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Resumo
Nés consideramos equagdes diferenciais funcionais retardadas no contexto das fungdes Kurzweil-
Henstock integraveis e estabelecemos um resultado sobre o método da média para estas
equacdes. Nosso resultados generaliza os resultados precedentes.



AVERAGING FOR RETARDED FUNCTIONAL DIFFERENTIAL
EQUATIONS

M. FEDERSON AND B. J. GODOY

ABSTRACT. We consider retarded functional differential equations in the setting of Kurzweil-
Henstock integrable functions and we state an averaging result for these equations. Our
result generalizes previous ones.

1. INTRODUCTION

In [6] and [7], the authors stated very nice averaging results for retarded functional differ-
ential equations employing the tools of non-standard analysis. Their results encompass, for
instance, the results by J. Hale and S. V. Lunel in [3].

In the present paper, we establish an averaging result for retarded functional differential
equations, we write RFDE for short, by means of the classic analysis. The conditions we
assume on the righthand sides of the RFDEs are more general than those considered in [3], [6]
or [7]. Indeed, we consider that the righthand sides of the equations are Kurzweil-Henstock
integrable functions.

In the frame of the Kurzweil-Henstock integral, functions having not only many discontinu-
ities but also being highly oscillating can be treated properly. It is known, for instance, that
the Kurzweil-Henstock integral encompasses the integrals of Newton, Riemann and Lebesgue.
In fact, the Kurzweil-Henstock integral coincides with the Perron and restricted Denjoy in-
tegrals and hence it can integrate functions as the well-known example f (= %F (t), where
F(t) = t2sint~2 on [0, 1] when defined. Furthermore, the Kurzweil-Henstock integral is in-
variant by Cauchy and Harnack extensions and it has good convergence properties. See, for
instance, [2], [5], [8], [9], [10] and the references therein.

Given to € R, 7 > 0, ¢ > 0 and a function y : [to — 7, to + 0] — R", let y; [-r,0] = R*
be defined by

yt(e):y(t+9)) 06[_T10]1t€[t07t0+0]‘

We consider the following initial value problem for an RFDE

, ¢
v="/ (%g)

Yo = ¢)
where ¢ : [-7,0] = R™ is a regulated function and ¢ > 0 is a small parameter. We
assume that the mapping t — f(yt,t) is Kurzweil-Henstock integrable and that the following

condition holds:
1
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(A) There is a constant C' > 0 such that for z,y € PC; and uy,u, € [0, +00),

[ 1 009) = £ (@9l

uy

<c / s = 2. ds,
U

where PC is a subset of the space of regulated functions from [—r, 0] to R™.

In this setting, we state an averaging result for the above RFDE (namely Theorem 3.1).

Notice that we do not require that the function f(¢,t) is continuous. On the other hand,
in [6] and [7], the authors assume that f(¢,t) is continuous and Lypschitzian in ¢. In
(3], the authors assume that f(¢,t) is almost periodic in ¢, uniformly with respect to ¢ in
compact subsets of C'([—r, 0], R") and admits continuous Frechét derivative in ¢. (Hereafter
C([-r,0],R™) stands for the Banach space of continuous functions from [a, b] to R equipped
with the usual supremum norm, || ||e-

In the next section, we give some basic notation and definitions of the theory of Kurzweil-
Henstock integration.

2. BASIC FACTS OF THE KURZWEIL-HENSTOCK INTEGRAL

Let [a, b] be a compact interval of R.

A partial division of [a,b] is any finite set of closed non-overlapping intervals [t;_1,%;] C
[a,b]. In this case we write d = (t;) € PDy. If moreover U; [ti1, ;] = [a,b], then d is a
division of [a,b] and we write d = (t;) € D). When d = (t;) € PDjgyp) and &; € PR AR
for every i, then d = (&, t;) is called a tagged partial division of [a, b], & is called the tag of
the [ti_1, %], for each . If in addition d = (t;) € Dja), then d = (&;,%;) is a tagged division
of [a,b]. We denote by TP D, the set of all tagged partial divisions of [a, b].and by T Diap)
the set of all tagged divisions of [a, b].

A gauge of [a, b] is any function d : [a,b] — ]0,00[. Given a gauge ¢ of [a,b], d = (&, t:) €
TPDy,y is called §-fine whenever [tic1, 8] C {t € [a,D]; |t — &| < 0 (&)}, for every 1.

Definition 2.1. A function f : [a,b] — R is Kurzweil integrable or generalized Riemann
integrable (we write f € K ([a,b],R)) and I = (K) fabf (t)dt € R is its integral, if given
€ > 0, there is a gauge & of [a,b] such that for every d-fine d = (&, t;) € T Dy,

(K) / F(Od =37 (6) (= ten)| <.

In particular, when only constant gauges are considered in Definition 2.1, we obtain the
well-known Riemann integral of a real valued function.
Now we define the integral for functions taking values in R™.

Definition 2.2. A4 function f : [a,b] = R™ is Kurzweil integrable or generalized Riemann
integrable (we write f € K ([a,0],R")) and I = (K) fab f () dt € R™ is its integral, if given
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€ > 0, there is a gauge ¢ of [a,b] such that for every 6-fine d = (&,t) € TDpy),

(%) [ F@)d- Y1 (6) (st

where || || denotes any norm in R™,

<eg,

Clearly, any function f : [a,b] = R", f = (f1, fo,. .., fa), is Kurzweil integrable, if and
only if, every component f;, i = 1,...,n, of f is Kurzweil integrable in the sense of Definition
2.1.

We denote by f : [a,b] — R the indefinite integral of a function f € K ([a, b] , R™), that is,
- t
Foy =) [ £, telat,

If f € K([a,b], R"), then f € C([a,b],R") (see, for instance, [1], Theorem 2.2).
Let us present the definition of the Henstock integral of a real valued function.

Definition 2.3. A function f : [a,b] — R is variationally Henstock integrable or simply
Henstock integrable (we write f € H ([a,b])), if there is a function F : [a,b] — R such that
given € > 0, there is a gauge § of [a,b] such that for every é-fine d = (&;,t;) € TDjay,

Z |F (t:) — F (tic1) = f (&) (6 — tic)| <&

We set (H) f: f (t)dt = F (b) — F (a) in this case.
The Henstock integral of an n-dimensional space valued function is defined as follows,

Definition 2.4. A function f : [a,b] — R™ is variationally Henstock integrable or simply
Henstock integrable (we write f € H ([a,b],R™)), if there is a function F : [a,b] — R" such
that given € > 0, there is a gauge § of [a,b] such that for every §-fine d = (&, ;) € T D),

Z |F () = F (tiy) — f (&) (6 — tim1)|| < €.

As for the Kurzweil integral, a function f : [a,b] = R, f = (f1, f2,..., fa), is Henstock
integrable, if and only if, every component f;, i =1,...,n, of f is Henstock integrable in the

sense of Definition 2.3.
The equality H ([a,b],R™) = K ([a,b],R") holds and we have

F(t)—F(a)=(K)/tf(S)ds=f(t)—f(a), te fab],

(see [8], for instance).
It is easy to see that the above definitions can also be given for functions taking values

in a general linear topological space X. However, in a general infinite dimensional space X,
H ([a,b], R™) may be properly contained in K ([a, b] ,R™).
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In the sequel, we use integration specified by Definitions 2.1 and 2.3: we say that a function
in H ([a,b] ,R") = K ([a, b] , R™) is Kurzweil-Henstock integrable with integral fab f(t)dt. We
simplify the notation by using [ f(¢)dt instead of (K) [ f(t)dt.

As it should be expected, the Kurzweil-Henstock integral is linear and additive over non-
overlapping intervals. If the integral fab [ (t) dt exists, then we set [" f (¢) dt = — fab f(t)dt.

Also, [0 f (t) dt = 0, when b = a.

3. AVERAGING FOR RFDES

We start this section by recalling the concept of a regulated function.

Let X be a Banach space and I C R be an interval.

We denote by G(I, X) be the space of locally regulated functions f : I — X, that is, for
each compact interval [a,b] C I, the lateral limits

fe+) = lim f(t+p), t€lab),

and
fe=) = lim f(t+0), te€ (ab)

exist and are finite. When I = [a,b] we write G([a,b], X) which is a Banach space when
endowed with the usual supremum norm, || ||« (see [4]).

In G(I, X) we consider the topology of locally uniform convergence.

By G~(I,X), we mean the subspace of G(I,X) of left continuous functions for which
f(t=) =lim,0— f(t+ p) = f(t), t € I, except for the left endpoint of /.

Let PC; C G~ ([-r,00), R") be an open set with the following property: if  is an element
of PCy and t € [—7,00), then § given by

C . y(t),—T‘StSf,
y(t)—{y(f),t-<t§oo, (1)

is also an element of PC;. In particular, any open ball in G~ ([—7, c0), R") has this property.
Consider the following initial value problem

{ y=1r (yt, é) (2)
Yo = &, '
where ¢ € G~([-r,0],R") and € > 0 is a small parameter. We assume that f maps any
pair (¥,t) € G~([-r,0],R") x [0,00) to R" and that the mapping ¢ — f(ye, t) is Kurzweil-
Henstock integrable, for all ¢ € [0,00). We also assume that f satisfies the following condi-
tion:

(A) There is a constant C > 0 such that for z,y € PGy and g, us € [0, +00),

/u2 [f (ys,8) = f (zs,8)) ds|| < C/f llys = @sll o ds-

1
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Suppose for each ¢ € G~([-r,0], R"), the limit below exists
Jim 2 [ 5@ ds = i), ®)
where the integral has to be understood in the sense of Kurzweil-Henstock, and consider the
averaged RFDE
v = fo(y) (4)
Yo = ¢J
where fo is given by (3).
If condition (A) is satisfied, then, for every y € PC}, we have

1fols) = folw)l < lim = / [ (Y o) = F(us, 0)]do]|| <

(5)
< Jim - / Cllvs = elloode = Cllys — el

which implies that, for 8 € [—r,0], if y is a solution of (4) and s,t € [0, 00), with s < ¢, then

s+6
l|y(8+9) —y(t+9){| = » fo(yo)da
s+0 540
< /t+9 | fo(ys) — fo(0)||d0+/t+€ 11 £o(0)]|do <

s+6
<c /M Welleodor + (£ = )] fo(O)]]-

Therefore,
lys — vlle = sup [ly(s+6) —y(t+0)| <
6eg[—r,0] (6)
< C(t-s) eslup i [19slleo + (¢ = $)I| fo(0)]].

Thus, as t — s — 0, we have ||ys — ¥illo — 0, that is, when y; is a function of ¢, for t € [0, 00),

y; is a continuous function.
Now, let us present some lemmas which will help us establish our averaging result for

RFDEs.

Lemma 3.1. Consider (3). Then, for every t > 0 and every o > 0, we have
1 t/e+ale
g == [ f@sds=o(w), ¥ GT(-n0LRY,

Proof. In this proof, we use some ideas borrowed from (6], Lemma, 4.2.
By definition,

hm—/ F(,5)ds = fo($), ® € G~ ([, 0, R"). )

Tooo T
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Thus, clearly, for ¢ > 0 and a > 0, we also have

. 1 t/e+ale
t/e
Jim g [ S, 5)ds = fo(w).

Then
. 1 t/5+a/s t/e
g t/5+a/5/0 s)ds — 72 / f(w,s) J

1 t/e+ale 1
= lim [——— | s = )| + Jim {fo(w)—zj-g [ f(w,s)d3}=0-

=0t | t/e + afe
On the other hand,
e t/et+afe 1 t/etale t/e
— ,8)ds = —
T s = o [ stwsds— = [ s,

- (iﬁi i Z@ e /Ot/wef (1, 8)ds - (%—E) ;;1/; - £ (1 5)ds =

B 1 ¢ t/e+ale t/e
—m<a+1>/o f(b,s) S_E / f(,s)
t/eta/e
: / £, 5)ds+

- t/e +aje /g
¢ 1 t/e+afe 1 t/e
t/e + afe /o A t/e Jo i s)ds} .
Therefore,
" & t/e+ale 1 t/e+ale
Ei% a/” f(W,s)ds — fo(®) =€_I>T(I)1+ m/o f@b, s)ds — fo(1)
' ¢ 0 t/e+a/€
t&%%a[m/o sz || 10 }
Hence Heto/
tim = [ 1, 8)ds = o)

and the result follows.

The next corollary follows directly from Lemma 3.1.

Corollary 3.1. Let t > 0 and o > 0. Then, for everyy € PCy, we have

’ c t/et+ale
lim —/ f(ys, s)ds = fo(ye)-
t
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Lemma 3.2. Let y be a solution of (4), where f satisfies condition (A). Then, for every
t >0, we have

lim tf (ys, S) de = /ot fo (ys) ds

e—0+4+ 0

Proof. We borrow some ideas from [6], Lemma 4.4,
Let € > 0 and ¢ > 0 be given. For s > 0 and ¢ € G~([-r, 00), R"), we define

fi(, s) = F (¥, 8) = fo(th).

Let § be a gauge corresponding to € > 0 in the definition of the Kurzweil-Henstock
integral fot f1 (Yo, 2) do and consider a d-fine partition (7, [s;, sit1]), 4 = 0,1,2,...,m—1, of
the interval [0, ¢]. Then,

t

5 (2 as= [ twras] = | [ (v 2) as] <
m—1 Sit1 m= St+1
< 2 /s.- [f1 (ys,—) o (ys“g)] X; /Si (ysi, g) ds
< [ @02) = 1 (5 2)] 0 z [ o) - sotwtas] +

(8)

1 /s<‘-9i+1 fl (ys" —> ds

1

m—
>
=0

We can suppose, without loss of generality, that the gauge ¢ is such that 6(§) < §, for
every € € [0,t). Then, by (6), for each i =0,1,2,...,m — 1 and each s € [s;, si11], we have
1Ys = Usillo < C(s—8i) sup |lyelleo + (s — :)[fo(0)] <

o€[si—r,s]

< 028(r;)  sup  |[Welleo + 28(7:)|| fo(O)] <

OE[8i—T,8i+1]

< Ce sup ||volleo +Ellfo(0)]]-

OE[si—T,8i+1]
Therefore,
sup  |lys — Usillo < Ce sup  [[¥olleo + €llf0 ()l

S€[si,8i41] o€[si—T7,8i+1]
which can be made sufficiently small by the arbitrariness of €, that is, there exists n > 0
sufficiently small such that

Sup “ys“ysiHooS??» i=0,1,2,...,m—1, (9)

SE[si,8i+1)

(say, 1 = C& SUDoe[s;—r,se4] Vo lloo + €ll Fo(O)I])-
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Then (9) and condition (A4) imply

7:2; /:wl [f (ys) S) st f (ys“ g)] ds <
< mz: sup ”ya ys,“oo/ Cds < ncmz_l 51+1 _ ) -
i=0 O€E[sisit+1] =

Since 7 can be chosen sufficiently small (by the arbitrarmess of €), the first summand on
the righthand side of (8) tends to zero as e — 0.
Now, using (5) and (9), for each 1 =0,1,2,...,m — 1 and each s € [s;, 5;11], we have

m-1 Sit1 m-l nsiy
S [ ot - sotwdlds| < [T 1) - fo il ds <
i=0 Si i=0 v 5

m—1 m—1
<0G Z/ 1Y = Usilloods S C D sup |lo — Ysilloo(sit1 — 5:) <
1=0

i=0 OE[sirsiv1]

m—
Z siv1 — 8;) = nCt.
=0

which tends to zero as ¢ — 0F. Therefore the second summand on the righthand side of (8)

tends to zero as € — 07,
Finally, we assert that the sum

mz—l /si“ f1 (ys,,—> ds
im0 I1Vsi

can be made arbitrarily small by Corollary 3.1. Then this fact will imply that the third
summand on the righthand side of (8) tends to zero as e — 0%. Let us prove the assertion.

We have
m— s,+1 g m-1 Sit1 s
= = siy— | — s:) ] ds|| =
3 (ys,,€>ds ; /Si [f(y‘s) fo(y,)]
m-—

b

sifetaife
/ f (ysi) S) ds i fo(y3i)
(67 i€

- [f (ys,., S) — fo(¥s:) } Zaz

where 0; = Siy1 — Si) fori=0,1,2,...,m—1.
Now, for each i = 0,1,2,...,m — 1, define

sifetaile
ﬁiz i/ f(ys,-,s)ds—fo(ys,.)

al i/e
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and let § = max{f;; i=0,1,2,...,m — 1}. Then

m—1 m—1 m—1
Zaiﬂi <ﬂza’z—ﬁ2(3i+l“sz) = ft
=0 1=0 =0

By Corollary 3.1, B can be taken sufficiently small. Therefore the third summand on the
righthand side of (8) tends to zero as ¢ — 0% and the result follows. O

Theorem 3.1. Consider the RFDE (2), where ¢ € G=([—r,0],R™) and f satisfies condition
(A). Consider the averaged RFDE (4), where fo is given by (3). Suppose [0,) is the
mazimal interval of existence of (2) and [0,b) is the mazimal interval of ezistence of (4).
Assume that z° is a mazimal solution of (2) and y is a mazimal solution of (4). Let M > 0,
M < min(b,b). Then, for everyt € [0, M],

Tim [l2°(8) ~ y(®)]| = 0.

Proof. This proof follows the main steps of [6], Lemma 4.5, and uses results from the
Kurzweil-Henstock integration theory.
For each t € [0, M], the equalities

#@ =00+ [ (@) ds md w0 =60+ [ hl)ds

hold. Then, using condition (A), we obtain

I — vl = | [ [7 (6942) - fow)] as

<[ [ 1 (102) - 5] i
< [ ~wllnts | [ [1 (0 2) = o 0)] a5
Using the fact that (zf)g = ¢ = yo, we have

1(z%)s — Uslleo = S[tip ]le (s+6)—y(s+0)| = set[lops] 12¢ (o) — y(o)|l

<

<

f<w>s»z> o

and, therefore,
t

1) -yl < C [ sup ||zf<a>—y<a)nds+\
0 o€(0,s]

(10)

/ 1 (2) - o] as

Since the righthand side of (10) is increasing, we have

sup [|zf(7) — y(7)l| <

T€[0,t]
/OT [f <ym g) = fo (%)jl ds

t
<C [ sup |lz°(0) —y(o)llds + sup
0 o€[0,s] T€[0,t]
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Then, by the Gronwall’s inequality for the Kurzweil-Henstock integral (see [11], Corollary
sup [|z°(7) = y()]| < e sup

1.43), we obtain
T s
sy | — d
T€[0,¢] T€[0,t] /0 [f (y 5) Jo (ys)] ?

/0 7 (502) - o) @

can be taken sufficiently small by Lemma 3.2 and by the compactness of the interval [0, ¢].
The theorem is therefore proved. a

Now, we consider the RFDE

Finally,

sup
T€[0,t]

y = f (yh t)
11
{ =, (1)
where ¢ € G~([-r,0],R*), f maps any pair (,t) € G~([-r,0],R™) x [0,00) to R", the
mapping t — f(y;,t) is Kurzweil-Henstock integrable, ¢ € [O,oo), and f satisfies condition
(4).
Let € > 0 be a small parameter and consider the RFDE

y=cf (yunt)
{ Yo=¢ (12)

Let y be a solution of (12). Applying the substitution ¢(s) = £ (see [11], Theorem 1.18),

we have e t )
| et usds= [ 1 (e 2)ds= [ 1 (e 2)ds (13)

where ({)et = (y)s, t € [0, £], that is, ¢ is a solution on [0, L] of the system

{ y=1f <yt, é) (14)

Yo = &.
On the other hand, consider fo : G~([-r, 0], R") — R™ given by
Ko 15
fo(¥) = Jim = / f(,s) (15)
and the averaged autonomous RFDE
Yo = ¢.
If 7 is a solution of (16) on [0, L], then by Lemma 3.2, we have
t s t
im [ 7 (5.,2)ds= [ fo@)ds,  telL] (17)
e=0 /g (> 0
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Thus, using (13) and (17), we obtain the following approximation

5/0%f(ys,s)ds—/otf0(ys)ds /Otf(gs,g) ds—/otf(ys,§> ds

whenever ¢ > 0 is sufficiently small.
By condition (A), we have

/otf (60 %) ds - /Otf (7.,2) ds|| < o/olt 1 = T, lloods. (18)

Then by Theorem 3.1, we conclude that the righthand side of (18) can be chosen sufficiently
small. Therefore we proved the next corollary.

~
~
)

Corollary 3.2. Consider the RFDEs (12) and (16). Then for every p > 0 and every L > 0,
there ezists g > 0 such that for € € (0,¢q), we have

E/OEf(y“‘"’)ds‘/o fo(@)ds|| < p, te 0L,

where y is a solution of (12) on [0,%£] and ¥ is a solution of (16) on [0, L].
The next corollary is an immediate consequence of Corollary 3.2.

Corollary 3.3. Consider the RFDFEs (12) and (16). Then for every p > 0 and every L > 0,
there ezists €9 > 0 such that for € € (0,€q), we have

“y S y”oo < p,
on [0, £], where y is a solution of (12) on [0,%£] and ¥ is a solution of (16) on [0, L.
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