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Conley index and parabolic problems with localized large diffusion
and nonlinear boundary conditions

M. C. Carbinatto e K. P. Rybakowski

Resumo

Sejam © um dominio limitado e regular em R" e Qg ;, i € [1..m] dominios regulares cujos fechos
sdo dois a dois disjuntos em . Seja Qo = UR,Qg;, I' = 00 e I'g; = 9 ; ¢ € [1..m]. Denote
Q1 =0\ clQg e para cada € > 0, o seguinte problema parabdlico

(E.) up — div(de () Vu) + (A + Ve(z))u = pe(z,u), t>0,z€Q,
& de (2)0yu + be (z)u = Ye(z,u), t>0,zel.

Aqui, A € R e v é a normal exterior em 9. Além disso, d¢ > m > 0, V. e b, resp. ¢, € ¥,
sao funcdes definidas em §2, resp. Q x R satisfazendo hipé6teses de regularidade. Assumimos que,
para € — 0, Ve — Vo, be — bo, 9 — @0, Ye — Yo € de|a, — do (em algum sentido) enquanto que
d5|Q0 — OQ.
Com condigdes sobre as fungdes involvidas, a equagdo (E.) gera um semifluxo local 7. em H ().
Considere a equagao
uy — div(do(z)Vu) + (A + Vo(z))u = po(z,u), t>0,z€
do(z)0,u + bo(z)u = Po(z,u), t>0,zel,
(Eo) ¥0,i(u) = ugq, on o4, ¢ € [1..m],
uq, ; + |QO.iI_1 fr‘ol,- do(x)al/o.iu’da
+(A+8)un,, = [0,4l7" [y, , wo(@,un,)dz,  t>0,i€[l.m],

onde ~o,; é o operador trago I'g;, vo,; é a normal interior em 080 i, uq,, é o valor de u on Qo ; e
C = |Qo‘.,;|_1 fQo,i Vo dz.

A equagdo (Ep) gera um semifluxo local no subespago fechado Hg, () de H'(2). Neste trabalho
mostramos que, quando € — 0, os semifluxos 7. convergem, em um sentido singular, ao semifluxo
o e estabelecemos um resultado de compacidade singular para a familia 7., ¢ > 0. Como uma
consequéncia destes resultados, obtemos principios de continuidade singular do indice de Conley e

das trangas indices homoldgicas para esta familia de semifluxos.
Nossos resultados estendem e refinam resultados anteriores de [9] e [1].
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ABSTRACT. Let  be a bounded smooth domain in RY and Qq;, i € [1..m] be smooth
domains whose closures are pairwise disjoint and included in Q. Let Qo = UM% ;Q0,i,
I' = 09 and To,i = 08,:, © € [1..m]. Set Q1 = Q\ cl. For each & > 0, consider the
following parabolic problem
() { ug — div(de (z)Vu) + (A + Ve (z))u = pe(z,u), t>0,z€Q,
& de(2)0yu + be (z)u = e (z, 1), t>0,zel.
Here, A € R and v is the exterior normal vector field on 8Q2. Moreover, d. > m > 0, V;
and b, resp. e and 1, are given functions on 2, resp. £ X R satisfying some regularity
assumptions. We assume that, for e — 0, Vo — Vo, be — bo, ve — w0, Ye — o and
dela, — do (in some sense) while d¢|Q2 — 0.
Under some general conditions on the functions involved equation (E¢) generates a
local semiflow 7. on H'(Q).
Consider the equation
ue — div(do(z)Vu) + (A + Vo(z))u = po(z,u), t>0,z€
do(z)Byu + bo(z)u = Yo(z,u), t>0,z€eTl,
(Eo) Y0,i(u) = uqy ;, on Ig,i, i € [L..m],
uQq; + |Qo.i|_1 fro_‘- dO(x)an.iUdo'
+(A + &)uay,; = [Q0,:]™* fﬂo,i wo(z,un,;)dz, t>0,i€[l..m],

where vo,i is the trace operator on Ig i, vo,; is the interior normal vector field on 9Qo,s,
ugq, , is the value of u on Qo,; and ¢; := |Q0,:] 7} fﬂo . Vo dz.

Equation (E,) generates a local semiflow on a closed subspace Hg, () of H Q). We
prove that, as € — 0, the semiflows 7. converge, in a singular sense, to the semiflow 7o
and we establish a singular compactness result for the family ¢, € > 0. As a consequence
of these results, we obtain singular Conley index and homology index braid continuation

principles for this family of semiflows.
Our results extend and refine some previous results from [9] and [1].

1. INTRODUCTION

Let N and m be a positive integers and £y be a positive real number. Let Q be a
bounded smooth domain in RY and Qp;, i € [1..m] be smooth domains whose closures

2000 Mathematics Subject Classification. Primary 37B30, 35B25 Secondary 35B40.
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2 M. C. CARBINATTO AND K. P. RYBAKOWSKI
are pairwise disjoint and are included in Q. Let Qp = U ,Q;, ' = 09 and Toi = 0,
i€ [1..m]. Set © =Q\ clQp.
For each € € [0,&)), let d.: @ — R be a smooth function such that
0<mg <de(z) < M forallz € Q,
where mg and M, € € [0,&)), are positive constants, and
de(z) — do(z) as € — 0 uniformly for z € Q;

and
de(z) — 00 as € — 0 uniformly on compact subsets of Q.

Let V; € L%(Q) and b, € L9 (T") be such that

|Ve = Volzao (@) — 0 and |be — bolzar(ry — 0 as e — 0,

> 1, for N =1; > 1, for N =1;
Q¢ >1, for N=2; andq; { >1, for N = 2;
> N/2, for N >3 >N-1, for N> 3.

Now let Lg_(€2) be the set of all functions in L*() which are (a.e.) constant on each Qq,,
i € [L..m]. Set H} (Q) = H'(Q) N L, (Q). Tt follows that HY (Q) (resp. L3 (€)) is a
closed subspace of H'(Q) (resp. L%()).

Let v: H'(Q) — HY?(T') be the trace operator. For A € R and ¢ € ]0,&p] define the
bilinear form 7.: H*(Q) x H(Q) — R by

AR ES /QdEVqu dz + /Q()\ + Vo)uvdz + /Fbg'y(u)'y(v) do, wu,ve HY(Q).

where

Here, dz is the N-Lebesgue measure and do is the surface measure on I'.

It follows from results in [9] that 7. is defined and continuous on H(Q2) x H(R).
Furthermore, define the bilinear form 7o: H (Q) x Hj (2) — R by

T0(u,v) = . doVuVvdzx + /Q(/\ + Vo)uwvdz +/Fb0'7(u)'y(v) do, wu,v€ Hrlzg(ﬂ)-
1

Results in [9] imply that 7o is defined and continuous on H () x H}zo (2). Moreover,
there are an g € 0,20, a & € ]0,00[ and a X € R such that for all A > X

Te(u,u) > filulmi(n), €€]0,0), u € H(Q)
To(u, u) = ﬁIUng,o(ny u € Hj, ().

For € € ]0,&0] the pair (e, (-,")2(q)) defines an operator A.: D(A;) — H® := L*(9).
Specifically, let D(A,) be the set of all u € H'(Q) such that there is a w = w, € L*(Q)
with the property that
Te(u,v) = (w’v)um)
for all v € H'(Q). Then w, is uniquely determined by u, the set D(A;) is a dense linear
subspace both of H(Q) and of L?(Q), and the map
Ac: D(A.) — L2(Q), u+— wy

is a linear positive self-adjoint operator in (L2, (-, ") r2(q)) with AZ! compact.
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Analogously, the pair (7, (-, ) 7] (Q)) defines a linear positive self-adjoint operator Ag

0

in HY = L?ZO (Q) with Ay' compact.
It is proved in [9] that, for € € ]0,eq], D(A¢) is the set of all u € H(Q) such that
—div(deVu) + Vzu € L2(Q) and d.0,u + beu = 0 in I. Here, v is the exterior normal

vector field on 9Q and d.0,u is the conormal derivative of u in some generalized sense.
The linear operator A, is then given by

Acu = —div(d.Vu) + (A + Vo)u
for u € D(A,).

Moreover, D(Ap) is the set of all u € Hp () such that —div(doVu) + Vou € L*(h)
with do0,u + bopu = 0 in T". The linear operator A is then given by

Aou =(—div(doVu) + (A + Vo)u)xa,

m
+ Z (IQOJrl/ o8y ;udo + (A + a)u90,1> XQ0,i» € D(Ao).
i=1 Lo,i
Here, vp,; is the interior normal vector field on 9§, uq,,; is the constant value of u on
Qo4, G 1= ]QO,,-|‘1 fQOi Vodz, i € [1..m], and xp denotes the characteristic function of a
given set B.

For € € [0,¢0] the operator A, is sectorial so it defines a family of fractional power
operators AP: D(AP) — HE, B € [0,00[ and we write, for o € [0, 00[, HS := D(A%/?). In
particular, H§f = H¢. In a canonical way, Hf, is a Hilbert space and we set HZ , to be the
dual of H{.

Now assume the following

Hypothesis 1.1. For € € [0,e0], pe: @ xR — R and ¥¢: ' x R = R, (z,5) — @e(z,s),
(z,s) — Ye(z, s), are functions such that

(1) there is a null set N in Q with ¢.(z, ) € C}(R,R) for all z € Q \ Ng;

(2) there is a null set Np in I’ (rel. to the surface measure on I') with v(z,-) €
CYR,R) for all z € T\ Nr;

(3) for all s € R, .(+,s) and 9sp.(+, s) is measurable on §2;

(4) for all s € R, 9. (+,s) and 9s9¢(+, s) is measurable on T'.

Moreover, gz € J(1 — (1/28))7", 25 and g3 € J(1 — (1/2}))", 2¢[ and

2

264 21g3 24
—] y Yo = m ’ — i =
" 25 —q2 s 2f—q3 A 72 & q3
There is a constant C' € ]0,00[ and functions az € L™2(Q), by € L%(Q), ag € L™(T),
bz € L%(T) such that, for all € € [0, &g,
1850 (z, )| < Claz(z) + |s|?2), for (z,5) € (2\ No) xR,
|pe(z,0)| < ba(z), for z € Q\ Nq,
|05 (z, 5)| < Clas(z) + |s|?), for (z,s) € (T\ Nr) x R,
|¥e(z,0)| < ba(z), for z € T'\ Nr.

(1.1)

|
| <
| <
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Finally, as € — 07,

(12) loe(z, ) — wo(z,s)] — 0, for (z,s) € (2\ Nq) xR
' [Ye(z, 8) — Yo(z,s)| — 0, for (z,s) € (T'\ Nr) x R.

Under Hypothesis 1.1, there is an a € ]1/2,1] such that whenever € € ]0,&0], u € Hf

and h € Hg, the functions z — @¢(z,u(z)) - h(z) and z — Pe(z,v(u)(z)) - v(h)(z) are
integrable on Q and T', respectively. (Cf. subsection 4.1 below.) Defining

f(w)(h) = /Q pe(@,u(z)) - h(z) dz + /F be(2,7(6)(@)) - 1(h)(z) do

we obtain a locally Lipschitzian map f.: Hf — HE,.

__ The linear isometry Ae: D(Ae) = Hf — H§ can be extended to a unique linear isometry
Ae: D(Ae) = H5_, — HE . Moreover, A is a positive selfadjoint operator on HE .

Therefore, we may consider the abstract parabolic equation
(1.3) U= Acu+ fo(u)

on Hf. This equation generates a local semiflow 7. on Hf.

For each € € ]0,&q], equation (1.3) is an abstract formulation of the following para-
bolic partial differential equation with localized large diffusion and nonlinear boundary
conditions:

up — div(de(z)Vu) + (A + Ve(z))u = @e(z,u), t>0,z€0
de ()8, + be(z)u = Ye (z, u), t>0, zedN.

For € =0, (1.3) is an abstract formulation of the following boundary value problem:

ug — div(do(z)Vu) + (A + Vo(z))u = po(z,u), t>0,z€
do(z)8yu + bo(z)u = Yo(z,u), t>0,2€T,
70,1:(“) = UQg,;» on FO,iy 1€ [1 .m],
uQ,,; + |90, 7 fFO,,- do(z) 0y, udo

+(A + &)uq,; = Qo™ Joo,; Po(z,ug;)dz,  t>0,4i€[l..m].

Here, for 7 € [1..m], 70,; is the trace operator on I'g ;.

It was proved in (9] that, as € — 0, then the spectrum of A, converges to the spectrum
of Ag. Using this one can obtain results on convergence of e~*4c to e~*4o. Now by
using the variation-of-constants formula one suspects that, in some sense, some families of
solutions of 7, converge to solutions of 7. This was proved in [1] for full bounded solutions
under some additional dissipativeness conditions both on the linear and on the nonlinear
problem, cf. [1, conditions S, D, and Dg]. This latter result also implies existence of global
attractors of both 7, and 7y and their upper semicontinuity at € = 0.

In this paper we extend these results. More specifically, we provide in subsection 3.2
various linear singular convergence results on convergence of e~*4 to e~ t40 and of e~t4¢ to

e~t40 Then, even without any further dissipativeness condition, we prove in subsection 4.2
) y

that, as € — 0, the local semiflows 7. converge in a singular sense to the local semiflow

mo. More precisely, we establish the following result:
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Theorem 1.2. Let (en)n be a sequence in ]0,e0] with e, — 0 and (t,)n be a sequence
in [0, 00 with t, — to, for some to € [0,00[. Let ug € HY and (un)n be a sequence with
Un € Hi™ for every n € N and

[un — uo|gzn — 0 as n — oo.
Assume ugmoty is defined. Then there exists an ng € N such that upme, t, is defined for

alln > ng and
|unme, tn — uo7rot0|an — 0 asn — co.

We also establish, in section 5, the following singular compactness result for the family
Te, € € [0, &0).

Theorem 1.3. Suppose k € ]0,00[, (€n)n is a sequence in |0,e0] with €, — 0, (tn)n is a
sequence in [0,00[ with t, > & for every n € N and (un)n is a sequence with u, € H™ for
every n € N. Assume that there ezists a C' € |0,00[ such that u,me, t, is defined and

[unTre, s|gen < C for alln € N and for all s € [0,tn).

Then there exist a v € HY and a sequence (ng)y, in N with ny — oo as k — oo such that

|Uny Ten, tny — v|an,c — 0 as k — 0.

These results enable us to prove, in section 6, the following singular Conley index
continuation result.

Theorem 1.4. For each € € |0,¢q], let I, be the identity map on Hf and Q.: Hf — Hf
be the H{-orthogonal projection of Hf onto HY.

Let N be a closed and bounded isolating neighborhood of an invariant set Ky relative to
mo. For e € ]0,e0] and for every n € 10, 00[ set

Nep = {u € I{ls | Qeu € N and I(Ie - Qe)ule % "7}
and Kegy = Invy, (Nep) ie. Kep is the largest m.-invariant set in N, ,. Then for every
n € ]0, 00| there exists an € = €°(n) € ]0,&g] such that for every e € 0,€°] the set Ney is
a strongly admissible isolating neighborhood of K, relative to m and
h(ﬂ'e,KE,n) = h(?!‘o, Ko).

Furthermore, for every n > 0, the family (Ken)ecpo,ec(n)) of tnvariant sets, where Koy =
Ko, is upper semicontinuous at € = 0 with respect to the family | - |ug of norms i.e.

lim sup inf |w—u|gs =0.
e—0+ weKe u€Kyp 2

The family (Kep)eejoec(n) i asymptotically independent of n i.e. whenever m and 12 €
]0, 00[ then there is an €’ € ]0, min(e®(n1),e%(n2))] such that Key = K¢y, for e €]0,€].

Finally we also prove the following (co)homology index continuation principle:

Theorem 1.5. Assume the hypotheses of Theorem 1.4 and for everyn € ]0,00[ let €¢(n) €
]0,€0] be as in that theorem. Let (Mpo)pep be a <-ordered Morse decomposition of Ko
relative to mg. For each p € P, let V, C N be closed in Xo and such that Mo =
Invz,(Vp) C Intyo(Vp). (Such sets Vp, p € P, ezist.) For € € ]0,&0], for every n € |0, 00]
and p € P set My e p :=Invy, (Vpen), where

Vpem = {u € Hf | Qeu € V, and |(Ie — Qe)ulms < n}.
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Then for every n € ]0,00( there is an & = &(n) € ]0,e%(n)] such that for every e € ]0,€)
andp € P, Mpeqn C Intge(Vpen) and the family (M e n)pep is a <-ordered Morse decom-
position of K p relative to me and the (co)homology index braids of (mg, Ko, (Mpo)pepr)
and (e, Ke,p, (Mpen)pep)), € € 10,€], are isomorphic and so they determine the same
collection of C-connection matrices.

Again, for each p € P, the family (M, £m)ec(0E(n)], where Mpoy = Mpo is upper semi-
continuous at € = 0 respect to the family | - |gs of norms and the family (Mp,en)eciozm)]
18 asymptotically independent of n.

In this paper we proceed as in [2] and keep the presentation of our results at an abstract
level. In fact we only assume certain spectral convergence properties and compactness
assumptions on a family of linear operators (Ae)c¢(o,¢,) (See conditions (Spec) and (Comp)
in section 3). We also make an abstract convergence hypothesis (condition (Conv) in
section 4) on a family of nonlinear operators (fe)eeo,e)-

Our abstract approach permits applications to some other singular systems of reaction-
diffusion equations. This will be treated in a subsequent publication.

2. PRELIMINARIES

Suppose H is an infinite dimensional linear space which is complete with respect to the
scalar product (-, )y and let A: D(A) C H — H be a (densely defined) positive self-adjoint
operator on (H,(-,-)pr) with A=': H — H compact. Let (\;); be the repeated sequence
of eigenvalues of A, i.e. the uniquely determined nonincreasing sequence ();); containing
exactly the eigenvalues of A and such that the number of occurrences of every eigenvalue
of A in this sequence is equal to its multiplicity. Let (w;); be an H-orthonormal sequence
of eigenvectors of A corresponding to ()\;);. For o € [0, 00|, let Hy = Hy(A) = D(A%/?).
In particular,

Hy=H.
Note that H, is a Hilbert space under the scalar product
(u,v) g, = (A% %u, A%?0)y, u,v € H,.

For every j € N, w; € H, and the sequence ()\j_a/ 211)_7')_7' is H,-orthonormal and H,-
complete. If u € H, we have

k
(2.1) lu — Z(U,U)j)[—['{l}jl]—[n —0ask — o0
j=1
and so
[o¢]
(2.2) [ulfr, = D A5 1w, wi) .
j=1

If a € )0,00[, let H_o = H}, be the dual of Hy. It follows that H_o is a Hilbert space
under the dual norm

(u,v)g_, = (Fy v, F7'u)m,, u,v € H_q,

where Fy: Hy — H_q, u— (-, u)H,, is the Fréchet-Riesz isomorphism.
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Define the map o : H = Hy — H_4 by ¥o(u) =y, where y: H, — K is defined by
y(v) = (v,u)g, vE H,.

Yo is an injection so that we can (and will) identify elements u € H with 94 (u) € H_,.
We thus consider H as a linear subspace of H_,. With this identification, the sequence

()\?/ 2wj) j is H_g-orthonormal and H_,-complete. If u € H_, then

k
(2.3) |lu — ZU(Wj)’lUjlﬂ_a —0ask >
j=1
and so
o0
(24) [ulfr_, = D A7 lu(ws)
j=1

For a € 0,00 there is a unique continuous extension A=! = AZ1: H_, — Hy_q of
A~': H — H,. The map A lisa bijective linear isometry. Let A: Hy_o, — H_, be
the inverse of A=}, Then A4 is a positive densely defined self-adjoint operator on H_,.
Moreover, for 8 € [0,00] the S-fractional power space Hg(.;i) of A is isomorphic (as a
Hilbert space) to Hg—o = Hg—a(A).

The linear semigroup e‘t"z tH_o — H_q, t € [0,00], is an extension of the semigroup
e~t4: H — H, t € [0,00[. Since, for every j € N and t € [0, o0],

—tA, _ _—tA,_ _—t\i
e Twy;=e Tw; =e T w;

we conclude that, for every u € H, every f € [0,00[ and every t € |0, 00|

(2.5) e 4w =~ €™ (u,w;) pwj|m, — 0 as k — oo
=1

We also conclude that, for every u € H_,, every 8 € [0,00[ and every ¢ € ]0, 00|

k
(2.6) e tAy — Z e~ Mu(wj)w;i| g, — 0 as k — co.
i=1

3. SINGULAR CONVERGENCE OF LINEAR SEMIFLOWS

In this section we introduce two abstract hypotheses, conditions (Spec) and (Comp),
and we show that the family of Hilbert spaces and the family of linear operators defined
in the Introduction satisfy these conditions. We also show that condition (Spec) enables
us to prove some singular convergence results for linear semiflows.

First we introduce the following spectral convergence definition for a family of Hilbert
spaces and linear operators.

Definition 3.1. Given gg > 0 we say that the family (H¢,(-,-)re, Ac)ecloeo) Satisfies
condition (Spec) if the following properties are satisfied:
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(1) for every € € [0,e0), (H®,(-,")pe) is an infinite dimensional Hilbert space and
Ae: D(A;) € H* — H€ is a densely defined positive self-adjoint operator on
(HE,(-,"Yge) with Ac.~1: H® — H® compact. For o € R write HE := Hy(A). In
particular, H§ = HE,;

(2) for each € € ]0,&0], H? is a linear subspace of H¢ and HY is a linear subspace of
Hi;

(3) there exists a constant C € |1, 00[ such that

lularg < Clulgg and |ulge < Clulag

for all u € HY and all € € )0, 9);

(4) for every € € ]0,€q] let (A¢,;); be the repeated sequence of eigenvalues of A, and
(we,;); be a corresponding He-orthonormal sequence of eigenfunctions. Further-
more, let (Ao ;); be the repeated sequence of eigenvalues of Ay.

Whenever (e,,), is a sequence in ]0, o] with £, — 0 then

(a) Aen,j — Ao,j asm — oo, for all j € N.

Moreover, there is a sequence (ng); in N with np — oo as k — oo and there
is an HO-orthonormal sequence of eigenfunctions (wo,5); of Ag corresponding to
(Xo,j); such that
(b) lwenk,j — wo,j|an,c — 0as k — oo, for all j € N;

() (U Wen,,j)ene — (U, Wo,j) o as k — oo, for all u € HO and all j € N.

We also require the following definition.

Definition 3.2. Let the family (H¢, (-, )ge, Ac)ec(o,eo) Satisfy condition (Spec). We say
that (H®, (-, ") He, Ae)ec(o,eo) Satisfies condition (Comp) if whenever (e5)n is a sequence in
10, e0) with e, — 0 and (&)n is a sequence with &, € H" for every n € N and

sup [€n|pren < 00,
neN

then there exist a v € HY and a sequence (ny)x in N with n;, — oo as k — oo such that
|én, — v|genke — 0 as k — oo.
3.1. Application to parabolic problems with large localized diffusion. Now let

€0 € ]0,00[ and the operators A, € € [0,&0], be as in the Introduction.

For ¢ € ]0,e0[ set H® = L?(Q) and (-, ") ge = (-,-)2(). Moreover, write H® = L3 (Q)
and (-,-)go = (-, -)2(q). Notice that H§ = H* for all € € [0, &o].

For € € [0,e0] and a € R write HE = Ho(Ae). Then, if € € 0, &), it follows that Hf =
Hi(Ae) = HY(Q) and (-, -)us = 7e(+, ). Furthermore, HY = H () and (-, Yo =To(, ).

In particular, if u € HY, then, for all € € ]0,&q],
|ulmg = |ulgo.

It is now easy to conclude that parts (1), (2) and (3) of Condition (Spec) are satisfied.
Moreover the following result holds:

Proposition 3.3. With the notation introduced above, the family (H®, (-, ) He, Ae)ee(0,c0)
satisfies conditions (Spec) and (Comp).
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Proof. [9, Theorem 5.1] implies that part (4) of Condition (Spec) also holds. Condition
(Comp) follows from [9, Theorem 4.4]. O

3.2. Singular linear convergence. Now we will show that condition (Spec) allows us
to obtain two singular convergence theorems for linear semiflows. We start with following
preliminary result.

Proposition 3.4. Let (H®, (-, )ne, Ac)eclo,eo) Satisfy condition (Spec). Then for every
€ €10,&0], the subspace (HY, |- | o) is closed in (HY, |- |mg)-

Proof. Let € € ]0,€0] and suppose (un)y, is a sequence in HY with [u, —u|gs — 0asn — co
for some u € Hf. Part (3) of condition (Spec) implies that

un — umlH? < Clun — um|ns,
$0 (un)n is a Cauchy sequence in the Banach space (H?, |- | H?). Therefore (uy), converges
in H? to some v in HY. But part (3) of condition (Spec) implies that

[un — v|mg < Clun — v|go.
Hence u = v and thus u € H?. This proves the proposition. O
Remark 3.5. Note that, for a, t € ]0,00[ and A € [0, oo
Ae™M < C(a)t™ with C(a) = (a/e)*.

Let (HE,(:, ) re, Ae)eco,eo) Satisfy condition (Spec). Let a € [0,00[, € € [0,&] and r €
]0,00[ . Using the above estimate, we obtain for every u € HE ,

‘A""u|2 , = Z)\a+1(e—)\”r ,?]u(we,j)lz

J=1
=3 ((eg) @V 22N u(we ) < (C((a+1)/2)%r D) jufe .
j=1

Consequently, we obtain for every u € HE
(3.1) le= A u|ge < Cor~C+D2Ju|ge |

where Cp = C((a + 1)/2).

We shall need these estimates in the results to follow.

We now prove our first result on the convergence of the linear semiflows.

Theorem 3.6. Let (HS, (:,-)He, Ac)eclo,eq) Satisfy condition (Spec). Suppose (En)n is @
sequence in )0, o] with e, — 0. Let ug € HY and (un)n be a sequence such that, for every
n €N, u, € Hi" and

|un — uo|gen — 0 as n — oo.

Then
sup |e"tAenqy, — e"tA°u0|H;n — 0 as n — oo.
te[0,00(
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Proof. Since X ; > 0 for all € € ]0,&0] and for all j € N, we have

o0 o0
et Aeuffe = D (e749) A jl(v,we ) e P < D Aeysl (0, we e | = [ole,
i=1 i=1

for all v € HY, € €0, &0 and t € [0, 00[. Thus we obtain, for all n € N and all ¢ € [0, o0,
e en 1y, — ™ 0ug| gren < |e™Hen (uy — Uo)|ren + |e™Hemug — e‘tA"uo]an
< |un — uo|pen + et Aen g — e_tA°uo|an.
Therefore we only have to prove that

(3.2) sup |e"tenug — et A0ug| en — 0 as 1 — oo.
te[0,00] =

Suppose (3.2) is not true. Then there are a §y > 0 and a sequence (n) in N with ny — oo
as k — oo such that

(3.3) s{up [|e_tA‘"k ug — e_tAouole"k > dp for all k € N.
te[0,00

Taking a further subsequence, if necessary, and using condition (Spec) we may also assume
that there exists an H%-orthonormal sequence of eigenfunctions (wo,;); corresponding to
(Mo,j); such that, for all j € N and u € H?,

(34) [Wenyj = Wo,5] yeme — 0 and (u, Wey, i) e — (U, Wo,5) pro as k — oo.

For each k € N and j € N, let P ;: H*"* — H* be the H*k-orthogonal projection of
H¢ onto the span of { Wen, 15+« + » Wen,, j—1 } and let Py j: HO — HO be the HY%orthogonal
projection of H? onto the span of {wg1,...,woj-1}.

Let t € [0, 00[ be arbitrary. Then for each j € N and each £ € N we have
= o =4 —
e tAeny, ug — € lt"iouo|H:nk < |Pk,je theny, Uy — Po,je tAUuOlH;nk
+ (I - Pk’j)e_mc"k uolH:’”‘ + (I — Po,j)e_mouO A

Notice that for each j € N,

(3.5) | Pr juo — PO,quIH:"k —0as k — oo.
Indeed, for each £ € N we have
j-1 g3
| Prjtio — Pojtto] yeme = | > (0, Wep, i) rems Wep, i — Y (U0, Wo,i) rowoyi
' i=1 i=1 H™
j-1
< D {0, Wen i) e | [Weny i — Woil o
=1
j-1
+ D [(uo, Wep, i) preme — (0, o) pro| [wosil grem
i=1

Condition (Spec) and (3.4) now imply (3.5).
Let 6 > 0 be arbitrary. By (2.1), |( — Poyj)u0|H? — 0 as j — o0, so thereis a jo € N

such that
|(I = Po,jo)uolgg < 0.
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Since |(I — Py j)ug — (I — PO,j)“OlH;"k = | Py jup — Po,jU0|H=nk for all j € N and for all
1
k € N, it follows from (3.5) that there is a kg € N such that

(3.6) [(I — Py jo)uo — (I — P(),jo)U()'H:nk < ¢ for all k& > k.
Hence for all k > kg,

= Aen = Aen
(B7) I = Pego)e™ gl yom, = | (I = Pijo o] yeme

ST = Prjo)uol e < 6+ (1 = Fojo ol pyens
<6+ C|(I = Pojo)uolge < (1+C)d.
Moreover,
(38) (I = Pojo)e™ " uo| yeme < CI(I = Pojo)e™“Ouolgy = Cle™*4(I — PojoJuol ug
< C|(I = Po,jo)uol gy < C6.
We further have
IPk,joe—tA‘"k uo—Fo g, g uolH:nk
Jo—1 "
=t ; - ;
S Z |e Eny .t (UO: 'LUEnk ’.,:>H5nk ’U)Enk i e t/\o,1 (UO, wO,i)HowO,iIHf"k
i=1
Jo—1 "
< D e e (g, Wep, ) prene (Wep, i — wo,i) | pyen
i=1
Jo—1 "
—then, i e
+ Z le™ e (o, We,, i) reme Wo,i — € thos (UO)wo,i>H0w0,i|H;"k
i=1
Jo—1
< D (0, Wep, i) rrem | [Wen, s — wosl HE
i=1
Jo—1 "
—t ; = ;
+C Y lememet (ug, wey, i) preme — €70 (w0, woy3) o [wo s pro-
i=1
Since for every 7 € N,
sup |e ekt — e7t0i| - (0 as k — oo,
t€[0,00]
it follows that

(3.9) sup [Pk’joe—tAE"k up — Po,joe_tAOUOIH‘"k — 0 as k — oo.
te[0,00( 1

Since § > 0 is arbitrary, (3.7), (3.8) and (3.9) imply that

(3.10) s[up [[e_tA‘"k ug — e‘t"“’u0|ﬁf",c — 0 as k — oo,
te(0,00
but this contradicts (3.3). The proof is complete. O

We also require a second, more technical, theorem on the convergence of the linear
semiflows.
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Theorem 3.7. Let (H®,(:,-)He, Ac)eeoeo) Satisfy condition (Spec). Suppose (en)n is a
sequence in |0, o) with e, — 0. Let a € [0,00[, uo € HY,, be arbitrary and let (un), and
(vn)n be sequences such that u, and v, € H", for n € N. Suppose that

(1) |un — Un|pen — 0 as n — oo.
(2) For all j € N, vp(we, ;) — uo(wo;) as n — oo.
(3) suppen [vnlgen < 0.

For every € € [0,e0), let A, = Xs,—oﬁ H5_, — HE, be the extension of A to HE,. Then
for every B € ]0,00[

— 0 asn — o0.

€n

sup ‘e_m‘" up — e A0y,
te(B,00|

Proof. Fix 8 € ]0,00[. Suppose the theorem is not true. Then there are a §o > 0 and a
sequence (ng)x in N with ny — oo as kK — oo such that

> §p for all k € N.

eny

(3.11) sup Ie"m‘"k Up, — e~ tAoy,
1

te(B,00(

Taking a further subsequence, if necessary, and using condition (Spec) we may also assume
that there exists an HC-orthonormal sequence of eigenfunctions (wy ;); corresponding to
(Xo,j); such that, for all j € N and u € H°,

(8.12) |Wep, i — wo,lefnk — 0 and (u, We,, ;) gene — (U, Wo,j) o as k — oco.
Let § > 0 be arbitrary. By Remark 3.5 there is an so = s0(6,8) > 0 such that
glatl)/2g=st < § for s > sy and t > B. Since Ao,j — 00 as j — oo, there is a jo =

j0(6,8) € N such that Agj, > sp for all j > jo. Thus there is an ko = ko(d,8) € N such
that )\cnk,jo > sg for k > kg. Therefore we obtain

(313) Aenk,j > 30(5) ﬂ) for k > kO(é) ﬂ) and .7 2 jO(é) IB)

Formula (2.6) implies that, for all € € [0,&], all t € ]0,00[ and all u € HZ,,

~ k
(3.14) |e~tAey — Z e_"\""u(ws,j)we,jlﬁf — 0 as k — oo.
Jj=1

Let t > B be arbitrary. Then

(3.15)

~ B Jo—1
e~ tAenk s, — e_tA°UO|ank = Z e Penki (Weny, ) Weny, i — e-tl\o'ju()(wo'j)wo'jlﬂf"k
i=1
_ Jo—1 5
+ |e "t ek, — Z e Mk Uy (Wey ) Weny | rm
i=1
Jo—1

+ e tAoyy — Z e‘t’\°-fuo(WO,j)w0,j|Hf""'
j=1
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Now (3.13) implies that

= Jo—1
—tA -
le t Tk Uy, — Z et snk'-"unk(wenk’j)w&nk,‘jl;;nk
j=1
S (@4
+1)/2 —t\ Dy —
(3.16) = Z(A;jk,j e hengd) ,\Eni,ﬂunk(wgnk,,-)ﬁ
J=jo
o0
2 - 2 2 2 2~2
<6 Z ’\enak,jlunk(wenk,j)l <4 |unk|H‘_’;k < 6°C7,
J=jo

where C := SUPkeN Iu"klif"k' Note that C < 0o by our assumptions (1) and (3). Analo-
gously, -
_ jo—1
e~tAoy, — Z e‘t’\°'juo(w0,j)wo,j|§{fnk

J=1
_ Jo—1
< Clemtoug — ) - e ug(wo ;) wo,sl%e
j=1
(3.17) -

=2 Z (/\(()?tj+l)/2e—t/\o,j)2/\6-’?|UO(wo,j)|2

j=jo
o0
< C% Y AgSluo(wo,)* < C*6%|uolfo
j=jo
Let j € [1..j0 — 1] be arbitrary. Then
le™ X mk iy, (We, i )Wen, 5 — €090 (wo,5 ) wo 5 HEm
< |e—t/\enk I (Uny, — Unk)(WEnk.j)wenk,j|Hl‘"k
+ e mkduy, (Wey, i) (Wen, i — Wo,5) HE
+ |e7 k3 (n, (Wey, ) — Uo(wo,5))wo 51 HEmE
(3.18) n l(e—tAcnk g o_ e_t’\":i)uo('IUo,j)wo,j|Hf"k
< Jtmy, — 'UEnk,j|Hi';k |w6nk,j|H§"k stnk,jIHf”k
+ [ng] gen [Wen, sl grems + Weny 5 = woii grem
+ [Vny (Wep, 5) = wo(wo,)] - [woj] yem
+ |e™Phenkid — et | Jug (wo ;)] - |wo ;] P

— \/2 ) .
Note that, for every v € [0,00[, [Wen, il = A, ;- Moreover, lwo ;] e S Clwo,j| o
and
sup |e_t’\‘"k 3 — e thi| — 0 as k — oo.
te(B,00]
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Hence, our assumptions and (3.18) show that

(3.19) ti?nkdkwﬁmﬁw%mﬁ%uj—eimmdwwﬁ%ﬂﬁ”‘*O“k‘*w-
€|f5,00

Thus formulas (3.15), (3.16), (3.17), (3.19) and the fact that § > 0 is arbitrary imply that

sup g tAeny, Upy, — e‘tA"uo iy, ™ Das k — o
te(B,00( Hy

which contradicts (3.11). The theorem is proved. O

Corollary 3.8. Let (H®,(:,")He, Ac)eclo,e) Satisfy condition (Spec). Suppose (€n)n is a
sequence in )0, o] with e, — 0. Let ug € HO be arbitrary and let (u,), be a sequence such
that u, € H* for n € N. Suppose that

|un — ug|fren — 0 as n — 0.
Then for every 8 € ]0,00[

— 0 asn — 0.

sup |e_tA‘n Up, — e~ oy,

te(Bi00] g

Proof. Use Theorem 3.7 with a = 0 and v, = ug for all n € N. O

4. SINGULAR CONVERGENCE OF NONLINEAR SEMIFLOWS

We now introduce a natural condition on a family of nonlinearities, condition (Conv),
and show that the family of maps defined in the Introduction satisfies this condition. We
also show that conditions (Spec) and (Conv) imply a general singular convergence theorem
for semiflows. The proof of Theorem 1.2 concludes this section.

Definition 4.1. Let o > 0 be arbitrary and (H®, (-, ) ie, Ae)ee(0,e) b€ @ family satisfying
condition (Spec). Let o € [0, 1] be given and for every € € [0,&0) let A = A¢,—o: H5_, —
HE , be the extension of A to HE,. We say that the family (fe)ee(o,eq) Of maps satisfies
condition (Conv) if the following properties are satisfied:

(1) fe: Hf — HE, for every € € [0,&q].
(2) lime_o+ [e7t4e fo(u) — e7* fo(u)|me = 0 for every u € HY and every t € |0, 0c0].
(3) For every M € [0,00[ there is an L = Ljs € [0, co[ such that

|fe(u) = fe(V)|me, < Llu—v|n;

for all € € [0,&0] and u, v € Hf satisfying |u|gs, [v|ms < M.
(4) For every u € HY there is an & € ]0,€o] such that sup.¢(o,er) [fe(u)|me, < o0

4.1. Application to parabolic problems with large localized diffusion. Let o, the
Hilbert spaces H¢ and the operators A, € € [0,&0), be as in subsection 3.1. Furthermore,

let

- if N >3;
24 = ( an arbitrary p* € ]0,00[, if N =2;
00 ifN=1

)
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and
A=y, if N> 3;
2r = { an arbitrary p** € ]0,00[, if N =2;
00, if N=1.

By interpolation theory (cf. [12]) for every 6 € [0, 1] and every ¢ € [0, &o] there is a contin-
uous imbedding from Hj to H?(Q) with imbedding constant C ¢ € ]0, oo[ independent of

e € [0,&0). Furthermore, there is a continuous imbedding from H?(Q) into LP.2(Q) with
imbedding constant C3 ¢ € |0, c0[. Here,

1 Rt
=(o—+(1-0)-=) .
Po,0 <26+( )2>

Moreover, for every p € [0,1] there is a continuous imbedding from H?/2(T") into LP»r (T
with imbedding constant Cs , € ]0,00[. Here,

1 i e
Do = (Pg +(1- P)‘2'> .

Finally, by [8], for every 8 € ]1/2,1] there is a bounded linear trace operator y =
vo: H?(Q) — HO~(/2)(T) with a bound Cy ¢ € 0, 00[. Now the continuity of the functions
0 — pg,o and 6 — pag_1r at & =1 implies the following result.

Lemma 4.2. Let g2 € J(1— (1/28))7,00[ and g3 € J(1 — (1/2}))7%, 00[ be arbitrary.
Then there is a 6 € ]1/2,1] such that

3
D2 = < pg,q and p3 = ng— < P26-1,-

Q2—1 1

Set a =60 and let Cs € ]0,00( (resp. Cs € ]0,00[) be a bound of the imbedding LP>2(§2) —
LP2(Q) (resp. LP2a-1r(T') — LP3(T")). Then, whenever ® € L%2(Q), ¥ € LB(T), € € [0,&0)
and h € HE, then ® - h € L}(Q), ¥ - y(h) € L}(T),

/ @ - h|dz < C1,aCo.aCsl Bl hlag, and
0

J 114140 < 10CsaCaamr Col¥lzss oyl
F
In particular, there is a unique f. € HE , such that
£(h) =/<I>-hda:+/\If~7(h)do, he HE.
Q %
Moreover,
| felrre,, < Cr.a(|®|Lo2() + [¥|Las(r))
where C7,o = max(C1,4C2,aCs, C1,6C4,aC3,2a-1C6)-
The next two theorems describe how to obtain a family of maps that satisfies hypothe-
sis (Conv).

Theorem 4.3. For € € [0,0], let ®.: H'(Q) — L=(Q) and ¥.: HY/?(T') — LB(T) be
maps satisfying the following assumptions:

(1) For all M € [0,00] there is an L = Ly € [0, 00( such that
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(a) for all € € [0,e0] and all u, v € HY(Q) with |u|g1(q), [v]|g(g) < M,
[®Pe(u) = Pe(v)|Le2() < Llu—v|g1(q)
(b) for all e € [0,&0] and all u, v € HY?(T) with lul 172y, Wl < M,
Ve (u) = We(v)|pas(ry < Llu— ”|H1/2(r)_
(2) For every u € Hj (),
|®e(u) — Po(u)|pe2(n) — 0 ase — 0F.
(3) For every u € HY/?(T),
|We(u) = To(u)|pasry — 0 as € — 0%,

Let o € ]1/2,1] be as in Lemma 4.2. For € € [0,&0) and u € H{ define, for h € HE,

fe(w)(h) = /n Be(u) - hdz + /P Ve(1(u)) - 7(h) do.

Then fe(u) € HE, and the family (fe)ee(o,eo) Of maps satisfies condition (Conv).

el O
Remark 4.4. By the definition of 25 and 2f we may, for N = 1, 2, take g and g3
arbitrary in |1, oo[.

Proof of Theorem 4.3. Lemma 4.2 implies that the family (fe)eepo,,) satisfies (1) of con-
dition (Conv). Let M € [0,00[ be arbitrary and L = Ly, be as in assumption (1). If
€ € [0,e0] and u, v € Hf with |u|ge, |[v|ge < M/Cy then u, v € H'(Q) with |u|g1(q),
[v|g(q) £ M so
|fe(u) = fe(v)|me,, < Cra(|®e(u) — Pe(v)lLo2(q) + [Pe(V(w) = Ye(v(v))|Les(r))
< Cra(L+ LCy)|u — 'U|H1(Q) < Crall + LC4,1)01,1 |u — Ule.
This together with assumption (1) implies part (3) of condition (Conv). If u € HY then
|fe(W)|re,, < Cra(|Pe(u)|pe ) + [e(v(w))|Las(r))-
This together with assumptions (2) and (3) easily implies part (4) of condition (Conv).

Now let w € H? be arbitrary and (e,), be a sequence in ]0,&0] with €, — 0. Let
t € ]0,00[ be arbitrary. We will show that

(4.1) dim Je™t e f, (w) — €70 fo(w)|gen = 0,

proving (2) of condition (Conv).

It follows from Proposition 3.3 that the families (H*,(:,-)He)ece(0,co] and (Ae)ee(o,c0)
satisfy condition (Spec). For n € N set u, = f., (w) and define v, € H", by

vn(h)=/Qcpo(w)-hdz+/rxpo(7(w)).y(h)da, h e HEn.

Finally, set u = fo(w). Then
|un—vn|gen < Cr,a(|®e, (W)= Po(w)| o2 () +|¥en (Y(w)) = Po (v(w))|L3s (1)) — 0 as n — oo.

Thus assumption (1) of Theorem 3.7 is satisfied.
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Let Cg € ]0,00[ be a bound for the imbedding H(Q) — H(Q). Then, for every j € N,
v (Wey,j) — w(wo,;)| < |Po(w)|pe ()| Wen,j — Wo,jlLe2(0)

+ W0 (7(w)) | pas (0 ¥ (Wep 5 — wo,3) e () < Cluwe, 5 — wo,j|pren s
where C' = C5C2,0C8C1,1|@0(w)|Le2(0) + C6C32a-1C14,0C8C1,11%0(v(w))|Las(r). Hence
|vn (Wep,j) — u(wo,j)| — 0 as n — co. Thus assumption (2) of Theorem 3.7 is satisfied.

Now, for all n € N,
[un|gen < Cra(|Po(w)|Lr2(0) + [Wo(y(w))Lrs (r))-

Thus assumption (3) of Theorem 3.7 is satisfied. Now (4.1) follows from Theorem 3.7.
The proof is complete. 0O

Theorem 4.5. Assume Hypothesis 1.1. Fore € [0,&0] andu € H*(Q) (resp. v € HY?*(T))
define ®e(u)(z) = we(z,u(z)) (resp. Ve(u)(z) = Ye(z,u(z))) for z € Q (resp. z €T).

Then ®.: H'(Q) — L%(Q) and U.: HY/2(T) — LB(T) are defined and satisfy the
assumptions of Theorem 4.83.

Proof. Use results and arguments in [6, Chapter 2]. a

Finally we obtain the following

Corollary 4.6. Fore € [0,e0] let pe: @ xR —=R and ¢¥.: T' x R = R, (z,3) — @¢(z,s),
(z,s) — Ye(z,s), be functions as in Theorem 4.5. For e € [0,&0] and u € HY(Q) (resp.
u € H'2(T)) define ®c(u)(z) = pe(z,u(z)) (resp. We(u)(z) = Ye(z,u(z))) for z € Q
(resp. x € T') and let o € ]1/2,1] be as in Lemma 4.2. For € € [0,&0] and u € Hf define,
for h € HE,

Felw)(®) = [ @) -hdo+ [ Telo(w)) -2(h) do
Then fe(u) € HE, and the family (fe)ecjo,eo) Of maps satisfies condition (Conv).

Proof. This follows from Theorems 4.5 and 4.3. O

4.2. Singular convergence of semiflows. In the sequel, if (H%, (-, ) ie, Ac)eco,e0] Sat-
isfies condition (Spec) and (fe)eg(o,eo) Satisfies condition (Conv) then we will write, for
every € € [0,&q], Te := 4,5 to denote the local semiflow on Hf generated by the abstract

parabolic equation _
u=—Au+ fe(u).

To prove the theorems of this section we will need the following auxiliary result.

Lemma 4.7. Let (H®, (-,")He, Ae)eclo,eo) Satisfy condition (Spec) and (fe)ee(o,eo) Satisfy
condition (Conv). For every W € HY there exist a § > 0 and a 7 > 0 such that for every
ap € HY with |ag —|yo <6, aomes, s € [0, 7], is defined and whenever (en)n is a sequence
in ]0,e0) with en, — 0 and (an)n is a sequence with an, € H" for every n € N and

lan — a0|an — 0 as n — o0,

then there is an ng € N such that anme, s, s € [0, 7], is defined for n > ng. Moreover there
ezists an M’ € [0, 00[ such that |anme, s|gen < M’ for all n 2 no and for all s € [0, 7].
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Proof. Let T € HY be arbitrary and C € ]0,00[ be such that [@lgo < C1. Let C be as in
part (3) of condition (Spec), set

(4.2) M' .= 3C, +3CC,
and let L := Ly be as in Definition 4.1 with M replaced by M’.
Part (4) of Definition 4.1 implies that there is an & € ]0,&] such that

Cy= sup |fe(T)|me < 0
e€(0,eq)

Now choose 7 and § € )0, 00[ such that

(4.3) o]~y MG LR < 19,

(4.4) 21 — &) 0T (oL, + O5) < Cud,
(4.5) 206 < Cy1/4

and

(4.6) Cle Aoy — Ulpo < Ci/dfort € [0,7],

where the constant Cj is as in Remark 3.5.
For every e € (0,¢p] and a € Hf with
(4.7) la —@|ms < C,
define
Se :={u|u: [0,7] - Hf is continuous and |u(t) — a|gs < C; for all t € [0,7] }.

For u € S¢, define the map T;4(u): [0,7] — Hf by

- i -
Tealu)(t) s = e eat [ e 00 f(u(e) ds
0

t "
= g tAeq +/ e~ (t=9)4e £_(u(s)) ds.
0

The map T, o(u) is continuous. Moreover, whenever u € Se o, then for all t € [0, 7]
lu(t)|me < C1 + lalgs < Cy + Cr + [ulgs < 2C1 + C1C < M,

where the last inequality follows from (4.2). Thus for all u,v € S, , arbitrary and for all
t € [0, 7], we have, by (3.1),

|Te (@) (t) — Te,a(v) ()| = ‘/ et (fe(u(s)) — fe(v(s))) ds
0 H

<o [ (6= 8@ £, (u(s)) = fu(w(s))lme, ds

t
(4.8) < COL/ (t —5)~@/2 ds sup |u(s) — v(s)|as
0 s€(0,7]

=2(1- o:)‘ICOL'r(l“")/2 sup |u(s) — v(s)|mg
s€(0,7]
<1/2 sup [u(s) = v(s)ls.
s€l0,7]
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The last inequality follows from (4.3). Moreover for all u € Seq and t € [0, 7]
t _
|Te,a(w)(t) — alms < le™*<a — a| s + ’ / e~=9)4e £ (u(s)) ds
0 HE
Since for € € [0, (] and s € [0, 7] we have
| fe(w(s))ae, < |fe(u(s)) = fe(@)lme, + |fe(a)lae,
< Llu(s) — alug + |fe(a) — fe(@)|me, + | fe(@)|me,
< LC) + LCy + Cy = 2LC + Cy,
we obtain, by (3.1),

t -
/0 e_(t_s)Affs(u(s)) ds

t
<G / (t = 5)~@+ /2|, (u(s)) e ds
Hf 0

< 2(1 - ) 'Cor-¥2(2LCy + Cy) < Ch/4.
In the previous computation we used the fact that |a.|Hf <Ci+ mle <Ci1+CCi <M
and [u]ps < M'. If Gy € HY satisfies [@o — 7|9 < 6, then
[ iy — algs < |e~t4sg — e_tA"'dole + |e~t40G, — e_tA°ﬂ|Hf + |e~tAog — T| e
+ [Z — @o|Hs + |a — Go|n¢
< |e7teq — e"tA°Eo|H; + Cle~*40G, — e_t““”ﬂlH? + Cle~t4og — o
+ Cl@ — Go| o + |a — do|ag
< leHea — e™0Gg| g + |a — Golus + Cle™40T — | yo + 2C6
< |e7ea — e7Gg|ge + |a — Go| s + C1/2,
where the last inequality follows from (4.5) and (4.6).
Thus putting things together, we obtain for all € € [0,¢p], all a € Hf satisfying (4.7)

and all Gg € HY with |ap — Tlgo <6

(4.9) |T; o(u)(t) — a|gs <3C1/4+ |e"tA‘a - e'tA°'do|He +|a—Go|Hs, u € Seq, t € (0,7
1 1 1

In particular, for all a € HY satisfying |a — T go < 0 and all u € Soo We have
|T0,a(u)(t) — alH? < 301/4 <C;forallte [O,T].

Hence we conclude that Tp,4(S0,e) C So,e and so, by Banach Fixed Point Theorem, there
is a unique fixed point of Ty, in Sp,. In particular amgs is defined for all s € [0, 7].

Now let (€,,)n be a sequence in |0, go] with e, — 0. Suppose ag € HY satisfies lao—| o <
§ and (an), is a sequence with a, € H;" for every n € N and |a, — aO'Hf" — 0. By what
we just proved, it follows that apmps is defined for all s € [0, 7].

Theorem 3.6 implies that there is an ng € N such that for all n > ng

(4.10) SEJP] le™*4n a, — e™*0ag| gen + |an — ao| g < C1/4.
te[0,7

Thus, it follows from (4.9) that Tk, 4, (Sen,an) C Sen,an for all n > ng. Hence T¢, 4, has a
fixed point in Se, 4,. In particular anme, s is defined for all s € [0, 7] and for all n > no.
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Moreover, (4.9) and (4.10) imply that, for s € [0,7] and n > ny,
lanﬂenSIan < |an1r€ns — anIan + [an —ﬂIan + IHlen < 201 + CC] < M.

The lemma is proved. a

We can now state our first singular convergence result for semiflows.

Theorem 4.8. Let (H®, (-, ) ie, Ac)ee(o,eo) Satisfy condition (Spec), and (fe)eep,eq) Satisfy
condition (Conv). Let (en)n be a sequence in |0,eq] with €, — 0. Let ug € HY and (up)n
be a sequence with u, € Hi" for every n € N and

|un — ug|gren — 0 as n — 0.

Let b € ]0,00[ and suppose that upme,t and umgt are defined for alln € N and t € [0,b].
Moreover suppose there ezists an M’ € [0,00( such that [une, s|gen < M’ for alln € N
and for all s € [0,b]. Then for every t € ]0,b] and every sequence (tn)n in ]0,b] converging
tot

[unme, tn — Uoﬂ'otn|H§n — 0 as n — oo.

Proof. For every t € [0,b] we have, by the variation-of-constants formula,

UpTe, t — UgTot = g tAen Up — e_tA"uo

t _
+ -/ e_(t_s)ACn (fEn (unﬂ.fns) - fEn (uoﬂos)) dS
0
t _ -
+ / (e_(t“s)A‘" fen (uomos) — e‘(t“s)A"fo(uovros)) ds.
0

Define the function gn: [0,b] x [0,b] — R as follows: If 0 < s < ¢ then set
gn(t, 8) = le=¢=en £, (uomos) — e7¢=%0 fo (ugmos) | pren

and set g, (t,s) = 0 otherwise. The function g, restricted to the set of (s,t) with0 < s <t
is continuous. Thus g, is measurable on [0, b] x [0,b]. By Fubini’s theorem the function

b t
cn(?) :=/ Gn(t, 8) ds=/ gn(t,s) ds
0 0
is a.e. defined and measurable on [0, b]. Set
an(t) := |e"tAeny, — e'tA°uo|H1cn + cn(t) for t €]0,b).

It follows that a, is measurable on [0,b]. Using (3.1) we obtain
(4.11)
|gn(t, 8)] < CaColt — 8)~(@*V/2 L CCLCy(t — 5) =@tV =; Ca(t —5)~ (/2 for 0 < s < t,

where

Ca := max{ sup sup|fe, (uomos)|pen, sup |fo(uomos)|pmo, }-
s€(0,b] neN s€[0,b]

Notice that condition (Conv) implies that Co < co. Now let ¢ € ]0,b] be arbitrary. If
0 < s < t then by part (2) of condition (Conv) we have gn(t,s) — 0 asn — oo. If
0 <t < s then gn(t,s) = 0 for all n € N. Again gn(t,s) — 0 as n — co. It follows from
(4.11) and the dominated convergence theorem that

cn(t) — 0 as n — co.
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Thus, using Corollary 3.8 we obtain
(4.12) an(t) = 0, as n — oo, for all t € |0, b].
Now, for allm € N and ¢ € |0, 0]
an(t) < M’ + Clug|go +2C3(1 — ) 1p(=9/2 =; ¢,

Notice that M := supse(o ) [uomos|g9 < co. Hence [uomos|gen < CM for all s € [0,0]. Set

M" := max{M’,CM} and let L := Ly be as in Definition 4.1 with M replaced by M”.
We have

[unme, t —'uowot]an < le"teny, — e_tAo’U,oIHlEn
¢ t—s)A,
+ [ 1o (e, )  fn (T8 g
t " ”
+/ |(e=(t=)en £, (ugmps) — 6_(t_3)A0f0(’lL07T08))|H15n ds
0
t
< an(t) + Co/ (t = &)~ 2| £ (unme, s) — fe, (uomos))|ren ds
0 -0
t
< an(t) + C’oL/ (t —s)~+D2)y 7, s — UomoS| fren ds.
0
An application of Henry’s Inequality [7, Lemma 7.1.1] implies that
t
[unme, t — uomot| pren < an(t) +/ p(t — s)an(s) ds for t € ]0, ],
0

where
5~ (CoLT(B)" s
ple) = nz=:1 —Wa: s
with 8 := (1 — a)/2.
The function p: ]0,00[ — ]0, c0[ is well defined and continuous on |0, co[ and it satisfies
the estimate
p(z) < Csz=@+D/2 4 C5 for z €]0,).

Let (tp)n be any sequence in ]0,b] converging to some t € ]0,b]. Fix a § € ]0,t[ and
let § € )0,80/2[ be arbitrary. There is an ng = ng(d) € N such that |t, —t| < J for
n > ng. Therefore for all such n € N and all s € [0,t — 24] it follows that ¢, —s > § so
p(tn — 8) < Csd~(@+1)/2 4 Cs. Thus

p(tn — 8)an(s) < Cs for s €]0,t — 24].
Therefore (4.12) and the dominated convergence theorem show that
t—20
/ p(tn — 8)an(s) ds — 0 as n — oo.
0
On the other hand,

tn
/ p(tn — 8)an(s) ds < C7(60~9/2 1. 6).
t—20
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Since d € ]0,do/2[ is arbitrary, it follows that

in
/ p(tn — 8)an(s) ds — 0 as n — oo.
0
Consequently,
[unme, tn — uovrotn|H§n — 0 as n — oo.

The theorem is proved. d

Our second convergence result reads as follows:

Theorem 4.9. Let (HE, (, ") He, Ac)eeo,eo) Satisfy condition (Spec) and (fe)ecjoeo] Satisfy
condition (Conv). Let (en)n be a sequence in ]0,&q] with e, — 0 and let (t,)n be a sequence
in [0, 00[ with t, — 0. Let ug € HY and (un)n be a sequence with u, € H™ for every
n € N and

|un — ug|gen — 0 as n — oo.

Then there ezists an ng € N such that ugmot, and unme, t, are defined for alln > ng and

[UnTe, tn — U()ﬂ'otanlfn — 0 as n — oo.

Proof. Set @ := up in Lemma 4.7 and let 7 > 0 be as in that lemma. It follows from
Lemma 4.7 that ugmgs, s € [0,7], is defined and there is an ng € N such that u,m, s, s €
[0, 7], is defined for n > ng. Moreover there exists a M’ > 0 such that |upme, s[gen < M’

for all n > ng and for all s € [0,7].
Since t, — 0 as n — oo, we may assume that ¢, € [0,7] for all n € N. For every
t € [0,7] we have

t _
UnTe,t — Uy = e Heny, —ug + / e~ (t=9)Aen fe,. (Unr,, 8) da.
0

Notice that M := SUP;eo,5] [Uomos| o < 00. Hence |ugmos|gen < CM for all s € [0,7]. Set

M" = max{M' ,CM?} and let L := Ly be as in Definition 4.1 with M replaced by M".
It follows that for all n > ng and for every s € [0, 7]

| fen (un”€n5)|Hi'; < | fen (UnTre, 8) = fen (UO)|H5':2 + | fen (UO)IHi’;
< Llunte, s — uo|ren + [fen (w0)| mren,
< L(M' + Cluo| o) + | fen (u0) | pren, -
Part (4) of condition (Conv) now implies

| fen (UnTre, 8)|gen < C, forallse [0,7] and for all n > ny,
-
for some positive constant C'. Therefore for all n > ng
|un7rsntn - UOWOtanf" < |un7r€ntn - uOle" = C'l'u'07r0tn — uOlH?
< |e"t"A‘" Up — e""’"A°uo|an -+ C|e‘t"A°uo — UO[H?

tn
+CoC / (tn — 5)”@FD/2 ds + Clugmots — uol g
0

Since |e~tnAoyy — u0|H? — 0 and |ugmotn — uolgo — 0 as n — oo, an application of
Theorem 3.6 completes the proof. a
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Theorem 4.8 and Theorem 4.9 imply the following corollary.

Corollary 4.10. Let (H?, (-, ) He, Ac)eco,e0) Satisfy condition (Spec) and (fe)ee(o,e0) Satisfy
condition (Conv). Then for every w € HY there exist a 6 > 0 and a T > 0 such that for
every ag € HY with |ag — E|H¥ <6, agmos, s € [0,7], is defined and whenever (€p)n s a
sequence in |0, eo] with &, — 0 and (ay), is a sequence with a, € Hi™ for everyn € N and

|lan — ao|gen — 0 as n — oo,
then there is an ng € N such that apme, s, s € [0,7], is defined for n > ng and

SUp |anme,s — aomos|yen — 0 as n — 0.
s€(0,7]

Proof. Lemma 4.7 implies that for every T € HY there exist a § > 0 and a 7 > 0 such that
for every ap € HY with |ag — T HY < 6, agmos, s € [0, 7], is defined and whenever (eq)n is
a sequence in |0, o] with e, — 0 and (an), is a sequence with a, € Hi" for every n € N
and
|an—aolen — 0 asn — oo,
then there is an ng € N such that a,7c,s, s € [0, 7], is defined for n > ny. Moreover there
exists a M’ > 0 such that |anme, s|gen < M’ for all n > ng and for all s € [0, 7].
To complete the proof of the corollary we need to show that
sup |anme,s — agmos|gen — 0 as n — oo.
s€(0,7] L
Suppose this is not true. Then there are a §o > 0 and a sequence (ng) in N with ny — co
as k — oo such that
sup ]ankwenks - ao7r03|Henk > §p for all k € N.
s€lo,7] :
Thus for each k € N there exists an s, € [0, 7] such that
(4.13) |ank7r,:n‘c Sk — aoﬂ'oSkIank > 4.
Without loss of generality we can assume that there is an so € [0,7] such that s — so
as k — oco. If sg = 0, it follows from Theorem 4.9 that lankmn,c Sk — aowosk]H;nk — 0 as

k — oo which contradicts (4.13). If so > 0, then Theorem 4.8 implies that |an,me,, sk —
GOWOSk|H€nk — 0 as k — oo which again contradicts (4.13). O
1

We conclude this section proving our main convergence result for semiflows.

Theorem 4.11. Let (H®, (-, ) He, Ae)ec(o,eo) Satisfy condition (Spec) and (fe)ec(o,e0) Satisfy
condition (Conv). Let (en)n be a sequence in )0, &o) with e, — 0 and let (tn)n be a sequence
in [0, 00 with t, — to, for some to € [0,00[. Let ug € HY and (un)n be a sequence with
un € Hi™ for every n € N and

|[un — uo|gren — 0 as n — oo.

Assume ugmoto is defined. Then there ezists an ng € N such that unme,tn is defined for

allm > ng and
|unTe,tn — uowoto]an — 0 as n — oo.
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Proof. Since ugmotp is defined, there is a b > to, b € ]0, 00[, such that ugmot is defined for
all t € [0,b]. Define

I:={te0,b[| there exists an ng € N such that u,m.,t is defined for n > ng and

sup |upme, s — UgmoS|gen — 0 as n — oo }.
s€(0,t]

It is clear that 0 € I. Furthermore if 0 <#' < tand t € I, then ¢ € I. Let
ti=aup.t,

It follows that £ < b and so [0, f[ C I. An application of Corollary 4.10 with T := ug shows
that £ > 0. We claim that £ = b. Suppose, on the contrary, that £ < b. It follows that
T = wompt is defined. Let § > 0 and 7 > 0 be as in Corollary 4.10 with respect to this
choice of @.

Choose t € R with 0 <¢ <% < ¢+ 7 and |ugmot — uomot|yo < 6. We have that t € I so
there exists an ng € N such that u,m,,t is defined for all n > ng and

(4.14) sup |unme,s — uomos|gen — 0 as n — oo.
s€[0,t] b

Set Up 1= upme, t and U := ugmt. Applying Corollary 4.10 with a, replaced by u, and ag
replaced by @ we thus have that um7 is defined and we obtain the existence of an ny > ng
such that u,m., 7 is defined for all n > n; and

(4.15) Sup [Unre, s — Umos|gen — 0 as n — oo.
s€(0,7]

Formulas (4.14) and (4.15) imply that ugmo(t + 7) is defined, unme, (t + 7) is also defined
for all n > n; and

SUP  [unTe,$ — UoToS|pen — 0 as n — oo.
s€[0,t+7]

Thus t + 7 € I, but t + 7 > £, a contradiction, which proves that ¢ = b.

Since to € [0, b[, it follows that there is a t € [0,b[ with ¢; < ¢t and t, <t for all n large
enough. In particular womot, and upme,t, are defined for all n large enough and

[unTre, tn — uomotn|pen — 0 as n — oo,

Since

|’l.L07T0tn — ’U.o’rl’ot0|an < Cl’u()ﬂ'otn - UQﬂ'ot0|H?

and |ugmot, — uomoto| HO = 0 as n — oo, the theorem follows. O

We can now give a

Proof of Theorem 1.2. The theorem follows from Proposition 3.3, Corollary 4.6 and The-

orem 4.11. O
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5. SINGULAR COMPACTNESS

In this section we shall prove that under the abstract compactness hypothesis, condi-
tion (Comp), on the family (H¢, (-,-) Hey Ae)ee(o,eo) the corresponding family of semiflows
satisfies a singular compactness property. This property, together with the singular con-
vergence result obtained in the previous section, is crucial for establishing the singular
continuation principle for Conley index and for (co)homology index braid. We conclude
this section by proving Theorem 1.3 stated in the Introduction.

We start with the following result.

Theorem 5.1. Let (H®, (-, ") He, Ae)eco,e0) Satisfy condition (Spec) and (fe)ec(o,eo) Satisfy
condition (Conv). Let € € [0,eq] be arbitrary. Then every closed and bounded set in Hf is
strongly me-admissible.

Proof. Let N be a closed and bounded set in H{ and let M > 0 such that for all u € N we
have |u|Hf < M. Let L := Ljs be as in Definition 4.1. Let ug € N. Hence for all u € N

|fe(W)me, < |fe(u) = fe(wo)lme, + |fe(uo)|me
< Llu — uo| g + | fe(uo)|me , < 2ML + | fe(uwo)|ne -
Now the result follows from [11, Theorem IIT 4.4]. O

We can now state the following singular compactness theorem.

Theorem 5.2. Let (HE, (-, ) e, Ac)eco,eo) Satisfy conditions (Spec) and (Comp) and sup-
pose that (fe)ecjo,eo) Satisfies condition (Conv). Suppose k € ]0,00, (en)n is a sequence in
10, 0] with €, — 0, (ta)n is a sequence in [0, 00[ with t, > k for every n € N and (un)n is
a sequence with un, € Hi" for every n € N. Assume that there exists a C" € ]0,00[ such
that unpme, tn s defined and

[untre, s|gen < C" for allm € N and for all s € [0, t,)].
Then there exist a v € HY and a sequence (nk)k in N with ny — oo as k — oo such that

|u’ﬂk7r€nktnk - v[ank — 0 as k — oo.

Proof. Set &, = upme, (tn — k) for n € N. Hence

|én|gen < C” for allm € N.
Condition (Comp) implies that there exist a v € H? and a sequence (ng)r in N with
n, — oo as k — oo such that

|ény — Ul pren — 0 as k — oo.
We claim that Umgk is defined. Suppose our claim is not true. Let § € [0, oo[ be such that
CC" < B and [v]gg < B. By Theorem 5.1 with e =0 and N = {u € HY | lulgo < B},

there exists a tg € ]O k[ such that Tmoto is defined and [vmoto HO > s. Condmon (Spec)
implies that

(5.1) |5ﬂ0t0|1—[§ 2 ﬂ/C’ > C”, € E [0,60].
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It follows that there exists a kg € N such that mps and £nk7renks are defined for all
s € [0,1p], for all k > kg and

|fnk1renks]an,c < C" for all s € [0,tp) and for all k > ky.
Hence Theorem 4.8 implies that
lfnkﬂ’enkto = aﬂotolenk — 0 as k — co.

This together with formula (5.1) implies that
|€ny, e, tol e > C" for all k € N large enough

which is a contradiction. Thus U7k is defined. Another application of Theorem 4.8 shows
that

Iﬁnkmnkn — §7ro/~c|H=nk —0as k — oo.
2 {

Set v := Umok € HY. Since €ny Ten, K = Uny ey, tny, for all k € N, the proof is complete. [

Recall that Proposition 3.4 implies that for every e € ]0,&q], the set HY is a closed
subspace of Hf. For each € € ]0,¢&q], let Qc: Hf — Hf be the Hf-orthogonal projection of
Hf onte B,

Theorem 5.2 easily implies the following corollary:

Corollary 5.3. Let (H®, (-, ") He, Ae)ec(o,e0) Satisfy conditions (Spec) and (Comp) and sup-
pose the family of maps (fe)ee(oe,) Satisfies condition (Conv). Suppose N C HY is a closed
and bounded set and (en)n s a sequence in ]0,&0] with e, — 0. Let n > 0 be arbitrary and
define

Np = Npy:={u€ H{" | Qe,u € N and |(I — Qe,)ulgsn <}
Suppose (tn)n s a sequence in [0, 00 with t, — oo and (up), is a sequence with u, € H"
for every n € N and

UnTe, [0,tn] C Ny for alln € N.

Then there exist a v € N and a sequence (ng)i in N with np — co as k — oo such that

|[Uni Ten, tny — 'UlH;-'nk —0ask—oc0. O

We can now give a

Proof of Theorem 1.8. The theorem follows from Proposition 3.3, Corollary 4.6 and Corol-
lary 5.3. a

6. SINGULAR CONTINUATION PRINCIPLE FOR THE CONLEY INDEX AND FOR
(CO)HOMOLOGY INDEX BRAIDS

In this section, under the conditions (Spec), (Conv) and (Comp), we obtain a singular
continuation principle for the Conley index and for (co)homology index braids for the
class of parabolic equations described in subsection 4.2. We also prove Theorem 1.4 and
Theorem 1.5 from the Introduction.

This section is not self-contained, in particular, we use some results established in the
papers [3, 4, 5]. We will also assume that the reader is familiar with the Conley index
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theory for semiflows on (not necessarily locally compact) metric spaces, as expounded
in [10] or [11].

Let (H®, (-, -)He, Ac)ee(o,eo) Satisfy conditions (Spec) and (Comp) and suppose the family
of maps (fe)ee(o,eo) Satisfies condition (Conv).

Set Xo := HY. For every ¢ € ]0,¢o), define Y; := (I — Q:)H¢ and endow Y; with the

norm | - | Hg restricted to Y. Define on Z; = X x Y; the following norm:
[|(u, v)||e := max{ |u|H?, [v|s } for (u,v) € Z.

We will denote by I'c the metric on Z, induced by the norm || - ||. For each £ € ]0, &),
define 6, := 0.

Let We: Hf — Z, be the linear map defined by

Ve (w) = (Qew, (I — Q¢)w) for w € Hj.
It follows that W, is a bijective linear map and its inverse map is given by
. (u,v) = u+v for (u,v) € Z.

Moreover both ¥, and ¥.~! are continuous maps. This fact is a consequence of the
following inequalities:

(6.1) [Ze(w)|le < Clw|gg for w € Hi,

(6.2) [T (u, ) |ge < (1 +C?)2||(w,)]|e for (u,v) € Z,
where the constant C' € ]1, co[ was defined in hypothesis (Spec).
Given (u,v) € Z, and t € [0, 00[ define
(u, v)fet 1= Ve (V.71 (u, v)met)
whenever \Ile‘l(u, v)7et is defined. It follows that 7, is a local semiflow on Z,, the conju-

gate to me via U, Theorem 4.11 and inequalities (6.1) and (6.2) immediately imply the
following

Corollary 6.1. Under the above hypotheses the family (7e)ecjo,eo) converges singularly to
0. a

Theorem 5.1, Corollary 5.3 and inequalities (6.1) and (6.2) imply the following:
Corollary 6.2. Let N be a closed and bounded subset of Xo. Then for every n > 0 the
set N is singularly strongly admissible with respect to n and the family (Te)ec(o,e,), Where
T 0 = To. O

We can now prove the following Conley index continuation principle for singular families
of abstract parabolic equations:

Theorem 6.3. Let N be a closed and bounded isolating neighborhood of an invariant set
Ko relative to mg. For e € ]0,e0] and for every n € |0,00] set

Nep:={u€ Hf | Qeu € N and |(I — Qe)uln; < n}
and K¢y := Invg, (Ney) i.e. Keq is the largest me-invariant set in Ng,. Then for every

n € )0, 00[ there ezists an ¢ = €°(n) € |0,e0] such that for every e € ]0,€°] the set Ney is
a strongly admissible isolating neighborhood of K., relative to me and

h(’lTe, KE,n) = h(?l‘o, Ko).



[

28 M. C. CARBINATTO AND K. P. RYBAKOWSKI

Furthermore, for every n > 0, the family (Ke,n)se[o,sC(n)] of invariant sets, where Ko, =
Ko, is upper semicontinuous at € = 0 with respect to the family | - | He of norms i.e.

lim sup inf |w—u|ge =0.
Jim sup inf o~ ul

Proof. The isomorphism W, conjugates the local semiflow 7, to the local semiflow 7.
Thus whenever S is a strongly admissible isolating neighborhood with respect to 7, then
U (S) is a strongly admissible isolating neighborhood with respect to #, and

h(me, S) = h(fte, Ue(8S)).

Corollaries 6.1 and 6.2 imply that the family of semiflows (Te)ee(0,60) @and the set NV satisfy
the hypotheses of [3, Theorem 4.1]. Notice also that any closed ball in Y; is contractible.
Hence [3, Theorem 4.1] and (3, Corollary 4.11] completes the proof. o

Remark 6.4. The family (Ke)ceo,e<() is asymptotically independent of 7 i.e. whenever
n1 and 72 € ]0, 00| then there is an ¢’ € |0, min(e®(m1),e%(n2))] such that K¢, = Ke,p, for
€ €]0,€'].

We can now give a

Proof of Theorem 1.4. Proposition 3.3, Corollary 4.6, Theorem 6.3 and Remark 6.4 imply
the theorem. O

We also prove the following (co)homology index continuation principle:

Theorem 6.5. Assume the hypotheses of Theorem 6.3 and for everyn € |0, 00[ let €¢(n) €
10,e0] be as in that theorem. Let (Mpo)pep be a <-ordered Morse decomposition of Ky
relative to my. For each p € P, let V, C N be closed in Xo and such that Mpo =
Invey (Vp) C Intyo(Vp). (Such sets Vp, p € P, exist.) Fore € 10, €0], for every n € 0, 00(
and p € P set Mpeq :=Invy, (Vpen), where

Voen :={u€ Hf | Qeu €V, and |(I — Qc)ulus <1}

Then for every n € ]0,00[ there is an € = &(n) € ]0,e°(n)] such that for every € € ]0,€]
andp € P, Mp ey C Intgse(Vpen) and the family (Mp e p)pep is a <-ordered Morse decom-
position of K¢ relative to e and the (co)homology indez braids of (mo, Ko, (Mp0)pep)
and (7, Ken, (Mpen)pep)), € € |0,€], are isomorphic and so they determine the same
collection of C-connection matrices.

Proof. Since the isomorphism ¥, conjugates the local semiflow 7. to the local semiflow
Tre, using [5, Proposition 2.7], it follows that whenever S is a strongly admissible isolating
neighborhood with respect to m¢ and (Mp)pep is a <-ordered Morse decomposition of S
relative to 7., then W.(S) is a strongly admissible isolating neighborhood with respect
to #c and (V. (Mp))pep is a <-ordered Morse decomposition of S relative to 7. and the
(co)homology index braids of (me, S, (Mp)pep) and (7, ¥e(S), (Le(Mp))pepr)), € € ]0,¢€0],
are isomorphic.

Corollaries 6.1 and 6.2 imply that the family of semiflows (7c)ce[0,¢o) @nd the set N

satisfy the hypotheses of [4, Theorem 3.10]. Since any closed ball in Y; is contractible, an
application of [4, Theorem 3.10] completes the proof. O
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Remark 6.6. Again, for each p € P, the family (Mpep)ecioz(n), Where Mpo, = Mo
is upper semicontinuous at € = 0 respect to the family | - | ag of norms and the family
(Mp,e.n)eeloz(m)) 18 asymptotically independent of 7.

We can now give a

Proof of Theorem 1.5. Proposition 3.3, Corollary 4.6, Theorem 6.5 and Remark 6.6 imply
the theorem. g
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