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Abstract

Let (R,m) be a Noetherian local ring; let two multi-graded R-
algebras G = @reneGr and G’ = GreneGh with G' C G, that, as
usual, are generated as algebras by finitely many elements of degree
one; fix M a finitely generated multi-graded G-module and define a G’-
module M’ as M’ = @renaGp M. Let J C Gqyp,...,0 be a R-submodule
of finite colength. We first define the notion of mixed multiplicities and
also the notion of (FC)-sequences associated with (J,G',G, M', M).
Then we express mixed multiplicities as jth associated Buchsbaum-
Rim multiplicity of a pair (J, MT), where MT is a suitable graded
module obtained through a quotient of M by a (FC')-sequence. Hence,
we extend some important results of [15] to multi-graded algebras. As
an application, we get formulas for the mixed multiplicities of arbitrary
submodules of a free module, which in some sense generalize similar
formulas obtained by Kirby and Rees in [5] and by the authors in (2]
for modules of finite colength in a free module.
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Buchsbaum-Rim multiplicity.
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1 Introduction

Mixed multiplicities of finitely many zero-dimensional ideals were first defined
by Risler and Teissier in [12] and they proved that they could be described
as the usual Hilbert-Samuel multiplicity of the ideal generated by an ap-
propriated superficial sequence. This result of Risler and Teissier was later
generalized by Rees in [10] who first introduced the notion of joint reduction
for a family of ideals and proved that the mixed multiplicities of a family
of zero-dimensional ideals could be described as the Hilbert-Samuel multi-
plicity of the ideal generated by a suitable joint reduction. This Theorem
of Rees is known as Rees’s mixed multiplicity theorem and it is a crucial
result in the theory of mixed multiplicities for zero-dimensional ideals. In
order to generalize the above results to the case where not all the ideals
are zero-dimensional, Viét in [15] introduced the notion of (F'C)-sequences
and showed that mixed multiplicities of a family of arbitrary ideals could
be described as the Hilbert-Samuel multiplicity of the ideal generated by a
suitable (FC')-sequence. We refer the reader to [13] for a survey on mixed
multiplicities of ideals.

The notion of mixed multiplicities for a family Ej, ..., Ej of R-submodules
of R? of finite colength, where R is a local Noetherian ring, have been de-
scribed in a purely algebraic form by Kirby and Rees in [5] and in an algebro-
geometric form by Kleiman and Thorup in [7] and [8]. The results of Risler
and Teissier in [12] and of Rees in [10] where generalized for modules in
[5] and [2], where the mixed multiplicities for E,..., E) are described as
the Buchsbaum-Rim multiplicity of a module generated by a suitable joint
reduction of Ey, ..., Ej.

In this work we extend the notion of mixed multiplicities to a family
F,Ey,...,E; of R-submodules of R? with F' C RP of finite colength. We
do this in a more general context. As in the work of Kirby and Rees in [5],
we work in the context of multi-graded modules. In order to describe this
construction we need to introduce some notations.

Fix (R,m) an arbitrary Noetherian local ring; fix two multi-graded R-
algebras G = @®reneGr and G = @reneGL with G’ C G, that, as usual,
are generated as algebras by finitely many elements of degree one; fix M
a finitely generated multi-graded G-module and define a G’-module M’ as
M' = @renaGMy. Let J be a finitely generated R-submodules of Gys(1y of



finite colength and assume that Gg(l) = Gs(1)- Set G" C G’ and M" C M' by

G" = BrenaJ" Gy -+ G5y and M := Bpena S Gy - G

50y Mo-

We denote by Z(G"), or just Z if no confusion arise, the ideal of G' generated
by Gy - - - G(y» where 8(i) = (6(¢,1),...,6(z,q)), where 6(¢,j) =1 if i = j
and 0 otherwise, and we assume that Z is not contained in vAnnM. Set
N=0py:I® N =NnM', 6 M*:=M/N and M™ := M'/N".

Consider the function

A/Irl'+dn6(1)
h(n,r) =1 (W .

Then we will prove in Proposition 5.1 that h(n,r) is a polynomial of degree
D := dim(Supp, . (M'")) for all large (n,r) € N7*! If we write the terms of
total degree D of this polynomial in the form

1
B(n,r) = E —'lges,k(J,G';J\l')rkns.
saep 5K

The coefficients e, k(J, G'; M') are called the mized multiplicity of (J, G") with
respect to M.

The main result of this work is a generalization to this new setting of the
results of Viet [15] and Manh and Viet [9]. In order to do so, we build the
concept of (F'C)-sequence of G’ with respect to (M, M) (see Definition 4.2).
Precisely we prove the following results, which establish mixed multiplicity
formulas by means of Buchsbaum-Rim multiplicity and also the positivity of
mixed multiplicities.

Theorem 1.1. Assume that T is not contained in v AnnM and let J be a
finitely generated R-submodules of Ggs1y of finite colength. Let s, ki, ..., kq be
non-negative integers with sum equal to D. Then

) B
esx(J, Gy M"Y = el (J; (M)W,

for any sequence xy, ...,z of t = ko + ... + k, elements of G" satisfying
the condition (FC) with respect to (M, M"), consisting of ke elements
of Gy(gys---,kq elements of Gy, where M = M/((zy,....c )M : T®).
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(11) Assume that s > 0. Then ey (J,G'; M) # 0, if and only if there exist a
sequence of ky+...+k, elements of G” satisfying the condition (FC) with
respect to (M, M"), consisting of ks elements of Gg(g),...,kq elements of

/
§(a)’

The most important case for application of the results obtained is the
following context. Let A = @,enA, be a finitely generated standard graded
algebra over a Noetherian local ring (R, m) and E = @®,enF, a finitely gener-
ated graded A-module. Set J C Ay, be a R-submodule of finite colength and
I,..., I, with I; C A, finitely generated R-submodules. We now associate
with the sequence of R-modules I1,...,I; a pair of graded R-algebras and
modules. Define

G = Opryen+Gpry and G' = GB(p,r)EN"’f‘GI(p,r)

where G(pr) 1= Adyry+dyro+p a0d Gy, 1y = I7' -+ I7* A, Notice that in this
context Z(G") = I, - - - Z,, where Z; denotes the ideal of A generated by I;.
We will assume that Z(G’) is not contained in y/Ann(FE). Similarly define
the graded modules M(p,r) := Edyry+-dyry+p a0d M, oy = I1" -+ - I7* E,. In this

context, we have that

(pyr)

M/ I...["E
(p,r)+dond(1) 1l s don+p
— e = Z "
Almpr) = ( JnM] ) < JrI I E, )

As a consequence of Proposition 5.1 we have that h(n, p,r) is a polynomial
of degree r := dim(Supp, , (E/0g : Z(G')*)) for all large (n,p,r) € N*+2. If
we write the terms of total degree r of the polynomial

¢ III e I.:SEdon+p
JiL . I E,

in the form

1 ' 2 . :
B(n,p,r) = Z WGJ(J[S],II[M],...,Igs];E)nsp’rk.
s+j+|k|=r e

The coefficients e’ (J!*, I{k‘], L T E) are called the ;" associated mized
multiplicity of (J,I1,...,I5) of the type (s, ki, ...ks) with respect to E.
Theorem 1.1 immediately gives the following result
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Theorem 1.2. Let J C Ay, be an R-submodule of finite colength and I, . .., I,
I; C Ay, finitely generated R-submodules. Let kg, j, ki, ..., ks be non-negative
wntegers with sum equal to r. Assume that r > 0. Then

(i)
(gt [l L EY =€ (S, E),

for any sequence xq, ...,z of t = k1 +...+ ks elements satisfying the con-
dition (F'C) with respect to (J, I1,...,1Is; E), consisting of ki elements

of I,....ks elements of I,, where E" = E/((x, ..., z1) : Z(G")™).

(ii) If ko > 0, then ej(J[k"],I{k‘], e ,ch”]) # 0, if and only if there exist a
sequence of ky + ... + ks elements satisfying the condition (F'C') with re-
spect to (J, I, ..., Is; E), consisting of ky elements of I,...,ks elements
of 1g:

In the case that ht(Z(G') + AnnE/AnnE) > 0, there exists positive inte-
gers ng and u such that the function

14 If" - I Edgnip
Jnjlrl s .];"SEP
is, for n > ng,r > u a polynomial of total degree D := dim(Supp,, (E)). We
get the following theorem.

Theorem 1.3. Let J C Ay, be an R-submodule of finite colength and I, . .., I,
I; C Ay, finitely generated R-submodules. Assume ht(Z(G')+AnnE/AnnE) >
0. Let kg, j,ky,....,ks be non-negative integers with sum equal to D, with
ko > 0. Then, if t = ki + ... + ks < (Z(G') + AnnE/AnnE) we have that

(gl ¥l [k By = el (05 B,

for any sequence y,...,x; satisfying the condition (FC) with respect to
(J, Ih,...,Is; E) consisting of ki elements of I,...,ks elements of Is where
E = E/(z1,...,2)E.

As a consequence, we have a result similar to that of Kirby and Rees [5]

and Callejas-Bedregal and Perez [2], but in terms of sequences satisfying the
condition (FC).



Theorem 1.4. Suppose that I,...,I; are R-submodules of G4 of finite
colength. Let j,ky,...,ks € N with j + |k| = r. Let zy,...,z, be a a weak-
(FC)-sequence with respect to (Ay, I,...,I) consisting of consisting of j
elements of Ay, ki elements of Iy,...,ks elements of I;. Then,

gl IR = egp(ay, . .., @)

For a precise statement of the above theorems we refer to Theorem 5.10,
Theorem 6.2, Theorem 6.3 and Theorem 6.4 respectively.

2 Multigraded algebras

In this section we deal with some general aspects of standard multi-graded
structures. We use the following multi-index notation through the remaining

of this work. The norm of a multi-index r = (7y,...,7ry) is [r| =r; + -+ +
r, and vl = ril--.r L If r,s are two multi-index then r® = 7§ ...y’ and
r+s = (r + si,...,7q + S4). We also use the following notation, 6(i) =

(6(3,1),...,6(¢,q)), where 6(,7) =1 if i = j and 0 otherwise.

Let G = @reneGy be a finitely generated multi-graded R-algebra, that,
as usual, is generated as algebra by finitely many elements of degree one and
Go = R. We write G4 = @,x0G: and G4 = @,50Gr. An homogeneous
prime ideal p in G is called relevant if p O G,,. Denote by Proj(G) the
set of relevant homogeneous prime ideals of G. Observe that Proj(G) = 0
if and only if G, is nilpotent. We consider Proj(G) as a topological space
with the closed subsets Vi (I) = {p € Proj(G)|I C p}, where I C G is an
homogeneous ideal. Following the definition in [14], we define the relevant
dimension of G, denoted by rdim(G), as follows

' [g-1 if Proj(G) =0
rdim(G) = { max{dim(G/p)|p € Proj(G)} if Proj(G) # 0. }

The following result was proved in [3, Lemma 1.2].
dim(Proj(G)) = rdim(G) — q.

If M = ®,ene M, is a finitely generated multi-graded G-module, define the
homogeneous support of M as Supp,, (M) = {p € Proj(G)|M, # 0}. Since



Supp,. (M) = Vi (Ann(M)), Supp, . (M) is a closed subset of Proj(G). We
define the relevant dimension of M, denoted by rdim(M), as follows

. _[a~1 if Supp, . (M) =10
rdim(M) = { max{dim(G/p)|p € Supp, (M)} if SUPPI:(M) #0. }

It is clear from the definition that
dim(Supp, . (M)) = rdim(M) — ¢.

Given s = (s1,...,8,) € N7 define the shifted multi-graded G-module
M(s) by M(s) := @reneMy1s and the diagonal graded R-module M®) by

A/-[(S) = ®HENM(1ISI,...,71S(,)‘
Given zy, ...,z in G with z; € Gq,. Set d =d; + - -+ + dj. Define

M B M(d)
(z1, .y ze)M ~ TE 2, M(d - d;)’

3 Buchsbaum-Rim multiplicities

In this section we introduce the notion of Buchsbaum-Rim multiplicities in a
generality needed in this work. Fix (R, m) an arbitrary Noetherian local ring;
fix a graded R-algebra G = &G, that, as usual, is generated as algebra by
finitely many elements of degree one; fix J a finitely generated R-submodule
of G4 such that ¢(G4/J) < oo; and fix M a finitely generated graded G-
module. Set r := dim(Supp,, (M)). As a function of n, g, the length,

h(n, q) := €(Myniq/J" My)

is eventually a polynomial in n, ¢, denoted by P;s(n, q), of total degree equal
to r and the coefficient of n"~7¢’/(r — j)!5! is denoted by €’(J, M), for all
7 =0,...,r, and it is called the j th Associated Buchsbaum-Rim multiplicity
of the pair (J, M). The number €°(J, M) will be called the Buchsbaum-Rim
multiplicity of the pair (J, M) and will also be denoted by eggr(J, M). The
notion of Buchsbaum-Rim multiplicity for modules goes back to [1] and it
was carried out in the above generality in [4], [5], [7], [6], [8] and [11].



4 FC-sequence

In this work, we will link mixed multiplicities of a set of arbitrary modules
with jth Associated Buchsbaum-Rim multiplicity of the pair (G', G) with re-
spect to M. To connect the above multiplicities, we define a (F'C)-sequences
for multi-graded algebras. The results of this paper will show that a sequence
satisfying the conditions (F'C) carries important information on mixed mul-
tiplicities.

Setup: 1. Fix (R, m) an arbitrary Noetherian local ring; fix two multi-
graded R-algebras G = @,eneGy and G’ = @rena Gl with G C G, that, as
usual, are generated as algebras by finitely many elements of degree one; fix

M a finitely generated multi-graded G-module and define a G’-module M’
as M' = @rena Gl M.

Lemma 4.1. (Artin-Rees Lemma) Let G' C G be a multi-graded R-algebras
and M', M" C M be multi-graded G-modules. Then there ezistcy,...,cq € N
such that

M!NM;=G,_.(M] N M)
for allr > c.
Proof. Letty,...,t, beindeterminates over R and write G’ = @,enaGLt]! - - - tg'
and M’ = @rena Mt - - tg". Set H = @rena(MLN N - - - tg'. Clearly H is
a finitely generated multi-graded G’-module. Let ¢; be the maximal #;-degree

of elements in a generating set of H. These cy,...,c, work, as in the proof of
the usual Artin-Rees Lemma. O

We denote by Z(G’), or just Z if no confusion arise, the ideal of G gen-
erated by Gy, -+ Gy, and we assume that 7 is not contained in v AnnM.
Set N = 0p : I, N' = NN M’, M* := M/N and M"™ := M'/N".

Definition 4.2. We say that an element x € G is an (FC)-element of G’
with respect to (M, M") if the exists i = 1,...,q and an integer r, such that

(FC1) z € Gy \ mGy;y, @ is non-nilpotent and
1\{[". n .’I,‘Adfr_5(i) = l‘j\/[x"—é(i)

for all r € N9 with r; > rj.



(FCy) w 1is a filter-regular element with respect to (Z, M'), i.e., Oppr 2 @ C Opp -
7=,

(FC3) rdim(M'JxM' : I%) = rdim(M"™) — 1.

We call x a weak-(FC)-element of G’ with respect to (M, M') if x satisfies
the conditions (FCy) and (FCy).

A sequence of elements xy,...,x, of G is said to be an (FC)-sequence
of G" with respect to (M, M') if z;1y is an (F'C)-element of G' with respect
to (M, M") for eachi=1,....,t — 1, where M = M/(x1,...,x;)M.

Z1,..., Tk, of G is said to be a weak-(FC)-sequence of G' with respect to
(M, M") if zi1y is a weak-(FC)-element of G' with respect to (M, M’) for
eachi=1,..,t— 1.

The following lemma will play a crucial role for showing the existence of
(FC)-sequences.

Lemma 4.3. (Generalized Rees’s Lemma) In the setup (1), let £ be a finite
set of prime ideals not containing Z. Then for each i = 1,..., ¢, there exist
an element z; € Gy \mGg(i), z; not contained in any prime ideal in X, and
a positive integer k; such that

1\4':. N "E‘]\/[l'—é‘(i) — ‘T]\/[II‘—'(S(Z)
for all r € N7 with »; > k;.

Proof. Set
G(U) = P Gutyt -+,
rezq

with Gr = Ga5(1)+-+ae6(g)» Where a; = r; if r; > 0 and a; = 0 otherwise.
Similarly are defined G'(U), M(U), M'(U), with the conditions My = M.
Set tg = 17 pe vs yUg = t;l. It is easily seen that u; - - - u, is nonzero-divisor
in M'(U). Furthermore, the set of prime associated with (u; - --ug)"M'(U)
is independent of n and so is finite. We divide this set into two subsets: G;
consisting of those containing Gg(i)ti and G, those that do not.

Since G;)/mGy ;) is a vector space over the infinite field & and the sets
%, G, are both finite, we can choose z; € Gy(;) \ mGy ;) such that z; is not
contained in any prime ideal belonging to ¥ and xz;t; is not contained in any
prime ideal belonging to Gs.



Set

((ug - ug)"M'(U) : z;t;)

(wr--ug)"M'(U)

We will show that M'(U), is annihilated by (G t:)" if N is sufficiently
large. If p € Assgu)(M'(U)n), then there exists 2 € ((ug -+ ug)"M'(U) :
z;t;) such that p = ((uy---uy)"M'(U) : z). Since z;t; € p, we have p € G;.
Consequently, Gg(i)ti is contained in p. This implies that Gg(i)ti is contained

M(U)y =

in \/Anng ) (M'(U),). Since G is finitely generated, there exists an
integer N > 0 such that

'Nl;(i)tfv C Anng(y)(M'(U)n).

In addition, M'(U), is a finitely generated graded G’(U)-module, this implies
that if r; is sufficiently large then any element of M'(U),, of degree (71, ...,7,)
is zero.

Now, let B(M') denoted the submodule of M'(U) consisting of all finite
sums:

Z o ty', where ¢, € T M;_5i) N M.

r

Then B(M') has a finite generating set consisting of elements of the form
2 bty - to" where b € M,_s;). We can find an integer k such that

(u -+ ug)*btT - -t T -t € MY(U)
for all elements z;bt]* - - - t4*. Hence
B(M") C zt; M'(U) : (ug -+ - ug)*.
Suppose that zt]' - - tg" € B(M'), where z € x; My_5i) N M}. We have
(uy - -uq)kth‘ et = Titw,

where w is homogeneous element of M’'(U) whose i-th degree equal to r; —
k — 1. By the first part of proof, w will belong to (u;---u,)*M'(U) for
sufficiently large ;. Since the generating set of B(M’) is finite, we choose a
positive integers s; such that if r; > s;, then w € (u; - - ug)*M'(U). Hence

w = (uy - - ug)Fw’ for w' € M'(U). Note that

(u1---ug)*2ty ..t = mtaw,  (up- - I A Y R Y (R T
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Since (uy - - - u,)" is non-zero-divisor, 2t7* ... tg" = x;t;w’ and so 2t}" ... tg" €
z;t; M'(U). Therefore, z € z;M,_5(). Hence if r; > s;, then

.’Ei]\/[r_g(,j) N ]\/[; (@ xiJVI;_‘;(i) C l'i]\/[r—é(i) N ]\4:.
for all non-negative integers 71,...,7i-1,7i41,...,7q. That means for any
T > 8;, we get
A{[x/' N :L'i]\{[r—é(i) = :L‘iM;I‘_é(i)

for all non-negative integers 71,...,7i—1,7it1, ..., 7. O

5 Mixed multiplicities

In this section we define the notion of mixed multiplicities of finitely gen-
erated multi-graded G-modules. The main result of this section establish
mixed multiplicity formulas by means of Buchsbaum-Rim multiplicity and
also determines the positivity of mixed multiplicities.

Setup: 2. Retain the setup (1) and let J be a finitely generated R-
submodules of Gys(1) of finite colength and assume that G’g(l) = G5(1)-
Consider the function

M!
hin,r) =# (#) ;

Proposition 5.1. In the setup (1), let T = Z(G') and N' := (Opp : I).
Set D = dim(Supp, . (M')), Then h(n,r) is a polynomial of degree D for all
large (n,r) € N*1,

Proof. We will prove first the following equality

¢ J\Ix/-+dn6(1) iy A/[;ldné(l) (5.1)
JnM! Jn M '
Notice that
¢ M;’-l.msu)) o g(Nr+dn6(1)+M‘i+dua(1))
JRML* - N,.+dm;(1)+J"1\/I‘(

M/
E r+dné(1)
T M+ Nepans) M groy )

r

11



By Artin-Rees Lemma there exist integers ¢y, ..., ¢, € N such that
Netans() N My gnsy = Graansy—c(Ne N Me) € Grpans)-cNes
for all r > c. For all large t, we have NZI' = 0, it follows that
Nitans1) N My ansay = 0

and hence we prove equality (5.1).
Now, by Lemma [7, Lemma 4.3],

/ Mll‘fl-dné(l)
Jn M l,'*

is a polynomial of degree D, where D := dim(Supp_, (M"*)) for all large n,r.

h(n,r) :

Therefore
¢ My ans1)
JRNL
is a polynomial of degree D) for all large r. O

If we write the terms of total degree D = dim(Supp,,(M"™)) of the

polynomial
¢ A/[xl'+dn6( 1)
JrM!

B(n,r) = Z ;%es,k(J,G';]\ll)rkns.

s+|k|=D

in the form

The coefficients ek (J, G'; M') are called the mixed multiplicity of (J,G")
with respect to M.

Remark 5.2. Follows by equation (5.1) that
esx(J,G's M) = esx(J,G's M'™)
for all s+ |k| = D.

Lemma 5.3. Assume that T is not contained in v/ AnnM . Then

12



(i) esjsqy(J,G's M') # 0 and e, js0)(J,G'; M') = egR(J; (M*)),
(’LZ) 63,]‘5(1)(:], GI; A/[I) = GjBR(J; /\/[6(1)) Zf IztG5<1)(An71((01\,1 : Ioo) N ]\/[6(1))) 18
positive.

Proof. We prove first (i). By Proposition 5.1 there exist a positive integer u

such that
! 1%
, Mr+dn5(1) iy Mr+dn6(1)
JuMI JM*

is a polynomial of degree D for all n,r,...,r, > u. We shall denote the
above polynomial by P(n,r). Take r = ... = r, = u and fix the u. Set
H(n,r) = P(n,7r1,u,...,u). Then we get

1 .
H(’II,TI) = Z S'—_]' es,jg(l)(J, G'; ]\/1')7“{718 AR
s+j=D
Now set M = Gg’&) e G:;zq)(]\/[’*)(‘s(l)). Clearly M is a finitely generated
graded G’ _module. Since we assume that J C G:ﬂsa) = Ggs1) We can
Mdn+r>

also consider J as contained in G®M) in degree d. Set p(n,r) = £ ( Ty

For all n,r > 0 we have that

But clearly ¢(n,r) = P(n,r,u,...,u) and hence
Cs,j&(l)('L G/; j\/fl) = eéR(J, M) # 0.
Since 7 is not contained vV AnnM, there exist an element z € Gigy) - - - G

which is not a zero-divisor of M’*.
Consider the exact sequence

0 — z(M™)MW) M — M/z(M™)D) —; .

Thus . o
rdim(M /(M)W < rdim(M).

Therefore, by the additivity property of the associated Buchsbaum-Rim mul-
tiplicities, we have that

ehr(J, M) = ehp(J, o(M™)CM) = e o (J, (M™) M) = el o (J, M*CD),

13



The proof of (ii): Consider the exact sequence

0— (0p :I™°)N MO _y ) __, (M/*)(é(l)) 0.

It is easily seen that
Assgoun (M) = Assgean ((0n : T%) 1 MEWD) U Assgaan (M) D)

and
ASSG(J(U)((OM : Ioo) N ]\/[(5(1))) N ASSG(J(x))((MI*)('S(I))) = Q.

From these facts and since htgeay(Ann(0y : Z%°) N MOW)) > 0, any
prime ideal p € Assgeay((0p @ Z%°) N MC1)) is a non-minimal element
in Assgeay (M’ (‘5(1))). From this follows that

rdim((057 : Z°°) N MO < rdim(]V[’(‘s(l))) = rdim((]\f’*)w(l)))_

Therefore, by the additivity property of the associated Buchsbaum-Rim
multiplicities, we have that, el (J, M'®W) = el - (J, (M'*)1)). Hence by
(), we get

ags(; G's M) = epp(s, (M) D)) = e (J, M"Y = e (], MOWD).
The proof is complete. O

Lemma 5.4. (i) z € G’g(i), i > 2, 1is an (FCy)-element of G" with respect
to (M, M") if and only if (Op : ), = 0 for all large r.

(11) If x € G:i(i)’ i > 2, is an (FCy)-element of G' with respect to (M, M').
Then xj\éfr’_5(i) &~ ‘M;—J(i) and hence 2,‘]\/[:_:5(1-) &~ J\/[;*_g(i), for all large r.

Proof. (i). Suppose that z € Gy, @ > 2, is an (FC)-element of G’ with
respect to (M, M’). Then (0py : x) C (Oar : Z°°), therefore (0py : @), C
(Oppr 2 Z%°), for all large r. As there exist positive integers ui,...,uq, such
that

(O : %), = Gy (Onrr 1 I7),,

for all r > u. From this fact follows that (0p : Z"), = 0 for all r; > u; + n,
i =1,..,q and n integer such that (0p : Z%) = (Opp : Z7).

Now assume that (0yy : x), = 0 for all large r. It is enough to prove
that (Opr @ @)y C (Opr @ I%°), for all u. Indeed, if a € (0pp : ), then
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xGla = 0 for every s. Hence GLa C (0pp @ Z)ugs = 0 for all large s. It
implies that a € (0pr : Z") for all large n. Hence a € (0pr : Z%). So
(Oprr @ @)s C (Oppr : ) for all s.. Hence z € Gg(i), i > 2,is an (FCy)-
element of G’ with respect to (M, M').

(7). Consider

It is clear that A, is surjective and ker(\;) = (Opy @ @)r—s(). Since z €
Giy» © 2 2, is an (F'Cp)-element of G' with respect to (M, M’). ker(A;) =0
for all large r, by item (i). Therefore xM;_;;) = M;_;,, for all large r. O

In the remaining of this work we use the following construction: Given
the multi-graded algebras G’ C G and the multi-graded G-module M as in
the setup (2) we set G” C G" and M"” C M’ by

G" := BrenaJ" Gg‘é) K G:sr(':l) and M" := @reneJ™ G;Té) e G;’(f;

The following proposition will show the existence of weak-(F'C)-sequence.

Proposition 5.5. If 7 is not contained in v AnnM. For any i = 1,...,q,
there exist a weak-(FC)-element x; € Gy, of G" with respect to (M, M') and
a weak-(FC)-element y; € Gy ;) of G" with respect to (M, M").

Proof. Set F = Ass(#). Since Z is not contained in vAnnM. We have
F # 0. it is easily seen that F is finite and F = {p € Ass(M)|p 2 Z}. By
Lemma 4.3, for each i = 1,...,s there exists an element z; € Gg(i) \ mGg(i)
such that z; satisfies the condition (FC}) and z; ¢ p for all p € F. Since
z; ¢ p for any p ¢ F, x; also satisfies the condition (FC,). Hence z; is
weak-(F'C)-element z; € Gy, of G' with respect to (M, M’). The proof of
the second statement is analogous. d

Lemma 5.6. Assume that Z is not contained in v AnnM and let J be a
finitely generated R-submodules of Gas(1y of finite colength. Suppose z; € Gg(i)
is a (FC)-element of G" with respect to (M, M"). Then we can replace the
condition (FC3) by the condition

(OMI : :L') COpp 2 I
and the condition (FC3) by the condition

. M . -
rdim (W) = rdim (]\/[ ) - 1.

yMo.
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Proof. 1t is easily seen that if J is a finitely generated R-submodule of Gys(1)
of finite colength, T ideal of G generated by Gy, -+ Gy, and J ideal of

G’ generated by ‘]G:S(Q) . "Gg(q), then (05 1 J*°) = (0pp 2 Z%°) and (zM’ :
I = (M« T). U

Viét in [16] introduced the concept of generalized joint reduction of ideals
in local rings, which is a generalization of the notion of joint reduction given
by Rees in [10]. This notion was lately extended to modules coefficients
by Manh and Viét in [9]. Now, we extend the notion of generalized joint
reduction of module coefficient to multi-graded modules.

Definition 5.7. A set (Ji1,...,3:) of R-modules, with J; C Gsu), @ =
1,...,t <q, is called a generalized joint reduction of G' with respect to M if

t
1\/[;+1 = Z Jj 1\/[;_5(]-)4_1
j=1

for all large rq,...,7q.

The relationship between maximal weak-(FC)-sequences and generalized
joint reduction was determined in [16, Theorem 3.4] and [9, Theorem 2.9] in
local rings. We extend this result to multi-graded modules as follows.

Lemma 5.8. Assume that T is not contained in vV AnnM and let J be a
finitely generated R-submodules of Gasy of finite colength. Suppose

I = (xll, cee a$1m) G G&(l)’

J2 = (Za1, . .., Tan) C Gy(2),

jg = (37“, o ,CEtp) @ Gé(t)

and Tiy, ..., Timy Tty -« oy Ton -« - Ty1y - - -, Typ 1S @ mazimal weak-(FC)-sequence
of G" with respect to (M, M") in U_,Gy; . Then the following statements
hold.

(i) For any k <'t, we have
(31, T2+ - ) Mo gaymmsyrr N My = T5_, 3, M

r+1-6(j)>

for all large ry,...,7q.
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(11) 31, Ta,. .. Tk is a generalized joint reduction of G' with respect to (M, M").
Proof. The proof of (i): Using induction k£ < ¢. For k = 1, we will show that
(T11, - -+ T1) Mr—s(1)+1 N Myyq = (T11, - - - T1s) My 500y,

for all large 7y, ...,7, by induction on ¢« < m. For ¢ = 0, the result is trivial.
Set N = (z11,...,21i—1)M : I%. Since zy3, . ..,1; is a weak-FC-sequence of
G" with respect to (M, M") in Gy,

(1iMe-sy+1 + Ne1) N (Migg + Newa) = 2uMi_s0y41 + Neta,

for all large 7y, ..., r,. Therefore
(@1iMy—s@)+1 + Neg1) N M4

= M N (M3 + Ney1) N (Z1:Me_s01)41 + Net1)
= M, N (@uM_sq) + Neta)
= TuM;_50y41 + Mpp1 O N

for all large 7y, ...,7,. By Artin-Rees Lemma, we have
My i N Neyr C M, N (211, -5 Tric1) Me—s)+1
for all large 74, ...,r,. By inductive assumption,
M s N Npyy C (T11, .-+, Tric1) Mr—sy+1
for all large 74, ..., 7r,. Consequently,
M,y O Ney1 = (T115 - -+, Trim1) My _51y41
for all large 71, ...,7,. Hence we get

($1iA4r_5(1)+1 + N1‘+1) n ]\/[:.+1 = ‘,Llli]\{[rl‘—é'(l)+1 + (11?11, coe ,1‘11_1)]\4[{_6<1>+1
= (1'11, « 9% ,Cl?li)Ml

r—46(1)+1
for all large 71, ...,74. By Artin-Rees Lemma,

(T1iMr_s)+1 + Neg1) D My = (11, - -+ %10) Me—s)41 0 Mgy
for all large 74, ...,74. Thus,

(1,‘11, T ,a:li)M,_‘;(l)H n ]\([:._H = (.2311, cwa ’xli)‘]\/[x,'—d(l)+1
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for all large 74,...,7r, and ¢ < m. From this it follows that
ler—5(1)+1 N Mé+1 = j11\/—[;—5(1)7&1

for all large 1, ...,7r,. The result is proved for k£ = 1.
Set M = (J1,...,Jk-1)M : I*. By Artin-Rees Lemma, we have

MNepr N My C My N (J1,- ey Tnm1) Me—s(1)—ms(k—1)+1
and
(Meg1 + FeMe—sy+1) NV My © Miyy N (J1s- -0 k) Me—s(t)——s(k)+1
for all large 7y,...,7r,. Hence
MNers "M =M N (Jy ooy Tnm1) Me—s@)=ms(k—1)+1
and
(Mes1 + IeMp—sry+1) VM = Ml N (T Ji) Me—sy——s(k)+1 (5-2)
for all large 71,...,74. By the result is true for k =1,
(M1 + JeMr_sky+1) O (Mpyq + Nera) = TeMe_syr1 + Mo
for all large 74,...,7,. From the above facts, we get

(N1 + 3};]\/[r—5(k)+1) N M,

=M 3 N (MNey1 + IeMr_sry+1) N (M1 + i)
= My 1 N (QkMe—sy+1 + Neta)

= JeMr—sk)+1 + M1 N My,

= JeMr—ste+1 + (Tis- o o s Tn=1 ) Mrsr)=o—ste—1y41 N M 14 *
for all large 71, ...,7,. By inductive assumption applied to k — 1, we see that
k—1
(B, Jk-1) Mr—s(1)—mbh—1)+1 N My yy = ZﬁjM;_a(ﬂH (5.3)
j=1

for all large 71,...,74. Hence by 5.2, * and 5.3, we get

k
(J1y -y Jk) Me—s@)—msi)y+1 N My yq = Z JiMy_siy41

j=1
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for all large 7,...,7q.

The proof of (ii): Since Z11,...,T1m,T21,-- -, Ton -+ - Te1, - - -, Typ IS & MAX-
imal weak-(FC')-sequence of G” with respect to (M, M") in ngng(i), by
Proposition 5.5, we have that

A/[l,.+1 C (31, - 4 ,Jt)AIr_J(l)_..._J(t)+1
for all large 71, ...,7,. By applying part (i), we get (ii). O

Proposition 5.9. Assume that T is not contained in v AnnM and let J
be a finitely generated R-submodules of Ggasn) of finite colength. Then the
following statements hold.

i) Ifx € G .\, 1 > 2, is an (FC)-element of G” with respect to (M, M"),
6(z)
then
es,k(J, Gl; I\/[I) = es,k—&(i)(Ja G'; ]\/[I),

where k; is a positive integer and M’ := M’ [z M.

(i1) If esx(J,G'; M') # 0, then for any i > 2 such that k; > 0, there exists
an (FC)-element of of G" with respect to (M, M").

Proof. By Proposition 5.1 that the function

/ A/[/:+dn§(l)
Jn M

is, for large n, r, a polynomial of total degree D = dim(Supp, . (M'")).
Set B := M"". Then for all n > v,r > v, we have

é Br+d1u5(l) _
Jn Br ==

M2y ans) FEM' 2530 +-dns(1) )
Jo M2 +2:1\’1’;_5(i)+d116(1)
M} 4 ans(1) )
TMIEAML s )M iy ans ()

1 ¢ 4 dns(1)

ol
2
=/ <JuMl;+m\/l’;_6(i)+du5(1))
l
!
f(

M fransy ) i JEM LT M L5y pans(1)
NN M
M ans) ) ¢ ML (i) +dns(1) )
JrM' Jn}\’/[‘l:mz}w’;-&(i)—}-dné(l)r”wl;+dn¢§(l)
Mt ansy) ) ; TM'{_5(i)+dns(1)
ST Mg




Since x € Gg(i), i > 2,is an (FCy)-element of G” with respect to (M, M"),
it follows Lemma 5.4(ii) and Lemma 5.6 that

M’} sy ransy = M 1 _g0i) +ans(r)
and
T Mgy = T M.

Thus we have an isomorphism of G-modules

M ,:—6(i)+dn6(1) 5 zM I:—J(i)+dn6(1)
M) zJ M)

for all large n,r. So

o (M rmsrans) | _ [ Mr-s@rans) |
zJ*M"_s0 J*M'c_si)

for all n and all large r.

Hence
¢ B yans1) iy M'; 4 ans() iy M’} _s)+dnsq)
JB, T M T My )

Now if = satisfies the condition (F'Cj), that mean

rdimM’” = rdim(M"™) — 1

(see Lemma 5.6), then it can be verified that

¢ (Br+dn6(l)>
J B, )

is a polynomial of degree D —1 for all large n, r, and the terms of total degree

D — 1 in this polynomial
/ Br+dn<§(1)
J" B, ’

is equal to the terms of total degree D — 1 in the polynomial

o[ Mesams) ) _ [ Mrsyransy
JrM' J"M'_sqy )
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The above facts show that
esx(J, G's M') = esx—s(i)(J, G'; MY).

The Proof (i7); as Z is not contained in v AnnM, by (Proposition 5.5),
there exists an element = € G, © > 2, satisfying a (FC1) and (FC,) of FC
sequences of G” with respect to (M, M"). From the proof of (i) we have

¢ Brtans) | _ ¢ ML ansr) _¢ M _s(i)+ans(1)
J"’Br Jn.]\([I: Jn]\dv:_d(l) '

Since e (J, G'; M') # 0, it follows that

’ B tans(1)
JoB.
is a polynomial of degree D — 1. Thus, rdim(M’/zM’ : %) = rdim(M"™*) -1

and z satisfies the conditions (F'C)-sequences. The proof of propositions is
compleat. O

The following theorem establish mixed multiplicity formulas by means
of Buchsbaum-Rim multiplicity and also determines the positivity of mixed
multiplicities.

Theorem 5.10. Assume that I is not contained in v/ AnnM and let J be a
finitely generated R-submodules of Ggs1y of finite colength. Let s, ki, ..., kq be
non-negative integers with sum equal to D. Then

(1)
0l G's M) = elia(J; (BT 90D,
for any sequence xy,...,, of t = ko + ... + k, elements of G” satisfying

the condition (F'C) with respect to (M, M"), consisting of ka elements
of GS(Q),...,kq elements of Gg(q) where M = M (8, o5 M 2 T,

(11) Assume that s > 0. Then esx(J,G'; M') # 0, if and only if there exist a
sequence of ka+...+kq elements of G” satisfying the condition (FC) with
respect to (M, M"), consisting of ky elements of Gy,...,kq elements of

/
5(q)"
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Proof. The proof of (i) : We shall begin with showing that Z is not contained
in VAnnM and z,,2,, ...,z is a sequence of t = ky + ... + k; elements of
G" satisfying the condition (FC) with respect to (M, M"), consisting of ko
elements of GS(Q),...,kq elements of Gg(q) then

es,k(l], GI; J\/[,) = es,klé(l)(t]y Gl;]\/_[t) 75 0,

where M, = M/(1,...,x;)M. The proof is by induction on ¢t = kg + ... + k.
For ¢ = 0, since Z is not contained in v AnnM, by Lemma 5.3

esx(J, G's M') = e5 js1)(J, G's M) # 0,

The result is true.

Suppose that the result has been proved for ¢ — 1 we need show that
the result is true for £. now, assume that x,zs,...,z; is a sequence of t =
ks + ... + k4 elements of G” satisfying the condition (FC) with respect to
(M, M"), consisting of ks elements of Gg(z),...,kq elements of Gg(q). Since
t > 0, there exists ¢ (2 < ¢ < g) such that k; > 0 and z; € Gs(i)- By
Proposition 5.9, we get

esx(J, G M') = esx—si)(J, G'; My),

where M, := M/z; M. Since z,, . . ., 2, elements of G” satisfying the condition
(FC) with respect to (M, M"), it follows that xo,...,z; are elements of G”
satisfying the condition (F'C') with respect to (M, M"). Since ko +-- -+ (ki —
1)+ -+ky =t—1, then it follows by inductive assumption applied to (t—1)
that

esx—s(i) (s G's M) = g 1,501 (J, G'; My) # 0.

The induction is complete. We now turn to the proof of (7). Since Z is not
contained in v AnnM and z, zs, ..., 7, is a sequence of t = ky+...+k, elements
of G” satisfying the condition (F'C) with respect to (M, M"), consisting of
ko elements of Gg(Q),...,kq elements of Gg( g 88 shown, we get

es,k(J., GI; 1\/11) = es,klé(l)(J’ GI;E) 7é 0.

Since e k,5(1)(J, G'; M,;) # 0, it follows that Z is not contained in \/AnnM,.
Now, from Lemma 5.3 we have
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espaa) (), G's M) = ejgp(J, (M; )00 = efp(J, (M) D).
With the above facts, we immediately see
esx(J, Gy M) = el (J, (M),

The proof of (z) is complete.

The proof of (iz) : We prove first the necessity. The proof is by induction
on (t =ke+...4+ k). If t = 0, the result is trivial. For suppose the result has
been proved for t — 1. As the next step, we claim that the result is true for .
On the one hand t = k3 + ... + k; > 0 on the other hand e, (J,G'; M’) # 0,
by Proposition 5.9, there exists 7 (2 < ¢ < ¢) such that k; > 0 and an element
z; € Gy satisfying the conditions (FC) with respect to (M, M") and

esxl(J, G M) = es,k—zs(i)(J, G'§W),
where M’ := M'/x;M'. From this equality we have
es o) (J, G, M) # 0.

On the other hand ks + -+ + (ki — 1) + -+ - + kg = t — 1, then it follows by
our inductive assumption applied to (¢t — 1) that we choose (¢t — 1) elements
Tg, ..., Ty consisting of ks elements of GS(Q),...,ki — 1 elements of Gg(i),..., e kg
elements of G, satisfying the conditions (F C) with respect to (M, M").
Since z; satisfies the conditions (F'C) with respect (M, M"), it follows that
Ty, Tq,...,T; 18 a sequence satisfying the conditions (FC) with respect to
(M, M").

We turn to the proof of sufficiency. Suppose that there exists a sequence
T1, T, ..., Ty of t = ko + ... + k, elements satisfying the conditions (FC) with
respect to (M, M") consisting of ky elements of G3(2),...,kq elements of Gg( 7"
By (i), .

es,k(J, G’; 1\/[1) = es,k”;(l)(.], G'; (M)*)

Since 1, xa, ..., T; is a sequence of t = ks + ... 4+ k, elements satisfying the

conditions (F'C) with respect to (M, M"), it follows that

rdim(M'/((zq, ..., z)M' : T®) = s+ k; > 0.

Hence, it follows that Z is not contained in vAnnM. By Lemma 5.3,
es ko) (J, G (M)*) # 0. Thus, esx(J, G'; M) # 0. The proof of theorem is
complete.

O
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6 Application

This section is devoted to the discussion of applications of the results of
Section 5. Here the multi-graded module will be replaced by a collection of
finitely generated ideals of a standard graded Noetherian algebra. We deal
with the positivity and the relationship between mixed multiplicities and
Buchsbaum-Rim multiplicities in this new context.

Let A = @®,enAn be a finitely generated standard graded algebra over a
Noetherian local ring (R, m) of Krull dimension d and F = ®,enE, a finitely
generated graded A-module.

From now on we set J C Ay, be a R-submodule of finite colength and
I,..., I, with I; C A, finitely generated R-submodules. We now associate
with the sequence of R-modules Iy,...,I; a pair of graded R-algebras and
modules. Define

G= EB(I),r)EN”*‘G(P,P) and G’ = 63(P‘")EN““G'/(P,l')

where G(pr) 1= Adyry+-dgry+p and G, .y == I1* -+ IJ*A,. Notice that in this
context Z(G') = Z; - - - Z;, where Z; denotes the ideal of A generated by I;.
We will assume that Z(G’) is not contained in y/Ann(E). Similarly define
the graded modules M(p,r) := Eg;ry4-dyry+p a0d M, g = 17" -+ - I7* E,. In this
context, we have that

M/ ... [*sE
J =/ (pyr)+dond(1) o g 1 s don+p .
l(?l,p, r) ( Jn]\/[(,p,r) Jnjlrl . ISTSE,,

By Proposition 5.1, we have that h(n,p,r) is a polynomial of degree
7 := dim(Supp, . (E/0g : Z(G')™)) for all large (n,p,r) € N**2. If we write
the terms of total degree r of the polynomial

74 IT' - I Egynp
JoLit s I B,

in the form

1 : : : .
B(n,p,t) = Z o e](J[s],I{kl],...,Iy‘s];E)nserk.
s+i+lkl=g

The coefficients 7 (J, Iik’}, e Is(k”]; E) are called the j" associated mized
multiplicity of (J, I, ..., Is) of the type (s, ki, ... ks) with respect to E.
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Let Iy,...,Is be as in the beginning of this section. We say that an
element © € I; \ m/; is an (weak-) (FC)-element of I; with respect to
(I,..., I E) if it so with respect to (M, M'). Similarly we define the notion
of (weak-) (F'C)-sequence of I; with respect to (Iy,...,I; E).

Proposition 5.9 immediately gives the following result.

Proposition 6.1. Let J, Iy, ..., I be as in the beginning of this section. Then
the following statements hold.

(i) Ifx € I;, i > 1, is an (FC)-element of G with respect to (J, I, ..., I E),
then

(UL M TR By = (gl M e ke ),
where k; is a positive integer and E := E/zE.

(1) If ej(J[s],Il[kI],...,Is[k“];E) # 0, then for any i > 1 such that k; > 0,
there exists an (FC)-element of I; with respect to (J, I1,...,1Is; E).

Theorem 5.10 immediately gives the following result.

Theorem 6.2. Let J, I;,...,I; be as in the beginning of this section. Let
ko, J, k1, ..., ks be non-negative integers with sum equal to r. Assume that r >
0. Then

(1)
(gl bl kel By = e (B,
for any sequence 1, ...,x; of t = k1 +...+ks elements satisfying the con-

dition (F'C) with respect to (J, By s vy Ly} E), consisting of k; elements
of I,....ks elements of I,, where E = B @1g0u2) 1 TLG)7 )

(ii) If ko > 0, then ej(J["“’],I{k‘], .. .,Is[k“‘]) # 0, if and only if there exist a
sequence of ky + ...+ ks elements satisfying the condition (F'C) with re-
spect to (J, I, ..., Is; E), consisting of ki elements of I,...,ks elements
of Is.

In the case that ht(Z(G') + AnnE/AnnFE) > 0, there exists positive inte-
gers ny and u such that the function

B III e ].:SEde-p
JoI . InE,

is, for n > ny,r > u a polynomial of total degree D := dim(Supp,, (E)). We
get the following theorem.
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Theorem 6.3. Let J, Iy, ..., I be as in the beginning of this section. Assume
(Z(G") + AnnE/AnnE) > 0. Let ko, j, ki, ..., ks be non-negative integers
with sum equal to D, with kg > 0. Then, if t = ky + ... + ks < ht(Z(G") +
AnnE[AnnE) we have that

ej(J[kO],II[k‘],...,ng’];E) = ehp(J; B),

for any sequence xy,...,z, satisfying the condition (FC) with respect to
g, L,...,Is; E) consisting of ki elements of I,...,ks elements of Is where
E = E/(.'El, ceny .’I:L)E

Proof. Set E, = E/(05 : Z(G')™). Then E; = E . By Theorem 6.2 (i),
g gfl | Il = o (B = el (B E).

It is clear that ht(Z(G")+ Ann(E)/Ann(E)) > 0. Thus, applying Lemma 5.3,
we have . o . .
epr(J; E1) = epp(J; E).
From the facts, we get
e (JWol, 181 Il B) = & (05 E).

O

In particular, when I; C A, , 7 = 1,...,s are R-submodules of finite
colength, Kleiman and Thorup in [7], Kirby and Rees in [5] and the authors
in [2], defined the following notions of mixed multiplicities of (I, ..., 1),
which agrees with the similar notion defined in this work. As a function of
T1,...,7Ts, P, the length,

By 1 70p) = U Ay petdyryso/ T Ap)

is, for sufficiently large ri,...,7s,p, a polynomial of total degree at most
r := dim(Proj(A)), whose leading term could be written as

Z Lej(I{kl],...,Is[l""])rkpj.

k!
tik=r J

The coefficients e’ (I {k‘], eyl _ik“’]) are called the jth associated mized Buchsbaum-
Rim multiplicity of I,...,Is. The terms eO(Il[k‘], e ,Is[k”]), with |k| = r,
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are called the mixed Buchsbaum-Rim multiplicit?l of I,..., I of type
(k1,...,ks), and are also denoted by eBR(I}kl], . ,Is[ks 2

Assume now that I; C Ay, 1 =1,...,s. Let j,ky,..., ks be non-negative
integers with sum equal to r. Suppose that zi,zs,...,z, is a weak-(FC)-
sequence with respect to (Ay, I, ..., I) consisting of consisting of j elements
of Ay, ki elements of I,...,ks elements of I,. By Lemma 5.8, 1,2, ..., 2, is
a joint reduction for

Ao ALL,. Ly T T,

consisting of j copies of A; and k; copies of [; withi =1, ..., q. Consequently,
we get .
e’(]{ L. JE) = epp(ay, ..., z,).

From these facts, we have a result similar to that of Kirby and Rees [5]
and Callejas-Bedregal and Perez [2], but in terms of sequences satisfying the
condition (FC).

Theorem 6.4. Suppose that Iy,...,I; are R-submodules of Gy of finite
colength. Let j,ki,..., ks € N with j + |k| = r. Let z1,...,z, be a a weak-
(FC)-sequence with respect to (Ay,Ih,...,1Is) consisting of consisting of j
elements of Ay, ki elements of I,...,ks elements of I,. Then,

(M IR = egp(zy, ..., z,).

Remark 6.5. The most important case for application of the results ob-
tained in this section is the following context. Let (R,m) be a Noethe-
rian local ring and N a finitely generated R-module. Given a finitely gen-
erated R-submodule M of the free module R? we associate two standard
graded R-algebras, the symmetric algebra S := Sym(RP) = ®S,(RP) of
RP, which is a polynomial ring R[T,...,T},], and the Rees algebra of M,
R(M) := ®&R,(M), which is the subalgebra of S generated in degree one
by {mMT\ + ... + h,T, € Si(RP)|(h1,...,hy) € M}. Consider the graded
S-module F := S ®r N.

Now, let M, Ny,...,Ng be finitely generated R-submodules of R? such
that M C RP has finite colength. In this context we consider J := R1(M) C
S1(RP) and I; :== Ry(N;) C S1(RP), i =1,...,s, which are R-submodules of
S1(RP) finitely generated by linear forms.
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