduce the metric space

K(mo,u0) :={ve C((1,7+7),X"): sup |jv(t) — Ut 7)uollx» < u}, (3.4)

te(r,7+70)

with metric in K (79, uo) given by

16 — Yl (rome) = sup ) I6(t) = ¥@)llx, ¢, ¢ € K(70,u0).- (3.5)

te(r,7+70

The following result holds
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Theorem 3.2. Under the condition (3.2) with parameters satisfying (3.3) and for suitably
small 19 > 0, there ezists a unique local mild solution to (3.1) in K (79, uo).

Banach fixed point theorem in K (79, uq) will be used to prove existence of this solution to
(3.1). We introduce an operator T : K (1, uq) — C((7,7 + 79), X7) as

To(t) == U(t, T)uo + / U, ) f(v(s))ds. (3.6)

We need to show that, for a sufficiently small 7,

(Z) T s K(Tg,’do) — K(TQ,U()),

(i¢) T is a contraction in K (79, uo).

To prove the first claim let v € K (79, u0) (with a sufficiently small 7y, fixed for a moment).
Note that

(=7 w@®llxs < (= 7)) = Ut m)uollx~r + (t = 7)' UL, T)uoll x»
< (t=7) "%+ clluollxa-
Hence, if B is a bounded subset of X7,

k=13"%n+ c sup |luol|x~
ug€B

we have that

ITw(t) — Ut TYuollx- < / U, 5) 7 (v(5)) | x-ds

t
< [ UG ecoxs, £ 0(6)) xods

<c [(t-9) 5 @ o)) ds < — S (- )

o

K c/ (t — 5) 74 (s — 1) T07((5 — 1) fu (s)|| x) s

(3.7)
t
£ ;ﬂ(t - T)a—:%g + ck"/ (t— 3)‘”"_15‘2(5 — 7)~(1-=ags
@ — a
¢ _ a—:’%é a(+ — a—-']'%g—(l-—a)q =] == — = 'B)
Sa_j%é(t T) +cki(t—171) B(l (1-a)q,« -
c a—ﬂié q a—lig-—(l—a)q ( (1 . 7_IB>
< a_—té'ro +ck To B(1 (1 a)q,a o
< B

for suitable small 75 and for all ug € B, provided that a.— 7%@ —(1—a)g > 0, or equivalently

that
o — =8
g< =
l—«

but this is the condition (3.3).
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In particular, for each v € K (7y,uo) we have that
|[Tv(t) — U(t, T)uol|lx» = 0, ast—0. (3.8)

Hence, with this choice of 75, we have that T : K(79,uo) — K(70,u0). Note that this
procedure can be carried out uniformly for u, in bounded subsets of X7.
The proof of the second claim is similar. We have that for v,w € K (79, uo),

ITo(t) - Tw(®)llx> < / IV, $)(F(o(s) — Fw(s)))llx-ds
<c / Ut ) coxs ol (0(S)) — F(w(s)l|xads

< c/ (t = )7+ o(s) = w(s)llx (1+ o)1 + w5 ds.

Concluding the above estimate we get
t
170 = Twllr < [ (¢ = 5)74 o = wllxmuds
t
+2ck?! / (t — s)‘”"‘_:’;_gllv — || K (rp o) (8 — T) 17V

a—a=L
T ° _1'_—@_ -« = s

< el = wlgman) [2gg + 267N B(1-(-a)e-1,0 - 12F)].
a.—

«

Note that the expression within parenthesis tends to zero as 7y tends to zero provided that
a— l;-Q — (1 —=a)(g —1) > 0, or equivalently that
1—2=8
< e, 3.9
(<5 (3.9)
Clearly, if the exponent ¢ in (3.2) satisfies (3.3) then it also satisfies (3.9). Hence, we obtain
that, for suitably small 75, 7" is a contraction in K (79, up) and this concludes the proof of
Theorem 3.2.

4. APPLICATIONS.

We will show two applications of the described above abstract theory. We start with the
standard parabolic equation with time dependent coefficients settled in the space of Holder
continuous functions.

4.1. Semilinear parabolic problems in Holder spaces. Recall that (see e.g. [9], Chap-
ter 3) the Holder space C*(2), 11 € (0, 1), is a Banach space of uniformly continuous functions
v : 2 — R, equipped with the norm

[vlly =suplo(z)|+  sup
g zeQ z,y€Q,0< |z—y|<1 IIL' - y]ﬂ
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Example of an almost sectorial operator which is not sectorial has been first introduced
by W. von Wahl in [22] (see also [17]). We recall it here for completeness of the presentation.

Example 4.1. Let @ C R" be a bounded domain with C*™ regular boundary. In the space
CH*(Q) of Hélder continuous functions (u € (0,1)) consider elliptic differential operator of
order 2m

Av(z) = Z as(z)D%v(z),

|6]<2m
with the domain D(A) = {v € C*™**(Q) : D°u = 0 on 0%,|6| < m — 1}, where D =

H?=1(—iai )%, & is a multi-index. The coefficients as : @ — C are assumed to satisfy the

following conditions
(i) as € C*(Q) for |§| < 2m,
(ii) as(z) € R for z € Q and |6] = 2m,

(i4d) There ewists M> 0 such that M~EP™ <>~ as(2)€°< MIE[™™, VEER™, VzeQ.
|6|=2m

(4.1)

For certain v > 0 the operator A + v will be almost sectorial with parameter o = 1 — 5.
Note that in particular the minus Laplace operator fulfills the above conditions.

Following von Wahl’s example in case of time dependent processes consider the second
order parabolic problem

(4.2)

u = L(t,z)u+g(u), t>0, z€Q,
u(0,z) = up(z) in 2, u =0 on 012,

where
0%u
Ltz = Za” (t,2) 3:1:,630]

,5=1

Assume that there is a constant L > 0 such that the coefficients a;; : R x @ — R are
uniformly continuous together with its derivatives and satisfy the conditions

sup |laij(t, z) — aij(s,z)| < Lt — 7|, forallt,T€R, [t—7| <1
(4.3)

,T) — aa'j(s,x)l <Llt—7| forallt,7€R, |t—7| <1
1<k<n z€Q) axk Oy
and, uniformly with respect to ¢, ellipticity condition (4.1) (4it).
We need to check that assumptions (a) and (b) of Section 2 are satisfied for this example.
Let A(t) : D(A(t)) C CK(Q) — CK() (subscript 0 means the subspace consisting of all
functions vanishing at 92) be an abstract operator defined by L(t, z)

A(t)v = L(t,-)v, v € D(A(?)).
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First we will show that condition (a) is satisfied, which means that there are o € (0,1] and
M > 0 such that

M
”()\ + A(t))_IHL(Cg(Q)) < W, for all A € Eg and Vt € R. (44)

For clarity of further calculations let us discuss now the connections between various
constants appearing below. Fix first exponent p € (0,1) and choose the parameter

n n
sEp+—=1+-). (4.5)
p p

Next, let €,¢ € (0,1) be such that 0 < s — 2e < s — 2¢’ < p. Note that the last condition
together with (4.5) require that

b,on

— i 4.6

2p € <e<= 5 - Y (4.6)

In the proof of (4.4) we will use known properties of the operators A(t) in the scale

Xr Hz’{*;}(Q) of Bessel potentials spaces (see [21], p. 321), that is Calderon-Zygmund
type estimate

IO+ A®) £ xo, 51 < (4.7)
and sectoriality condition for this operators
" €
A+ A@) Hlgexo) < 3k (4.8)

Thanks to the Sobolev type embedding (see [21], p. 328), H;’{BJ_}(Q) C C¥(R), valid for p, s
satisfying (4.5), we have

IA+A®) " Bllcs@ < ell(X+ A) 7 ¢l 50

< 1O+ AC) ™ ezt 5o Pt 0 < el ar
where the following from (4.7), (4.8) and the moment inequality estimate
IO+ A®) o0 < T3
has been used. We will extend next (4.9) based on the estimate
16032 o) < llBllyge o) < cllllu (4.10)

in which the first inequality follows from the embedding in [21], p. 180. The second inequality
will be obtained considering the, so called, intrinsic norm of the space W (Q2) (see [1], p.
208, [21], p. 323)

S =

Dig( D?
||¢”W;(Q) = | lI#lI5 m(n)+ Z/ [Pgz) =D (g )Ipdxdy , (4.11)

|6]=m |£L‘— |n+017
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where 7 = m + o, with o € (0,1),m € N. Note that letting p — +oo in (4.11) with
r =5 —2¢,m =1, we obtain at the right hand side

|¢() — ¢(y)l)

max <||¢||Loo(9), ess sup iz —g[—2°

z,y€ENz#Y

which is an equivalent norm of C*=2¢(Q). Further, C#(Q) C C*~2¢(Q) when s — 2¢ < p.
Since we can allow arbitrary large value of p (the role of Sobolev type spaces in this proof is
only auxiliary), we obtain an estimate

“(/\+A(t))_1¢”C€( |/\|1 €

verifying condition (4.4) with @ = 1 — € (the value of ¢ was evaluated in (4.6)). Note that
for large p we obtained von Wahl’s type estimate

i 9llor@), ReA >0, (4.12)

n
=l-e>1-°L.
o € 9

Next, we need to check condition (2.14); that is, there exists € € (0,1) such that
IA(®) — A()]AT (5)gllu < c(t = 7)lIgll, VE, T ER, [t =7 < 1.

Since the operator A~!(s) is bounded linear from C}(Q) into D(A(t)), it suffices to show
that for ¢ := A~1(s)¢,

IA®#) — AM)Yllu < et =) llellu, T<tER,

which, in an explicit form, means the estimate

02
Z [ai; (¢, -) — ai(7, )] 7 gb

1,7=1

< c(t = 7))l (4.13)

W

It follows from our assumption (4.3) on the coefficients that
llaij(t;-) — aij(7:)lu < cllai(t, ) — aij(7;)llorey < LIt — 7] < Lt = 715, (4.14)

for [t — 7| < 1,e € (0,1), which justifies condition (2.14) since C*(Q) is a Banach algebra

and
82

<5 -
61:1,8.'1:] " — C”¢”l’-
Finally we need to impose condition on the nonlinear term g in (4.2) assuring that (3.2)
holds and, consequently, the problem is locally solvable. Since in our example, for 1 > p* >
+
u, for all s > p* — p and for all p > 1, LP°(Q2) C H, g, 1 (&) C X5 with py > T2 and
X7 = C*() C L*®(Q), then it suffices to assume that g : R — R is a locally Lipschitz
continuous function. Indeed, when B C C*(f) is bounded and v,w € B, we have

lg(®) = g(@)ll_,_y < ellg(v) = g(w)llzm(@) < cLpllv — wlizro@ < cLpllv — wllx, (4.15)

where Lp is the Llpschitz constant for ¢ in a large interval containing the image of every
function in B. This proves the required condition and concludes the example.
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4.2. Domains with a handle. Let Q C R" be a bounded smooth domain. Consider the
problem
us = a(t,x)Au—u+ f(u), z€Q, t>0,
u(t,z) =0, z€0Q, t>0, (4.16)
u(0,z) = up(z), z €.
This problem can be written abstractly as
d
d—’t‘ +A(t)u = f(u), u(0)=u, (4.17)
where X = L2(Q), A(t) : D(A(t)) € X — X, D(A(t)) = H*>*(Q) N Hy*(Q), and
A(t)u = —a(t,z)Au + u.
Assume that a(t, z) is continuously differentiable in z and that there are positive constants
¢o and ¢; such that 0 < ¢p < a(t,z) < ¢;.
Assume further that b(¢,z) := Vza(t,z) € L*®°(Q") for all t € R and that ¢ — a(t,) €
L>®(Q), t — b(t,-) € L*®(Q") are Holder continuous functions with exponent ¢ > 0 and

constant C'.
As for the nonlinearities f, we assume that f € C'(R, R) and satisfies the growth condition

|f'(w)| < c. (4.18)

Operator —A(t) is the infinitesimal generator of an analytic semigroup which satisfies

M
1(A(t) + M) Hlpx) < o fort e R and A € {A € C: Re) > 0},

and
IA®) — A(T)AT (s)||lnx) < C(t — 7)€, for some € € (0,1] and for all ¢,7,s € R.

Lemma 4.2 ([6]). The operator A(t) : D(A(t)) € X — X is the infinitesimal generator of
an analytic semigroup and satisfies conditions (1.2) (with o = 1) and (2.14).

Inspired by [4] we consider the following example. For g € C'([0,1],(0,00)), let UP =
LP(Q) @ Lh(0,1), where LF(0,1) is the space L?(0,1) with the norm

Iolizon = ([ soeras)’
For Py, P, € 02 and p > n/2 let A(t) : D(A(t)) C UP — UP be the operator defined by
D(A(t)) = {(w,v) € U” : w € D(AR), (9vz), € L?(0,1), v(0) = w(R), v(1) = w(P1)}
A(t)(w,v) = ( —a(t,z)Aw + w, —é (gvz), + v), (w,v) € D(A(Y)),
(4.19)

where A% is the Laplacian with homogeneous Neumann boundary conditions in L?(Q2) and
the domain D(A) = {u € H*?(Q) : 2 =0 in 6Q}.
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For p > n/2 we have that D(A%) is continuously embedded in C'(Q). This tells us that
the functions in D(A%) have trace at Py and P;.

Proposition 4.3 ([4]). For eacht € R, the operator A(t) defined by (4.19) has the following
properties

(i) D(A(t)) is dense in UP,

(ii) A(t) is a closed operator,

(ii1) A(t) has compact resolvent, and

(iv) p(A(t)) D Zy and the estimates hold

C
ICA®) + X) Iz <

Al
@A) +A)Hlzws < CQ+ M)
for some 0 <o <1- 2 <1 and there are constants C > 0 and € € (0, 1] such that
NlA®) — A(T)A () |lws) < C(t — 1), VE, 7,5 €R. (4.21)

If f: R — Ris globally Lipschitz continuous, it defines a Nemitskii operator from U? into

itself by f¢(u,v) = (fa(u), f1(v)), with fo(u)(z) = f(u(z)), z € Q, and fi(v)(s) = f(v(s)),

(4.20)

s € (0,1).
Consider the semilinear evolution equation
du .
7l A(t)u + fé(u) (4.22)
u(0) = ug € UP,

where v vary in the Banach space UP and A(t) : D(A(t)) C UP — UP? is the linear operator
defined by (4.19) and where f¢: UP — U? is such that

[17°(w) = Fe)llur < cllu = vllus.

It follows from the result in Section 3 with v = § = 0 that (4.22) has a unique solution
for each uy € UP.
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