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ON A THEOREM OF STAFFORD

NAPOLEON CARO(M AND DANIEL LEVCOVITZ®

ABSTRACT. In [6] Stafford proved that every left or right ideal of the Weyl
algebra A, (K) = K[z1, ..., 2,){(01, .-, Oa) (K a field of characteristic zero) is
generated by two elements. Consider the ring D, := K([z1, ..., zn]]{O1, ...On)
of differential operators over the ring of formal power series K{[z1, ..., Zn]]-
In this paper we prove that every left or right ideal of the ring
E, = K((z1,.,Zn)){01,...,0n) of differential operators over the field of
formal Laurent series K((z1,...,25)) is generated by two elements. The
same is true for the ring of differential operators over the convergent
Laurent series C{{z1,...,z,}}. This is in accordance with the conjecture
that says that in a (noncommutative) noetherian simple ring, every left or
right ideal is generated by two elements.

1. INTRODUCTION

In [6] Stafford proved that every left or right ideal of the Weyl algebra
An(K) = K[z1, ..., 24){01, ..., On) (K a field of characteristic zero) is generated
by two elements. It would be interesting to have a similar result for the ring
D, := K[[z1, ..., Zn]](1, ...0n) of differential operators over the ring of formal
power series K[[z1,...,z,]]. In this paper we prove that every left or right
ideal of the ring E, := K((z1, ..., Zn)){(01, ..., On) of differential operators over
the field of formal Laurent series K ((x1, ..., z,)) is generated by two elements.
The same is true for the ring of differential operators over the convergent
Laurent series C{{z1, ..., zn}} (this is the field of fractions of the domain O, of
germs of convergent complex power series around the origin of C™). Note that
this is in accordance with the conjecture that says that in a (noncommutative)
noetherian simple ring , every left or right ideal is generated by two elements.

The main difficulty here is that the symmetry between the x’s and the 9s,
present in the Weyl algebra and which is fundamental in the prove of Stafford’s
theorem, is broken in the ring D,. Since we are working over the base ring of
power series, infinite sums in the 2’s are permitted while only finite sums in
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the &’s occur. To deal with this problem we appeal to Weierstrass’ preparation
theorem to put an element v € D, in a appropriate form (see lemma 4.1). In
general, however, we follow the proof of Stafford’s theorem in Bjork’s book
([1]) and we do the necessary modifications to deal with the power series case.

2. Basic NOTATIONS

Let K be a field of characteristic zero and T be a skew field of characteristic
zero. By T|[[z]] we denote the ring of power series in one indeterminate with
coefficients in T and by T'((z)) its quotient skew field. In paragraph 3 we will
be interested in the ring S = T'((x))(d.), the ring of differential operators with
coefficients in T'((z)). This paragraph is mostly concerned with free S-modules
of finite rank over S.

In paragraph 4 the following notation will be used . For each 0 < r < n let
D, = K|[z1, ..., %,]]{01, ..., Or) be the ring of differential operators over the ring
of formal power series K{[z,...,z,]] and let F,. be its quotient ring. I} exists
because D, is an Ore domain. Since z,.1, ..., z, commute with the elements
in F, we also get the division ring F,((41,...,Zn)) which by definition is
the quotient ring of D,[[Zr+1,...,%x]]. Also, for each 0 < r < n, we put
R, = F.((Trs1, s Tn)){Ors1, ..., On). Of course if 7 = n, then R, = F,.

3. THE RING S = T'((x))(0x)

Let us explore some properties of S = T'((x))(0;), the ring of linear differen-
tial operators with coefficients in rational expressions in x over the skew field
T. Recall that S is a noncommutative noetherian simple ring.

Suppose that F is a field contained in T'. By F([[z]](0;) we denote the ring
of differential operators with coefficients in the ring of power series F[[z]].

Lemma 3.1. Let 0 # a € S.Then the S-module S/Sa has finite length.

Proof. Tt follows immediately from the division algorithm on S. See also [1]
lemma 8.8, page 27. O

Lemma 3.2. Let 6y,...,6m be a set of non zero elements in F|[z]](0z) C S.
Let0 # a € S and Sm) = Gei + ... + Se,, be a free S — module of rank m
with basis €1, ...,em. Let M be the S — submodule of SM) generated by the set
{adifer+ -+ abpnfem/ f € Z[[x])(0:)}. Then M = S™,

Proof. To simplify the notation we put 0 := 0,

Let us first observe that both the assumption and the conclusion are
unchanged if the m—tuple dy, ..., o, is replaced by an m—tuple 31, ..., O, where
B; = Ta;;0; and (ai;) is an m x m invertible matrix with a;; € F. Of course,
while we replace 81, ..., 0 by Bi, ..., Bm under a F-linear transformation (a;;) we
also replace the free generators €1, ..., €m Of S0 by (1, ..., Gn Where ¢; = Zbyje;,

(bij) = (i)~
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Let ord(d;) be the d—order of ;. We can assume that these d-orders de-
crease, ie, ord(d;) = ord(d;) 2 --- 2 ord(dy,). Hence there exists an inte-
ger w and some 1 < [ < m such that w = ord(d;) = -+ = ord(¢;), while
ord(6;) <w if i > [

If 1 <4 <[ we can write & = ; + pi(2)0“, where ord(r;) < w and p;(z) €
F[[z]]. We can assume that val(p;) < val(ps) < ... < val(p), where val(p;) is
the usual valuation of the power series p;. If val(p;) = val(ps) = i, then there
exists some ¢ € F such that val(ps — tp1) > p. Replace d; by d — td1 while
61,03, ...,0m are unchanged. Then, after some ["—linear transformations we
can assume that val(p) < val(pz) < -+ < val(p). With these normalizations
in hand we begin to prove that €; € M.

Let k = ord(a). Since S = T'((z))(0) we can assume that a = ag + 0% where
ord(ag) < k. If 1 < i < 1 we have ad; = pi(z)0"** +1); where ord(h;) < k+w
and if | <1 < m, ord(ad;) <k +w.

Now if g € S we put g1 = [g,2] = gz — zg the commutator of g and z.
Inductively, let g,+1 = [gy, x]. The element g, is called the v—fold commutator
of g and z. The v— fold commutator of ” and x is v! for all positive integers
v, while the v— fold commutator of &° and z is zero if s < v.

If we apply this to the elements ady, ..., ad,, we see that the (k + w)—fold
commutator of ad; and z is p;(z)(k + w)! for all 1 < i <1 ,while they are zero
ifl<i<m.

The definition of M implies that M is stable under the v— fold commutator
with z, i.e., if m € M then the v-fold commutator of m and x is in M for
all positive integers v. In fact, note that if f € Z[[z]](d), then [adf,z] =
ad(fz) —z(adf).

For f =1 € Z[[z]](0) we have that a = adiey + - + adpem € M. It vy is
the (k +w)—fold commutator of a and z divided by (k+w)!, then v; € M and

v, = p(x)er + -+ pi(z)er.

Now, if h € S, let hy = [h,0] = hd — Oh be the commutator of h with
9. Inductively, we define h,41 by hy+1 = [hy,0]. The element h, is called
the v—fold commutator of h and 0. We observe that M is stable under the
v— fold commutator with @ for all positive integers v. In fact, note that if
f € Z[[z])(8), then [adf,d] = ad(fd) — A(ad ).

Since v; € M we have that if vg“ ) is the p— fold commutator of v; and 0,
where p = val(py(z)) < -+ < val(p(z)), then v{" is in M and

o = p¥) (2)e; + P (x)es + - + " (z)e; € M,
where p) () denotes the usual p-derivative of a power series p(x). Note that
wz) = p\“(z) is a unit in F[z]] and val(pﬁ“)(x)) = wal{p;(x)) — p > 0,
G=2,000 1.
Define vy := vy — p1(z)(u(z)) " v{*. Then v, € M and

Vg = QQ(.’L‘)EQ kit QI(.’I})El,
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where g;(z) = p;j(z) — pl(m)(u(m))_lpg-“) (x),j = 2,...,1. A simple calculation
shows that gj(z) is non-zero with val(g;(z)) = val(p;(x)), for all j = 2,..., L.
Therefore val(gz) < val(gs) < --- < val(q).

We now, repeat the previous argument using the commutator of v, and
until we get v3 = r3(z)ez+ - - +1(2)e; € M. Proceeding in this way we finally
get v(z) = u(x)e; € M, where U(z) is a unit in F[[z]]. Therefore ¢, € M.

If | = 1, we are done. If | > 1, since v,y € M, we have that ,_; € M.
Going backwards we get €, € M.

Restricting the attention to the (m — 1)-tuple do, ..., 6y, and the S —module
Sm=1) — Se, 4 ... + Se,n, the lemma follows by induction over m. O

Lemma 3.3. Let 6y, ..., 6m be a set of non zero elements in F([z]](0;) C S and
let M be a S — submodule of S™ such that the S —module S™ /M has finite
length. If 0 # a € S, there exists some f € Z[[z]](0z) such that

S = M + S(abyfer + -+ admfem).
Proof. See [1], Lemma 8.10, page 28. O

Corollary 3.4. Let 0 # p € S and let by, ..., 0, be a set of non zero elements
in F[[z]](0z) C S. Then there exists some f € Z[[x]](0z) such that

St = 5™ p+ S(pdifer + -+ + pom fem)
Proof. See [1], Corollary 8.11, page 29. O

Lemma 3.5. Let 6y, ..., 0m be a set of non zero elements in F([x]](0:) C S and
let 0 # p € S. Consider the free S — module S™' = Seg + Sey + -+ + Sen,
with basis o, -+ ,em. Then there ezists some f € Z[[z])(0z) such that

§m+) _ gm+1) 5 4 G(eq + &1 feq + -+ + 61 fem)

Proof. See [1], Lemma 8.13, page 29. a

4. LEMMAS FOR D, AND R,

In lemma 4.4 we will need to apply Weierstrass’ preparation theorem to
an non-zero element v € D, = K[[z1,...,2,]](1,...0,). We will then state a
separate lemma to prepare this element.

Lemma 4.1. Let v € D,, be a non zero element. For anyr,0 <r<n-—1,v
can be written in the following form:

v = wlﬁlGl Aok i wmﬁme,

where wy, ...,wn € K[[z1,...,zn)] are units , Bi,...,0m € K[[zr1]l(0r41) and
Gy i, G € D+ 1) i= K{[%1, -1 Bty voos Bl | {815 555 Ol y 5005 O
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Proof. Since v € D,, is a non zero element, we can write v as a finite sum
YalalT1, ... n)O%, where each po (21, ..., t,) € K[[21, ..., zp]] and 0% = I - - - O3
Let k, be the order of the series p,. After a suitable linear change of variables
we can assume that pa(0,...0,%,41,0,...,0) € K{[[z,1+1]] is non zero for all «
and has valuation k, as a series in the variable z,,;. In fact, since K is an
infinite field and the p, are in a finite number there is a single linear change
of variables that works for all p,. ( See [2], lemma 2, page 17 and the remark
that follows this lemma).

Now let us fixed a. Then the series p,(z1,...,2,) can be written as
520G (1, oy o1y ooy Tn) Ty 1, WheTe g5(T1, ..y Trg1, oo, Tn) € K[[T1, .0, B41, o0, T
By our assumptions, qx, (T1, -, Ty1, -, Tn) is aunit in K{[zq, ..., &1, ..., Tn)]. By
Weierstrass’ preparation theorem (see [4], page 208) we can write

Po = U(bo + b1:17,~+1 e CET_H)
where v is a unit in K[[z1, ..., 2,]] and b; € K[[xl, ceiy Ty 1, -y T)]. Therefore we
have
Pad® = u(bo+bi Tyt - FxFe)ON - O - 9% = u(O01E) (bods 8oTHt . gem)+
(@105 ) (b B0 .09 4 -+ u(ahe, 85 (A ...0%%"..aem),

n n
which has the desired form. Since v =) p,d* we are done.

d

The following lemmas 4.3 and 4.4 are equivalent. We will then prove just
the second. To prove it we will need the following result.

Lemma 4.2. Let 0 < r < n—1 and let q be a non zero element of Dy[[@rs1,- -+ , Tn]]
and let ai, ..., a; be a finite set in D,,. Then there ezists some p € Dy[[rs1,- -+, Tn],
p # 0, such that pa; € Dyng, for each j =1,...,1

Proof. See [1], lemma 8.5, page 26. O

Lemma 4.3. Let 0 < 7 < n—1 and let 0 # q € Dry1[[®rs2, .., )] If u
and v are two elements in D, with v # 0, then there exists f € D, and
Qr € D[[xr41, ..., Tn)] such that

Qr € Dng+ Dp(u+vf).

Recall that R, = F.((Trs1, .-, Tn))(Or+1, -.., On), where F,. is the quotient ring
of D,- = K[[SCl, ...,xr]]@l, ) BT)

Lemma 4.4. Let 0 <7 <n—1 and let 0 # q € Dyy1[[Trr2, ..., Tpn]] and let u
and v € D,, with v # 0. Then there exist some f € D, such that

R, = Rrq+ Ry(u+vf).

Proof. Let us fix r such that 0 <7 < n—1. Since v # 0, by lemma 4.1 we can
write

Uit— wlﬁlGl SRR wmﬁmea
where wi,...,wm € K[[z1,...,3,]] are units, bi,...,0m € K|[zr+1]){Or+1) and
Gi,...,Gm € D(r + 1) = K[[z1, - Tr41-., Za)[{O1, .-, Org1y o5 On)-
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Let &; = w;3;, for each 1 <4 < m. Then &; € K{[z1, ..., 2n]](0r41). To apply
lemma 3.5, we observe that K[[zy,...,z,]] = (K[[z1, .24, .., o)) [[Tr41]] C
F[[%y41]), where F is the quotient field of K[[z1,..., 2,41, ..., Tn]]. Therefore
8; € F[[z,11])(Ors1), F a field of characteristic zero. If T = Fo((Tr41, .-, Tn)),
then T is a skew field and F' C T'.

Since v # 0, we have that some G; # 0. The ring D(r + 1) is simple, which
implies the 2-sided ideal generated by Gi, ..., G, is the whole ring D(r + 1).
This gives finite sets ay, ..., a; and by, ..., b in D(r + 1) such that

1= B 3 _ b,Coy
and hence D(r + 1) = ZXD(r + 1)G;a,. Identifying D(r + 1) with a subring
of R, we conclude that R, = XX R,Gja,.
At this stage we need the following

Claim: To each m—tuple Bi,..., B, in D(r + 1) there exists some
[ € Z[[zr+1]](Or+1) such that

Rfrq + RT“' + RrBl +-+ RTBm = Itq + Rr(u + 51fB1 S 5mem)

In fact, since 0 # ¢ € Dyyi[[Trr2, ..., Z5)], it follows from lemma 4.2 that there
exists some 0 # p € Dyy1[[@ri2, ..., Tn)] such that pB; € Dypg forall j =1,...,m
and also pu € D,gq.

Let S = T((xy41)){Or+1), then 0 # p € S. Using the lemma 3.5 we get some
f € Z[[,41]){Br41) such that ST+ = SmHp 4 §(go + b1 fer + - - - + 01 fem).
Since S is a subring of R,, we have that R — Rm(mﬂ)p + R,(go + 01fe1 +

st 01 fem).

Considerer the R,—linear application 7 : 23\ Lo R, defined by m(gg) = u
and 7(e;) = Bj for each 1 < j < m. Then the image of mis Ryu+ R.By +
... + R.Bm C R,; but pu, pB; € Dypq. Then we have that m(pso) = pm(gg) =
pu € R,.q and w(pe;) = pm(e;) = pB; € Ryq for each 1 < j < m. Therefore
7(R{™p) C Ryq. Then

Req+ Ryu+ R.By + -+ R By = Rpq + m(RM™Y)
C Rpg+ m(RI™Vp+ Ry(co + 01fer + - + €0 + O fem))
C Rog+ m(R™p) + R.(u+ 61 fBy+ +++ + 6mfBm)
g RrQ+R¢(u+5lfBl+“'+5mem)
and this proves the claim because the opposite inclusion is clear.

Now we apply the claim to B; = Gjai,j = 1,...,m. Then, there exists
f1 € Z[|zr+1]]{(Or+1) such that

R,q+R,u+R.Gray+ -+ R.Gna1 = Reqg+ Ry (u+01 f1Gray +- - -+ 0m f1Gmar).
Since f; € Z[[xr4+1]]{Or+1) and G; € D(r + 1) commute, we have that
51 f1Grar+ - A0 [iGmar = 0:G1 frar+ - - +0mGm frar = wi1f1G1frar+ + FwnBnGmfraa
= vfia1, since v = w1 51G1 + - -+ + WmnPmGm. Then,
R,q+ Ryu+ R.Giay + -+ + R.Gpas = Req+ Re(u+vfia1).
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Now we apply the claim again with u replaced by uw + vfia; and B; =
Gjas,j = 1,...,m. There exists fo € Z[[z,41]](0r41) such that R,.q + R.(u+
vfia1)+> R.Gjas = R.q+ R, (u-+v frai1+v faas). Using the previous equation
we have

R.q+ R,u + Z R,«Gjal + Z RTG]'GQ =R.q+ RT(’U, + vf1a1 + Ufgag).

In the next step we apply the claim with B; = Gjas,j = 1,...,m and u
replaced by u + v fia; + vfaas. After | steps we have

Reg+ Re(u+vfiar+--- +vfie)) = Rg+ Reut ) Y ReGiay = Rr.
Hence the lemma follows with f = fia; + - + fia. O

5. THE PRINCIPAL RESULT

Lemma 5.1. Let a,b and ¢ non zero elements of D,. For each 0 < r < n
there exist qr € Dp[[Try1, s Tn)], @ # 0 and d,, e, € Dy, such that

qrc € Dy(a+ d.c) + Dyp(b+ ec).

Proof. With d,, = 0 and e, = 0 we see that the statement is true for r = n,
since D,, is a left Ore domain and D,a C (D,a + D,b).

For 0 < 7 < (n — 1) the proof is by induction from r + 1 to r. For this see
the prove that Proposition 7.3(r+1) = Proposition 7.3(r) in the book of Bjork
[1, page 22], in which the lemma 7.5 should be replaced by our lemma 4.3. U

Theorem 5.2. Any left or right ideal in K((x1,...,2,)){01, ..., 0n) can be ge-
nerated by two elements. The same is true for the ring C{{z1, ..., xn} }(O1, ..., On)-

Proof. Thering E, = K((x1,...,2Zn))(01, ..., Op) is a noetherian ring. Therefore,
it is enough to show that given a,b,c € E, there exists d,e € L, such that
c€ E,(a+dc)+ En(b+ec) .

Take n = 0 in the previous lemma. Then, there exists gy € K[z, ..., Zn]],
@0 # 0 and d,e € D, such that go¢c € Dp(a + dc) + Dn(b + ec). Since
D, = K[[z1, ..., z,)]{01, ..., On), then ¢ € E,(a+ dc) + E,(b+ ec). O
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