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Abstract

Let (R, m) be a d-dimensional Noetherian local ring. In this work
we introduce the notion of superficial sequences and joint reductions
for a family F,..., Ey of R-submodules of RP. This definitions agree
with the usual ones when the modules are ideals (i.e., p = 1). We
prove the existence of both, superficial sequences and joint reduc-
tions. We also introduce the notion of mixed multiplicities for a fam-
ily Ei,..., Ey of R-submodules of RP of finite colength, which agrees
with the one given by Kleiman and Thorup in [KT2] when k& = 2,
and which generalize the notion of mixed multiplicities of m-primary
ideals. The main result of this work is a generalization for modules of
the fundamental Rees’ mixed multiplicity theorem.

Resumo

Seja (R, m) um anel local Noetheriano d-dimensional. Neste tra-
balho introduzimos a nogdo de sequéncia superficial e redugao si-
multidnea para uma familia de R-submddulos Fy, ..., E, de RP. Estas
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definigbes coincidem com as defini¢des dadas para ideais (i. e., p = 1).
Provamos a existéncia de ambos, sequéncia superficial e reducao si-
multanea. Também introduzimos a nogiao de multiplicidades mistas
para familia de R-submddulos Fj,..., E, de RP. de co-comprimento
finito, a qual coincide com aquelas multiplicidades mistas dadas por
Kleiman e Thorup em [KT2] quando k = 2, a qual também generaliza
a nog¢do de multiplicidades mistas de ideais m-primdrios. O resultado
principal deste trabalho é a generalizagdo para médulos do teorema
fundamental de Rees para multiplicidades mistas.

1 Introduction

Mixed multiplicities of finitely many zero-dimensional ideals were first defined
by Risler and Teissier in [T] and they proved that they could be described
as the usual Hilbert-Samuel multiplicity of the ideal generated by an ap-
propriated superficial sequence. This result of Risler and Teissier was later
generalized by Rees in [R] who first introduced the notion of joint reduction
for a family of ideals and proved that the mixed multiplicities of a family of
zero-dimensional ideals could be described as the Hilbert-Samuel multiplicity
of the ideal generated by a suitable joint reduction. This Theorem of Rees
is known as Rees’s mixed multiplicity theorem and it is a crucial result in
the theory of mixed multiplicities for zero-dimensional ideals. We refer the
reader to [TV] for a survey on mixed multiplicities of ideals.

In this work we introduce first the notion of superficial sequences and
joint reductions for a family Ei, ..., Ey of R-submodules of RP, where (R, m)
is a d-dimensional local noetherian ring. This definitions agree with the usual
ones when the modules are ideals (i.e., p = 1). We prove the existence of
both, superficial sequences and joint reductions. We also introduce the notion
of mixed multiplicities for a family F1, ..., Ex of R-submodules of RP? of finite
colength as follows: let G = Sym(RP) = &,S, and R(E;) = ®,R,(E;) be
the symmetric and Rees algebra of RP and E; respectively. Consider the
function

b = (bt s ).

This function is given by a polynomial of total degree d+p—1 in k variables
ni,...,ni for all large values of ny,...,n,. Write the homogeneous part of



this polynomial as

} : 1 y ’
me(E{ L g e,

d1+"'+dk=d+p—1 1 k-

The coefficient e(E™, . .., El[cdk]) are called the mixed Buchsbaum-Rim mul-

tiplicity of Ei,..., Ex. This definition of mixed multiplicities for modules
agrees with the one given by Kleiman and Thorup in [KT2] when k& = 2, and
generalize the notion of mixed multiplicities of m-primary ideals.

The main result of this work is a generalization for modules of both, the
Risler-Teissier’s theorem and Rees’ mixed multiplicity theorem. Precisely we
prove the following results:

Theorem 1.1. (Risler-Teissier’s theorem for modules) Let Ey,. .., Ey be sub-
modules of RP of finite colength, and dy,...,dy € N withd;+---+dy, = d+p—
1. Let hy, . .., h4tp—1 be any superficial sequence for E, ..., Ey,..., Ey,..., Ey,
with each E; listed d; times. Then,

6(E£d1], A ,E.’[Cdk]) _— eBR(h’17 “ e 7h’d+p—1),

where epr(hy, . .., hayp—1) denotes the Buchsbaum-Rim multiplicity of the R-
submodule of RP generated by hy, ..., hgyp-1.

Theorem 1.2. (Rees’s mized multiplicity theorem for modules) Let Ey, . .., Ey,
be submodules of RP of finite colength, and dy,...,dr € N withdy+---+dj, =
d+p—1. Let hy, ..., hayp—1 be any joint reduction for Ey, ..., E1, ..., Ey, ..., Ex,
with each E; listed d; times. Then,

C(Egdﬂ’ - ’E][cdk]) = eBR(h'h olioite )hd+p—1),

where egr(hi, . .., hatp—1) denotes the Buchsbaum-Rim multiplicity of the R-
submodule of RP generated by hi, ..., hgyp—1.

For a precise statement of the above theorems we refer to Theorem 6.1
and Theorem 6.2 respectively.

2 Buchsbaum-Rim multiplicities

Setup: Fix (R, m) an arbitrary Noetherian local ring; fix two graded D-
dimensional R-algebras G’ = &G, and G = ®G,, with G’ C G, that, as
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usual, are generated as algebras by finitely many elements of degree one such
that £(G1/G]) < oo; and fix M a graded G-module finitely generated in
degree zero, that is G,My = M, for all n € N,

As a function of n, the length,

hin) := 0(M,/G". My)

is eventually a polynomial in n, denoted by Pgr ¢ ar(n), of total degree equal
to dim M — 1, which is at most D — 1, and the coefficient of n®~1/(D —1)! is
denoted by epr(G’, G, M) and it is called the Buchsbaum-Rim multiplicity of
the pair (G', G) with respect to M. Notice that egr(G’, G, M) = 0 if dim M <
D. The notion of Buchsbaum-Rim multiplicity for modules goes back to [BR]
and it was carried out in the above generality in [KT1].

Remark 2.1. If I is a finitely generated R-submodule of G such that
£(G1/I) < oo then, we define the Buchsbaum-Rim multiplicity of the pair
(I,G) with respect to M, denoted by egr(I,G, M), as

GBR(I, G, M) = eBR(G', G, M),

where G’ = R[I] is the R-subalgebra of G generated in degree one by I. In
this case, the Hilbert polynomial Pgr ¢ a(n) will be denoted by Py ar(n).

In the remaining of this work, we also use the notation Z for the ideal in
G generated by I.

Definition 2.2. Let I be a finitely generated R-submodule of G;. We say
that x € I is a superficial element for I with respect to M if there exist
¢ € N such that for alln > c,

(In+1M0 ‘M l‘) NI°M,_.= I"M.
Remark 2.3. Consider the following statements:
(a) z € I is a superficial element of I with respect to M;

(b) = € Z is a superficial element of Z with respect to M (in the usual
sense).

Then, in general (b) implies (a). But, if M is generated in degree zero
then the converse also holds.



Lemma 2.4. Let I be a finitely generated R-submodule of Gy. Suppose that
z € I is a superficial element of I with respect to M or that = is a non-
zerodivisor on M. Assume that N,Z"M = 0. Then there exist ¢ € N such
that for allm > e,

(InMg “Mn_1 IB) Q (0 Mp_1 CE) + In_eMe_l and (0 “Mp_1 iE) N IeMn_e_l =0

Ifz € I is a superficial element of I with respect to M, then for all sufficiently
large n, (I"Mpy :pr,_, ) = (0:pr,_, ) + I"1 M.

Proof. By [HS, Lemma 8.5.5] and Remark 2.3 there exist e € N such that
for all n > e, we have that

(I"M :pp2) C(0:prz) +Z7°M and (0:y z)NZI°M =0

and if z € I is a superficial element of I with respect to M, then for all
sufficiently large n, (Z"M :y z) = (0 ) z) + I ' M. Hence the result
follows by concentrating in degree n — 1 in the above equalities. O

Lemma 2.5. Let I C Gy be a finitely generated R-submodule with £(G1/I) <
o, z € I, and dimM = D. Set M := M/zM, G := G/zG or G :=
G/Ann(M) and I := IG. Then the following hold.

1. Ifdim(M) = D —1, then egr(I,G, M) > egr(I,G, M) and for n >0,
I"Mo:m,_,=

e( In—lMO
coefficients.

) ts a polynomial in n of degree at most D — 2 with rational

M) > egr(l,G, M), and equality

Mpy: T, ., o s
Tr=17) gs o polynomial in n of degree at most

holds if and only sz(InITMO——
D — 3 for all large n.

2. If dim(G) = D — 1, then epr(],
)

Proof. 1t is enough to consider the following exact sequence of R-modules

InMo ‘Mp_1 T Mn—l Mn Mn

1
FE= Yy Ty v Ty y A v sy oy v AR O)

0—

The rest of the proof follows by standard Hilbert function arguments. O

Proposition 2.6. Assume that ht(Z) > 0. In the situation of Lemma 2.4
suppose that one of the following conditions hold:



1. x € I is superficial with respect to M and not contained in any minimal
prime ideal of Ann(M).

2. The dimension of G is D — 1, I has D — 1 generators, x € I\ ml,
and z is a non-zerodivisor on M or z is a superficial element for some
R-submodule of Gy of finite colength with respect to M.

Then, for large n,

[ esr(I, M) if D> 2
eBR(IaM)_{ O(M,) — 20y, 2) D=2 }

Proof. By the exact sequence (1) we have that

o) — Uk = ey M e 7
InMO [n_lMo - $Mn_1+InM0 In—lMO '

4

Now, by Lemma 2.4, for large n, say n > c,

(I"My :pp_y ) = (0 :p,_, @) + " 'My and (0 Mn_y T)NI*M,_ o1 =0,

so that T :
"My im,_, T)
Thus,
Mn Mn 18 MTL .
E(I‘HMO) bl E(IcMn—c) +i=;+1 [e(an—-l + IiMn_.,;) E(O “Mp_1 (L‘) .

The quotient ﬁf}_—c is the nth piece of the graded G-module M/Z°M
which could be considered as an G/Z°module. Since ht(Z) > 0, we have
that dim(G/Z¢) < D. Hence the function A\(n) := Z(ﬁ:—_—c) is a polynomial
in n of degree at most D — 2. Hence epr(I, M) = epr(l, M) if D > 2 and
epr(I, M) = (M,) — £(0 :p,_, z) if D = 2. This proves the case (1), and
also (2) if D = 2.

Now let D > 2 with the setup as in (2). Let I = (z,zs,...,zp-;) and
J = (@2,...,2p-1). By Lemma 2.4, there exist e € N such that (0 :j,_,
)N IEM,—e—1 = 0. Since I = (z) + J, it follows that

(InMo Mo, .’E) = (:I)In_lMo + J" M, Mn_y CL‘) = In_lMo + (JnMO ‘M CL‘)
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By the Artin-Rees Lemma, there exist ¢ € N such that for all n > ¢, 7"M N
tM C zJ"°M. Hence, J"My N zM,_; C £J" °M,_,. Thus for all n > ¢,
(JnMO ‘Mp_1 .Z‘) C In_lMo + .]n_cMc_l + (0 ‘M, CL'), and

(" Mo :ptyy @)~ I"Mo+ J" Moy | 1" Mo + (0 2, 7)
In—lMo = [n—-lMo I'n.—lMO '

For large n, by Lemma 2.4, the second module on the right is isomorphic to
(0 :a1,-, ). The first module on the right is a module over R/(I'My g
M,_1) and its length is bounded above by u(J"~¢ )R/ (I** My :r M._1)).

Hence,

IN

e( (InMOIM.,,_l z) )

T"—10f, M(Jn_CMc—l)E(R/(F—lMO ‘R Mc.—y))

< ot (7SR T rie iy M)

The last term in the above inequalities is a polynomial of degree at most
D — 3, thus by Lemma 2.5, egr(I, M) = egp(l, M). O

The following Proposition shows that the Buchsbaum-Rim multiplicity is
additive in short exact sequence. This result was shown in [KT1, p.198].

Proposition 2.7. (Additivity) If 0 — My — M; — My — 0 is an
exact sequence of finitely generated graded G-modules. Then,

epr(I, M;) = epr(I, My) + epr(I, M>).

A standard application of the additivity formula is the following so-called
associativity formula.

Corollary 2.8. (Associativity)

epr(l, M) = Z esr(IG/p,G/p) £(My),
b

where the sum is taken over all prime ideals p of G such that dim(G/p) = D.

Proof. We write o := ), £(M,) where the sum is taken over all prime ideals
p such that dim(G/p) = D, and proceed by induction on o. If ¢ = 0 then
M =0 and so the formula is obvious. If o > 0, choose a prime ideal py with
dim(G/po) = D and £(M,,) > 0; then py € Supp(M). Thus M contains a
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submodule N isomorphic to G/po. If dim M/N < D then o = £(M,,) = 1 and
by 2.7 egr(I, M) = epr(I, N). If dim M/N = D then o(M/N) < o(M) =0
and so by induction hypothesis

esr(I, M/N) = Z esr(IG/p,G/p) L((M/N),).
p
Now £(M,) = £((M/N),) for p # po and £(M,,) = £((M/N),,) + 1. Since
by Theorem 2.7 epr(I, M) = epr(I, M/N) + epr(I,G/po), the assertion
follows. a

3 Superficial sequence and joint reductions

We present here the definitions and existence for superficial elements and
joint reductions for finitely many submodules of Gj.

Definition 3.1. Let I,,. .., I} be a finitely generated R-submodule of G1. We
say that © € I, is a superficial element for I,..., I} with respect to M if
there exist ¢ € N such that for all ny > ¢, and all ng,...,ny >0,

(32 - I My Moy —14gmy, T)VITI? - DMy o = s . e,

A sequence of elements z1,...,zk, with z; € I;, is a superficial sequence
for In,..., Iy with respect to M if for alli = 1,...,k, z; € I; is a superfi-
cial element with respect to M/(z,...,z;—1)M for the image of I;,...,I; in
G (@151 s Byt o

Remark 3.2. Consider the following statements:
(a) z € I is a superficial element for I;,. .., I with respect to M;

(b) z € 7, is a superficial element for Zy,...,Z; with respect to M (in the
sense of [HS, Definition 17.2.1]).

Then, in general (b) implies (a). But, if M is generated in degree zero
then the converse also holds. Same statements for superficial sequences.

Proposition 3.3. If (R,m) has infinite residue field, then superficial se-
quence for Iy, ..., I, with respect to M exist, where Iy,...,I; are finitely
generated R-submodules of G1. Explicitly, there exist a non-empty Zariski-
open subset U of I;/mly such that for any x € I with image in U, T is a
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superficial element for Iy,..., I, with respect to M. Also, if I, is not con-
tained in the prime ideals py,...,ps of G,  can be chosen to avoid the same
prime ideals.

Proof. By [HS, Proposition 17.2.2] there exist a non-empty Zariski-open sub-
set U of Z; /mZ; such that for any z € Z; with image in U, z is a superficial
element for 73, ..., Z; with respect to M. Such open set could always be cho-
sen consisting of elements of degree one of Z;. Also z can be chosen to avoid
the prime ideals py, ..., ps of G. Hence the result follows by Remark 3.5. O

Definition 3.4. Let I1,...,I; be a finitely generated R-submodule of G;.
A sequence of elements x1,...,z, with x; € I; is a joint reduction for
L, ..., I with respect to M if there exist n € N such that

k
inh o LDy L | (I L) My = (Iy -+ I)" M.
i=1

Remark 3.5. Consider the following statements:

(a) z1,...,z, with z; € I; is a joint reduction for I, ..., I with respect to
M;
(b) 1,...,z, with z; € Z;, of degree one, is a joint reduction for 73, ...,Z;

with respect to M (in the sense of [HS, Definition 17.1.1]).

Then, in general (b) implies (a). But, if M is generated in degree zero
then the converse also holds. Same statements for superficial sequences.

Lemma 3.6. Let I,...,I; be a finitely generated R-submodule of G1. Sup-
pose that x € I, is a superficial element for I,..., I, with respect to M.

Assume that N,ITM = 0 and that Iy C /Iy - -+ L. Then for all sufficiently
large nq,...,ny,

(I3 - I Mo My s amy, ©) = (050, ®) H I TG I My

and
(0 :Mny_14m, T NI I My = 0

Proof. By [HS, Lemma 17.2.4] for all sufficiently large ny,...,ny,
(IIHZ:;Z e 'ZJ;:’CMO *Mny—1+...4n $) = (0 Mny—14...4n, .’L‘) + II”_lI;z v 'ZJI::%MO
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and
(0 :Mn1-1+...+nk III) mIIll—IIgz o Z-I'::I'CJ\JO = 0.

Hence the result follows by Remark 3.5 and by concentrating in degree
n; —1+4... 4+ n, in the above equalities. O

Proposition 3.7. (Ezistence of joint reductions) Assume that the residue
field R/m is infinite. Let Iy,...,Ip_; be a finitely generated R-submodule
of G1. Assume that for all i, T; C \/Ziy1---Ip_1. Then there exist a joint
reduction x1,...,p—1 of I1,...,Ip_1 with respect to G.

Proof. By the argument given at the beginning of the proof of [HS, Theorem
17.3.1] we reduce the proof to the case in which all the ideals Liymsns b
are not contained in any associated prime ideal of G.

Let z; € I; be superficial for Iy,...,Ip_; and not contained in any asso-
ciated prime ideal of G. Such an element z; exist by Proposition 3.3. Since
dim(G/z;G) = D — 1, by induction there exist elements z; € I;, i > 2, such
that the image of z,...,zp_; in G/z,G is a joint reduction of I, ..., Ip_;
with respect to G/z,G. Thus there exist n € N such that (I -+ Ip_;)™ is con-

tained in [Ei_zl il?iIg LR Ii—l-[i+1 s ID—l] (Iz % & ID_l)n_lMo + IElM(D_g)n_l.
Multiplication by I7* gives

(Il s ID—1)” & [Zi‘f iy o Limqig - ‘ID—I] (11 cen ID—1)"_1M0

+(z1M(p-gyn-1) N (I1 -+ Ip_q)™

As =z, is superficial for Iy,...,Ip_;, by Lemma 3.6, for sufficiently large n,
we get that

(fysesdpg)® € [Ez’;_ll <77 (Y FIRY (I RE 'ID—I] (1 Ip_y)" 1My
C - Ipa)
This proves the Proposition. O

Remark 3.8. If I, ..., Ip_;, are submodules of G; of finite colength then for
alli =1,...,D — 1, the condition Z; C /Z;1; - - - Zp_; easily holds. Hence,
for this kind of submodules joint reduction always exist.

10



Proposition 3.9. Fori=1,...,D—1, let I; = (a;,. .. ,ai;) be submodules
of Gy and let z; € I;. Write z; = Zy:l ui;ai; for some u;; € R. Set | =
> i li. Then there exists a (possibly empty) Zariski open set U C k! such that
T1,...,Tp-1 U8 a joint reduction of Iy,...,Ip_y if and only if the image of
(un, ey Ullyy e ooy UD—11y -« - ’uD—llD—l) mn /{?l lies in U.

Proof. The Proof is analogous to the one given in [HS, Proposition 17.3.2].
O

4 Mixed multiplicities

Let Iy,..., Iy, be submodules of G; of finite colength Then, as a function of
ni,...,Nk, the length,

hM(nl, cee ,nk) = Z(Mnl'l‘""f'nk/I]T.n T I:k)MO

is for sufficiently large n1,...,n; a polynomial of total degree D — 1, whose
leading term could be written as
1 d d d d
Z dlldkle(ll[ l]""’IIE:k];M)nll"'nkk'

di++dp=D-1

The coefficient e(Il[dll, #5050 ,[cd"]; M) are called the mixed Buchsbaum-Rim
multiplicity of I,. .., I} with respect to M. This definition agrees with the
one given in [KT2, p. 568] when k = 2. When k=D —1land d; =... =

dr, = 1 we denote e(I{d‘], . ,I,Ed"];M) by e(l,...,Ip_1; M).

Lemma 4.1. Let Iy,...,I;, be submodules of G1, and M,N C T finitely
generated graded G-modules. Then there ezist integers ci, ..., c, such that
foralln; >c¢, 1=1,...,k,

IPIR - T2 Mo O Noy oy, = TP o IO (T3 I My O Ny )

Proof. By [HS, Theorem 17.1.6] there exist integers ci, ..., cx such that for
allni ZC“ 7 = 1,...,]6,

TP IFMAN = TS IS (T5 .. T M N).

Hence, the result follows by taking degree n; +- - - +n; in the above equality.
O

11



Proposition 4.2. (Additivity) If 0 — M' — M — M” — 0 is an
ezact sequence of finitely generated graded G-modules. Then,

e(Il[dl]7 crey I][cdk]; M) = e([{dﬂ, sies ,I][cdk]; M') + e(Il[dl], . >Il£dk]; M”),

Proof. By Lemma, 4.1 there exist integers c,...,c; such that for all n; >
Gy Vo= dyowag by

nigyne 7Nk / = Jm~a ., [™%=Ck(1c1, , JC 4
i, I, MonN M, y.in, = I I (I LFEMo N M y.ie,)

ni—ci ., TNk—Ck 7 [/
cr C )" (.

Thus
e( M:11+...+n ) > E( M"l+'“+"'k
n H'_b' Ct D 1
oLk Mg I 1~-Ik‘°Mor‘|M1’11+,,,+nk
Ml
> i I’ﬁ}ct'c':;f )
1 "k cpeetey

The result follows by standard Hilbert function arguments. a

Lemma 4.3. Suppose that dim M = dim G = D > 2, and (z1,...,zp_1) and
(I1,...,Ip_1) submodules of Gy of finite colength with ht > 0, where z; € I;

for eachi. Set M = M/xy, M, and for anyl € N, set N, = D50 ﬂN;"JZf:‘;"‘I
Then dim N, = dim M. _ i i

Set G = G/z1G or G = G/AnngM, and assume that dimG = D — 1 =
dim M. Then

6([2G~', vey ID_lé; M) = 6([2@, ce ,ID_lé; Nl)

and
eBR((.’Eg, 58 ,IL‘D_l)G; M) = BBR((QSQ, Gon ,:rD_l)G’; Nl).
M, o M,
Proof. Set M; = D,5, Ian+xJV[In+z_1 and M; = @@,5, —‘f—mMH:_l.
From the short exact sequence

0—>Nl——>]\~41—>Ml—->0,

as htZ > 0 we have that £(7§Fﬁ’;§4ﬁ) is eventually a polynomial in n

of degree at most dim M — 2. Thus dim M, < dim M, = dim M. Hence
dim M = dim V;. The result follows now by Proposition 2.8 and Proposition
4.2, - O
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o Main results

Theorem 5.1. Suppose that dim M = dim G = D, and I, ..., I submodules
of G1 of finite colength and that htZ; > 0. Let z € I, is superficial for
I, ..., I with respect to M. Set G = G/z,G or G = G/AnngM. Then for
any integers dy,...,dy € N withdy + - +dy =D — 1 and dy > 0, and for
large n

di-1] A AL
o, .., 1% 1) = { (NG, .., INGiaT) i D> 2

(M) — 000 5y, ) if D=2

Proof. From the exact sequence

ny ., .. TNk :
0 . I]- Ik MO '1"/1711—1+n2+--~ﬂ)c z - Mn1—1+n2+~~-nk
ni1—1 rng Tk n1—1 yng . TNk
Il Iz "‘Ik MO .[1 ]2 i 2 Ik MO
L Mk, My, o
n N n n
‘[11 Ik My I‘Mnl—1+n2+"‘nk +I11 "'IkkMO
we have, for large ny, ..., ng,
Mn +n Mn —14ng4-n ( M, +n )
Tk ) ———d TR R = / 1 k_
Z (I?I"'IkkMO) Z (II‘lalI;z'“I:kM0> an1-1+"2+"'ﬂk+1;1"'I:kM°
nL Lk A
E Il 1 ...]k Mo'Mnl —1+n2+-~-nkz
— ey .
I I2 )tk My
By Lemma 3.6, for large ny,...,nk, say ny > cy,...,ne > cp,

ny Nk .
(I -+ IT* My Moy —14mgtertng, T) o~
IP~h e I M,

(0 :Mﬂ1—1+n2+“'+nk m) .

Both sides can be expressed in terms of the multi-graded Hilbert polynomials
for such ny,...,ny. The highest degree part on the left-hand side is then the
highest degree in

1
> - ..dkue(I{dﬂ"“aIIEdk]5M)(n‘1il —(n1 — 1)")ng? .. .nfk

dy+++dr=D-1

13



which is

1 d d -
> GOt I Mynd g e
o FARRFN

di+++dg=D—

On the right-hand side the highest degree then equals, in case D > 2,
1 " S
Z A 'e(I{dl]G, - ,I,[Cdk](}’;M)n‘li1 . --ni",
di+--+dp=D-2 1270 Gkt
and if D = 2, the highest degree on the right is the constant
0] A 0], 7 ¥
e(IV@G, ..., 1G; 1) - ¢(0 Magoringiortng 8) = My pogmy)—
e(o :M"l_1+n2+"‘+"k .'E)

With this, the result follows by reading off the leading coefficients. a

Corollary 5.2. Suppose that dimM = dimG = D, and I, ..., I submod-
ules of Gy of finite colength and that htZ; > 0. Let d,...,dy € N with
di+ - +d, = D—1. Let z1,...,7p_1 be any superficial sequence for
Iy, hyoo I, oo o I with respect to M, with each I; listed d; times, and

each z; not in any minimal prime ideal over z,...,z;,_,. Then, for large n,
d d
e(I} 1]7""Il[c Hov) = f(m‘,,__,—zﬁlﬁ‘m)

—Z((xl, v i ,.’L‘D_z)Mn ‘M CED._l),
which equal epr(z1,...,zp_1; M).

Proposition 5.3. (Associativity) Suppose that dim M = dim G = D, and
I,..., Iy submodules of Gy of finite colength and that htZ; > 0. Then for any
integers dy,...,dy € Nwithdy +---+d, =D —1 and d; > 0,

(i, .. I M) = 37 e(IlGp,. .., 199G/, G Jp) 6(M,),
p
where the sum is taken over all prime ideals p of G such that dim(G/p) = D.

Proof.-By passing to R[X]mr[x], where X is a variable over R, neither the
hypotheses nor the conclusion change, so we may assume that R/m is in-
finite. By Proposition 3.3, there is a superficial sequence z,...,zp_; for

14



I,...,L, ..., It,..., I} with respect to M and with respect to each of the
finitely many G/p, with each I; listed d; times, and each z; not in any min-
imal prime ideal over zy,...,2;_;. Then if J = (z1,...,2p_1), by Corollary
5.2, e(II[dI], . ,I,Ed"];M) = epr(J; M), and for each p, e(II*, . .. ,I,£d’°]; M) =
epr(J; G/p). Now the proposition follows from the Associativity Formula, for
Buchsbaum-Rim multiplicities, Proposition 2.8. O

Theorem 5.4. (Rees’s mized multiplicity theorem) Suppose that dim M =
dimG = D, and I, ..., I} submodules of Gy of finite colength and that htT; >
0. Letdy,...,dp € N withdy + -+ +dy =D —1. Let zy,...,zp_; be a joint
reduction for Iy,...,Iy,..., Iy, ..., I, with respect to M, with each I;listed d;
times. Then,

6([{‘11], oL ,Il[cdk];M) = 633(371, o0 5 ,ZL‘D_l;M).

Proof. Let J be the R-submodule of G; generated by z1,...,zp_;. Because
T1,...,Zp-1 is a joint reduction for Iy,...,I1,..., I,..., I; with respect to
M, J has finite colength in G, and therefore eggr(J; M) makes sense. As
(mixed) multiplicities and joint reductions are preserved under passage to
the faithfully flat extension R[X |mr(x), where X is a variable over R, with-
out lost of generality we may assume that the residue field is infinite. Since
e(I{dl], .. .,I,[cd"]; M) =e(ly,....,I1,...,It,...,I; M), we may simplify nota-
tion and set k = D — 1 and all d; = 1.

It D =1, then e(ly,...,Ip_1; M) = {(M,) = epr(0; M) for large n, so
the theorem holds.

Let D = 2. Then z; being a joint reduction of I; with respect to M
says that there exists an integer ! such that z;I!My = I'*'M,. Thus for
all n > I, 27My C a7 My = IPMy and £(M, /a7 My) > £(M,/IFM,) >
O(My /7™ M) > €(M—y /27~ My). Thus the Hilbert polynomial of I and z;
with respect to M must have the same leading coefficient, namely

epr((z1); M) = epr(I1; M).

Now let D > 2. If z;,...,2p_; is a joint reduction of I;,...,Ip_; with
respect to M, then it is so with respect to each G/p, as p varies over the
minimal prime ideals in G that contain AnnM. Then by the Associativity
Formulas for (mixed) multiplicities (Propositions 2.8 and 5.3), it suffices to
prove the theorem in case M = G = G/p is an integral domain.

Set I = >, u(f;). With notation as in Proposition 3.9, let U C (R/m)*
be a Zariski-open subset that determines all the joint reductions of the
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Ii,...,Ip_1; by assumption, U is non-empty. Let U’ be a non-empty Zariski-
open subset of J;/m/; such that any preimage in I; of any element of U’ is a
non-zero superficial element for I, ..., Ip_;. Such U’ exists and is non-empty
by Proposition 3.3. By [HS, Lemma 8.5.12], there exists y € U’ such that
Y,%2...,Tp-1 € U. Set G = G/yG. By Theorem 5.1, e(f1,...,Ip_1;G) =
e(hG, .y I 1 G @), and by Proposition 2.6,

esr(Y, T2, - -+, 2p-1; G) = epr((z3,...,2p-1)G; G).
- I’Gn+yG =1 . . s .
Set Ni = D,50 s Since y,Zs,...,zp_; is a joint reduction of
Ii,...,Ip_y, for all large , z,,...,zp_; is a joint reduction of Io,...,Ip_4,

with respect to N,. By induction on D then

e(IgG~’, oy, In1G; N)) = epr((za,. .. ,:cD_l)C:’; Ny).
By Lemma 4.3,

el ..., Ip-1;G) = e(I,G,...,Ip_1G;B)

e(L2G, ..., Ip_1G; N))

egr((zo, . .. ,2p-1)G; Vi)
= epr((®2,...,2p-1)G;G)
= CBR((y,:L'g,...,IED_l);G).

I

It remains to prove that egr((y, z2,...,2p-1);G) = eBrl(ETiss v« @p-1); G
{:

Set G" = G/zp1G, NJ = @, “Er2=1%tm By Proposition 2.6 and

by Lemma 4.3,

eBR((yaCU2,...,£I7D—1);G) = eBR((y, J)z,...,:z;D_l)G//; G//)
eBR((y; Loy ... ,:L‘D_I)G//; ]vl”)-

Il

Similarly,
esr((z1,...,p-1);G) = egr((z1,-..,2p-1)G";G")
= eBR((-'El; aon ,.’I)D_I)G”; Nl”)
By the same argument as before z1, . ..,zp_; is a joint reduction of I, . .. ,Ip_1

with respect to V;'. Thus by induction on D, using G” and N/, y can in ad-
dition be chosen sufficiently general in I; such that

esr((Y, T2, ...,2p-1)G"; G") = epr((z1,...,Tp-1)G"; N}").

This proves the theorem. O
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6 Mixed multiplicities for modules

We begin by recalling the notion of the Buchsbaum-Rim multiplicity for
submodules of finite colength in a free module as introduced and developed
in [BR].

Let (R,m) be a Noetherian local ring and E a submodule of the free
R-module RP. The symmetric algebra G := Sym(RP) = ®S,(RP) of R? is a
polynomial ring R[T3,...,T,]. If h = (hy,...,h,) € RP, then we define the
element w(h) = hTy + ... + h,T, € S1(RP) =: G;. We denote by R(E) :=
@©Rn(F) the subalgebra of G generated in degree one by {w(h) : h € E} and
call it the Rees algebra of E. Then R(E) has dimension d + p. Given any
finitely generated R-module N of dimension d, consider the graded G-module
M := G ®gr N. Notice that M is a finitely generated graded G-module of
dimension d + p that is generated in degree zero.

If the R-submodule F of RP has finite colength, the Buchsbaum-Rim mul-
tiplicity, epr(E; N), of E with respect to N could be defined as egr(E; N) =
e(G',G; M), where G’ = R(E).

We are now ready to introduce the main object of this paper, the mixed
multiplicities for finitely many submodules of finite colength in RP. Here the
linear submodules of Gy of the previous section will be replaced by a module
E.

Let Ey, ..., E; be R-submodules of R? and denote by I; the R-submodule
of G, generated by R (E;). We translate into this context the basic definitions
of the previous sections.

A sequence of elements hq,...,hs, with h; € E;, is a superficial se-
quence for Ey,..., E; with respect to N if for all i = 1,...,k, h; € E; are
such that the sequence w(h;), ..., w(hy) is a superficial sequence for I3, ..., I;
with respect to M.

A sequence of elements hy, ..., hy, with h; € E;, is a joint reduction for
Ey, ..., Ey with respect to N if for all i = 1,...,k, h; € E; are such that the
sequence w(hy),...,w(hy) is a joint reduction for Iy, ..., I; with respect to
M.

The mixed Buchsbaum-Rim multiplicities, e(Z!*, ... 11%): A1), for
the modules E, ..., By with respect to NV, are defined as

e(BM, .. EW NY = o1, 1% 0

for all-dy,...,d, e Nwithd; +---+dp =d+p—1.
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The main results of the previous section are now described in this new
setting.

Corollary 5.2 immediately gives the following result which says that the
mixed Buchsbaum-Rim multiplicities associated to a family of modules
Ey, ..., E; of finite colength in RP with respect to N could be described
as the Buchsbaum-Rim multiplicity of a R-module generated by a superficial
sequence.

Theorem 6.1. (Risler-Teissier’s theorem for modules) Suppose that dim N =
dimR =d, and E,, . .., E};, submodules of RP of finite colength. Letd,, ..., dy €
Nwithdy+---+dy, =d+p—1. Let hy, . .., hatp—1 be any superficial sequence
for Ey,...,Ey,...,Ey, ..., E\. with respect to N, with each E; listed d; times,
and each w(h;) not in any minimal prime ideal over w(hy),. .. yw(hi—1).
Then,

e(BM, .. BMN) = epp(hy, ... harp1; N).

Theorem 5.4 immediately gives the following result which says that the
mixed Buchsbaum-Rim multiplicities associated to a family of modules
Ej, ..., By of finite colength in RP with respect to IV could be described as the
Buchsbaum-Rim multiplicity of a R-module generated by a joint reduction.

Theorem 6.2. (Rees’s mized multiplicity theorem for modules) Suppose that
dimN =dim R =d, and E,, ..., E), submodules of RP of finite colength such
that the ideals I; of G = Sym(RP) generated by R,(E;) have positive height
i G. Let dl,...,dk € N with d1+"'+dk = d+p— 1. Let hl,...,hd+p_1
be any joint reduction for Ey,...,Ey,...,Ey, ..., E\ with respect to N, with
each E; listed d; times. Then,

e(B, ... B N) = epp(h,. .., Rasp-1; N).

Remark 6.3. Ifdim R = d > 0 and E is a submodule of RP of finite colength
then the ideal T of G = Sym(RP) generated by R,(E) has positive height in
G.
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