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Resumo. Neste artigo consideramos um problema de ondas amortecidas da forma
(1) U + B(t)ue = Au+ f(u)

em um dominio limitado com fronteira suave (2 C R"™ e condigdo de fronteira de Dirichlet,
onde f € uma funcdo ndo-linear dissipativa e suave e o amortecimento f : R — (0,00) €
uma fungdo limitada e globalmente Lipschitziana. Provamos que, se (1) tem um nimero
finito de pontos de equilibrios, entdo todas as solugoes globais limitadas de (1) convergem
para pontos de equilibrio mo passado e no futuro. Portanto, damos uma classe de exemplos
de problemas de evolugao nao-auténomos para os quais a estrutura dos atratores pullback é
bem compreendida. Isto complementa os resultados de [4] sobre caracterizagdo de atratores
pullback, onde foi provado que um processo de evolugao que é uma perturbagao nao-auténoma
pequena de problemas auténomos de tipo gradiente sdo processos nao-auténomos de tipo
gradiente. Note que, o processo de evolugdo associado a (1) ndo é uma perturbagio ndo-
auténoma pequena de um processo de evolugdo de tipo gradiente autémomo. Além disso,
provamos que o atrator pullback para (1) é um atrator no futuro e que a taza de atragdo é
exponencial.



A GRADIENT-LIKE NON-AUTONOMOUS EVOLUTION PROCESS
TOMAS CARABALLO, JOSE A. LANGA, FELIPE RIVERO AND ALEXANDRE N. CARVALHO

ABSTRACT. In this paper we consider a dissipative damped wave equation with non-autonomous
damping of the form

(1) ug + B(t)ur = Au+ f(u)

in a bounded smooth domain 2 C R™ with Dirichlet boundary conditions, where f is a
dissipative smooth nonlinearity and the damping § : R — (0,00) is a suitable function.
We prove, if (1) has finitely many equilibria, that all global bounded solutions of (1) are
backwards and forwards asymptotic to equilibria. Thus, we give a class of examples of
non-autonomous evolution processes for which the structure of the pullback attractors is
well understood. That complements the results of [4] on characterization of attractors,
where it was shown that a small non-autonomous perturbation of an autonomous gradient-
like evolution process is also gradient-like. Note that the evolution process associated to
(1) is not a small non-autonomous perturbation of any autonomous gradient-like evolution
processes. Moreover, we are also able to prove that the pullback attractor for (1) is also a
forwards attractor and that the rate of attraction is exponential.

Keywords: pullback attractor, asymptotic compactness, evolution process, non-autonomous
damped wave equation.

Mathematics Subject Classifications (2000): 35B41, 35L05, 35Q35, 37L30

1. INTRODUCTION

Consider the following non-autonomous damped wave equation

uy + B(t)uy = Au+ f(u) in Q
2) {u(z, t) = 0 in 012,

where O C R" is a bounded smooth domain. Assume that f € C?(R) satisfies the following
growth and dissipativeness conditions

s
© <t +1sP), timsupl <o,

lslsoo0 S

with ¢ > 0 and p < 5.

n—2

Assume that 8 : R — R is bounded, globally Lipschitz, and that
(4) Bo < B(t) < By for some By, B € (0, 00).

Date: To the Memory of Professor Valery S. Melnik.
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Let X = Hj(Q) x L*(Q), for u; = v and w = (%), we rewrite (2) as
wy = C(t)w + F(w), t >,

() w(7)=wo=(u0)eX,

Vo

(6) O(t)=( —OA —ﬁI(t)I ) F(w)z( f(Ou) )

and A = —A with Dirichlet boundary condition.
Note that, if

1 1
7 Vip.9) = gleliym + 51600 - [ Go)

with (¢, ¢) € X, G(r) = [; f(0)df, and w = (u

u ) a regular solution of (5), then
t

d
EV(U’ w) = —B(t)|wel 22y

Hence V' : X — R is a continuous function which is decreasing along solutions of (5). In
addition, if ¢ — V(w(t)) is constant in a non-trivial interval of R, then w(t) is an equilibrium.

This means that V' is a Lyapunov function for (5). Nonetheless, we cannot say that the
solutions of (5) have properties similar to those of gradient autonomous evolution processes
(e.g. are backwards and forwards asymptotic to equilibria, [6, Lemma 3.8.2], (7], [9]{10] or
[11) since the usual proofs are strongly tied to the properties of the autonomous evolution
processes.

The aim of this paper is to show that, under certain assumptions, the solutions of (5) are
backwards and forwards asymptotic to equilibria and homoclinic structures are not present;
that is, the evolution process associated to (5) is gradient-like in the sense of [4], concluding
that the associated pullback attractor is characterized as the union of the unstable manifolds
of equilibria. We also show that the pullback attractor associated to (5) is an exponential
forwards attractor. Note that, in general, there is no relationship between pullback and
forwards attraction (see [5] or [8]).

2. GRADIENT-LIKE EVOLUTION PROCESSES
Let X be a Banach space. A nonlinear evolution process is a family of continuous maps
{T(t,7): t > 7} from X into itself such that
1) T(r,7) =1,
2) T(t,0)T(o,7) =T(t,7), for each t > o > 7, and
3) (t,7) — T'(t,7)z is continuous for ¢ > 7, 20 € X.
A continuous function z : R — X is a global solution for {T'(¢,7) : t > 7} if T'(¢,7)2(T) =

2(t), for all t > 7. If a global solution is constant, it is called an equilibrium and the set of
equilibria is denoted by £.
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A semigroup is a family {S(¢) : t > 0} with the property that {T'(¢t,7) = S(t — 7) :
t > 7 € R} is an evolution process. In this case {T'(¢,7) : t > 7} is called an autonomous
evolution process, otherwise it is called a non-autonomous process. Recall that a set A is
invariant under a semigroup {S(¢) : ¢t > 0} if S(t)A = A for all t > 0.

Since a fixed set A in X will not, in general, be fixed by a non-autonomous process,
invariance for a process is defined as:

o A family {A(t) C X : t € [0,00)} is invariant under {T'(t,7) : t > 7} if T'(¢, 7). A(T) =
A(t) for all t > 7.

Definition 2.1. A family of compact sets {A(t) C X : t € R}, with Usg A(t) bounded for
each t € R, is a pullback attractor for {T(t,7) : t > 7} if it is invariant and attracts ali
bounded subsets of X ‘in the pullback sense’, that is,

lim_dist(T(t,7)B, A(t)) =0, V¢ € R,

Furthermore, for each t € R, A(t) is characterized by
(8) A(t) ={¢€(t) € X : £ € C(R, X) is a global
bounded solution for {T'(t,7):t > T}}.

For an autonomous evolution process, the concept of a pullback attractor coincides with
the concept of global attractor. The characterization in (8) shows that, in a certain sense, this
notion is a ‘natural’ generalization of the notion of global attractors to processes. We observe
that the pullback attractor will not necessarily posses any kind of forwards attraction.

Definition 2.2. The unstable set of an equilibrium y§ € € for a semigroup {S(¢t) : t > 0} is

defined by
Wh(y3) = {z € X : there is a global solution y(t)

for {S(t) : t > 0} satisfying y(0) = z and
such that lim,,_ ||y(t) — y5llx = 0}.
Definition 2.3. A semigroup {S(t) : t > 0} is gradient if there exists a continuous function
V : X — R (a Lyapunov function) such that
o t— V(S(t)2) : [0,00) — X is non-increasing for each z € X.
o IfE()) : R — X is a global solution and V (£(t)) = V(£(0)) for allt > 0 or for ali
t <0, then £ is an equilibrium.

The following characterization result is well known (see [6]):

Theorem 2.1. If {S(t) : t > 0} is a gradient semigroup with a global attractor A and a
finite set of equilibria £ = {yf,--- ,yy}, then

p
A=W @),
i=1
Furthermore, if V : X — R is the Lyapunov function associated to {S(t) : t > 0}, for each
global solution y(-) : R — X in A, there are 1 < i,j < p with V(y}) < V(yj), such that

Jim y(t) =5 end lim y(t) =y;.
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The extension of the notion of gradient semigroups to processes is done in [4], where the
notion of gradient-like evolution processes is introduced. That extension corresponds, in the
case of semigroups, to the decomposition of the flow as a gradient part and a chain recurrent
part (Morse Decomposition). To that end we need the following definitions.

Definition 2.4. Let {T'(t,7) : t > 7} be a process and {=(t) : t € R} be an invariant family
for it. The set T' = U{E(t) : t € R} is called trace of =. If there exists § > 0 such that any
global solution § : R — X with §(t) € Os(T) := {2z € X : dist(z,T') < 6} for allt € R, must
satisfy £(t) € Z(t), for all t € R, then we say that {Z(t) : t € R} is an isolated invariant
family. S = {E},---Zx} is said a set of isolated invariant families if each =¥ is an isolated

inwariant family and there ezists 6 > 0 such that O5(I'7) N O5(T5) = 0, 1 < i < j < n, where
I'} is the trace of Z5.

Let {T'(t,7) : t > 7 € R} be a nonlinear evolution process with a pullback attractor
{A(t) : t € R} which contains a finite set of isolated invariant families S = {=3,---Z*}.

Definition 2.5. A homoclinic structure in {A(t) : t € R} is a sequence {Z, : < p}in

S and a sequence of global solutions {&; : 1 < i < p} such that &; g I 51 t_'°° Fe i ond

— = =k

Ep = Bl =25 where I}, is the trace of Ej,.

Definition 2.6. Let X be a Banach space and {T'(t,7) : t > 7} be a nonlinear evolution
process in X with a pullback attractor {A(t) : t € R}. We say that {T'(t,7):t > 7 € R} is
a gradient-like process if the following two hypotheses are satisfied:

(H1) There is a finite set S = {Ef : R — X : 1 < i < n} of isolated invariant families in
{A(t) : t € R} with the property that any global solution & : R — X in {A(t) : t € R}
satisfies

hm dist(¢(¢), ) =0

and
lim dist(&(¢), I‘;) =,

t—oo
for some1<i,5<n
(HZ) & ={8],+~ ,.dn} does not contain any homoclinic structure.

Definition 2.7. Let {T'(t,7) : t > 7 € R} be an evolution process. The unstable set of an
isolated invariant family Z* with trace I'* is the set
WY (z*) = {(r,¢) e R x X : there is a global
solution £ : R — X such that &(7) =
and lim;_,_o dist(¢(t), I*) = 0}.
Also, Wo(E*)(7):={¢ € X : (1,{) € W"(E")}.
It is observed in [4] that, for an autonomous evolution process, the above definition of
unstable set coincides with the usual definition of an unstable set of an invariant set. That

may not be the case for non-autonomous evolution processes. Nonetheless, they coincide if
the following condition, which is automatically satisfied for autonomous evolution processes,

holds
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e Ifa solution £(t) stays inside a suitably small neighborhood of I'# for all ¢ in an interval
t——o0

of the form (—oo, ] (respectively, of the form [to, 00)), then dist(£(¢), E(t)) “==5° ¢

t—o0

(respectively, dist(£(t), Z(¢)) == 0).
With these definitions, the following result is proved in [4]:

Theorem 2.2. Let {T,(t,7) : t > 7 € R} be an evolution process in X with pullback attractor
{A,(t) : t e R}, n €[0,1]. Assume that

a) Unepo,1] Uter Ay (t) is compact.
b) To(t, 7) =S(t—7), t > 7 and {S(t):t >0} is a gradient-like semigroup with isolated
invariant sets {I'7,--- T}

c) {Ty(t,7) : t > 7} has a finite set of isolated invariant families S, = {E1p " 1 Enn}
with traces {I';,,---, T .}, n € [0,1] such that

sup [dist(I],, 7o) + dist(T o, I ,)] s Y
IS’LSTL ) )

d) || Tt +7,7)u — To(t + 7, 7)ul|x Lo uniformly for T € R, (t,u) in compact subsets
of [0,00) x X. '

e) there are § > 0 and no € (0,1] such that, if n < o, & : R — X is a global solutior.
in {Ay(t) : t € R}, to € R and dist(&,(t),T,) < & for all t < to (¢t > to), then

dist (& (£), &, (£)) =757 0 (dist(&,(£), €, (2)) =5 0).

Then, there exists ng > 0 such that, for all n < no, {T5(t,7) : t > 7 € R} is a gradient-like
nonlinear evolution process. Consequently, there exists ng > 0 such that

(9) An() = W EL)0),

for allt € R and for all n < no.

This result shows that any non-autonomous perturbation of a gradient-like nonlinear semi-
group becomes a gradient-like evolution process. Thus, it gives a natural way to construct
examples of non-autonomous gradient-like evolution processes as small non-autonomous per-
turbations of gradient-like semigroups with all equilibria being hyperbolic and the isolatec.
global solutions will be hyperbolic bounded global solutions.

Theorem 2.2 is also interesting even in the purely autonomous cases and yet, it provides
examples of non-autonomous gradient-like evolution processes.

The important question to address next is the possible existence of gradient-like evolution
processes which are not given as a small non-autonomous perturbations of a gradient-like

semigroup.
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3. ON THE CHARACTERIZATION OF THE PULLBACK ATTRACTOR

The existence of the pullback attractor for (2) has been recently proved [2]. In this Section
we want to describe in detail the geometrical structure of the pullback attractor associated
to (2). To this end, we firstly need some auxiliary results on the regularity of this family of
compact sets.

3.1. Regularity of the pullback attractor. Now we prove that the pullback attractor
{A(2) : t € R} is such that U;cg A(¢) is a bounded subset of X! = (H?(Q) N H()) x H ().
To that end, let £ : R — X be a global bounded solution of (2). Then, the set {£(¢) : t € R}
is a bounded subset of X.

For each initial value wg € X and each initial time s € R, system (5) possesses a unique
solution which can be written as

(10) S(t, s)wo=L(t, s)wo+U(t, s)wo= (u(t, % wo))>’

u(t, s, wo

where L(t, s) is the solution operator for w; = C(t)w, and
t
(11) B, 2 = / Bt S s

It is proved in [2] that the non-autonomous process associated to (2) has a pullback
attractor {A(t) : t € R} with

(12) U A(t) bounded in X.

teR
It is also proved in [2] that

Theorem 3.1. {U(t,s) : t > s} is compact and there are constants K > 0, a > 0 such that
1Lt s)ll < Ke™®t™2), t > s.

The constants K and o depend on By and B, but are independent of the choice of the function
B satisfying (4).

Hence, if £(+) = <st())> : R — X is such that £(t) € A(t) for all £ € R, then

£0) = 1696 + [ L0 (E@)as,

and, using Theorem 3.1, we have that it can be written as
t
(19) €)= [ LeOFEb)®.

Consider, for wy = £(s),



A GRADIENT-LIKE NON-AUTONOMOUS EVOLUTION PROCESS 7

and note that,

(14) { wy + B(t)w, = Aw + f(u(t, s;wo)),

w(s) = wy(s) = 0.

To estimate the solution of (14), for wy in a bounded subset B of X, we consider the
energy functional for (p, ¢) € X

1 1

to obtain that

d
ZV(w(t), w()

= —(B(t) — 2b)|lws|22 — 2b]| V|2

+2b/gwf(u)—2b,6(t)/nwwt+/0wtf(u)

< Rl — bVl +

where we have used (12). From this we obtain that

(16) U U(t,s)B is a bounded subset of X.
s<TSt
Hence, if v = wy,
vy + B(t)v, = Av — ' (t)v
(17) + f(u(t, s;u0) )us(t, s; uo)
v(s) =0, vi(s) = f(wo).

Proceeding as in [1] we define, for € > 0, Y¢ = D((—A)?%) with the graph norm and Y ¢ =
(Y¢)'. Now, to estimate the solution of (17) we consider the following energy functional for
(0, 8) € Y= x Y~

1 1
(18) Ve(:8) = Slolyi+2b(0, $)y~+3 |83~
Using (12) and (16) we have that, for ¢; = (—pi,z(n_l) < 1 and for some constant K > 0,

| f/ () ||y -

!
ol (el 2

1 <
< ezl @)l 2
<
<

(19)

ellualza(1 + 1wl 2,)

K.
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Also

SV (0(2) 04(0)
= ~(B(6) = D0l — 2Bl
— (26B(2) + ()0, dy—n — 268 D)ol
+ 2600, (= + {ve, I ()
< =B = )l = 20l
+ (2081 + D)olly-a el - + Lol

+2b[|vlly-all /' (wuelly-atlvelly-all £/ (w)ully-«
< =2l — blol 1o+,
where we used (19), (16) and (12). From this, from (13) and from (8) we obtain that
(20) U A(t) is bounded in Y2~ x y1=,
teRr

Using (20) and reestarting from (19) with €3 = (p + 1)e; — p we obtain that

(21) U A(t) is bounded in Y% x Y=<,

teR

Iterating this procedure a finite number of times, we obtain that

(22) U A(t) is bounded in Y? x Y.
teR

and (22) implies that

(23) sup sup{[|€(%)]|x, [I§(2)l|x1, I€(£) ]I x} < oo,
€A teR

where A is the set of global bounded solutions for (2).

3.2. Structure of the attractor. Let {{A(¢) : t € R} be the pullback attractor for (2), and

assume that there are only finitely many solutions {uj,--- ,u;} of
Au+ f(u) =0, z € Q,
(24) (u)
u=0, x € .
Denote by & = {ef, - ,e;} where e = (’3 ) Under this assumption, we prove in this

section that the evolution process {S(t,s) : t > s} associated to (2) is gradient-like; that is,
conditions (H1) and (H2) in Definition 2.6 are satisfied. As a consequence, we will get that

(25) A(t) = LnJ W*(e?)(t), for all t € R.
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We first observe that the function in (7) is such that, given a solution ¢ : [0,00) — X of
(2), then
[0,00) 5t V() €R
is decreasing. In addition, if V' (£(¢)) is constant in a nontrivial interval of R, then ¢ must be
an equilibrium.

These considerations imply that V' : X — R is a Lyapunov function for (2) and that.
in &, there is no homoclinic structure. The remaining of the paper is dedicated to show
that all solutions in the pullback attractor of (2) are forwards and backwards asymptotic
to equilibria. These two conditions ensure that {S(¢,s) : t > s} is a gradient-like evolution
process.

Clearly, if (3 is a positive constant or, as a consequence of Theorem 2.2, if 8 is uniformly
close to a positive constant, {S(t,s) : t > s} is gradient-like. Our goal is to show that even
if 4 is not uniformly close to a constant, the process associated to (2) is still gradient-like
and, therefore, the pullback attractor is still given by (25).

Let {tn}nen be a sequence in R. For each n € N, let £, : R — R be the function defined by
Bn(t) = B(t, +t). Under these assumptions, the family {3, }nen is uniformly bounded and
uniformly equicontinuous. Consequently, it has a subsequence (which we denote the same)
and a globally Lipschitz and bounded function v : R — [0, 00) such that f3,(t) = ~(t}
uniformly in compact subsets of R.

Now consider the sequence of linear problems
((uy + B(t)uy — Au =10, in Q
(26) w=0in 89,

u(s) = up € HE(Q), wi(s) = vo € L*(Q).

\
(g + Bn(t)uy — Au=0, in Q
(27) 1 u =0 in 09,

u(s) = up € H}(Q), w(s) = vo € L*().

and
wug +y(t)ug — Au =0, in

(28) u=0in 8Q,
u(s) = up € Hi(Q), u(s) = vo € L*(Q).
Denote by L(t, s), Ln(t,s) and Le(t, s) the processes associated to (26), (27) and (28) ir-
X = H}(Q) x L*(Q), respectively.
Clearly, from Theorem 3.1, there are constants M > 1 and w > 0 such that
IL(t, 5l < Mem®, ¢ > s,
I La(t, 8)ll ey < Me™“t9), t > s,
< >

I Loo(t, 8)llcex) < Me™ 7, ¢ > s.
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Also, L(tn +t,tn + 8) = Ly(t, s). In fact, (26) can be rewritten as

s (ff) = (2 é) (5> - (ﬂ(g)ut) |
() = ().

and writing

we have, by the variation of constants formula, that

= eC(t—s)UO

tn+t o ) 0
_ t+in— d0
~/tn+s ¢ (ﬁ(B)IQ(B: In + S)UO)

_— eC(t—s) UO

t
_ [ oo 0
/S ¢ (ﬂn(e)Lg(tn +0,t, + s)Uo> af
= Ln(t, S)Uo

Now,

[Ln(t) 5) - LOO(t: 3)]U0

' 0
= / L0 (6) (( Lo)a(8, $)Uo—(La)eo(6, S)UO) do

+ /t et [5,(6) — 7(9)] ((Lz)oo?9, S)Uo) de,

S

and a simple application of Gronwall’s inequality yields that, for each 7" > 0
n—oo

(29) sup || Ln(t,8) — Loo(t, 8)|lc(x) — O.

t—T<s<t

Now, let £ : R — X be a global bounded solution of (5) and recall that, from (23),
Stlénlg{llf(t)llx, €@ 1xr, €@ lIx} < oo.

Thus, by the Arzela-Ascoli Theorem, we have that the sequence &, in C(R, X) defined by
£n(t) = £(t, +t) has a subsequence which converges uniformly in compact subsets of R to a
continuous function ¢ : R — X.
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Now, as

a ( el )
L(t

06+ [ 260 (g ) @
= [ 200 (jieey) @

E(t+t,) = /:t L(t + t,,0) (f(g?(e))) de
=/_;L(tn+t,tn+e) (f(£1(90+tn))> do

_ /_; La(t,6) <f(§1(90+ tn))) do.

From this and (29), it is not difficult to see that

(0= [ 1ol60) (5 @

and, in particular, ( : R — X is a global bounded solution of

Uy + y(t)ur — Au = f(u) in Q
{u=01n oN.

To that end, we consider the Lyapunov function in (7). Then R > ¢t — V(£(t)) € R is
non-increasing and the only global solutions £ where V' is constant are the equilibria in £.
Since {£(t) : t € R} lies in a compact set, there are real numbers ¢; and ¢; such that

we also have that

and, consequently,

(31)

4R V(ER+ 7)) B g

for all r € R.
If t, == oo, taking subsequences, if necessary, B(t, + ) — ~(r) uniformly in compact

n—oo

subsets of R, £(t,+7) — ((r) in X, uniformly for 7 in compact subsets of R, and (¢(¢), ;:(¢))
is a global solution of the problem

39 Uy +Y(t)we — Au = f(u), in Q,
(32) u = 0 in 01,
with the property that V' ({(t),(:(t)) = ¢;, for all ¢ € R. Hence (é((tt))) = ej. Taking

t, =3 —o0 we obtain an analogous result.

Suppose that there are sequences {tn}nen and {Z;}nen With tny1 > th > th, n € N,

n—oo

such that £(t,) == ef and £(f,) —> &;. Now, given € > 0, there exists n, € N such
that V(£(t)) € (& — €, &; + €) for all t € [tn,ta). If 7 € (tn,Tn), Tn — oo and (taking
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subsequences if necessary), B(r, + 1) == 7(r). We have that (7, + ) == C(t), which is a

solution of
(33) { Ut + ’_)’(t)’U,t = Au = f(u), in Q,

u =0 in 99,

with V(C(¢), Gi(t)) = ¢; for all t € R, and, consequently, {(t) = ef, with V(e?,) = ¢;. That
leads to a contradiction with the fact that there are only finitely many equilibria.
We can resume all our previous analysis in the following theorem,

Theorem 3.2. Suppose that there are only finitely many solutions {u7, -+ ,u;} of (24).
Then the evolution process {S(t,s) : t > s} associated to (2) is gradient-like and, as a
consequence, we can write the pullback attractor {A(t) : t € R} as in (25).

4. EXPONENTIAL REGULAR PULLBACK ATTRACTORS

In this section we consider the situation in which (2) possesses an exponential pullback
attractor. As we will see, the characterization of the pullback attractor and the ideas in
Sec.3.2 play a fundamental role in the proof of the exponential attraction.

Hypothesis 1. Let f € C*(R) and B € C*(R) be such that conditions (3) and (4) are
satisfied, and assume that (24) has a finite number of solutions £ = {ej, -+ ,ey} where

i = ()
From the results of Sec.3.2 we have that the process associated to (2) has a pullback

attractor {A(t) : t € R} which is characterized by (25).
Consider the linear process {L;(t,s) : t > s} associated to

ug + Bt us = Au+ f'(u)u, t >0, z € Q,
(34) u(t,z) =0, t >0, z € 00
u(0,-) = up € HY(Q), w(0,-) = v € L*(Q).
Definition 4.1. We say that the linear evolution process {L;(t,7) : t > 7 € R} has ez-

ponential dichotomy with exponent w and constant M if there is a family of projections

{Qi(t) : t € R} C L(X) such that
(1) Qi(t)Li(t, s) = Li(t, s)Qi(s), for all t > s.
(2) The restriction Li(t, 8)|niq, sy, t = S 15 an isomorphism from R(Q:(s)) into R(Qi(t));
we denote its inverse by Li(s,t) : R(Qi(t)) — R(Qi(s))-
(3) There are constants w > 0 and M > 1 such that
ILit, ) — Qi(s)) ) S Me™®9 ¢ > s
| L:i(t, $)Qi(3)|lix) < Me*t9 t<s.
When {Li(t,) : t > 7 € R} has ezponential dichotomy, we say that e} is a hyperbolic
equilibrium point.

(35)

Hypothesis 2. Assume that all equilibria in £ are hyperbolic.



A GRADIENT-LIKE NON-AUTONOMOUS EVOLUTION PROCESS 13

Remark 4.1. We remark that, when f is independent of t, an equilibrium e* of (2) is
hyperbolic if and only if zero is not an eigenvalue of A(A = A + f'(e*)I with homogeneous
Dirichlet boundary conditions). Unfortunately, the case when B is time dependent is much
more difficult and cannot be easily obtained from the knowledge of the spectrum of A. We
conjecture that, under our assumptions, e* is hyperbolic if and only if 0 ¢ o(A).

The following lemma can be seen in [3], for example.

Lemma 4.1. Assume that Hypothesis 1 and Hypothesis 2 are satisfied. If {Qi(t) : t € R} is
the family of projections given in Definition 4.1, for each 1 < i < p, there is a neighborhood
Vi of ef and a function I; : R(Q;i(t)) — Ker(Q;(t)) such that
Wh(ei)NVi={ej + Qi(t)u+Z;(Q:i(t)u) :u € X} NV,

and there exists v > 0 such that, for any ug € V;, and as long as S(t + s, s)ug € V;,
sup ||(I — Qi(t + 8))S(t + s, s)uo
(36) seR

— DY((Qi(t + 8)S(t + s, 8)up))||x < Me™ .

It is easy to see that {S(¢,s) : ¢ > 0} is Lipschitz continuous, that is, given a bounded
subset B of X, there are constants ¢ = ¢(B) and L = L(B) > 0 such that, for all u,v € B

(37) sup ||S(t + s, s)u — S(t + s, s)v|| < ce™|ju —v]|.
seR

In what follows, based on the results of [4], [1] or [12], we show that the pullback attractor
{A(t) : t € R} of the evolution process associated to (2) under Hypothesis 1 and Hypothesis
2 is also an exponential pullback attractor.

Theorem 4.1. There exists v > 0 and, for each bounded subset B C X, there exists a
constant c¢(B) > 0 such that, for allug € B
(38) sup sup dist(S(t+s, s)ug, A(t+s)) <c(B)e ™
seR upeB
To prove this theorem we need the following important lemmas (which extend the corre-
sponding results in [4] where they are proved for processes which are a small perturbation
of autonomous evolution processes).

Lemma 4.2. Assume that Hypothesis 1 and Hypothesis 2 are satisfied. If {S(t,s) : t > s}
is the evolution process associated to (2), given § < 3min{lle} —efllx : 1 < 4,5 <k, i # j}
and a bounded set B C X, there is a positive number T = T'(d, B) such that {S(t + s, s)uo :
0<t<TINUT,Bs(e}) # 0 for all ug € B and for all s € R.

Proof: We argue by contradiction. Assume that there is a sequence uy in B, and a sequence
of positive numbers ¢, i 5 00, and a sequence of real numbers s such that {S(¢t+ sk, sk)ux
0 <t <t} NUL,Bs(ef) = 0. Extracting subsequences we have that there is a function
4 : R — [Bo, 41] and a global solution £ : R — X of (31) such that S(t + % 4 sk, sp)ur — £(t)
uniformly in compact subsets of R. Clearly, from its construction, &(t) ¢ U, B;(ef) for all
t € R and this contradicts (25).g
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Lemma 4.3. Assume that Hypothesis 1 and Hypothesis 2 are satisfied. If {S(t,s) : t > s} is
the evolution process associated to (2), given 0 < & < min{|lef —e}|lx : 1 < 4,5 <k, i # 5},
there is a §' > 0 such that, if for some 1 < i < n, |lup — €}||x < & and, for some t, > 0,
|S(t1 + s, s)ug — €f||x = 4, then ||S(t + s, s)ug — ef||x > & for allt > t;.

Proof: Assume that, for some 1 <4 < n, there is a sequence uy in X with |Juy, — €} x < %
and sequences s, € R, and 0 < t; < 7 such that ||S(tx + sk, sk)ur — efl|x =  and
1S (Tk + s, sk)u — €f||x < . Clearly ¢ is bounded from below and that contradicts the
fact that £ does not contain any homoclinic structure.

Proof of Theorem 4.1: To prove (38) we first choose § < dy such that Bs(e}) C V; and V;
is the neighborhood given in Lemma 4.1 for ef. From Lemma 4.3, for all suitably small §,
there exists ¢’ = ¢’(6) < & such that, if ug € By /(e}) and for some ¢; > 0

S(tl + S,S)UO ¢ BJ(C;),

then
S(t + s,s)ug ¢ Bgs(ef), for all ¢t > ¢;.
Now, let B be a bounded subset of X and By be a closed ball centered at u = 0 that
contains B and U{Bs(u) : u € A(t), t € R}. From Lemma 4.2, there exists T = T'(¢', Bo)
such that, for all ug € By

S(t+s,s)uo € Oy = || By (e})
i=1
for some t < T and Vs € R. . .
Thus, given uy € By, there are sequences {t'}, and {t\ }M,, M < n and {e}}}, such
that
0T, t—t7IKT, 1<i< Mt =400

for which S(t + s, 8)ug € Os(e}), for all t € [t*,¢}], s € R, and ¢ € {1,..., M}. Then, by
Lemma 4.1,

sup dist(S(t + s, s)ug, A(t + 8)) < co(Bo)e™ ™,
SER

for all ¢ € [t*,.]. On the other hand, for ¢t € [t7},t'], t = o+t for some o < T, and
using (37) we have that

dist(S(t + s, s)ug, A(t + 5))

= dist(S(o + t'7 + s, 8)uo, A(t + 9))

= dist(S(o + 71, 57 S(E + s, 8)uo,
S(o + 7t A + 5))

< cl(Bo)edeist(S(tf'[ll + s, 8)ug, A(t + s))
< e1(Bo)e*Tco(Bo)e ™+

= ¢(By)e "' g
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