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Resumo

Quando uma forca é aplicada em uma particula que descreve um movimento brow-
niano, o movimento resultante admite uma funcao de estado que satisfaz uma equagao
do tipo Schrodinger. Consideramos, neste trabalho, um processo em que um movimento
browniano é substituido por um processo que possui transi¢oes brownianas em todo tempo,
exceto nos momentos de tempo onde o processo € sujeito a uma ag¢ao impulsiva. Utilizando
a formulacao de Feynman-Kac, baseada em integracao de Riemann generalizada, exami-
namos a equagao do movimento resultante.



Abstract

If a force is applied to a particle undergoing Brownian motion, the resulting motion
has a state function which satisfies a diffusion or Schrodinger-type equation. We con-
sider a process in which Brownian motion is replaced by a process which has Brownian
transitions at all times other than specified times at which the transitions have an addi-
tional “impulsive” displacement. Using a Feynman-Kac formulation based on generalized
Riemann integration, we examine the resulting equation of motion.



1 Introduction

As an introduction, we give a broad outline of the underlying ideas and methodology of
the paper.

1.1 Some Underlying Ideas

When some system parameter has a discontinuity, the term “impulse” or “jump” can be
a vivid way of describing this characteristic of the system.

Sometimes the state of a system can be described by a differential equation. For
instance, a diffusion can be described by a parabolic partial differential equation satisfied
by some function of displacement and time.

The purpose of this paper is to examine the relationship between discontinuities or
impulsive changes in the state function which characterize the diffusion, and discontinu-
ities in the underlying diffusion itself. We use a Feynman-Kac formulation to show the
connection between these two classes of discontinuities.

Our method of analysis is based on the generalized Riemann approach of Henstock.
In effect, our Feynman-Kac formulation of the problem is a generalized Riemann (or
Henstock) integral.

The generalized Riemann integral is an adaptation of the standard Riemann integral
such that Riemann sums can be used to give results for which Lebesgue methods are
usually required. The general idea of this is as follows. We have some domain which is
partitioned by means of a finite collection {I} of disjoint sets, which we can think of as
“intervals”, with |/| denoting the measure of an interval /. By “shrinking” the partitions,
we can estimate the Riemann integral of a function f(z) of values x in the domain by
forming the Riemann sums Y f(z)|/].

In the standard Riemann integral, in any term f(z)|I| of the Riemann sum, the
only restriction on the choice of the evaluation point z is that it should belong to the
corresponding partitioning interval /. The generalized Riemann adaptation is to make
the selection of each interval I in the partition depend on the choice of each corresponding
evaluation point x in ) f(z)|I|. What difference does this make? It means that we can
form the Riemann sums in a way which is sensitive to, or responsive to, the local behavior
of the integrand. For instance, if f is highly oscillatory in a particular neighborhood,
taking very large positive and negative values there, we can force the local terms of the
Riemann sum to correspond to the local behavior of f. So in a scenario where f has a
positive value at  and a negative value at the nearby point 2/, the partitioning intervals
I, I' can be chosen so that the Riemann sum ...+ f(z)|I| + f(2")|I'| + ... captures the
variation of f; so that, in this scenario, we produce in the Riemann sum a cancelation
effect from the neighboring z, z’.

In this way it is found that we can define an integral of f which is equal to the Lebesgue
integral of f whenever the latter exists. We call this the generalized Riemann integral
(also known as Henstock integral or Henstock-Kurzweil integral).

Instead of using the Lebesgue measure ||, we can use arbitrary interval functions p(7),

and the resulting definition of an integral / f(z)u(I) by Riemann sums remains valid.



More generally, instead of integrating a product f(x)u(l), we can integrate functions
h(z,I) by taking Riemann sum estimates ) h(z, ) over z-dependent partitions {I} of
the domain of integration.

The discussion above can be read in a way which assumes that the domain of integra-
tion is a bounded real interval [a, b], so that each of the partitioning intervals I is itself a
bounded real interval. But the points made in the discussion remain valid if the domain
of integration is a more general, multi-dimensional space, such as R™, in which some of
the partitioning intervals are not bounded or compact.

The scenario we tackle in this paper requires us to consider displacements z; at various
times ¢ in some time interval |7/, 7[, and also to consider the possibility that, at arbitrary
times 7/ < t; < .-+ < t,_) < 7, the displacements z; satisfy u; < 2;; < wv; for 1 < j <
n —1; or z; € CI(f;), where we write I; = [u;,v;[ and x; = z,; for each j.

Writing

= (Zhep o ond I={z:2;€l;, 1<j<n-1}

we are led to consider Riemann sums such as ) f(z)u(l). The corresponding integrals
are / f(z)p(I). The domain of integration is the set {z}, where each = is a mapping of

the form
z: )7, 7[— R, with z;=z(t)eR for 7' <t <

We denote this domain by RI™7[ which can be viewed as a Cartesian product of R by
itself uncountably many times. The partitioning intervals I are cylindrical subsets of
Rl

The framework of generalized Riemann integration outlined above can be adapted to
this scenario, and this is explained in more detail in the following sections.

Treating the elements x as sample paths in some version of the Brownian motion, we
develop a Feynman-Kac representation

wer) = [ @),

with z(7) := &, of the solutions u(§, 7) of a partial differential equation

where V' is a potential function.
With the aid of this theoretical framework, we can relate discontinuities in u(&, 7) to
“impulses” in the sample paths z.

1.2 Outline of the Theory
To begin, we define the different kinds of cylindrical intervals
I =P Ty ¢ s 8 1)
which are used to partition the domain of integration RI™"l. Given

N={t,..,to} C)',7[, witht' =tg<ti < <tpo1<tp=T,



Py is the projection function which maps RI™""l to the n-dimensional product space R
or R™,

In general, if we want to define an integral / f(x)u(l), we must show how the

approximating Riemann sums ) f(z)u(I) are conétn(tcted, and that is done in the next
section.

We are especially interested in volume functions (or measures) x on the sets I which
are related to the Brownian motion function in which each difference z(t;) — x(t;-1) is
normally distributed with mean zero and variance ¢; — t;_;, giving

1(yz'—y1_1)2
/ / ” _5 tj—t;_1
= dyl cee (lyn-—l (1)
11 n 1 ] 1 (t - t_] 1)

as the joint probability that the motion takes a value z; in I; at time ¢;, for 1 < j <n-1.
(There is a technical, notational reason for having 1,...,n — 1, rather than 1,...,n, as
the range of j.) The finite-dimensional expression on the righthand side of (1) is used
to give meaning to the function on the left which has an infinite-dimensional domain.
The essential simplicity of the expression on the right helps to simplify the analysis, in
comparison with other formulations of the theory which introduce measurable sets at this
point, instead of the simpler cylindrical intervals /. Because if the integrand f(z) takes
the value 1 for all z, then / , f(z)u(I) is approximated by Riemann sums > pu([)

RI7 7l
whose value, in every case, turns out to be

+00 +0o0 m "%(_J:J—%Jll)
dyi - .. dYm-1,
/ / V2t —ti-1) "
where {t1,...,tn-1} is the maximal of the sets of times {--- ,t;,---} which appear, as

variable sets, in each of the terms p(/) of the Riemann sum.

The latter integral can be evaluated by iterated integration, and this is demonstrated
in a later section. Alternatively, with xy = z(ty) = z(7’') and z,, = z(t,) = x(7), basic
probability theory tells us that this integral gives the probability density function of a
normal random variable x(7) — z(7') with mean zero and variance 7 — 7/, so the value of
the integral is

_ (z(n)-=z(="))?
e 2(r—7")

27 (T — T’).

Some of these ideas occur in the analysis of Brownian motion, but usually expressed
somewhat differently.



1.3 Impulsive Processes with Drift

When the underlying Brownian process undergoes impulsive changes of amounts J; at
specified times 73, then we get a process

z={z}={z(t) :t €], 7}, where 2(t) = z(¢) + Z g,

T <t
From this we are led to consider a measure
_lﬁﬂzi
2 t~tj_1
/ / d'!/} cah dyn—l-
I In-1 j—1 (t = 1)

where z; = y; + Jj, if t; is one of the instants 7, and 2z; = y; otherwise.

Our purpose is to investigate systems in which the impulsive process is subject to some
external force which produces a further manifestation of drifting motion in the process,
represented by a potential function V' which, at any time ¢, depends on the displacement
z(t). The study of systems of this kind leads to examination of the function

fla) = exp< Zv Nt - b= o)
= exp ZV z(t;) ZJ (t; —ti—1)

Ti<t;

defined for z € RI™7[. (Indeed, f depends also on the choice of the set {t1,...,t,} which,
like 2, is a variable in successive terms of a Riemann sum. Suitable notation for this
dependence is presented in a later section.)

The state function w(§, 7) describing the evolution of this system, with £ = z(7), is
often obtained as a solution to an appropriate parabolic diffusion equation, and sometimes
this has a Feynman-IKac representation

wer) = [ e

We investigate each of these methods of determining u(¢, 7) and, by examining Riemann
sum estimates of u, we show how discontinuities in u are related to impulsive phenomena
in the underlying process z. The latter can be regarded as initial conditions or boundary
conditions for the constitutive partial differential equation.

Our investigation is restricted to impulses J which are deterministic functions of the
displacement x(t), at pre-determined times ¢t = 7; for 7 = 1,2,...,p. In the concluding
section of the paper, we illustrate the theory by explicit evaluation of « when each of the
impulses is a constant.



2 Preliminaries

In this section we present the basic definitions and notation of the theory of Henstock
Integral in Function Spaces. We also include some fundamental results which are necessary
for understanding the basis of the theory.

2.1 The Henstock Integral in Function Space

Let R denote the set of real numbers and let R denote the set of positive real numbers.
Let I be a real interval of the form:

| —o0,v[, [u,v] or [u,+oo]. (2)

A partition of R is a finite collection of disjoint intervals I whose union is R. We say that
[ is attached to z (or associated with x) if

T = —00, T = uorwv, T = 400,

respectively.

Let R denote the union of the domain of integration R with the set of associated points
z of the intervals I of R, so that R = R U {—o0, 4+0o0}.

In generalized Riemann integration, the convention is that the domain of integration
is the space which is partitioned by intervals. A point x is not always an element of the
associated interval I to which it is attached. Thus the set of associated points z may
constitute a set which differs from the domain of integration. In our case, the domain of
integration is R and the set of associated points is R.

Let 6 : R — R, be a positive function defined for = € R. If I is attached to x, we say
that (z, I) is d-fine if

V< ———, v—u<d(z), or u>—— (3)

respectively.

In this version of the integral, the attached or associated points x of an interval I are its
vertices. In another version (see [19]), they are chosen from the union of I with the vertices:
that is, the closure of I in the open-interval topology. These two versions are equivalent
whenever the integrator (measure or interval function) is finitely additive, because if z
is an interior point of [u, v[, then f(z)m([u, v]) = f(z)m([u, z[) + f(z)m([z, v]), see
[19]. In yet another version (see [6]), an equivalent of the Lebesgue integral is produced
if the associated or attached intervals of a point z are the intervals I satisfying I C
Jv = §(z), x + 6(z)[. In this case, the attached points of an interval may be outside the
closure of I in the open-interval topology. In all cases, the domain of integration is the
space which is partitioned by the intervals.

If N = {ty,....t,} is a finite set, with R;, = R and R, =R, let z = (z(t1), ..., z(ta))
denote any element of

[[{R,:t;e N} =R"



Denote x(t;) by x;, 1 < j < n. For each t; € N, let I; = I(t;) denote an interval of
form (2). Then [ = I, x ... x I, is an interval of J[[{Ry, : t; € N} = RY. A pair (z, I)
is associated, or attached, in R if each (x;, [;) is associated in R, 1 < j < n, that is,
2 is a vertex of I in R". Given a function § : R — R, an associated pair (z, I) of
the domain RY is d-fine if each (z;, I;) satisfies one of the inequalities in (3), depending
on the kind of interval I; (see (2)). A finite collection & = {(z;, I;)} of associated pairs
(z;, I;), where each (z;, I;) is associated in RV, is a division of RY if the intervals I; are
disjoint with union R”, and the division is J-fine if each of the pairs (g, L), LLF 2w,
is 0-fine. A proof of the existence of such a é-fine division is given in [19], Theorem 4.1.

Let B denote any infinite set, and let F(B) denote the family of finite subsets of B.
In what follows, we consider the product space Hte 5 R; with R; = R for each t € B, that
is, the set of all functions on B to R. We prefer to use, for this product, the notation R?
which is usual in the theory of stochastic processes.

Let o = xp denote any element of R”. With
N =Ng ={t,,....tz} € F(B),

let (N) = z(Np) denote a point (zy,...,z,) = (x(t1),...,z(t,)) of R"Y. Consider the
projection
Py :RE RN, Py(z) = (2(th), ..., z(tn)),

and similarly we define the projection Py : @B e RN. Then, to each interval I; x ... X I,
of RY there corresponds a cylindrical interval I[N] := Pﬁl(Il X ... x I,), which is a subset
of R®. It is often convenient to denote I, x ... X I,, by I(t;) x ... x I(t,) or I(N), so
I[N] = I(N) x RE\W_ Similarly,

Pn(zs) =z(N)eR", for z=25€R".

Givenz € R” and I[N] C RB, we say that (z, I[N]) is associated in R, if (z(N), I(N))
is an associated pair in RY. Our domain of integration is R? and the set of associated
points is @B.

Definition 2.1 A finite collection & = {(z, I[N]) : = € R’ and N € F(B)} of
associated pairs is said to be a division of R, if the intervals I[N] are disjoint and have
union RB,

Divisions of cylindrical intervals in R? are defined similarly.

We now address the question of a gauge for R?, that is, a rule which determines
which associated point-interval pairs (z, I[N]) are admissible, as elements of a division,
in forming a Riemann sum approximation of an integral in the infinite dimensional space
RZ. To do this, we define mappings Ly on the sets of associated points R” of the domain
of integration R?, and mappings dp on R x F (B), which give us an effective class of
gauges. Let

Lg:R° = F(B), Lg(z) e F(B);
55 :R°x F(B) =Ry, 0<dg(z, N) < +oo.



A choice of Lp and 05 gives us a representative member of this class of gauges:
V8 = (Lg, 0p). (4)
We say that an associated point-interval pair (z, I[N]) is yp-fine if
N D Lg(z), and (z(N), I(N)) is ép-fine in R¥.

Definition 2.2 Let v = (L, §) and v, = (Ly, 81) be two gauges. We say that v < v, if
L(z) D Ly(x) for each x € @B, and if §(z, N) < §1(x, N) for each (z, N) € R® x FLE

Definition 2.3 A division € = {(z, I[N]) : z € R” and N e F(B)} of the domain of
integration is yp-fine, or is a yg-division, if each of the pairs (x, I[N]) is yg-fine. In this
case. we denote € by E,,.

The space R? admits a yg-division. This result is stated next and a proof of it can
be found in [18], Theorem 1.

Theorem 2.1 For any infinite set B and for any given gauge yg, there exists a yg-fine
division of RE.
Suppose h is a function of attached pairs (z, I[N]). Sometimes h(z, I[N]) is undefined

; . =B =B : :
for certain x € R} (or R™), such as those  for which z(t) = 0 or co for ¢ € N. In such
cases, we may take h(x, I[N]) to be zero, and these terms are omitted from the Riemann
sum. If £ is an elementary set (an interval or a finite union of intervals), the variation of
h in E is given by

inf {sup{(fmﬂh(z, I[N])|}} :

18 | &,

where &,, is any yp—division of E.
More generally, if X is any subset of R?, the variation of ~ in R” relative to X is

B

inf {sup{(r‘fm)lh(m: f[N])llx(x)}} )

where 1y(z) is the characteristic function or indicator function of X and &,, is any vyp-
division of RZ. We say that h is of bounded variation in X, if its variation in X is finite.
We say that h is VBG* (or h is of generalized bounded variation in R?), if R? is the
union of disjoint sets X; with i being of bounded variation in Xj;, 7 =1,2,....

The generalized Riemann integral of a function A of an associated pair (x, I[N]) is
defined as follows (see [11]).

Definition 2.4 The function h is generalized Riemann integrable over R, with integral

== h. if, given € > 0, there exists a gauge yp such that
RB

Z h(z, I[N]) —a| <e

(1‘, I[IV])EE‘YB

for every vg-division £,, of RE.

10



Sometimes we integrate functions h(/[N]) which do not depend on the associated point
x of the variable I[N]. In generalized Riemann integration, this must be handled carefully.
We should think of the integrand as h(z, I[N]) = h(I[N]) for every z associated with I[N].
Thus, even though the variable z does not appear explicitly in the integrand, the terms
> h(I[N]) of the Riemann sum still depend on the z’s of the division {(z, I[N])} which
determines the Riemann sum.

Now we define variational equivalence of two functions of (z, I[N]). Two functions
hi(x, I[N]) and hy(x, I[N]) are variationally equivalent in R, if h; — hy has variation
zero in RE([11], page 32). It is easy to show that h, is variationally equivalent to hy if,

given € > 0, there exists vz such that, for all divisions &, ,,

> Ihla, I[N]) = ha(z, I[N])| <.
(2, [[N]) €€y 5

If h, is integrable in X C R?B and if hy is variationally equivalent to h;, then hs is
integrable in X and / hy = / hy (see [11], Proposition 18, page 32 for a proof). This
X X

result is important because sometimes, when we want to establish a property of / hy,
X

it is easier to demonstrate it first for an integral / ho, where hs is “equivalent”, in the
JY
variational sense, to hj.

2.2 Limit theorem in function space integration

The following result corresponds to Lebesgue’s dominated convergence theorem. A proof
of it can be found in [11], Proposition 33.

Theorem 2.2 Suppose h;(z, N, I) is integrable in RP, j = 1,2,3,..., and for each as-
sociated pair (z, I[N]), the sequence {h;(z, I, N)};>1 converges to a value h(z, N, I).
Suppose, if € > 0 is given, there exists a gauge vy, such that, whenever (z, I[N]) is v, -fine,
there exists jo = jo(x, I[N]) > 0 such that j > jo implies

|h(z, N, I) — hj(z, N, I)| < ego(z, N, I),

where gg is a positive function, integrable in RZ. Suppose there exist functions gi(z, N, I)
and go(z, N, I), integrable in RB, and a gauge v, satisfying

gl(:ﬂ’ N’ I) Sh’j(a"a Na [) SQQ(:I;’ Na ])

for each j and each ya-fine (x, I[N]). Then h is generalized Riemann integrable in RP
and

lim / hj(z, N, I) =/ h(z, N, I).
RB

j—+oo RB

11



2.3 The Wiener Integral

An irregular movement of pollen suspended in water was observed by the botanist Robert
Brown in 1828. This movement is called Brownian motion or Wiener process. In the
beginning of the 20th century, important applications of the Brownian motion were dis-
covered. The first was a theory of stock price fluctuations due to Bachelier (1900) [1].
The second was an investigation of the properties of the density of Brownian particles at
given position and time due to Einstein [4]. Details about Brownian motion can be found
in [2], [5], [8] and [9)].
We now present a basic definition.

Definition 2.5 A Wiener process or a Brownian motion, is a stochastic process {W (t) =
Wy:teT}, T=[0, +00) or T =10, T], T € Ry, defined in a probability space (2, F, IP)
and satisfying the following properties:

a) W(0) = 0;

b) for each s > 0 and each t > 0, the random variable Wy, — Wy has normal distribu-
tion with mean zero and variance o*t;

¢) for each n > 1 and times 0 < ty < t; < ... < t,, the random variables {W,, —
Wi, hi<r<n are independent.

The parameter o2 is known as the variance parameter. When o2 = 1, the process is

called a standard Brownian motion. The existence of Brownian motion can be demon-
strated by various arguments. See, for instance, [8]. Since the generalized Riemann
integral is an extension of the Lebesgue integral [17], these arguments are valid in our dis-
cussion here. Our realization of Brownian motion uses Q = RI%7! and W (t) = z(t) = z,.

If0=1ty <t <..<t,=r, the probability that a Brownian particle, with initial
displacement zero, will be found in u; < z; < v; at time ¢;, 1 < j <n —1, and at § at
time 7, is

V1 *Un—1
() == / / p(xy, t1)p(z2 — 21, ta — t1)...p(Tn — Tn—-1, tn — tn—1)dZ1...dTn_1,
J uy JUp—1

where

1 (z; — 2j-1)°
Ti— Ti 1. ti —tiq) = TN+ +
pzj = i1, tj = tj-1) \/471’D(tj —tj-1) o ( 4D(t; — tj-1)

for every 1 < j < n, where o =0, to = 0 and D is the diffusion coefficient depending on
medium viscosity and particle dimensions and containing Avogadro’s number.

N. Wiener [20] showed that this interval function, w(/), produces a measure in the
space C' of continuous functions x defined in |0, 7[, with z(0) = 0 and z(7) = £.

In 7], M. Kac showed that if U is a continuous positive function of displacement and

u(zr) = exp (— / U(;r(t))dt), x € C, then / u(z)dw exists and ¢(&, 7) = / u(z)dw sat-

4 &
isfies an equation analogous to Schrodinger’s equation and the diffusion equation. This
subject was treated in [11] using integrals in function spaces. Next, we present the treat-
ment of this subject in [11].



Consider RI®"[ to be the space of real valued functions z defined in ]0, 7[, with z(0) = 0
and z(7) = &, where § € R. Let 0 =ty < t; < ... < tp, =7, N = {t1,%2,...,tn_1} and
z(t;) = zj, 0 < j < n, be such that 2o = 0 and z, = §. Define I(t;) = I; = [u;, v;[ and
Az; =v;—u;, 1 <j<n—1 Sety=(y,...,Yn-1) € 1 X ... X I,_;. Define

2 n
Tj—1 -1/2
Hekp< 2ﬁ> [ 10t — 0172,

j=i

w(l, z, N) (z, N) HACCJ,

w(l, N) =/ / w(y, N)dy;...dyn_1. (5)
111-—1 11

The function w(/, N) is generalized Riemann integrable in every elementary set £ C

Rl and, in particular,
: 1 1&2
/ w(l, N) = exp (——€—> ,
RIO. 7 2nT 27

(see [11], Proposition 36 for a proof of this fact). As a consequence of Proposition 37 in
[11], the functions w(/, z, N) and w(I, N) are variationally equivalent.

Suppose U is a real-valued function defined on R. If N = {t1,...,t,—1} C]0, 7[ and
z € ROl et

U; = Ulz;) = U(z(t;)), 0<j<n-1

u(z, N) =exp < Z ))

Let

and
u(l, N) =/ u(z, N)w(z, N)dz(N).
(N)

Forn>0,0<c—7<mn,0<|¢—¢| <n, consider

h(¢, o) = . ) exp ( (a2 . Un-1(0 — tn—l)) ;

271'(0 = tn-—l 4 o= tn 1

1{z: — 25_1)°

n—1 €XpP <— [5(;—_;1—)‘ + Uj—l(tj - tj—l)])
, — J g

Wi, z, N) =[] E Az(N)

j=1

Wy(I, z, N; ¢, o) = h(¢, o)W1 (I, z, N).

)

In [11], Proposition 57, P. Muldowney proved that ¢(§, 7) = / u(l, N) is a Feynman-
RIO, [
Kac representation of the solution of the equation
do 10%
ek Mol S s ,
or 20¢€? (&)

13



provided U > 0 is continuous at &, Wy(I, z, N; ¢, o) is integrable in RI%"l for 0 < o0 —7 <
7, 0 < |¢ — €| < n and the partial derivative —@ exists.
T
In the present paper, we extend this result to processes with impulses.
2.4 Additional definitions

The following result is the Tonelli theorem version for generalized Riemann integrals and
it will be useful in the main results. See [21], Theorem 6.6.5, for a proof of it.

Theorem 2.3 Let J be an interval in R, with J = H x K, where H and K belong to
R andR", n= [+ m. Let f be a function defined on R If

i) f is measurable on J;

it) there is a function g such that |f| < g on J and either

A = K, (/}m y)dy) o
&:A<AW“MQ@<w'

Then, [ is generalized Riemann integrable (or Henstock-Kurzweil integrable) on J

//Jf: /H (/Ig(w y)dy) dz.

The next result can be found in [21], Corollary 6.6.7.

or

Corollary 2.1 If f is measurable and non-negative, then

//Jj _ /H (/K g(z, y)dy) dr = /1\ (/H o(z, y)d:r) .

provided that at least one of the three integrals exists and is finite.

3 The Main Result

We divide this section into two parts. The first part is concerned with the properties of
the volume function of a process with impulses and with the integrability of this volume
function. In the second part, we present an impulsive partial differential equation of
Schrodinger type and we show that its solution can be represented by an integral with
respect to the volume function of an underlying impulsive process. This is the Feynman-
Kac representation.
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3.1 The Volume Function of an Impulsive Process

Let {z¢}:>0 be a Brownian motion. Suppose at time tj—1 > 0, the displacement is z;_; =
x(tj—1). For the later time t;, the increment x; — z;_; is normally distributed, with mean
zero and variance t; — t;_;. Therefore, the probability that z; = z(t;) € [u;, v;[ is

2
(yj —zj-1) >
exp ( = ) dy,.
V2t — ;1) / B t; —t J
Thus, given z(tp) = &', the joint probability that z; € Iy,..., z, € I, where I; = [u;, v],
1<j53<n,is

1(J1 yj-1)> )

/ / n exp t'_t] 1 dyl---dyn~ (6)

n J 1

Therefore, in Brownian motion, we are lead to consider expressions of the form

n exp( l(yzzj—ytlj_ll) )

(7)

j=1 27T(tj = tj—l)

In the sequel, we shall present a version for the expressions (6) and (7), when the
underlying Brownian process undergoes impulsive changes at some moments of time.

We start by giving some notations in order to define the impulsive process. Let
J : R — R be a continuous function. Let 7/, 7 be real numbers such that 0 < 7/ < 7
and N = {t1,...,tn—1} C]7’, 7[, where 7" = t; and 7 = t,. Consider Z = {7, ..., 7,} C N,
LT < e T THON, {7570y vy Tof = (g bigy ot} With 45 € {1,2; o8 — 1} dor
1<j<p Let N={1,2,..,n} and J = {i1,12, ..., 7}

Given z € RI™"7[ consider the function z € RI™ 7l such that

#t) =g(t), for 7 <t <m,

t) + ZJ(Q:(T]')), T <t< Ty, 3=12,..,p
TSt
where we take 7,47 to be 7. Figure 1 illustrates the behavior of the impulsive process
2(t), " < t < 7, when x € C(]7’, 7[), where C(]7', 7[) denotes the set of those x which
are continuous at each ¢ in |7/, 7[.
We now define a volume function for the impulsive process. First, corresponding to
w(y, N) in the Brownian motion, we define gz(y, IV) for the impulsive process by

1 (yi—yi=1)? 1(y— (yj—l—J(yj)))z)

H exp ( B t—ty ) H exp ( g g
JEMT 27T(tj = tj_l) jeg \/ 27((tj = tj—l)

which is equal to

exp ( 1 (yi—y;-1)> exp ( ;(J(yf)+yz‘—yi—1)2>

H tj—tj—1 > H tj—tj—1
JEN\T \/271' tj_tj—l) jeg \/2 t —tj 1
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Figure 1: Process z € RI™ 7L,

Let I(t;) = I; = [u4, vj[and Al; = vj—u;, 1 < j < n—1. Recall that [(N) = [} X...X [p_;.
A volume function for the impulsive process is then given by

QzUI[N]) = Qz(I[N); 7', 7, €, €) = / g2(y, N)dy(N).

I(N)

J(y4 +Yi —Yi_ 2
oo exp (—§ L mn?)

Ligt 2 = J:R—>R:/ dyj=1,5=1,...,pp. Given

—0 2’/T(tj = tj—l)
a € R, if J(w) =« for all w € R, then J € Z. Hence Z # ().

If J € Z, then Qz(I[N]) is the probability distribution function for the impulsive
process which gives the probability that z; € I; for 1 < j <n — 1.

If (z,I) is an associated pair, where I = I[N], let

Gz(z, I[N]) := Gz(z, I[N]; 7', 7, £, €) = Qz(I[N]). (9)

Now we shall prove that Gz(x, I[N]) is generalized Riemann integrable in RI™>7[. In
order to do that, we need to prove an auxiliary result. So, let us start by introducing
some auxiliary functions.

We assume that between 7; and 7,11, ¢ = 1,2,...,p — 1, there exists a finite number,

greater than 2, of t/s.
Define ¢1, ¢ : Rx]7/, 7[— Rand ®; : R x Rx]7’, 7[x|7, 7[— R, j =1,2,...,p—1,

by ‘
1 (yx — §I)Z>

(e tp)) = ——— =
P1(vk: ) 27 (te — 7') exp( 2 t—1

for k€ {1,2,....5, — 1},

1 1(€ -y >2>
(1 i ’ti — —eX __—p
G2(Yiy» L) ol = i) p< =

and

1 1 (Baunsn —
Tt Tat) = V2 (i1 — ;) o <_§ - p )
1 ij

i]'+1—1 = ij

16



j=1,2,..,p—1.
Analogously, define ¢y (J(y), tr), for k € J, replacing yx by J(yx) + yx in the expres-

sion of ¢y (yk, tx), and define CI)j(yij, J(yim), tij,tin) replacing y;,,, -1 by J(yi].H) 4 Uk

and 8;,,,-1 by t;;,, in the expression of ®;(ys;, ¥i;,, -1, ti;» tijyy-1), for j € {1,2,...,p = 1}.
We can prove the next lemma by completing the square in the exponential.

Lemma 3.1 Ifa, b, u, v € R, witha >0 and b > 0, then the function

o= \/Ee—a(u—a>2\/§e—b(a—v)2
T ™
15 Riemann integrable and
e ab ab
(u—a)? b(a—v) d _ . Y2 _
[ oo s taa= e (gt o)

Proposition 3.1 in the sequel says that, for y = (y1,...,yn—1) € R® !, the function
gz(y, N) defined by equation (8) is generalized Riemann integrable with respect to y in
Rn—l.

Proposition 3.1 Let N = {ty,to,...,tn—1} C|7, T[ be given with 7" =ty and T = t,. Let
gz be the function defined in (8), where y(7') = y(to) = & and y(7) = y(t,) = €. Then,
gr is generalized Riemann integrable with respect to y in R* and

/ 9z(y, N)dydys...dyn—1 =
Rn—l

+o00 +oo p—1
/ / .,/1.] H(I) y'LJa y1}+1) Ljv "J-H) ¢2 y‘tp) lp de’LJ

j=1

PROOF. Let T = {71, 7s, ..., Tp} = {ti;, tizy -, i, } With 4; € {1,2,..,n =1} for 1 < j < p.
Let

={1,2,...,i1 = 1i1, 61+ 1,eeyip — 1,4 ip + 1, ...;n — 1,m}.
Define
1 1 (y; — yj-1)° :
Vi(yi, Yioq) = exp (——— , JEN\JT,
j(J] Yi 1) 27r(tj —tj 1) 2 tj —_tj—l \
" 1 1 (J(y) ?
Yi) * ¥i — Yj— ) -
i(Yiy Yi—1) = exp| —= , jeJ.
©i(Yj ¥j-1) o, — 1) < 5 t; — ;1

By Lemma 3.1, we obtain

»+00 +o00
/ / ’l/’l('yu 'yo)-~-'¢)i1—1(’yi]—1~ yh—?)dyl---dyil—2 ==
—00 —00
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_ 1 = <_l(yi1—l =£)
21 (tiyy—1 — 1) 2 tya—1

> == <f>1(’!/i1—1, til—l)v (10)

+oo +00
/ / (l/)ij+l(yij+1a yij)'~-¢ij+1—l(yij+1—1’ yin—Q)dyij+l---dyij+1—2 —
—00 -0

— ] eXp <_E(yij+l_l _?/ij)2>
\/QW(t'im—l - tij) 2t~ b

j=1,2,...,p—1, and also

= ®i(Viys Yigga-1s Liga bige 1)y (11)

.+oo
/ / ’l,bi,,+1(yi,,+1-, ilji,,)---’l/)n(yn, yn-l)dyi,,ﬂ---dyn_l =
-0 —00

R
2n(T —t;,) P\7277= ti,

Thus, taking ¢;,4¢ := t,—1, £ € N, from equations (10), (11) and (12), we have

“+00 +00 i1—2 p—1
/ / gI(y7 ]V) (H dy]) <H dJlﬁ-l dy1]+1 2) delp—w (13)
J—o0 —00 j=1

j=1 j=1

) = it (12)

p—1
= 01(Yi -1, tiy 1) (H [@ij(yiw yij—l)q)j(’yi,-,yijﬂ—l,tz‘j,ti,-+1—1)]) Pi,(Yips Yip—1)02(Yip» tiy)-
j=1

Using Lemma 3.1, we have

*+00
/ ¢1(yi1—1,tn—l)%l(ym yil—l)dyil—l = ¢>1(J(’!/i1)»ti1) (14)
J —00
and
+o00
/ (I)j(yijvyij+1—latijatij+1—1)(pij+1(yij+1a yij+1—1)dyij+1—1 - (15)
—0o0

= (I)j(yijv J(yij+1)’tij5tij+l)’ .7 = 1a P = 8
Then, from (13), (14) and (15), it follows that

+0o0 +00
/ / 7(y, N) H dy; =

JEN\T

1
= ¢u( yu (H(I)] Ji, Jz,+1 1.1) z]+1 ) .Uz,,a 1,, (16)

Define the functions f, F': RP — R by

p—1
f(yiw-“:yl,, <HQ)J Jz]’J(JLJH ij9 1,+1 ) sza L,,

J=1
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and
F(y‘ila "'73/1’,,) = @l(J(yil)a til)f('!/il, "'ayip)'
f(yi]» "'1yip)
27l'(ti] = TI)

Thus F' is a continuous function, |F(y;,, ..., u;,)| < and

Fr f yha' :sz 1
Sy = e
\/ 11 - T V Zﬂ(til - Tl)

By Tonelli theorem (Theorem 2.3), the function F' is generalized Riemann integrable in
R? and

g =00 +00
/ F(Yiys o Y, )Yy - dys, = / / F Wiy g wery Ui, VOG5 o0,
JRRP —00 —00

is finite. Hence, from (16),

00 400 +00 *+-00
/ / 9z(y, N)dyrdys...dyn—, =/ / F(yi,, "')y’ip)dyil"'dy'ip < 0.
=00 . o0 —0Q0 o0

Using Corollary 2.1, gz(y, N) is generalized Riemann integrable with respect to y in R"~!
and

/ 9z(y, N)dy,...dyn—, =
Rn—1

+00 +o00
= / 9z(y, N)dy1dys...dyn—1 =
- —00

1

+00 +oo p—
/ / Jll 11
j=1

J

p

CI)J yljv‘](yl]+l) tz], 141 )d’? yz,,a ip H Yi;

which completes the proof. [ |

The next result says that Gz(x, I[N]) given by (9) is generalized Riemann integrable
in the function space RI7"7(,

Theorem 3.1 The generalized Riemann integral

/. GI($> I[N])
Rl 7l

ex1sts.

Proor. Consider a division & = {(z, I[N])} of RI"*7l| with each N chosen so that
T C N € F(J7', 7). Then the Riemann sum of Gz is given by

> Grle, IND= Y. QuUIN]).

(z, I[N])e€ (z, I[N])€€

Let M = U{N : (z, I[N]) € £} and enumerate M as {ty,...,t;—1}, Where 7/ =ty, T =1,
and tg < t; < ... < tjp_y < tp,. Each term Qz(I/[N]) of the Riemann sum can be rewritten
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as (Q7(I[M]) by inserting additional y;’s in the expression of gz, j € N'\ 7, and integrating
from —oo to 4+00 on the extra y;’s. Then the Riemann sum becomes

> Qz(I[M)).

(z, I[M])eE

with M a fixed set of dimensions. So we are now dealing, in effect, with some Riemann
sum estimate of an integral in m — 1 dimensions. Then each term of the Riemann sum is
an integral over I[M] C R™~! and, by the finite additivity of these integrals in R™~!,

> Q= [ [ ot My (17)

(z, I[M])€E
By Proposition 3.1, the integral (17) exists and we can rewrite Z Qz(I[M]) as
(z, I[M))€E

-1

00 “4-00 p d
/ / (lbl('](y'il)’til)H(I)j(yij:J(y’ij+1)7t'ij»tij+1)¢2(yipatip)deij' (18)
-0 —00

Jj=1 Jj=1

Let 4 be the integral in (18). Thus, given € > 0, for any gauge « chosen so that L(z) D Z,
we have that for every (z, I[N]) € &, Z C L(z) C N implies

> Gz(=z, IIN]) - B| <e.

(z, I[N])€€
Therefore, / Gz(z, I[N]) = 3 and the proof is complete. ]
Rl‘l’/,f{
n-—1
Let us show that the expressions gz(z, N) H AI; and Gz(x, I[N]) are variationally
j=1

equivalent in RI7>7l. This result is a consequence of the next proposition.
Define the auxiliary function ¢z(I(N)) by

n—1

ar(I(N) = gz(z, N) [T AL,
j=1
If (z,1) is an associated pair, where I = I[N], let

qz(z, I[N]) = qz(I(N)).

Proposition 3.2 Let k(z(N)) = k(z(t1), ..., z(ta—1)) be a real-valued function which de-
pends on (xz(t),...,x(tn=1)). If k is jointly continuous in z;, 1 < j < n —1, then the

expressions k(x(N))qz(z, I[N]) and / k(y(N))gz(y, N)dy(N) are variational equiva-
I(N)

lent in RI™" 7L provided at least one the two integrals exists.
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PROOF. Let € > 0 be given. Since J is a continuous functions, given z € R] i , We can

choose L(xz) and §(xz(NN)) such that, if N D L(z) 2 Z, then (I(N), z(N)) is — ﬁne, and
if y € I(N), then

[k(@(N))gz(e, N) = k(y(N)gzly, M| < 52t = gz (e, 1)

and 1
9z(y, N) > 591(% N).

Thus,

E@(N)azle, IIN) — | k@(N)gz(y, N)dy(N)| =
| I(N)

= |k(z(N))gz(, /V)l:IAIj -[(N)k(y(N))gz(y, N)d'y(N)l =

/' k(2(V)gz(e, N) — k(y(N))gz(y, N) czyuv)‘ <
I(N)
< 5V =) [ orly, Nay(m)

Now, we can choose a gauge 7 such that for each division &,,

2

(2, I[N)) €€y

k(N artz, V) - [ o HNor(y N)dy<N>1 <
< &SI T (4, N)dy(N) =
: W%% /1 oy IE® M)y

27 (t;, — T’)/ gz(y, N)dy(N) < e.
Rn—l

/ z(N)) (];r T, I[IV / / g’I Y, )dy(N)’
Rl RI7\ L JI(N)

which completes the proof. [ |

DN

Therefore,

As a direct consequence of Proposition 3.2, we have the next corollary.

Corollary 3.1 The expressions qz(x, I[N]) and Gz(z, I[N]) are variationally equivalent
in RIT 7,

Let 7/ < Ty <7and Dy ={z € RI™ 7. z is discontinuous at T1}. We intend to prove
that Gz(x, I[N]) exists and equals zero, because this result will be useful in the next

J D,
section. We need to show some auxiliary results in order to prove this fact.
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Let M = {Ty,...,T,n} C]r’, 7 be fixed and suppose a functional h satisfies h(z) =
h(z(M)) for all z € RI™>7l. Then h is called a cylinder functional. Note that h depends
only on the values taken by z at 71, ..., T}, and we can treat it as a function of z(M) € R™
or as a function of z € RI™"7[. Thus, consider the particular case when M = {T},7,} and
h(z) = h(x(M)). Let Hz(I[N]) be given by

Hz(I[N]) =/ h(x(M))gz(x, N)dzy...dz,_,.
I(N)
If, <Ty < Ty < 71iqy for some i € {0,1,2,...,p}, 0 = 7’ and Tp+1 = T, define
( 1 (2r; + J(2r;) — a:Tj_l)Q)
i exp ~3 P—
Hi(z, M) = h(z(M)) H g -
j=1

X
2n(7j — 7j-1)

1 (:I“Tl — wTi)z . L (ITz - :I;Tl)z 1 (x‘rf+1 + J(‘TT;‘+1) - :E'Tz)z
exp (-———— exp | —3 T, exp | —3

" 2 I =m Tyl — 13
271'(T1 = ’ITL') 27T(T2 == Tl) 27!’(Ti+1 = Tz)
L (@, A F(iy ) = By, I 1(x, — CETP)2>
p exp|—= exp | -z ————2—
2 H 2 T]' - Tj—l 2 T = Tp
j=i+2 2m(7j — 7j-1) 2m(T — 1)

and, if T} = 7, and T} < Ty < 734 for some i € {1,2,...,p}, define

(_l (zr; + J(2sy) — fvrj_l)2>

i €Xp

2 T: — 7-._1
Hy(x, M) = h(z(M)) e X
Jl:[l 2m(T; — Tj-1)
. 1 (ITg - 51:7'1).2 i 1 (:UT1+1 I J(:ETi+1) - IT2)2
y exp ( 5 Ty — 7 =P 2 T Rl |
2n(Ty — 1) 2m(Tiy1 — T2)

i (ITj + J(:I:TJ) - 2:11_1)2 ax o 1 (.’1:7- = .f[,'-,—p)2>
2, b 2 =T P 2 T-7

I 11

j=i+2

2m(Tj — Tj-1) 2m(T — 7p)
The next theorem states conditions on Hi(x, M) or Hy(x, M) so that the function
Hz(I[N]) is generalized Riemann integrable in RI™7L.

Theorem 3.2 Suppose h, considered as a function of x(M) = (x(Ty), z(Tz)) € R?, is
almost everywhere continuous.
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1 If; <Ty < Ty < iy for some i € {0,1,...,p} and Hy(x, M) is generalized Rie-
mann integrable in RP2 with respect to the variables Biny 5. svey Ly B, 5 Biys By g1 w003 By
then Hz(I[N)) is generalized Riemann integrable in RI™", and

/ Hz(I[N]) = Hy(z, M)dz,,...dv, dxr dvr,d,,, ,...dT,.
Rh 7|

Rp+2

2. If Ty =71 and Ty < Ty < Tiyq for somei € {1,2,...,p} and Hy(x, M) is generalized
Riemann integrable in RPT! with respect to the variables x,,, ..., Lorgy BTy Bggey v ooy Ty
then Hz(I[N)] is generalized Riemann integrable in Rl and

/ H7(I[N]) = Hy(z, M)dz,,...dz,dor,d2,,, ...d2.,.
Rl 7l Rp+1

PROOF. Let us prove item 1. Let & = {(x, I[N])} be a division of RI""7l with each N
satisfying Z C N € F(]7', 7[)}. We recall that

Hz(I[N]) = /].(V) h(x(M))gz(x, N)dzy...dr, ;.

Let O = U{N : (z, I[N]) € £} and enumerate O as {ti,...,t,—1}, where 7/ = to, 7 = ¢,
and tp < t; < ... < t,_; < t,.. As in the proof of Theorem 3.1, each term Hz(I[N]) of
the Riemann sum can be rewritten as Hz(I[O]). Then, by the finite additivity of these
integrals, the Riemann sum becomes

Yo H(IIN)= > H(IO)= ) / (M) gz(z, O)dz;...dz,_;.

(, I[N))e€ (z, I[N])e€ (z, I[N))e€ 7 11O

But,
h(z(M))gz(z, O)dz;...dzx,— =

(z, 1[0))e€ V110

“+00 +00
=/ / h(z(M))gz(z, O)dz;...dT,—1 =

*+00 *+00
=/ / Hy(z, M)dz,,...dz, dz7 dz1d21 ... AT,

where the last equality follows from Lemma 3.1.
“++00 +o00

Let 3 be the value of / Hy(z, M)dzy;...d2dor, dOrydEy, ;- A%, Given
—o0 —00
e > 0, we can choose a gauge v, with Z C L(z) C N, such that

> Hr(I[N))-B|<e

(z, I[N]) €€y

for every division &,. Therefore / Hz(I[N]) = B.

RI7 7l
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Analogously, we prove item 2. [ |

Let 7" < Ty < Tandlet D; = {z € RI™: 7l z is discontinuous at Ti}. Let 7 < T < 7,
T, # Ty, and let

X! = {m e R lim sup |z(T3) — z(TY)|? > 1} :
Tr—T

: : 1 1
AP = {:r e R™7: 2 <lim sup |z(Ty) — z(Th)[? < ——} :
J Tr—T ] _1

T +o0
4 =2,8 . Let D'= UXj. Then, D, = U D"
Jj=1 r=1
In the next lines, we prove that Gz(z, I[NN]) is generalized Riemann integrable in D"
with integral zero. Then we conclude that this function is generalized Riemann integrable
in D; with integral zero.

Lemma 3.2 Forr=1,2,3,..., Gz(z, I[N]) exists and equals zero.
DT

PROOF. At first, suppose 71 ¢ {71,...,7,}. We can suppose, without loss of generality,
that 7, < T} < Ty < 7341 for some i € {0,1,2,...,p+ 1}, 70 = 7" and 7,41 = 7. Note that

1 _ 2
_M) oy =

1 “+00 5
x, — ) exp [ —
M%uyjnlw(” n) l<2 T—Th

LB [ g, - 2B (3)

T —
=i£—£hﬁ_ﬂ-ﬂ=M—ﬂL

Jr 2

Then,
; exp (—l (zr; + J (2, $T1_1)2>
/.+oo. /.+oo |33T2 _ leIZ 1_11 7 T Tj—1 y
sl oo\ 27m(T —T') s 2m(T; — Tj-1)
= _l(xT] _:L'Ti)2 e _l(mTz _xT1)2
XeJI 2 Tl—T.i P 2 TQ—Tl 5
27T(T1 — Ti) 27T(T2 — Tl)
(EXI) (_% (CET;-H + J(:ETH,%? i $Tz)2> p exp <_% (J(‘I"TJ) + IT]‘ - :L‘Tj—l)2>
Titl — 42 = 75 = Ti1
X X
27 (Tip1 — T2) JLIQ 27 (7 = 7j-1)
1 (xT - ‘,'137'1))2
il W g T _ -7

X Ay, . A% B B i, ol = e,
21 (1 — 1) " R ToN2n(n = T)
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Let ¢ be the last integral. Let h(x(M)) = (21, — o1, )? in the expression of Hy(z, M).
Then, by Theorem 3.2, item 1., we have

/ Hy(z, I[N])) =
JRI 7l

*+00 *+00 i wap ( -
_ . 2 2 Tj — Tj-1
= |z, — 27| X

ax _l (I.Tl — x‘ri)2 - _1 (:ETz —I7 )2
P 2 Tl — T; P 2 Tg = T] .

X
27T(T1 = Ti) 27T(T2 = Tl)
( 1 (:UT:'+1 + J(‘TT,H) - $T2)2> < 1 (xTJ + J(a:"f]) xT1—1)2>
exp | —= p exp | —=
" 2 Tl —d3 H 2 Tj — Tj-1 "
2W(Ti+l - TZ) j=i+2 27r(Tj - T]—l)
< 1(z, — a:Tp)2>
P\~
X = dzr,...dz, der deg,de,,, ... dT,,
2n(T — 7p)
S§=——'————IT2_T1I )
Vn(n —1)
where the last inequality follows from the Tonelli theorem (Theorem 2.3).
Given € > 0 and j € N, we can choose T3 and a division &, such that
€ * i
3 = Z HI(I, [[ND (=) / (1‘7‘2 — SL‘Tl)ng(.'I), O)dl‘l...dl'r_l >
1[0]

(z, I[N])€&, (z, I[N])e&y

> Y x00) [ (o - on) (s, O)dordayy 2
(z, I[N))€Ey 10]

1 ) n
2% S x08) [ gale, O)dodar =
J (z, I[N])€Ey 10]

1 j
= Y X(X,0)Gxla, IIN)).
J (z, I[N])€&,

The symbol O after the first equality (x) denotes O = U{N : (z, I[N]) € &,}. Since
e > 0 is arbitrary,

/ x(X?,2)Gz(z, I[N]) =0
R]T’,T[
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for every 7 = 1,2,.... Then, by the finite additivity of the integral,

/IR.’]T’ #l (D", z)Gz(z, I[N]) = 0.

It7, € {7'1, ...y Tp}, then Ty = 7; for some i € {1,2,...,p}. Considering T} < Ty < Ty41,
1(zr, — T .
(n_,)) dz,, = |T5 — T|, then

+o0
\/——ﬁ / |, — I'rilZ exp <_3 T — 1
9 z —00 < 27 N
[ exp <__1. (7, + J(2r) = $T1—1)2>
1 2
/+00 /+OO |IT2 — I |2 H 2 Ty — Tj—1 %
2m (T — 7') 2m(T; — Tj-1)

Since ——————

x T — 2 Tigl— 48
2w (Ty — ;i) 27 (Tip1 — 1)
( 1 (s +flm) — :L‘Tj_l)z) ( 1(x, — pr)2>
p exp|—= exp | —=——=—
XH 2 Tj — Tj-1 2 T—=7 y
j=it2 \/27’(’(7']' =5 Tj—l) \/27!'(7' == Tp)
T, - T;
KRBy iUy QBT A 5 o, = |2—1|
2m(T — 7)
Thus,
' T, -T
Rl 7l 27(m — 7)
where )
/ Hz(I[N]) = Hy(z, M)dz,,...dvrdxr,d2r , ...d2,,
Rl 7 Rp+1
with h(z(M)) = (zr, — x7,)? in the expression of Hy(z, M).
The rest of the proof follows by analogous argument. [ ]

Theorem 3.3 The integral Gz(z, I[N]) exists and equals zero.
Dy

Proor. We have D, = U D" and D" C D", For each associated pair (z, I[N]), define

fe(z, I[N]) = x(D*,z)Gz(z, I[N]), k=1,2,3..

Given © € Dy, there exists a positive integer ko such that x € DF for k > ky. Thus,
x(D* 2) = x(Dy, x) for k > ky. Consequently, for each associated pair (x, I[NN]), we have

Filz, I[N]) *=25° fo(z, I[N]),
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where fo(z, I[N]) = x(D', z)Gz(z, I[N]). Note that
|fo(z, I[N])| £ Gz(z, I[N]) and |fi(z, I[N])| < Gz(z, I[N]), k=1,2,3,....
Given € > 0, there exists &y > 0 such that
|[fo(z, I[N]) = fi(z, I[N])| < eGz(, I[N]),

for k > k, and all associated pairs (z, I[N]). By Theorem 3.1, Gz(z, I[N]) is generalized
Riemann integrable in RI™:7l, By Theorem 2.2, f; is generalized Riemann integrable in

RI™ " and _ _
/ o(z, I[N]) = lim / fe(z, I[N]).
Rl 7l k—+0o Jpir, 7|

Using Lemma 3.2, we obtain

/l x(D', z)Gz(z, I[N]) =0
Rl 7l

and the proof is complete. [ ]

3.2 An equation of Schrodinger type with impulses

We start by defining the solution of an impulsive partial differential equation. The idea
of this definition is borrowed from [10].
Suppose 0 =7y < 71 < Ty < ... < 7, < T are given numbers and 7 € |0, +oo[. Define

A=Rx|[0, 7],

sz{(wv t) wER»tE]TM Tk‘+l[}) OSkSP“la
Ti={(,t): v eR t€[m, e[}, 0Sk<p-—1,
I“—{(u, Y eR, t €, T(},

[

Pp={(¥,t): veR, t€[n, 7},

F—Ufk and T LPJ

k=0
Let (A, R) be the class of all functions u : A — R such that

i) the functions u|p,, k = 0,1,...,p, are continuous.

ii) for each k, k =1, ...,p, the limit  lim  wu(v, t) =u(¥, 7 ), ¥ € R, exists.
(v, )= (b, 1)

iii) for each k, k =1, ..., p, the limit lim  w(y, t) =u®, 77), ¥ € R, exists.
(v, t)— (¥, 7))



We consider the equation of Schrodinger type in I’

0 1 &

subject to the impulse condition
u(, ) — (@, 77) = 1Y, T, w(®, 1)), (20)
where k =1,2,....,p, and V: R — R and [ : R® — R are functions taking real values.

Definition 3.1 The function u : A — R is called a solution of the problem (19) — (20)
if:

i) ue K(A, R);
it) the derivatives uy (v, t) and uyy (Y, t) exist, for (¢, t) € T';
i11) u satisfies (19) in I' and (20) at each 1, k = 1,2,...,p.

Let Uz be a real-valued function defined on R that admits second order derivatives.
Given s €]7, 7[ and ¢ € R, let N, be the set {¢1,....,t,—1}, where t, = 7’ and ¢, = s.
Then define

UI(Nsa Is; S, s) _.—_/ gI(y, ]\/s)e—UI(l'r—1)(8—7-/)dy(Ns)

I(Ns)
and )
qzr(z, Ns, Is) = gz(z, Ns) HAIJ
=1

Let Wr(x, Ny, I <, 8) = gz(@, Ny, L)e Vr@=06=) If Wy(z, N,, I;s, s) is generalized
Riemann integrable in RI7>*(, define

(DI(Ca S) = /] [‘/VI(CL', NSa IS;C’ S)-
Rl s

The proof given in [11], shows that the expressions Wz (z, N, Is; s, s), vz(Ng, Is; <, )
and e"UI(l"-l)(S_T/)GI(:r, I[Ny]) are variationally equivalent in RI™s. Therefore we have
the following result.

Proposition 3.3 The following equalities hold

¢z(s, s) =/], vr(Nelsi 6, 8) =/ e VrlEr0C"TG (2, IIN)),
RT y 8

RI7, sl

whenever either of the integrals exists.



Note that, here, the domain of integration is RI™"*l rather than RI™"7(, and the elements
x, N, and I, are taken in R/7" s,
We shall show that ¢z(s, s) satisfies the equation of Schrodinger type in T’
d d

ag—u(g, s) — %a—&u(ﬁ s) + V(s)u(s, s) =0, (21)

where V() =

tion

[Uz(g)(s —7) = [Uz(s)(s — )2 - Uz(c)}, subject to the impulse condi-

N =

u(&, ) — u(&k, T ) = L&k, Thy w(é, Tr)), (22)

where (1) = &, k=1,2,...,p, and

"+00 "+00
I(&, 71, u(é, 1)) :/ / Aydzy, .. dzy,
—00 —00

with
2 J ) — 1\2 D — 1\2
Lo (R - Ure)(n - ) e (455 - Unle)(n - 1)
b 2w(m — 7') 27(1y — 7')
and iy s
[(fk, Tk u(fk, Tk)) = / / A X Bdl‘i]...d.’ITik_l, if 2 S k S P
—00 —0Q
with
k—1 1 (IEij+J($C1j)—l‘ij_l)2
A H M W bij—ti;_,
=1 \/271'(151']. = tij—l)
and
— 1(‘L’k+J(I'k) Tip 1)
Bpl—5— —— Uz(&)(Te — 7')
ik "lig—q

e 2
exp (‘%M — Uz (&) (e — T'))
27r(tik - tik—])

Our intention is to prove that ¢z(s, s) is a solution of the problem (21) — (22), for
T'<s<Tandg¢€R.
In the next result, we establish the integrability of the function Wz(x, Ny, I; ¢, s).

Proposition 3.4 Let 7" < s < 7 and x(s) = . Then Wz(x, Ny, I;; s, s) is generalized
Riemann integrable in RI™*l and

/ Wl My e, ) =
IR]TI‘S[



’ o, o 2
/ »+00 +00 r(s)+1 exp (_% (Il]+‘tl(1:]t) xlj_l) >
_ e—UI(g(c))(s—‘r ) / / H ij~lij_q d:c.il...dxir(s).
J—ss 5 j=1 27l'(tij - tij—x)

where by, = g =7, #(8) = max {z']- :j€{L,2,..,p} and #; < s} and t =

ir(s)+l

PROOF. Since Uz is continuous, given € > 0, Theorem 3.3 says that for z € RI7"sl
continuous at s, we can choose L(x) such that

Ns = {tl-, ----,tr-—l} 2 L(.’L‘) 2 A

implies
}e—uzm_l)(s—r') — gl o &
e(s, )
where
> P 2
00 +oo [T+l exp <—%(11j+‘:_(z_l"t? Bt )
(s, s) :/ / — dzi,-..dTi, ).
—00 J —o00 ]1:[1 27T(tij — tij-—l) ! e

By Proposition 3.1, 0 < (s, s) < 400, for every s € |7/, 7[ and ¢ € R. By Theorem 3.1,
we have

/ Gz, IIN.]) = wls, 5).
Rl sl

Then, we can choose a gauge « such that, for every division &,

Z Uz )(=) G (2, T[N,]) — V206G, I[NS])] <

(,1[Ns])) €€y
€ €
< Y Gz(z, I[N)]) < (€ + (s, 5))-
Bl 8 e (s, s)
Hence, we have the result. [ |

As a consequence of Proposition 3.4, we have the following result.
Corollary 3.2 The function ¢r satisfies the condition given by (22).

Now, we give a result which establishes conditions for the continuity of the function
¢7 at intervals with no impulse action.

Proposition 3.5 Let s €7, 7[\{71,..., 7} and ¢ € R. Given ¢ > 0, there exists 6 > 0
such that, if |s; — s| < & and |51 —<| < 0, then |pz(s1, s1) — ¢z(s, s)| < €.

30



Proor. Let s €], 7[\{7,...,7,}. We can suppose, without loss of generality, that
Tk < 8 < Tgy1, for some k € {0,1,....,p}, where 79 = ¢t = 7’ and 7,41 = 7. Then, there
exits 6 > 0 such that |s — 0, s + §[ C |7k, Tr+1[- By Proposition 3.4, we have

95I<(/) /3) = e~ (V) (B—T7" / /+o<: k+1 exp <

(zi; +J(1,) Tij_ 07 >

ti;—ti; )

V 27 (tij - t'ij—l)

for every 3 € ]s— 6, s+d[ and every ¥ € R, where t;, =7/, t;,,, = 8, z(7') =&, z(8) = ¢
and J(x;,,,) =0. Given 3 €]s — 6, s+ §[, # # s, consider the following expressions

I\J|b—

s T 2 O

(zi,+J(zi,)—zi,_ ;)2 —z;, )2
o [ (A ()
wz(s, s)=e z(6)(s=7") i k
i1 2m(bs; — ti;_,) 27(s — ty,)
and
1(1i.+J(.’L'i.)—l‘,’._ )2 (1/1 zi )
k exp< 1% ti]-—]t,-j_ljl ) exp( " t:,i >

g0, §) = ¢-Ur)B=1)
. JI:II V2m(ti; —ti;_,) 2m(B - ti,)

Since Uz is continuous, we have wz(¢, ) — wz(s, s) as ¥ — ¢ and f — s. Note that
wr(s, s) > 0. Then, given ¢ > 0, there exists d; > 0, with §; < ¢, such that

ND

§

lwz (Y, B) —wz(s, s)| < ewz(s, s).

whenever 0 < |3 — s| < §; and 0 < |¢p —¢| < §;. By the dominated convergence test
(Theorem 2.2, see also [19], Theorem 9.2), we have

oz(¥, B) — ¢z(s, s)

as ¢ — ¢ and  — s. Therefore the result is proved. [ |

Theorem 3.4 below says the lateral limits of the function ¢z at the moments {7, ..., 7,}
exist.

Theorem 3.4 Let x(1,) = &, k= 1,2,...,p. Then, the limits

lim  ¢z(c,s) and lim  ¢z(s, )

(Cws)'—'(Ek’T}j) (C»S)—'(fkﬂk_)
gmist far k= 1,2, ....p.

Proor. Consider a fixed 7 for some k € {1,2,...,p}. Let 6 > 0 be arbitrarily small. By
Proposition 3.4, we have

1(i.j+J(l‘ij)-Iij_1)2>
1

e +oo [k exp ( T
¢1(S, Tk +0) = e_UI“)(T’“LJ”T/)/ / H £ X
—00 —00 j=1

W(tij = tij-l )
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Now, note that

(i +J(i;)—2i;_, )2 —&i).)?
L <—% J “j‘ltlj—lj 1 ) = (_%(‘ EJ)

27T(tij — tij—l) V 210

j=1
xi:+J(2i.)—Ti. 2 £ )2
| ] ) K o
< = .
27T(t,jl — tio) j=2 27T(tij - ti]._l) vV 27‘(‘5
Define « as being the right hand side of the inequality above. Then, the integral
/I+Oo /~+oo l l ists and it i 1t ! . Tl
adx;, ...dx;, exists and it is equal to — . Thus,
J -0 J —o0 ] * \/éw(t'il - tio) \/277-(7-1 - T/)

by Tonelli theorem (Theorem 2.3), we have

brle, et §) < EO )
z\Ss Tk >

2n(m — 7') '

Hence the limit lim oz(s, s) exist.
(6,8)= (& )
Now, we note that

"-00 +oo [ k=1 exp <_% (zij+‘t].(mii?_zij_l)2)
br(s, T — 6) = e~Ur(@m=5=7) / / I Y= §

00 00 =1 \/271'(&]. = tij—l)

.dﬂ?ik 1
\/27T(’7’k — 0+ Tr_1
Analogously, we have
5) e~ Uz () (e —6-7") -
Pzl T —i0) % if k=1
( \/271'(7‘1—5——7'/)

and

e~ Uz () (e —6-7")

¢z(s, e —0) < if k=238 .0,
2n(m — 1)

Thus, the limit lim ¢7(s, s) also exists. [ ]

(s, 5)_'(6‘»‘! Tk—)

In the proof of Proposition 3.5, we defined wz(s, s) by

. 3 5 2 ( -z 2
r(s) exp (_% (i +J(zi;)—2i;_y) ) exp <_% :_JL a3 )

t‘r(s)

— ,=Uz(s)(s=7") - bij—ti;
LL%Z-((;? L(;) =€ 3
H 2m(ti; — ti;_,) 2n(s — ti,,)

j=1

32



for 7' < s < 7 such that s # 7; for each j = 1,2,...,p and ¢ € R. Note that

+00
/ / s)dz;, .. dwir(s).

By differentiation, we get

2
awI(g7 S) o 1 1 Gi— ‘Ti,-(s)
Bs — UI(C)WI(C, s) me(C, e 3 s—_t(s) wz(s, ),
owz(s, s (s St
Ia(C ) _ ~Uz(6)(s = T)wils, 8) — — tr:s: wz(s, )
and
()2' . G — xir y
9 8) | —ii(6)s = ) + [0(6)s = PO + 20z(6)s = 7) [ St ) | (s, 5)+
= $ = tiy,
1 el ’
_ ir(s)
§— tir(s)wz(c’ S (5 = ti,y ) iy B
Thus,

Owz(s, 5) _ 10%w1(s, s)
Js 2 0Og?

i p(c, S)WI(C’ S) = 03 (23)

| —

where p(s, s) =
p(s, ) -

lr(s)

U2(s)(s — 7) — [U2(s)(s — )2 — 20(s)(s — 7) (g———”’—> — Ur(s) .

The next result says that p(s, s)wz(s, s) is generalized Riemann integrable.

Proposition 3.6 Let 7/ < s < 7, s # 7; for every j = 1,2,...,p and x(s) = . Then the
function p(s, s)wz(s, s) is generalized Riemann integrable and

00 400
/ / p(s, s)wz(s, s)da:il...da:ir(s) —
oo —00

_ % {UI(Q(S —7) = [Uz(s)(s = 7)]2 = Uz(s )] oz(s, s).

PROOF. It is enough to prove that

+oo +0o _—
S ‘,L‘lr s)
/ / ( : ) (s, s)dz;,.. dx; = 0.
1r(S)

Indeed. Note that




Now, we define

(ll +J(¢l )—i. )2
. =Uz(s)(s—7") S~ I‘r(b) s 16Xp< 2 t"'_'l 1J 1 )
j=1 ij — bijo

X

Then,

Since

C - :LL,(S) g B :U’L"(s)
0< | — Jwzls, 8) < kls, s) or k(s 8) < | —— | wrls, 8) <0,
B tir(a') s — ti

by the Tonelli theorem (Theorem 2.3), we have

+o0o +00 — T
/ / — ] (s, s)dx;, ...dx; , =0

r(s

and the proof is complete.

5]
0 18°
By Proposition 3.6, the expression wzégc, 5) _ = w;(g, s) in equation (23) is inte-
S Z S
grable and
/.+oo /+oo awI(g’ S) B lazwl(g, S) dl.' dx' B
J . . as 2 8(2 110 lr(s)

o

8]

> [0()(s = ) = [W(s)(s = )2 = Uz(6)] éa(s, ).

The problem now is to prove the following equalities

400 *+-00 awI(C, S) o *+00 +00
/—oo /_oo deil...da:ir(s) = %/_oo /_Oo wz (s, s)d:zz-l...da:ir(s)

and

+00 +o00 92 e oo e
/ / 97 wI C S) dlL'(é) — %/ / wz(c, S)dzil"'dmir(S)
" J-—x —

and to conclude that

%(%Z(Ca 8) — ;830521 (¢, 8]+ [Uz( (s —7") — [Uz(q)(s — ™)) = Uz(s)| dz(s, 8) =0
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for (¢, s) € I'. Thus, in order to prove the equalities, we introduce some additional
notations below.

Given f(s, s), let
Dapef(s, s) = zlL-fa(c, s) — QLbCfbc(c, $),
where
fals, 8) = f(s, s+ a) = f(s, s)
and
Joe(s, 8) = fs+b4¢, 8) = fls+b,8) = fls+¢ )+ f(s, 5)

for non-zero real numbers a, b, ¢. Then the limit

hln Dabcf(ga )

(I C—‘

exists and equals
af 18
%(9 8) — 5—8}3(9 s),

if and only if the partial derivatives

af &*f
O0s’ 0g?
exist. 5 92
wr(s, s ,
In our case, since the derivatives %((, s) and % exist, we have
S %
. ) c‘?wz 1 02wz .
(1,})1,21—10 D(:bcw1(§3 5) = g(gs S) - 5 aCQ (Cv S) = _p(§> S)wl'(gv S)' (24)

By Proposition 3.6, the limit hmoDawaI(c, s) is generalized Riemann integrable and

10_"’

+00 +00
/ / }jun Dopews(s, s)dz;,...dz; ,, =
a,b,c—0

= —5 [266)(s = ) = [Wal)(s = ) = Uz(6)] a(s, 5). (25)

Thus, if we prove that

400 *+00
/ / lim Dabcwl'(ga )dmil"'dmir(s) =
J —0 =
oo

a,b,c—0
+ +00
= lim / Dabcwz(c, S)d(L‘i]...dCEir(s),
a,b,c—0 o5 55
Op7(s, s ?d7(c, s .
then we can conclude that ¢I,( ) and d)?( 5 ) exist.
0s Js .
. ... O¢r 0% o1
The next theorem shows the existence of the derivatives aqb and EER
S S
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Theorem 3.5 Let 7' < s < 7, s # 7; for every j = 1,2,...,p and z(s) = . Then the
: 0 D*pr .
partial derivatives %(q, s) and agbg (s, s) exist for (g, s) € I.
s
PROOF. Let e > 0 be given. By equation (24), we can choose p > 0 such that 0 < |a| < p,
0<|6] <pand0 < |y| < p imply
| Dagywz(s, ) + p(s, s)wz(s, )| < wr(s, s)e.

Given x, N, I, choose o, By and vy satisfying 0 < ap < p, 0 < fy < pand 0 < vy <
such that

Sup | Dagyzls, 5) + pls, S)r(s, 8)] < wrls, 5).
0<|a|<ap
0<|B|<Bo
0<|v[<0

Since 0 < || < ag, 0 < |B] < fo, 0 < |7] < 70, we have
—wz(s, 8) < Dagywz(s, )+ p(s, s)wz(s, s) < wz(s, ).

By the dominated convergence test (Theorem 2.2, see also [19], Theorem 9.2), we have

+00 *+00
lim / DQ/J'*/‘-UI((a )dfﬂn dxzr(s)

a, 3,v—0

+00 +00
/ / Cy LU_’Z' S, S )dxll dx'l (3)

= 5 [02(0)(s = ) = [Wle)(s = 7)1 = Uz(6)] dls, ) =

(25) [T e
= / / llln DQJ" WI(ga )d:c":l "'dxir(s) :
&6 — a, B3,v—0

Then, since

S e 9¢z(s, 5)  10%¢1(s, s)
Ii Do ywi(s, 8)dz;,...dz; , . = - - S
o /_oo o Daorwr(s s}z oy, = =5 5= = 5753
the result is proved. [ |

Thus we conclude the following result.

Theorem 3.6 The function ¢z(s, s) = / Wz(z, Ny, I, s) satisfies the partial dif-
R]T’,Si
ferential equation of Schrodinger type in I'
0 10?
au(Ca g = 58—@“(9 s) + V(s)u(s, s) =0,

where V(5) =

tion

DO | —

[Uz(c)(s — ) = [Uz(s)(s — )2 - Uz(c)] . subject to the impulse condi-

— I(Ek: Tk u‘(gk" Tk))’
where x(1y) = & and (&, Tk, u(&k, Tk)) is given by (22), k=1,2,...,p.
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3.3 Example

Now, we illustrate the theory by explicit evaluation of ¢z, when each of the impulses
is a constant and the function Uz(t) = [ for every t € R, with # € R. Consider the
continuous function J : R — R given by J(z(7;)) = o, 1 < j <p. Let s €], 7[,c € R
and Ng = {t1,....,t,—1}, with tp = 7’ and ¢, = s.

Consider the following auxiliary function ¢ : R — R given by

i ) ZlE), if t#7; forall j=1.,p
ofx(t)) = { z(t) +J(z(t)), f t=19; forany j=1,..,p.

Then
J Q Tq ey 1)2
r(s) exp < 1(1,L;’_iT.z-l_)> exp (_%(g(?—ir:;)) >
wr(s, s) = e P H 1 (
Jj=1 27r(tij - tij—l) 27T(S - tr(s))

Then, by using Lemma 3.1, we obtain

+00 +oo
/ / (€ SIAB d:l,.m , =
.5 T

e—Bls=7") CL(o(s) =€+ o+ .+ angy))?
2r(s — 7') exp( >

2 $—1T1
and by Theorem 3.6, we have

is a solution of the partial differential equation of Schrodinger type in I’

02

1
u(s, s) — 58—55’“(9 s) + Bu(s, s) =0,

9
or

subject to the impulse condition

u(&k, k) — u(&ky 7)) =

k 2 k-1 ot
1<sk-sf+zai) 1(@-e+zai)
i= i=1
=———— |exp | —= , —exp | —= / :
2m(1p — 7) : 2 Th =T 2 Tk =T
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