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Resumo

Neste trabalho concluimos a anélise iniciada em [3] e continuada em [4] rela-
tiva ao comportamento assintético de problemas de reagao e difusdo em dominios
do tipo dumbbell quando o canal se contrai a um segmento de reta. Em (3],
estabelecemos um contexto analitico funcional para considerar este problema e
mostramos a continuidade do conjunto de pontos de equilibrio. Em [4], analisamos
o comportamento assintético do problema limite. Neste artigo mostramos a
semicontinuidade superior dos atratores e, além disso, se todos os equilibrios do
problema limite sdo hiperbdlicos, mostramos também a semicontinuidade inferior
dos atratores. Os resultados de continuidade sio obtidos em espacos L? e H! com
pesos apropriados para evidenciar a contribuicao do canal.
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ABSTRACT. In this paper we conclude the analysis started in [3] and continued in [4] con-
cerning the behavior of the asymptotic dynamics of a dissipative reactions diffusion equation
in a dumbbell domain as the channel shrinks to a line segment. In (3], we have established
an appropriate functional analytic framework to address this problem and we have shown
the continuity of the set of equilibria. In [4], we have analyzed the behavior of the limitting
problem. In this paper we show that the attractors are upper semicontinuous and, moreover,
if all equilibria of the limitting problem are hyperbolic, then they are lower semicontinuous
and therfore, continuous. The continuity is obtained in L? and H! norms.

1. INTRODUCTION

We conclude in this paper the analysis started in [3] and continued in [4] concerning the
asymptotic dynamics of a dissipative reaction diffusion equation and its dependence on the
physical domain when the domain undergoes a singular perturbation given by the dumbbell
type perturbation of domain. We refer to the introduction in [3] for a broad perspective of
the problem.

We consider an equation of the type

u—Aut+u= f(u) z€Q

Ou (1.1)

— =0, z € 0,

on
where Q. C RY, N > 2 and € € (0, 1], is a typical dumbbell domain consisting of two discon-
nected domains, that we will denote by 2, joined by a thin channel, R., which degenerates
to a line segment as the parameter e approaches zero, see Figure 1. We refer to [3] Section

2, for a complete and rigorous definition of the dumbbell domain that we are considering.

tPartially supported by Grants PHB2006-003-PC and MTM2006-08262 from MEC and by “Programa
de Financiacién de Grupos de Investigacién UCM-Comunidad de Madrid CCG07-UCM/ESP-2393. Grupo
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tPartially supported by CNPq 305447/2005-0 and 451761/2008-1, CAPES/DGU 267/2008 and FAPESP
2008/53094-4, Brazil.
*Partially supported FAPESP # 06/04781-3 and 07/00981-0, Brazil.
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We would like to mention that the channels R, we consider are rather general and that they
are not cylindrical in general.

FIGURE 1. Dumbbell domain

The limit “domain” will consist of the open set {2 and the line segment Ry, that without loss
of generality we may assume that Ry = {(z,0,...,0): 0 < z < 1}, see Figure 2 of [4].
The limit equation is given by
(W — Aw+w=f(w), z€N, t>0
ow
=

0, z€09fN

Vg — %(gvz)x +v=f(v), z€(0,1)
v(0) = w(Fy), v(1) = w(Pr)

where w is a function that lives in §2, v lives in the line segment Ry and Py, P, are the points
where the line segment touches the boundary of Q2. Observe that the boundary conditions
of v in (0,1) are given in terms of a continuity condition, so that the whole function (w,v)
is continuous in the junction of 2 and R,. The function g is related to the geometry of the
channel R,, more exactly, on the way the channel R, collapses to the segment line Ry, see
[3]

\

In [3] we developed an appropriate functional setting to treat this singular perturbation
problem. We constructed the family of spaces UP, 0 < € < 1, in {2, which is the space

LP(Q) with the norm
1
iz = [ 1P+ s [
Q R.

We showed that the appropriate limit space should be U§ = LP(2) @ L2(0, 1), that is (w,v) €
Up if w € LP(Q), v € L?(0,1) and the norm is given by

1
w0l = [ ful+ [ gloP
Q 0
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We studied in [3] the convergence of the set of equilibria in this spaces. In fact, if A, :
D(A;) C U? — U? is given by A.(u) = —Au+u for 0 <e < 1, and Ay : D(4y) C UL — U
is given by Ag(w,v) = (—Au+u, —%(gvx):+v) and studied the convergence properties of A
to Ag', see Proposition 2.7 of [3]. Moreover, considering the equilibria of (1.1) and (1.2) as
fixed points of the nonlinear maps A7 o F, : U? — UP and of Ag' o Fy : UY — UP respectively,
for the appropriate nonlinearities, we showed the convergence of the equilibria see Theorem
2.3 of [3]. Also, in case the equilibrium of the limit problem (1.2) is hyperbolic, we proved
the convergence of the linearizations around the equilibria and the convergence of the linear
unstable manifolds. In [4] we studied in detail the properties of the limit problem in terms
of generation of nonlinear semigroups, existence of attractors and their characterizations in
terms of the unstable manifold of equilibria.

As we mentioned in the introduction of (3], our final objective is to compare the whole
dynamics of problems (1.1) and (1.2), that is, to compare the attractors of both problems
and we proposed an agenda to prove the continuity of the attractors which was based in
a deep and thorough study of the linear part of the problems; that is, on the study of
the convergence properties of the resolvent operators. This agenda was established in the
introduction of [3] and consisted of six items. The first three were covered in [3].

In this paper we conclude the analysis by completing the last three items of the agenda. We
show that the convergence of the resolvent operators A-! to A;! we obtain the convergence
of the linear semigroups. With the variation of constants formula we show the convergence
of the nonlinear semigroups, from which the upper semicontinuity of the attractors follows
easily. This is done in a very similar manner as in [2].

Finally, if all the equilibria are hyperbolic, with the convergence of the equilibria and
of its linear unstable manifolds, we show the convergence of the local nonlinear unstable
manifolds of equilibria. Using the gradient-like structure of the limiting equation we prove
lower semicontinuity (and therefore the continuity) of the attractors.

Next, we describe contents of the paper. In Section 2 we recall the general setting of the
problem and state the main results of this paper; that is, the upper and lower semicontinuity
of the attractors. In Section 3 we obtain the estimates of the linear resolvent operators
associated to the evolution problem. We also obtain certain rates of convergence of the
equilibria of the system. Based in the resolvent estimates obtained in Section 3, we analyze
in Section 4 the convergence of the linear semigroups. In Section 5 we obtain the continuity
of the nonlinear semigroups and the upper semicontinuity of the attractors. In Section 6
and under the assumption that all equilibria of the limit problem is hyperbolic we prove the
continuity properties of the local unstable manifold which is the key to show the continuity
of the attractors. Finally in Section 7 we analyze the continuity properties of the attractors
in other norms.

Acknowledgement. We thank Antonio L. Pereira for several helpful comments on the
estimates of sections 3 and 4.

Special dedication. The question of the continuity of attractors of reaction-diffusion equa-
tions in dumbbell domains, that is addressed in (3, 4] and in the present paper, was proposed
initially by Jack K. Hale and a big amount of the ideas explored in the three articles came
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from him. The three authors are specially indebted for his permanent support and motiva-
tion and would like to dedicate this work to him in his 80th anniversary.

2. SETTING OF THE PROBLEM AND MAIN RESULTS

The setting is the same as the one we established initially in [3]. We recall several of the
important points.

In order to compare the asymptotic dynamics of (1.1) and (1.2) we need to introduce an
adequate functional analytic framework for such comparison.

Consider the spaces U? and Uj defined in the Introduction, see also [3]. Let 0 < € < 1
and let A, : D(A.) C UP — UP, 1 < p < o, be the linear operator defined by

D(Ac) ={u € W?*(Q,) : Au € U?, u/dn =0 in 8Q},
Au=—-Au+u, u€ D(A,).

Also, for p > &, let Ao : D(Ao) C Uy — U§ be the operator defined by
D(4) = {(w,v) € U} : w € D(AR), (9v') € L*(0,1), v(0) = w(Ry), v(1) = w(P)} (2:2)
1
Ap(w,v) = ( - Aw + w, 3 (gv') + v), (w,v) € D(Ay), (2.3)

(2.1)

where A, is the Laplace operator with homogeneous Neumann boundary conditions in L?(2)
with D(A) = {u € W2P(Q) : ¢ =0 in 6Q}.

We note that, for p > % we have that D(A%) is continuously embedded in C(Q2). This
tells us that the functions in D(AQ) have well defined traces at Py and P,.

Recall that we have defined the operator M, : UP — U], as follows

1/’5(2), F S Q

Ye = (Mahe)(z) =4 4 (2.4)
T (z,y)dy, z€(0,1),
|Fs| I'%

where I'Z = {y: (2,y) € Rc}. It is easy to see, from Fubini-Tonelli Theorem and Holder
inequality, that M, is a well defined bounded linear operator with || M.|| @z vpy = 1.

For the spaces UP and U} defined as above we consider the extension operators E, : Uj —
U?P as

awmmm={58T&§%Re

It is very easy to see that ||Ec(w,v)|lur = [|(u,v)|lvz-

The operator A, generates an analytic semigroup {e< : t > 0} on UP whereas, from the
results in [4], the operator Ay generates a singular semigroup in Uy that we will denote by
fe ot o > 0},

We rewrite (1.1) and (1.2) in the abstract form

Ue + Ao = fe(ue)
vy ey -
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and

u(0) = € UY (2:6)
With respect to the nonlinearity f, we will assume that

(i) f: R — R is a C? function,
(@) |f(u)] + | f'(w)] + | f"(u)| < C; for all u € R.

See Remark 2.2 of [3] to see how to proceed for more general nonlinearities.

{ U+ Agu = fo(u)

Associated to problems (2.5) and (2.6), there are nonlinear semigroups {7.(t) : t > 0} in
UP and a nonlinear singular semigroup {Top(t) : ¢ > 0} in UJ, with p > N/2, which have
compact global attractors A C UP and Ay C U respectively (see [4]). In general, the
attractors lie in more regular spaces and in particular, from comparison arguments, they lie
in UX and Ug®. We will also denote by & and & the set of equilibria of (1.1) and (1.2),
respectively, that is e € & if Acec = fe(e.) and ey € & if Ageo = fo(eo).

The following concept of E-convergence has been proved to be very appropriate when
dealing with sequences of functions in different spaces, see 13, 6, 3].

Definition 2.1. We say that a sequence {uc}cc(o,1), ue € UP, E.—converges to ug € U} if

lue — Eeuol|yr 90. We write this as U £, Up.
This notion of convergence can be extended to sets in the following manner (see [6]).

Definition 2.2. Let A. C U?, € € [0,1] and Ao = A C U}. Denote by dist(-,-) the metric
induced by the norm in UP, € € [0, 1], d.e. dist(uc,ve) = ||ue — vel|pe.
(1) We say that the family of sets {Ac}ecio,) is Ee-upper semicontinuous at € = 0 if
Sup,, ¢ 4, dist(ue, E.A) =3 0.
(2) We say that the family of sets {Ac}ecio,) i Ee-lower semicontinuous at € = 0 if

SUp,e 4 dist(Eeu, Ae) =
Remark 2.3. In order to show the upper or lower semicontinuity of sets, the following
characterizations are usefull
(1) If any sequence {uc} with ue € A has a E.—convergent subsequence with limit be-
longing to A, then {A.} is E.—upper semicontinuous at zero.
(2) If A is compact and for any u € A there is a sequence {u.} with u. € A, which
E.—converges to u, then {A.} is E.—lower semicontinuous at zero.

With all this concepts in mind, our main result is the following,

Theorem 2.4. The family of attractors {Ac}ccpo,1) i Ee- upper semicontinuous at € =0 in
U? for every 1 < p < 00.

Moreover, if every equilibria of the limit problem is hyperbolic, then the family of attractors
is also E.- lower semicontinuous at € = 0 in UP for every 1 < p < oo.

Remark 2.5. Observe that once the statement of Theorem 2.4 is shown for a particular
p > 1, then from the boundedness of the attractors in U and Ug®, it will also be proved for
all1 < p < o0.
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Now consider the spaces U}? = W12(Q) @ W'?(R,) with the norm

1
luellge = lluclivrag + F=llelliac,) (2.7)

and Uy = W2(Q) @ W'2(0,1) with the norm

1
w0y = Nlfyrace + | ol + bl

Observe that the spaces U2 do not coincide algebraically with the spaces Wh2(Q,) since we
are allowing the functions of U}? to be discontinuous at 92 N AR..
We also prove that

Theorem 2.6. The family of attractors {Ac}ccpo,) is Ee- upper semicontinuous at € = 0 in
U2,

Moreover, if every equilibria of the limit problem is hyperbolic, then the family of attractors
is also E.- lower semicontinuous at € = 0 in U2

3. RATE oF CONVERGENCE OF EQUILIBRIA AND OF RESOLVENT OPERATORS

In this section we study the convergence properties of the resolvent operators of the linear
elliptic operators A,, 0 < € < 1 as ¢ — 0. We will also need to analyze the convergence
properties of the operators A, + V, where V, are potentials. Moreover, we will be able to
obtain some rates of convergence of the equilibria of the system.

3.1. Rate of convergence of resolvent operators: The case of a fixed potential.
Consider a complex potential Vo = (Vq, Vg,) € Ug°. Often, we write Vg for E.Vy € L®(£,).
Consider also the operator in £L(LP(€)) and in £(U§) which is the multiplication by the
potential V5. We denote this operator again by Vg, that is, Vo(ue) = (EVo)ue = Vou, and
Vo(w,v) = (Vqw, Vg,v).

Let us assume that Reo (A + Vp) = 6 > 0. It follows from the results in [3] that, for all
suitably small ¢, Reo (A + Vo) > § > 0.

The operator A, + Vj is sectorial and the following estimate holds

_C
Al +1°

where Xy = {A € C: |arg(A\)| < 7 — 6}, 0 < 6 < § and C is a constant that does not depend
on ¢, although it depends on p and blows up as p — co. This estimate follows from the fact
that the localization of the numerical range in the complex plane can be done independently
of €, see [12].

We know that, for any 0 < € < 1, the operator A, + V; is a sectorial operator in U? and
the following result holds

| (A + Ac + Vo)™ lzeze (o)) < for A€ Xy, (3.1)

Lemma 3.1. For any linear bounded operator J : LP(Q) — LP(§2) we have

=N+1
11l cwry < W lleeeowry S €7 1 lleeenn (3.2)
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Proof: The proof of this result follows immediately from the norm estimate

=N+1
I lloz < €77 [ - llze - (3.3)
which follows directly from the definition of the norm in UP. [

In particular, from Lemma 3.1 and from estimate (3.1), we have that for all A\ € &y

—N+1
€ P

[Al +1°
As for the limit problem, from [4], we have the following result.

I+ Ac + Vo) ey < IO+ Ac + Vo) Hlzra,ory < C for A€X, (34)

Proposition 3.2. The operator Ao+ V, defined by (2.2) has the following properties
i) D(Ao + Vo) is dense in UJ,
ii) Ao+ Vy is a closed operator,
iii) Ag + Vo has compact resolvent and
iv) Ao+ Vo : D(Ao+ Vo) C U§ — U§ is such that, p(Ao + Vo) D Ty where Ty = {\ € C:
larg(\)| S 7 — 0}, 0< 0 < 3, and forp > ¢ > &,

. C
I+ 4o+ Vo) lawgn) < rrra (35)
_ C
I+ A0+ 6) lewpr < 7T (3.6)
_ C
|(A+ Ao + Vo) l”L(Ua’",U{,’) < m, (3.7)

foreach0<a<1—ﬂ—ll—;})<1and/\629.

v) If By is the realization of Ag in C(Q)®LP(0,1) we have that By is a sectorial operator
in C() ® Lb(0,1) with compact resolvent. Therefore —By generates an analytic

semigroup e~Bot in C(Q) @ L2(0,1).

The following result is crucial to the remaining results in this section and to the whole
program of the paper.

Proposition 3.3. There is a constant C independent of € such that, for 2 < ¢ < co and
p>N,

|AT fe — B AT M. fell i @or(ry < CV2 || fellur. (3.8)
|AZ fo — E AT M. fellLogay < CEN| fellue. (3.9)
”Ae-lfe - EcAalMefquf < Cel/q”fe”Uf- (310)

Proof: The first inequality, (3.8) was proved in Proposition A. 8 in [3]. This estimate is the
key estimate for [3] and also for the complete analysis we are performing in the dumbbell

domains.
Observe that in particular, from (3.8), we obtain that

”Ae—lfc - EcAalMefeuL’(ﬂg) < CEN/Z ”fe”UZ- (3~11)
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From [3, Lemma A.11], for p > N/2 we have

AT fell 2=y < Cll fellve- (3.12)
Also we know that if p > N/2, ||A51M€f€||Loo(g)@Lm(o_1) < C||Mcfe|lLr(@)@Lr(0,1) then
“EeAalMefe”L“’(Qe) < C”fc”Uf' (3.13)
which implies that
|A7 fe - ESA(—)-IMcfe”L""(Q() < C || fellwe- (3.14)
For ¢ > 2, (3.9) follows interpolating between (3.11) and (3.14).
Estimate (3.10) follows from (3.9) and the norm estimate (3.3). [

To obtain the resolvent convergence of A, + V, we strongly use the previous result and the
following uniform (with respect to €) estimate.

Lemma 3.4. If Vp is such that (Ao + Vo) is invertible, for p > %, we have

”EE(AO . VO)—lMe”L(Uf) <C (315)
and, for each p > %, there is a constant C, independent of €, such that
| Ee(Ao + Vo) ' M.|| 2o () < C. (3.16)

Proof: Statement (3.15) follows from || Ee||cwzuvry = | Mellzwpuzy = 1 (see [3]) and from
Proposition 3.2.

For (3.16) we proceed as follows. Let f. € LP(Q) and u, = (we,ve) = (Ao + Vo) ' M, fe,
then

f—Awe + we + Vﬂ(x)ws = fea Q’

Owe
o =0, N

~2 (002, + v+ Via(oloe = Mofer - (0,1)
(Ve(0) = we(Po), (1) = we(Py).

Since p > %, we have that

lwellze(y < C || fellzri@) and |[welle@y < C |l fell e (-

In particular |we(Po)| + |we(P1)| < C || fellLr (). Also

”'Ue“LP(O.l) < |we(Po)| + [we(P1)| + ”Mefe“LP(o,l)
and
|Eevellzo(ry = €7 luellison < €7 (lwe(Po)l + [we(POD) + € [ Mcfollzoony

< [we(Po)| + |[we(Pr)| + || fell 2o (ro)
< Clfellzr0)-

_N-1 :
where we have used that | Mcfe||zr(01) < € 7 || fellzo(r,)- The proof is now complete. ~ m
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The next two lemmas are resolvent identities which allow us (together with the previ-
ous lemma) to transfer information from the resolvent convergence of A, to the resolvent
convergence of A, + V.

Lemma 3.5. If (Ao + Vo) and (Ac + Vo) are both invertible the following identity holds
(Ae + ‘/0)—1 - Ee(AO + %)_lMe

— [I - (Ae + %)—1"/0](A;1 — EEA(;-IME)[I _ EE‘/()(AO + Vo)_lME]. (3.17)

Proof: Let us first prove the following expression, which is an expresion as operators in
LP(Q,).
(A7 = EAG M) (I — EVp(Ao + Vo) I M,) =

(3.18)
= (I+ A7'Vo)((Ae + Vo) ™! — Ee(Ao + Vo)1 M).

Using that Vo(A4o + Vo)~ = I — Ag(Ao + Vo) ™! and expanding the left hand side of (3.18)
we have
(A7 = BAT MY = EVol Ao+ Vo) ' M) = A7' = AZVEVa(Ao + Vo) M,
— EA;'M, + E.AFY(I — Ao(Ao + Vo) ) M,
= A7' — AT'E V(Ao + Vo) M, — E(Ao + Vo) ' M,

On the other hand, using that A-! = (I + AZ'V;)(Ac + Vo)~ ! and expanding the right hand
side of (3.18), we have

(I 4+ A7'Vo)((Ae + Vo) ™! — E(Ao + Vo) ™' Me)
= A7' — E (Ao + Vo) M. — A7 E V(Ao + Vo) ' M..

which shows that they both coincide.
Since (I — (Ae + Vo)™ Vo)(I + A7'Vp) = I, the lemma is proved. n

In a very similar way we also have,
Lemma 3.6. If (Ao + Vy) and (Ac + Vo) are both invertible, the following identity holds

(Ac+ Vo)™' — Be(Ao + Vo) 7'M, =

3.19
[I — E(Ao+ Vo) " VoMJ(A7! — E.AG'M,) [T — Vo(Ac+ Vo). (B-10)
Proof: The proof is similar to the one provided for the previous lemma. 5

We are now ready to prove the main results of this section

Proposition 3.7. If (Ao + Vo) is invertible, then for p,qg > N and fe € U?, the following
estimate,

(Ae + Vo) 2 fe — Ec(Ao + Vo) " M. fll oy < C €M fellue, (3.20)

where C depends on ||(Ao + Vo) |l cwz,up) and on ||Vol|Le, but not on € or fe.
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Proof: Let us start pointing out that if (A + Vp) is invertible, from [3] we also have that
(Ae + Vo) is invertible for e small enough. Hence (3.20) makes sense.
Adding and subtracting the appropriate term in (3.17) we have:

(Ae +V0)™! = Ec(Ao + Vo) ™' M,

= (—(Ae + Vo)™ + Ec(Ao + Vo) " M) Vo(AT! — EAG M) (I — VoE.(Ao + Vo) 1 M,)

+ (I = E(Ao+ Vo) " MVo) (A = EAG M)(I — VoE(Ao + Vo) ™' M).

Let us first estimate

Oc = ((Ae + Vo)™ = Ee(Ao + Vo) " MIVo(AT" — EAT M)(I — VoEo(Ao + Vo) ' M)

Note that, from inequality (3.10) and (3.9) we have that
IA7! = BAG  Mell e ,upy < Ce'/P and ||A7Y — E AT Mel| cwp oy < CeMe.

Since

IVollzzagany) < ClIVollzeo(a,) and [[Vollwry < CllVoll Lo,
it follows from (3.15) that

1©cll e, Loy < CEPI(Ac+ Vo)™ = Ee(Ao + Vo) ™ M| cwp Lo

where C = C(||Vol|L=(q,)) is independent of e. Choosing €, such that Ce!/? < 1, for all
€ € [0, €, we have that

1(Ac + Vo) ™! — Ee(Ao + Vo) ™ Mell cv? Loa,)
< 2/ = Ee(Ao + Vo) " MVo) (AT = EAG M)(I = VoE(Ao + Vo) ™ Mo) | cuz Loy
Now, from (3.15) and (3.16) there is a constant C, independent of €, such that
I(Z = VoEe(Ao + Vo) ™' M)l cwpy < 14 C|Vollzes (o),
I(Z = Ee(Ao + Vo) McVo) cizaany) < 1+ CllVollzeo(an)
Therefore, using (3.9),
|(Ac + Vo)™ = Ec(Ao + Vo) ™" M| cwp e(ey) < C €9,

where the constant C' does depends on ||Vp|| e (,). This shows the proposition. ]

3.2. Rate of convergence of resolvent operators: The case of a varying potential.
We are going to study now the convergence properties of resolvent operators of the form
(Ac+W,)~! to (Ag+ W)™, where W, will converge to Wy in a sense to be specified. We need
to perform this study since we want to compare the resolvent operators of the linearizations
around equilibria. Hence, we will have a family of equilibria u} which will converge to an
equilibria of the limitting problem u§ and we will need to consider the operators A — f'(u})
and Ao — f'(uy) and analyze the convergence properties of their resolvent.
Having this in mind, let us consider the following setting for the potentials,
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(H) Ve € L®(Q), Vo = (Va, Vr,) € Ug° be two potentials which satisfy that |V,|,|Vs| < a
for some a > 0 and such that for N < ¢ < co we have

€7 ||V. = EVollzaay — 0, as € — 0 (3.21)

Denote by W, = V. +a, Wy = Vo +a = (Vo + a, Vg, + a) so that W, and W, are
positive and they also satisfy an estimate like (3.21) substituting V, and V; by W,
and W, respectively.

As we did in Subsection 3.1, let us identify the potentials W,, W, with their corresponding
multiplication operators.

With this notation and writing A, = A, + W,, we have that the operator A, is sectorial
and the following estimate holds

2
A +1

where £y = {A € C : |arg(A)| < m—60},0 < 6 < § and C is a constant that does not depend
on ¢ (that follows form the fact that the localization of the numerical range in the complex
plane can be done independently of €), however it depends on p and blows up as p — oo, see
(12].

We know that, for any 1 > € > 0, the operator A, is a sectorial operator in U? and the
following result holds

| (A4 A) ™ ler @l < for \e Xy, (3.22)

Lemma 3.8. For all A € £y we have that

=N+1
= o € P
IO+ A) ey < A+ A) ™l e @o,vr) < C—|/\| Feh (3.23)
Proof: It follows immediately from (3.22) and from Lemma 3.1. [

The following result follows easily from the properties of resolvent operators. It is crucial
to obtain convergence properties for resolvent operators from the convergence properties of
A7 to AGt.

Lemma 3.9. As an immediate consequence of (3.5), (3.6) and (3.7), there is a constant C
suchthat,forall)\ezo,p>q>-’%’- and0<a<1—2—’:’l—% l—%)<1

C

| Ec(A + Ao)_lMe“L(Uz,Ug’) < W, (3.24)
A+ Ag) ™M, o e 3.25
| Ee(A + Ao) ellzic@o),Le@a) < N+ 1 (3.25)
and
I EAA + Ao) ™ Mellcc@oury < C (3.26)

where C is a constant that does not depend in .

We have now the following key result, which is analogous to Proposition 3.3 and Proposi-
tion 3.7
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Proposition 3.10. For p,q > N and f. € UP we have
. " N
A lfe — EAg lMEfflqu(Qe) S C(ev +||We - EeWOMe”L"(Qe)) ”fe”Uf- (3.27)
with C independent of € and f..

Proof. Let f. € U? and let u, = A7 f, = (Ac + W)~ f.. Consider the auxiliary function
Ue = (Ac + EeWO)-lfey i.e.,

)

_Aue + ue + Weua = fca Qe’
{ 2 =0, 9. (3.28)
_Af’/e + ue + Wotte = fe, Qe’
oiic _ (3.29)
From comparison results, it is easy to see that |& | < @, where
_Aﬁc+ﬂc = Ifela Qc,
s =0, 99Q,.
Applying Lemma A.11 of [3], we have that
|TellLo () < Clifellur  forp > N/2 (3.30)

which implies
el =) < Cll fellvz-
Next, observe that
Ue = (Ae 4= EEWO)_lfc i (Ae 5 EeWO)—l(EeWO - Wc)ue
and
up = (Ao + Wo) ' M. f..
Hence,

llue — Eeuoll o)
< ”(Ae'*'EeWO)_l_EC(AO"'WO)—lMefe”L"(Qg)+”(A€+E6W0)—1(We_Eewo)uc“LQ(Ql)

< ¥ || fullop + Cll(Ae + EVo) ™ loqeaaoplWe = EWollzoqaolltellzoey

~, N

C(e9 + ||We — EWo||an)) || fellue-

where we have used (3.20) and the fact that that there is a constant C, independent of e
and of ¢ € [1, 00|, such that ||(Ae + Wo) ™| z(ze(a.)) < C. This shows the lemma. =

=
<

As an immediate corollary, we have
Corollary 3.11. For p,q > N we have
e IATY = B A M| cwp Loay) — O as € = 0. (3.31)
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Proof. We just need to apply the previous proposition and hypothesis (H). [

Now consider a compact subset K of the complex plane which is contained in the resolvent
set of the operator Ag. Let ¢(K') be a positive constant such that

sup [|(A+ Ao) |l ) < e(K).
ek

Also, let Xy := {2z € C': |arg(z)| < 7 — 6}, for 0 < 0 < 7/2.

Proposition 3.12. Forp,q > N, there ezists a constant C = C(K,0), a number ¢; > 0 and
a function n(e) — 0 as € — 0 such that for each A € K UXy and 0 < € < €y we have

_N-1 " " —
€@ A+ A)™H = Ec(A + Do) T M| Loy < C (1+ A" - n(e), (3.32)
whereO<a<1—51;-',<1

Proof: Observe first that the spectrum of the operators A, and Ay are subsets of [1,+00).
Hence, if A € £y both (A + A.)~! and (A + Ag)~! make perfect sense for 0 < € < €.
Moreover, by the compact convergence of A-! — Aj!, the convergence of W, — W, and
since [|(A + Ao) "Ml cwzwry = I+ Vo + Ao) e vz) < c(K) for each A € K which is a
compact set in C, we have that (A + Ac + V;) and (A + Ac + Vp) are invertible for 0 < € < ¢
and A € Ap and ||(A + Ae)‘lllﬁ(ugyug) < &(K), for some constant ¢(K) and for all A € K.

If this is not the case, then we could get a sequence of ¢, — 0 and A, — ) € K such that
|(An + Ae,) "l zz,upy — +oo. But this is in contradiction with the compact convergence of

(An+Ag)"t to (A4 Ap)~, see Lemma 4.7 of [3].
Hence, with this argument and with (3.22) and (3.24) we obtain

INO + A) ™ ey < C for A€ KU, (3.33)
1B + Ao) ™ M.||cwpppy < C(A+ M'2), for A€ KU, (3.34)

with0<a<1- % < 1. Applying Lemma 3.5 with Ag and X instead of Ag and Vj, applying
the appropriate norms, we have

IO+ A)™ = Ec(A + Ao) " M| cur Loy <
17+ A+ A) T leamanlIAZT — EAg M|

SO+ NTYIATT - EAg M|

1[I = B + Ao) ™ M|l upy

L(UP,L9(e))

< CeT (14 A*)n(e)

L(UE,LI(0))
where 7(€) = e IATY — EAG M|\ zwp ey — 0 as € — 0 by Corollary 3.11. This
proves the proposition. |

Remark 3.13. The results of Proposition 3.12 also hold for the operator A, instead of A,
that s with W, = Wy = 0.

Corollary 3.14. In the conditions of Proposition 3.12, we have the following estimates,
[N+ A ™ = Ec(A + Ao) ' M|l iz wey < C(1+ A7) - m(e), (3.35)
IO+ A) Ml e ey < CL+A) (3.36)
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Proof: To prove (3.35) we just use that e I - e, Loy < I+ lee sy in (3.32). To
prove (3.36) we just use (3.35) and (3.24), to obtain

I+ Ae) Ml cwe oy < C(L+ [A**)n(e) + SCOA+ A7), |

_C¢
[Ale+1
as we wanted to show. u

These results play a fundamental role on the convergence of the linear semigroups for it
will ensure the uniform convergence of the integrals defining them and will allow us to pass
to the limit.

3.3. Rate of convergence of hyperbolic equilibria and of its linearizations. In this
Subsection we will obtain certain rates of convergence of hyperbolic equilibria which, besides
being interesting by themselves, they show that if we consider the potentials V, = — f'(u?),
Vo = —f'(ug) then hypothesis (H) from Subsection 3.2 is satisfied, with a = sup{|f'(s)| : s €
R}. This in turn will imply that if we define A, = A, — f'(u}) +a and Ay = Ag — f'(ug) + a,
then we can apply all the results from Subsection 3.2 to this case.

Proposition 3.15. Let u§ be a hyperbolic equilibrium for (1.2) and (from the results in [3])
let u? be the sequence of hyperbolic equilibria for (1.1) satisfying that u; E-converges to ug.
Then, for ¢ > N, we have

N
llue — Beugllze) < Cev - (3.37)

and
_N-1
€ @ ||uf — Eeuglly» = 0, ase—0. (3.38)

Proof Let uy = (w§,vy) be a hyperbolic equilibrium point for (1.2) and »} an equilibrium
point for (1.1) with ||u} — Ecug||yr % 0. For Vo(z) = — f'(ug(z)), we write
up = (A + Vo) 7 (f(ug) + Vou;) and ug = (Ao + Vo) ™ (f(ug) + Voug).
Hence, taking norms in L7(f2), we get
lu; = Eeugllze) = I1(Ae + Vo) 7 (f (u7) + Voug) — Ee(Ao + Vo) ™' (f (ug) + Voug)llece)
< (Ae + Vo) ™! = Ec(Ao + Vo) 7 M) (f(w) + Vouy) | oo
+ | Be(Ao + Vo) ™' M [f(ug) — Voug — Ee(f(ug) + VoM Eeug)|l| o)
< C M| f(ug) + Vougllzea
+ | Be(Ao + Vo) T M[f (w;) — Eef(ug) — Vo(ug — Eeug)lllzeco
< C MO+ || Ec(Ag + Vo)™ Meze| o(e).

where z, = f(u}) — f(u§) + Vo(ui — ug) and we have used Proposition 3.7, the boundedness
of f and that u? is also bounded in the sup norm uniformly in e.
We have

|2e(@)| = | £ (ui(2)) — f(ug(@)) + f'(Beug(2))(u(z) — Eeug())|
< |[f (xi (@) = f'(Beug(2))] (ug (2) — Eeug(2))]
where x*(z) = 0(z)ui(z) + (1 — 8(z)) Ecug(z) and 0 < 6(z) < 1, z € Q.
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Using that |f'(+)] < C we have,
lzellzr@) < Cllui — Eeugllrr), V1< 7 < 4oo.
Also,

1
lzellzr@) < I1f(xe(@)) = f(Beug(@Dllzeq@ v - Eevgllzeey,  — =

» | =
+
| =

But

£ (x: () — f'(Eeug(2))|| o) < C
I (x¢(2)) = f'(Beug(2)ll 2@ < Clixi(2)) — Eeug()llr @) < Cllu; — Bewd| 11y

Hence, using interpolation ||f'(x;(z)) — f'(Eeug(x)) L) < C’||u - FE 11(,||}J/,3(Q

| zellr(o) < C'llug — E uo“[,l(n) lus — Eeugllra) < C'lluy EeUSllLT&)
But if we define we = E.(Ay + B)~! M.z, we know from (3.16) that

|we|| Loy < C||ze|| (@) for somer < g.

1 1 1 1 1
Hencewecanchoose—=—+— (t=¢g,—=-—=>0). So
r S s r q

o l+i-1
IEe(Ao + B) ™ Mezell o) < Cllzellzr) < Cllud = ugllpogy -
Hence
N/q site=q
llue — ugllLa) < Ce™? + Cllug uo”z,q(a) .

Since we know that ||u} — ug||ze@) — 0 (since ||u} — u§|ly» — 0 as € — 0) then ||uf —
uj||ay < C€M9, which shows the first statement of the lemma. For the second one, we
just realize that

N-1 N-1

llu; — ugll Loy + llus — wgllzery S CeM?+Co(e™@ ) =o(e 7 ).
That is,

S
€ @ |luf — ug|lLea,) — Oase — 0.

Corollary 3.16. In the conditions of Proposition 3.15, if we denote by V. = —f'(u}), Vo =
—f'(ug) and a = sup{|f'(s)|; s € R}, then hypothesis (H) from Subsection 3.2 is satisfied.
Hence, all the results of that Subsection can be applyed to the case where the potentials are
given by Ve = —f'(u7) and Vo = —f'(ug).

Proof: Just observe that
N-1
Ve = EVollzoey = I/ (w}) = Eef'(wo)llzaga) < 1" lzomllu — Eeugllzo,) = o(e )

which shows the result. m
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4. CONVERGENCE OF LINEAR SEMIGROUPS

In this section we analyze the convergence properties of the linear semigroups generated
by the operators A + Vi, Aq + Vo where the potentials V,, V; satisfy hypothesis (H) from
Subsection 3.2. Later on we will be interested in applying the results from this section to
the semigroups generated by A, Ao and also by A, — f'(u}) and Ay — f'(ug), where u?, u
are hyperbolic equilibria of the perturbed and limit problem respectively.

We will keep the notation from previous sections and we will denote by W, =V, +a > 0,
Wo = Vo +a >0, (see hypothesis (H)) and the operators A, = A. + W,, Ay = Ay + W,.

As we have already seen in [4], the operators —Ag, —(Ao + Vo) and —A, do not generate
strongly continuous semigroups in U}J. Nonetheless they generate certain singular semigroups
as we briefly recall.

Let Zg = {A € C: |arg(\)| < 7 =0}, 0 < 0 < § and let I" be the boundary of £y oriented
such that the imaginary part grows as A runs in I'. Notice that the semigroups generated by
—Ao and by —(Ap + Vo) are related by a multiplicative factor of the form e®.

Proceeding as in [4] we define

1
—Aot __ At -1
e = o /Fe (A+Ap)" dA, t>0. (4.1)

Then, e Aot satisfies the semigroup properties but strong continuity fails at ¢ = 0 for
data which are not sufficiently smooth. Nonetheless, several of the properties of analytic
semigroup will still hold for sufficiently regular data. We say that {e="°! : ¢ >0} is the
semigroup generated by —A, and do not make any allusion to continuity. We refer to [4] for
a detailed study of the semigroup generated by —A,.

In what follows we recall some simple properties of the semigroup {e~%¢t : ¢t > 0} that we
will employed later in this paper.

The next result investigates the singularity of {E.e M, : ¢t > 0} at t = 0 in L(UP). Its
proof is a consequence of Proposition 3.12 and (4.1).

Lemma 4.1. Foranyp>g¢> % and for0<a<1-— —2’% —% 1_ —) < 1, there is a constant
C, independent of €, such that
| Ece 2 Mou||yr < t>0, uweU?, (4.2)
and
|Ee ™ Mullyr < Cllullye, t>0, uweUX. (4.3)

From Lemma 3.8 it follows that, —A, generates an analytic semigroup {e’A‘t of 0} in
U? given by
ehet = L / M (A+A)dA, >0, (4.4)
21 Jp

where I' C p(—A,) is the boundary of £y} oriented such that the imaginary part grows as A
runs in I'. Note that I" is independent of €. It follows from (3.22), (3.23) and (4.4) that the

following estimates hold
lle™ < wl|yr < Ce v ||w||Up t>0, weU?, (4.5)

<

le=2 w1, < Cllwllis@y, ¢20, we LP(), (4.6)
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and
e wl|yr < Cllw|lye, >0, we U™, (4.7)

for some constant C' > 0 that does not depend on ¢, that is, the linear semigroup e’ is
bounded, uniformly in €, in £(L?()) into itself.

We analyze now the convergence properties of the semigroups. To accomplish this task
we will use extensively the resolvent estimates of the previous section applied to the integral
expression of the semigroup.

Proposition 4.2. For p,q > N large enough, we have .
[[e(AetVet _ B e(Ao+Vot pr lwe.usy < CePt™7 - ple), t>0. (4.8)
Where B € R, v < 1 and the function p(e) — 0 as € — 0.

Proof: Observe first that e~(A4c+Ve)t — B e=(Ao+V0)t )1 — gat(e=At _ B e~AotN[) 50 that it is
sufficient to prove an estimate of the type (4.8) for the difference =A<t — E,e~40ot )/,
Hence,

1
e — B MM, = 5 / (A + A)™ = E.(A + Ag)"" M,)eMd). (4.9)
Applying Proposition 3.12, we have

N1 _ C .
€ a ”e At __ Eee AotMe“[,(Uf,L"(Qe)) S % /(1 + l/\ll )lez\tld/\ . 77(5)
&

< Ct @) . n(e).
which implies
lle™ — Eee™ " M.|| czvsy < Ct ¢ - n(e).
On the other hand, by comparison (maximum principle) we have
lle=A — Ece ™ M|| cweey < lle™ < |zwee) + | Bee™* M| cwee) < C.
which implies, using that || - ||ye < || - [|ue,
lle™ < — Bee™ " M| cuge,ug) < C.
Interpolation shows that (see [7, Theorem 6.27])
lle™ — Ece™ " Ml|| sz pay < C 77 -1 (e).

where p < < o0 and 0 < 0 < 1. Taking 6 small we can get 6(2 — ) < 1.
That is

lleA¢t — Ece™ M|l iz ey S Ct77 - n(e)?, v < L.

Hence, if we define p(e) = n(e€)?, we have
[[eActVt — B AtVNL || 1 5 oy = el — Eee™ " Mel| c(pp yoy < Cet™ - ple)

which shows the result with p(e) = n(¢)? and 8 = a. &
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Let us consider now a real number b with the property that there exists a § > 0, small,
such that [b—d,b+0)No(—(Ao+ Vo)) = 0. That is, the spectrum of the operator —(Ag+Vp),
which is all real, is divided in two parts, of which is above b+ § and it is a finite set and
o, which is below b — ¢ and it is an infinite set (a sequence that goes to —oco). From the
continuity properties of the spectrum, (see [3]) we have that for ¢ small enough [b— §,b +
§)No(—(Ae+ Vi) = 0 and the spectra of —(A, + V;), which is also real, is divided in two
parts o, above b+ 4 and o, below b — d. Moreover, we can choose a fixed closed curve

€

I c {z € C: Re(z) > b+ 0} which encloses ¢} for all 0 < € < ¢ for some €, small.
Moreover, we denote by I'; = {z € C : arg(z — (b — §)) = m — 0} for some 0 < 0 < 7/2.
We decompose UP using the projection

QF =Q(of) = % /F: (A + A+ Vo) 7HdA (4.10)

Proposition 4.3. Forp,q > N large enough, we have that there are constants C > 0, vy < 1,
independent of € and a function p(e), with p(e) — 0 as € — 0, such that fort > 0

le=(AHY(T — Q(o7)) — Bee™ oI — Q(o ) Mell cwrysy < C et - ple)  (4.11)
|| Bee= Ao+ (I — Q(og ) M|l cue usy < C €t (4.12)
lle= AT — Q(o))l cwrwey < Ce™t™ (4.13)

Proof: We have
1
eI — Q(o3)) = 5= / (A + Ao + Va(z))TeMdn.
Ty
Plugging norms and using estimate (3.5) we get

_ 1 |e)\t|
||e (A0+Vo)t(I— Q(O'g-))llg(ugyug) < E/Wd/\

Ty
and elementary integration shows
[|e4o+YX (T — Q(o))lcwr gy < Ce™t™® (4.14)

which shows (4.12) with v = a.
In a similar way,

6_(A5+V¢)t(]' _ Q(O’:)) _ Ese—(Ao+Vo)t(I _ Q(U{;))Me _
ar7 [ (O + At V@)™ = B+ Ao+ V@) MO
27

Ty
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So
lle= AV T — Q(oF)) — Eee™AotYOl(T — Qo)) M| cwp wsy <

1 _ =
3 | IO+ A+ Vi@ ™ = B+ o + Vale)™ Mo ey
b
1
<5 [1e0+ m)ar - n(eyax
Ty

C wiia-
< %ebtt (2 a) .n(e),

where we have applied Proposition 3.12. Therefore,

lle= eI — Q(o)) — Ece™ (I — Qo)) Mellwr vz < Cet™37) - p(e).  (4.15)

This estimate does not show yet the proposition since the exponent 2 — a > 1. We will
do an interpolation argument to conclude with the correct estimate. For this, let us see now
that Q(of) : UP — UP satisfies ||Q(o7)||zw?vry < C independent of e. To see this, just
observe that

1
Qo) = 57 [ O+ A+ V) an
211 P:-
Applying now the estimate of Propostion 3.12, we obtain that
A+ Ac + Vo) "l e ury < C

for A € T', and with C independent of €. From this last expresion and using the boundedness
of I'; we get ||Q(o)|lcwpury S C,forall 0 <e< 1.

Moreover, for the limit semigroup and for 0 < ¢ < 1, we obtain from (4.14)
| Ece™ AT — Qo)) Mellcwz vgy < Ot
Hence for 0 < t < 1, we get that

lle=AHYIUT — Qo)) cwrwey < Nle” AV cwr pay (1 + 1Q(e) | cwr uy)
C (Jle™ AtV — Eem Aot YOXM || cwp pgy + (| Eee™ A X M| cwr pgy) < C(ET7 +17H)

where we are using the bounds given by Proposition 4.2
Hence, for 0 <t <1

||e= AVt (T — Q(0})) — Ece™ Mot (I — Q(of)) Mc| cup vy < CtT7 (4.16)

where ¥ = max{y,1 — a}.
Interpolating (4.15) and (4.16) we obtain, for 0 < ¢ < 1,

||le~A+VI (T — Qo)) — Ece™ otV (T — Q(od)) Me|| i way < - (417)
(Ct=?=2) . n(e))’(Ct=7)1~? < Ct~C-)0-0=ip(¢)° (4.18)
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where we have used that e < C for 0 < ¢t < 1. Choosing 6 > 0 small enough so that
(2—a)f + (1 —0)7 < 1, we obtain the estimate for 0 < ¢ < 1.
Now for ¢ > 1, from (4.15) we get

lle= AT — Qo)) — Ece™ oI — Q(o3)) Me| ez vy < Ce(e)

Putting together both estimates, we prove (4.11). To prove (4.13) we just use (4.11) and
(4.12). This concludes the proof of the proposition. [

We also have

Corollary 4.4. For the case V, = Vo = 0 and with b € (—1,0) a fized number, we have that
Q(o}) =0 for € small enough and we have '

||e=4 — Eee_AOtMe”L(Uf,Uf) < C et p(e).

Remark 4.5. Observe that we can consider the case where Vo = — f'(ug), Ve = — f'(u?) with
ug and uk hyperbolic equilibria satisfying u’ converging to uf (see [3]). In this case, we can
always apply Proposition 4.3 with b < 0, a number dividing the spectrum among the stable
part, that is with negative real part, and the unstable spectrum, that is with positive real part.

Let us conclude the section with the following useful unifom estimates of the semigroup
on the linear unstable manifold

Proposition 4.6. There are constants C > 1 and § > 0 such that
”e—(A”LV‘)tQﬂh(U;’,UZ) < CePt <0 (4.19)
Proof: Observe that

e~ (At — / () + A, + Vo)A,
j pbz

Using (3.36) and noticing that the curve I'* is bounded, we have

|Ie—(A¢+w)tQ:—||L(U3,UZ) <C / |e’\t|d)\| < Ceﬂt
. Jr+

which shows the result. ™

5. CONTINITY OF NONLINEAR SEMIGROUPS AND UPPER SEMICONTINUITY OF
ATTRACTORS

Now that we have obtained in the previous section the continuity of linear semigroups we
proceed to obtain the continuity of nonlinear semigroups using the Variation of Constants
Formula. After we obtain the continuity of nonlinear semigroups we will proceed to obtain
the upper semicontinuity of the family of attractors { A, : € € [0, 1]}.

To this end we will follow the ideas in [1] that relate the continuity of the linear semigroups
with the continuity of the nonlinear semigroups for dissipative parabolic equations by using
the variation of constants formula. This in turn will imply the upper semicontinuity of the
attractors and the stationary states.
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For € € [0,1], let {T¢(t) : t > 0} be the semigroups defined in UP by the variation of
constants formula

To(t, u) = e~Aety, + / ~Adt=0) £ (T (5, 1)) ds. (5.1)

0
We will show the following result

Proposition 5.1. There ezists a 0 < v < 1 and a function c(e) with c(e) 90 such that,
for each 7 > 0 we have

| Te(t, ue) — EeTo(t, Mue)||pr < M(T)c(e)t™, te€(0,7], uc€ A, €€ (0,6 (52)

Moreover, the family of attractors {A. : € € [0,€0)} is upper semicontinuous at € = 0 in
U?P, in the sense that

sup [ 1nf {||uE Eeuo||U5}] —0, ase—0 (5.3)
ugé.Ac

Also, if € denotes the set of stationary states (2.5), € € [0, €], then {&. : € € [0, €0]} is upper
semicontinuous at € = 0 in UP; that is,

sup [ 1nf {||u E5u8||ug}] —0, ase—0 (5.4)

ul €€,

Proof: To prove this result we follow [1, 6]. Notice that the nonlinear semigroups 7 (t)
are given by (5.1). Hence, estimating T,(t,u.) — E.To(t, Mu.) and with some elementary
computations we obtain

| Te(t, ue) — EcTo(t, Meue)”U{' < ”e_Aetue - Eee—AotMcue”Ul’
t
+ [ (e~ B a1 (T, ds
0

+/0 ”Ee@—AOt(Mefe(Te(swue)) e fO(T0(31 Meue)))”(j{ ds, €€ [0, 60].

Note that
t
/ | Bee™ 0 (M, £.(Tu(5,we)) — fo(To(s, Mewe)))lop ds
0

- /O IE.e~ 4 (M. £.(Tu(5, u)) — M.Eefo(To(s, Meuwo)))llop ds

= /0 ”Eee—AOtMc(fe(T'e(s: ue)) - fc(EeTO(si Meue)))“Uf ds

where we have used that M E, = I and that f(Eeu) = Efo(u). Applying now Corollary
4.4 and Lemma 4.1 we have, for 0 <t < 7,

I Te(t, ue) — ETo(t, Meue)||ur < Ce™t™p(e) || e

s)-veb<"3’||fe(’—”e(s’ ue))”UZ’

+C/ a IHT 8 ue) ECTQ(S,Meue)”Uf
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But since we have uniform bounds in L*®(Q) of all the attractors, the first two terms in the
above inequality can be bounded by Cp(e)t™". The result now follows applying the singular
Gronwall’s lemma (see [10]).

To show the uppersemicontinuity of the attractors .A., we notice first that by the uniform
L*(S2,) bounds of the attractors we have

U mMA
0<e<eo

is a bounded set in Ug°. Hence, by the attractivity properties of Ay, for a fixed n > 0 there
exists a time 7 > 0 such that '

distog (To(r)(Mep), Ao) = inf [To(r)(Mapd) = pllog <7, Vo € Ao 0<e<ao

which implies that

diStU,” (EGTO(T)(Mc(pc)a EGAO) gn, V‘Pe € Ae, 0 S € S €o

Applying now the convergence of the nonlinear semigroups (5.2) with ¢ = 7, we have that

there exists a €; such that for 0 < € < €;, we have

|Te(T, pe) — ETo(r, Mepe)llur <my Vpe €A, 0<e< @
which implies

distyp (Tu(7, ¢), Eedo) <0, Vo € A, 0<e<eo

The invariance of the attractor under the flow given by T, implies that
distyp (¢ Boo) <1, Vo €Ay 0<e<e

which implies (5.3).
The upper semicontinuity of the equilibria was already obtained in [3]. [

Remark 5.2. Observe that Proposition 5.1 proves the upper semicontinuity part of Theorem
2.4.

6. CONTINUITY OF LOCAL UNSTABLE MANIFOLDS AND OF ATTRACTORS

We already know that, if all equilibrium points of (2.6), which is the abstract version of
(1.2) are hyperbolic then they are all isolated and there is only a finite number of them, say
& = {ed, -+ ,elr}. In this case, we also know that there is an ¢; > 0 such that the set of
equilibria of (2.5), which is the abstract version of (1.1), & = {el, - ,e™} forall 0 < e < ¢

and el L ey for 1 < i < m (see Theorem 2.3 of [3]). Moreover, we also know that the
linear unstable manifolds associated to e§ converge to the linear unstable manifold of €5, see

Theorem 2.5 of [3]. For each el € &, € € [0, 1], we define its unstable manifold
W*(el) = {n. € U?: there is a backward solution u(t,7)
through 7. such that u.(t,n) — €/ as t — —o0}.
and its d-local unstable manifold as
Wi(el) = WH(ed) N B(el, 6) = {u € W*(el); lu — efllup < o).
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These definitions are standard and we refer to [8] for further properties of local unstable
manifolds.

In this section we show that the local unstable manifolds of e, for j = 1,...,m fixed,
behaves continuously with € in U?.

Proposition 6.1. Assume that ey € & 1is hyperbolic; that is, 0 ¢ o(Ao + f'(e0)I). By
Theorem 5.8 and Ezample 5.9 in (3], there are § > 0 and €y such that, there is a unique
ec € & with ||ec — Eceol|lyr < 8, for all 0 < € < €. Then, there is § > 0 such that

distyr (W (ec), EW§ (eo)) + distyr (EWE (eo), Wi (ee)) <5 0
that 1s,

sup inf  |lue — Ecuollyr + sup inf  |lue — Ecuol|lyr — 0, ase — 0
uc €W (ee) W0EWS! (uo) ugEW (ug) ucEW§' (ec)
Before proving this result, let us see how we can proceed to give a proof of our main result,
Theorem 2.4.

Proof of Theorem 2.4: The upper-semicontinuity has already been proved in Proposition
5.1 from Section 5. Observe that to obtain the upper-semicontinuity of the attractors, we
have used the continuity of the nonlinear semigroups, but no gradient structure of the flows
have been used.

To obtain the lower-semicontinuity, we need to show that for each ¢y € Ay we have a
sequence of ¢, € A, with the property that || — Ecpolly» — 0 as € — 0. To accomplish
this, we follow similar arguments as the one developed in [8], [9] or [2].

We are assuming that each equilibrium of the limiting problem & is hperbolic. This implies
that we have a finite number of them and that the flow T5(¢) has a gradient structure, see
[4] and in particular, given ¢o € Ay it will lie in the unstable manifold of some ey € &. This
implies that there exist an element ¢o € W (ep) and a 7 > 0 such that Ty(7, ¢9) = o, where
d > 0 is the one from Proposition 6.1. Using the continuity of the local unstable manifolds
obtained in Proposition 6.1, we have that there exists a sequence of elements ¢, € W(e,)
such that ||¢e — Ecdo|ly» — 0. But, from the invariance of the attactor .4, under the flow
T., we have ¢, = T,(7, ¢.) € Ac. Moreover,

llpe — Eepollur = || Te(T, de) — ETo(T, ¢o)llur
< ”Te(T’ ¢e) - EcTO(Ta Me¢€)“Uf + ”ECTO(T) Me¢c) - ECTO(T7 ¢0)”U§’

< M(T)T_7C(€) + ”TO(T) Me¢e) - TO(Ta ¢0)“U€

where we are using (5.2) and the fact that || E||,wp,vry = 1.
The continuity of the map T'(7,-) : U§ — Ug, the fact that |[¢o — Mgcllyp — 0as e — 0
and that c(e) — 0, shows that || — Eepollyr — 0 as € — 0. This concludes the proof of
Theorem 2.4. =

e—0

Proof of Proposition 6.1: Let {e.} with e, € &, € € [0,1], such |ec — Eceolly» — 0.
Rewriting (2.5) for w, = u. — e, to deal with the neighborhood of e, we arrive at

wy + Acw — fe,(ec)w = f(w+e) — f(ee) — fi(ew. (6.1)
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Let us denote by Vo = —f'(eo), Ve = —f'(e¢). Using the hiperbolicity of eg, e, we consider
b < 0 and define o, Q(o}) as in (4.10), see Remark 4.5.

Decomposing (6.1) with the aid of projection Q(o;F) and denoting by A, the restriction of
Ac + V; to the kernel of Q(o), by B. the restriction of A, + V, to the range of Q(c) and
making S-'v = Q(0F)w, z = (I — Q(o}))w we rewrite (6.1) as

¥+ Bev = Q(o})F(Sev, 2)
24 Az = (I-Q(o}))F.(Sw, 2),

where F,(0,0) = 0 and F}(0,0) = 0. Proceeding as in Example 5.9 in [3] we have that, given
p > 0 there is a § > 0 such that

”FE(SE'U, z)”U;’ < p,~ 3 3 3
| Fe(Sev, 2) — Fe(Sev, 2)||us < p(|lv — g + [|2 — Z||ue)-

for all (v,2) € Bs(0,0) and for all € € (0,1]. Since we are interested on the behavior of the
solutions near (0,0) we cut F, outside B;(0,0) in such a way that it satisfies (6.3) globally.

Proceeding as in [2, 6] we can show that for a suitably small p > 0, there is an unstable
manifold for e,

(6.2)

(6.3)

S¢={(v,2): z=2:(v), v e R"}
where X} : R® — Ker(Q.) is bounded and Lipschitz continuous. Furthermore

sup [[%:(v) = BZ5(0) oz = 0.
veER™

Let sketch the proof of existence of the unstable manifold as a graph and prove its conti-
nuity. Let ¥, : R® — Ker(Q.) such that

1=l := U [Ze(v)llvr < D, [|Ee(v) — Ze(0)|lvr < Lllv — |rn- (6.4)
v n
If ve(t) = 9(t,7,m, Xc) denotes the solution of
% + B, = F (S.v., Zc(v.)), fort <7, v(7) =1,

We seek for a fixed point X} of

(I)(EE)(TI) = /T e_/ig(‘r_s)(l - Q(U:))Fe(seve(s)aEe(ve(s)))dsa €€ [Oa 1]' (6'5)

—0o0
in the class of Lipschitz maps X, : R® — Ker(Q,) which are globally bounded with bound
D and globally Lipschitz with Lipschitz constant L.
Note that, from (4.13),

I 2E)mlor = [ oClr = )t ds, (6.6)

—0o0

and for suitably chosen p we have that [|2(Z)| < D.
Next, suppose that ¥, and . are functions satisfying (6.4), n, 7 € R™ and denote v,(t) =
»(t,T,m, Ze), Ue(t) = ¥(t, 7,7, Ee). Then,

’Ue(t) = ﬁe(t) = C—B' (t—T)(’I? = 'Fl) + ‘/te—Be (t_a)Qc[Fc(Se'Ues Ee(ve)) - Fe(Sei}c: Se(ae))]ds
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And
0e(8) = (&) llre < CeX=D]l7 = illge
+C [ M QuF (5,00, Zu(w0) ~ QLS 5.5 s
< Ce"(tr"’)lln — |lg»
+C [ €4 (12400 = E0lop + e~ .l s
< =~ filen
400 [ 9 (I2(0) = £z + (1 + D)o = ) ds
< Gy — ifar
+0C [ =9 (14 D)lfoc = e + 115~ Sl ) ds
< Ce=7n — g
+pC(1+ L) /t "=y, — 5 lqnds + pCIIZ. - Ellloz / " ebit-9)gs.

t

Let ¢(t) = e™*®=)|ju(t) — T(t)||rn. Then,

8(t) < Clln = fllgn + oC / 45|18 — Elllor + Cp(1+ L) / o(s)ds
7 i

By Gronwall’s inequality

[[ve(t) = Te(t)lrn < [Clln — Fillrne® @ + pC / t=2)ds]|| S, — Z|[|yp]ePCA+DINE-T)
t .
< [Clln = illrs + pCH™Y||Z = e [|yp]e—PCA+DNE=T)
Thus,
12(Z) ()~ 2(Ze)(@lluz

< C/(T— 8) 7€~ F(Seve, Be(ve)) — Fe(Sebe, Ee(90)) || 12 ds
<pC [ (=970 (12000 = Eolug + e = ) ds
< pC/ (1 — 8)™ e b(r=9) [(1 + L)||ve — Ue|lrn + ||| Ze — ie|l|] ds.

Using the estimates for ||ve — 7¢||gn We obtain

pC(1+ L) <
( ol C(l +L))1_7} lee - ch”

12(Ze) (n) — @(E) ()| < pCT(A = ) [b‘1+‘1+

(b—pC(1+ L)) =

Let

Iz(p) = pCT(1 =) [b'1+’+ Ol 1) ]

b(b—pC (1 + L))
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and

_ pC(+ L)T(1 =)
) = G=sem+ oy

It is easy to see that, given § < 1, there exists a py such that, for p < po, Is(p) < 6 and
I(p) < L and

12(Se) () = 2(E) @z < Liln = 7' llrn + OllISe = ZII. (6.7)

The inequalities (6.6) and (6.7) imply that G is a contraction map from the class of
functions that satisfy (6.4) into itself. Therefore, it has a unique fixed point £* = ®(Z*) in
this class. The invariance and the fact that the graph is the whole unstable manifold follows
in a usual manner.

It remains to prove the continuity of the unstable manifolds. This is accomplished in the
following manner. If 0 < € < ¢ is such that the unstable manifold is given by the graph of
Z:, 0 < e < ¢, we want to show that

sup [|Z;(n) = EeZg(n)llor = 1 — EZolll
neR"

It follows from Proposition 4.3 that

1% (me) — EeZo(m)llvz
< / le= 4 =1~ Q(0)) Fu(Seve, Tt (ve)) — Bee™ =1 - Q(0f)) Fo(Sovo, Z5(vo))llurds

< / le=A=)(I — Q(07F))[Fe(Seve, T (ve)) — EeFo(Sovo, T(vo))]luzds
i / T eI — Qo) — Eee™ =9I — Qo) M. EcFo(Sovo, T5(vo))llyzds

< /T le=A<=M(I — Q(07))[Fe(Seve, T2 (ve)) = Fe( Ec(Sevo, Z5(wo)))]luzds

-0

+ / l[e=A=(I — Q(o}) — Eee™™=)(I — Q(oF) MJEFo(Sovo, Z5(vo)) lzds

-0

<C / =) (1 — §) V|| Fo(Scve, Tk (ve)) — Fe( Ee(Sovo, T(v0))) lluads
+Cale) / 9| Fo(S,ve, B2 () oy ds
< pCOb~p(e) + pCH'T(L — 7) IZF — B

+pC(1+ L)/ e~ =9 (7 — 5)77||v — vo||rnds.
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Thus, it is enough to estimate ||ve — vo||gn. Note that
v = snlen < =262 = &= (S, B (w) s
+f e B [1Fu(Seer Z2(00)) — FolSoti S wo)) nds
< oMY o(0) + I = B4l + 901+ 1) [ o, — slods

Therefore
lve — vollrn < PCH7Y [0(1) + |||ZF — Zg||] e PCU+DT-D)
which shows that
sup [152(m) — Za(m)lloz = 0.
nER™
This proves the result. u

7. CONTINUITY OF ATTRACTORS IN OTHER NORMS

In this section we study the continuity of attractors in other norms and very specially in
the norm of the space U}?, see (2.7). This continuity is obtained as a consequence of the
regularization properties of the nonlinear semigroups. As a matter of fact, in many instances
the attractors A, Ap live in better spaces X, and X respectively for which the linear map
E. : Xo — X, is well defined as well. We would like to give conditions that, once the
continuity of the attractors in U? is obtained, will guarantee the continuity results for the
attractors in these better spaces. In fact, the following result holds

Proposition 7.1. If there exists a T > 0 fized such that for each sequence of €, — 0,
Pen € Ae, and ¢o € Ao with ||¢e, — Ec,¢olluz, — 0 implies that

”T:sn(T» ¢en) - e..TO(T; ¢0)| Xt = 0 (71)

then, the upper semicontinuity of the attractors in UP implies the upper semicontinuity in
X and the lower semicontinuity of the attractors in UP implies the lower semicontinuity of
the attractors in X..

Proof: Assume we have a family of ¢, € A.. From the invariance of the attractors under
the semigroup T, we have that there exist ¢, € A, with T,(7, ¢¢) = ..

If the attractors are E -upper semicontinuous in U?, we have that for each sequence ¢, — 0,
there will exist a subsequence, that we still denote by ¢, and an element ¢y € Ag such that
| #e, = Eenollur. — 0 as €, — 0. With (7.1) we get that if we define o = To(T, ¢o), we have
l¢en — Eenollx., — 0, which shows the E.-upper semicontinuity in X.

Assume now that the attractors are E.-lower semicontinuous in UP. If ¢y € Ap and if
we define ¢g € Ao with To(7, do) = o, then there will exist a sequence of ¢, € A, with
| — Ecdpollu» — 0 as € — 0. Using (7.1) again, we get that || — Ecpol|x, — 0 which shows
the E.-lower semicontinuty in X,. 5|

With this result we can provide now a proof of Theorem 2.6.
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Proof of Theorem 2.6: We will apply Proposition 7.1, proving first that
”Ten (T7 ¢5n) = EG"TO(T) ¢0)”Ue1'.‘2 e 0

for some 7 > 0 fixed, sequences €, — 0, ¢, € A, and ¢ € Ay with |4, — E., dolluz, — 0.
Observe first that

”TEn (Ta d’en) = EenTO(T, d)O)HU}f < (7 2)
”nn(T, ¢€") - EC"TO(T’ ME¢€")“U€1,';2 + |IE€TO(T’ M€¢En) - ECnTO(T) ¢0)“Uclr'1.2 .

and for a fixed 7 > 0,
llEeTO(T7 Mc¢en) - Ee,.TO(T: ¢0)”Ucl,"2 S ”TO(T, Me¢e,.) - TO(T, ¢0)”U(}'2 —~ )

since To(7,) : UP — U, is continuous, see [4] .
To estimate the first term of the second line of (7.2) we use the Variation of Constants
Formula (5.1) for € € [0,1] and with simple computations we obtain

”Te(t) ¢e) - EETO(t1 Me¢c)”U¢1-2 < “e—Aetqse = Eee_AOtMe(ﬁs”U(l-z

t
n / | (e74<C=2) — Ee=C=M,) f(T.(s, $c)) g ds (7.3)
. .

t s
+A “Eee_Ao(t_s)ME(fe(’Te(sa¢c)) - fE(EcTO(s> Mc¢c)))”U}2 dS, €€ [O, 60].

But note that A, C C(Q) for 0 < € < €, Ay C C(Q)@C([0, 1]) and that we have uniform
bounds in these spaces.
If we are able to obtain the following two estimates:

”€_A't = Eee—AOtME”E(C(Q)@C(R‘),U:'z) S Ct_7V(€), t > 0- X (7.4)
for some 0 < 4 < 1 and with v(¢) — 0 as ¢ — 0, and
"e-AOt”L(Ug,U(}'z) S Ct—ﬂ, t> 0- (75)

for some 0 < B < 1, then using (7.4) and (7.5) in (7.3) and using the convergence of the
nonlinear semigroup in U§ we obtain that ||Te(t, ¢c) — EcTo(t, Mege)||yr2 — 0 as € — 0.
The proof of (7.5) is in [4] Remark 3.2.
Hence we just need to show (7.4). To obtain this estimate we need some extra resol-
vent estimates, similar to the ones obtained in Section 3.1. To that end we introduce the
continuous extension operator

ES: c)®C(0,1) — C()
W, ZTEN (7.6)

e e {’75, # € Be,

where '
() =ve(8) + he(s) (we(0,y) —ve(0)) + he(1 = 5) (we(1,y)—ve(1)), = =(s,9) €Re, (7.7)
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and the function hs(s) = h(3), where h: R* — [0,1] is a C* function such that
= 1, forse[0,1/4],
0, fors>3/4

and |h'(s)| < C. )
Observe that with this definition E¢(w,,v,) is always a continuous function in Q. if
(we, ve) € C(Q) & C(0,1). Moreover, if (we,v.) € Uy then, E€(w,,v.) € H ().

We also need the following lemmas whose proofs will be provided later.

Lemma 7.2. Let A € p(A:) N p(Ay), then the following holds
A+ A) P =E A+ Ao) M = (I = MAc + A)")(AY = ECASM)(I — AE(Ao + A\) 1 M,)
+ (I = MAc + X)) (B = E) (Ao + X)7' M,
Lemma 7.3. There is a constant C > 0 such that for each \ € £y we have
e
1+ A2 (7.8)
(T = A(Ae + X)TNEE = E)(Ao+ A) ' Me |l cemectre), m@omre) S CeM2.
Lemma 7.4. There is a constant C > 0, independent of €, such that
(2) ”Ee(l i ’\(AO + ’\)—I)Mcfe”C(ﬁ)eC(Rc) <C “fs”c(())@c(le);
(i) 17 = MAe + N)7)ell i,y < Cllgell iy
Lemma 7.5. There exists a constant C > 0 such that for all A € £y and all f. € C(Q) &
C(Re), then
”((AE +A) - E. (Ao + ’\)_le)f'S“Hl(n)@m(R,) < e ||f5||c(ﬁ)®c(Re) . (7.9)
Clearly, from Lemma 7.5 and the expression of the differences of the semigroups in terms

of the integral of the difference of the resolvents as in (4.9), we have that there is a constant
C > 0 such that

||C“Act - Eec
On the other hand,

et = Eee_AotMenc(Lw(n,

I(EE — Ee) (Ao + M) Mell ceqyocio), mr@er re)) S C

—Aot N/2,-1
° M‘”E(C(ﬁ)@C(RJ,H‘(Q)@Hl(Rc)) < CeM2tt, (7.10)

), HY (Q)®&H! (Re)) <

IECC_AMMC “c(Loo(n,

| Gl ||£(L°° Q) H (Q)DH (Re)) T | ) HLQ)@H(R)) = (7.11)

—As - Aot -8
||e t||C(L2(Qg),H1(Q¢)) + “e ’ “L(Ug,Hl(Q)e;Hl(o,l)) <Ct
for some B with 1/2 < 3 < 1, see [4], Remark 3.2. . Interpolating (7.10) and (7.11), we have
that that, for any n < 1,

“e-Aet _ Eee"'% < Ce™/2¢=+(1-n)B) (7.12)

t
M. ”c(z,w(n,),Hl(n)eHl(Re))
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Choosing &7 < n < 1so that nN/2 > (N —1)/2, the result follows with y = n+(1—n)8 < 1.
This shows estimate (7.4) and the theorem is proved. ]

Remark 7.6. We may also obtain the convergence of the attractors in some other norms. As
a matter of fact if K is a compact subset of Q\ Py, P, we can easily obtain uniform bounds of
all the attractors for instance in C*"(K). This estimates may be obtained with an appropriate
cut-off function and using standard regularity properties of the nonlinear semigroups (we are
far away from the channel R.). Hence, since we have obtained already the continuity (lower
or upper) of the attractor in LP(K), with the compact embedding of CY"(K) in CY"" (K) we
also get the continuity (lower or upper) in C'7 (K). ;

We provide now the proofs of the different lemmas we have stated above.
Proof of Lemma 7.2: This lemma is obtained in a similar way as Lemma 3.5. [

Proof of Lemma 7.3: Let f. € C(Q) ®C(R.) and define K, := (ES — E.)(Ao+ )M f, =

%, — 2,, where Z. = Ec(Ag+ A)!Mf. e z. = E.(Ao + ) ' Mf..
Observe that (Ag + A)~!M f, = (we, ve) where

—Aw€+/\ws=fe; z€eN
Que =, z € 00
1 ' (7.13)
_E(gvss)s + Ave = M fe, s €(0,1)

ve(0) = we(0), ve(1) = we(1),

Ue(8,y) = Ve(s) + he(s) (we(0,y)—ve(0)) + he(1 — s) (we(1,y)—ve(1)), V(s,y) € Re and
ze(8,y) = ve(s), V(s,9) € Re.
Also note that since K¢ = 0 in §, we have || K¢|| g1 q)pm(r,) = “Ksniﬁ(m)- Moreover,

€
1Kl <2 [ [ Ihe(s) el0,9) = 0O dsdy

1

2 [ [ 1= 9 fu(1,) — v(0) dsdy
l-e JI'?

< CreV ||ws||g(ﬁ) :

Now note that hl(s) = e *h'(z/e), hi(1 —s) = —e~'W'((1 — s)/e). Hence, with similar
estimates as above,

IVKd <2 [ W) | 10e(0,9) = ve(0) dsdy

1
2 [ - 9F [ ) - w0 dsdy
l1-¢€ j o
1

P / Ihe(s)|? / IV, w0, v) P dsdy + 2 /
0 rs

1-¢

Ihe(1 - s)° /F IV, we(L, y) P dsdy

2
< CeV ”ws“cl(ﬁ) )
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£
where we have used that / / rdsdy = O(e™).
0 JIg
The following estimates hold (see [11]), for some C' > 0,

C
“we”c(ﬁ) < Wﬁ ”fs“c(ﬁ) (7.14)
C
”wencl(ﬁ) < |_/-\|1/2—+i ”fe“c(ﬁ) . (7.15)
Using (7.15) we have that
eN/2
”Kellf{l(R,) < CW ”fs”c(ﬁ)- (7.16)
which shows the first inequality of (7.8).
On the other hand we also have that
) 1 eN/2
”)‘(Ae +A) Ke”Hl(Qz) < |/\||—)\_|ﬁ2—+_1 1 Kell 2,y < C N7 +1 | fellemy (7.17)

and
(I = A(Ae + A))EE = E) (Ao + A) M fell iy @yor re)

< I Kell i pom(rey + | A(Ae + ’\)_IKE“m(ne)

eN/2

< Cm I felleg -

E
Proof of Lemma 7.4: From the definition of E, and M., we have that ||Eé||C(L°,,(Q)GBLC,<,(0 1),Lo (@) =

1 and ”ME”[:(LOO(Qg),Loo(Q)QLoo(o'l)) <L Hence,

=1 i
“EGAO(AO‘*')‘) M”L(L‘”(Q,),L""(ﬂz)) < C”AO(AO +2) l”L(Lw(n,)eamo(o,l)) (7.18)
Let g € C(Q) @ L*(0, 1), be such that
(Ag + N)71g = (w,v). (7.19)
or equivalently
—Aw, + \w. = g, em £
%‘ = 0, em ON
——i(gves)s + Ave = Mg, em (0,1) (7:20)

Ve(0) = we(0), we(1) = we(1)
proceeding as in the proof of Proposition 3.2 (iv), we have that

C o
”w”c(ﬁ) < P\T"_l ”9”c(ﬁ)’ ”'U”c(ﬁ) < 'I‘/\T:_'I (Hgllc(ﬁ) + ||9||c(o,1)) i
Since Ag(Ao +A)"t =1 — A(Ao+ A)7!, then
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||A0(Ao +A)” lg = A(Ao + )~

'g ”c(ﬁ)e;mo(o,x) ‘g Ilc(ﬁ)eabw(o,l)

9llc@ar=@,)+ C l9llc@ors(o)

IN N

C ”g“cm)ez,w(o,l) :
Applying this to (7.18), we have that

—
[|BeAo(Ao + M) M| £ oy Loy S C (7.21)
where C is independent of A and ¢.

Part (¢) is immediate from the fact that A, is positive and self-adjoint. ' o
Proof of Lemma 7.5: The proof follows from Lemma 7.2, Lemma 7.3, Lemma 7.4 and
statement (3.8) from Proposition 3.3. [
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