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Resumo
Neste artigo é mostrado como calcular os niimeros de Lé de polinémios que
sdo produtos de polindmios de Pham-Brieskorn de mesmo tipo, somente usando
os pesos ¢ graus de quase homogeneidade do polinémio.

Abstract
In this article we show how to compute the Lé numbers of polynomials that
are products of polynomials Pham-Brieskorn of the same type, we call Pham-
Brieskorn arrangements, only using the weights, the degree of homogeneity and
the number of variables.
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1 Introduction

In the study of germs of hypersurfaces in C**! with isolated singularities, John
Milnor introduced in [9] an important invariant, called the Milnor number, which
is interpreted in terms of algebra, topology, differential geometry and so on. This
invariant plays an important role in the modern theory of singularities, and
there have been several generalizations of it in many directions. One important
generalization of the Milnor number was done by David Massey in [8], where
he introduced the Lé numbers and the Lé cycles associated to holomorphic
applications germs with non-isolated critical points, or equivalently, to non-
isolated singularities in germs of complex analytic hypersurfaces. The definition
of these numbers is analytical but they can also be interpreted in terms of
topology ([8], Theorem 3.3), in algebraic geometry ([3], 2.1), among others.
Under the analytical aspect, Massey describes in (8], Theorem 4.5, the ones
called generalized Lé-Iomdine formulae that are a technique that reduces a hy-
persurface with singular set of arbitrary dimension s in a hypersurface with
singular set of dimension s — 1 and it relates the Lé numbers’s first hypersur-
face to the Lé numbers of this one obtained. Massey uses these relations to



get a Pliicker type formula, which relates the Lé numbers of a homogeneous
polynomial of degree d using only the degree and the number of variables ([8],
Corollary 4.7). With the help of this formula, Massey characterizes each Lé
number of an arrangement of hyperplanes, ie, the product of linear functions.

In this article we investigate a class of polynomials which are the product of
Pham-Brieskorn’s polynomials of the same type, this type of polynomial we call
Pham-Brieskorn arrangements. Using the technique developed by Lé-Iomdine
and Massey, and also other tools of Singularity Theory, we obtain a similar
relationship to that done by Massey, as any Pham-Brieskorn’s polynomial is
weighted homogenous, we show a Pliicker type formula for such polynomials in
terms of its weights and degrees. Then, we characterize each Lé number of such
arrangement also in terms of the weights and degrees.

2 Definitions and basic properties about Lé num-
bers

To define and describe the Lé numbers we follow the notation used by Massey in
[8]. We assume that the reader is familiar with the notion of coherent sheaves,
gap sheaves (references [11] and (8], Definition 1.1), schemes (references [4] and
[1)) and cycles (reference [2]). In order to fix the notation, for a sheaf o and an
analytic subset W in some affine space, we denote by a/W the corresponding
gap sheaf and by V(a)/W the scheme associated with the sheaf a/W, where
V() denotes the analytic space defined by the vanishing of a. We shall at times
enclose cycles in square brackets, | - ].

For the definitions in this section let h : (U,0) — (C,0) be an analytic
function, U an open subset of C**! containing the origin and z = (2o,...,2n)
a linear choice of coordinates in C™+1.

Definition 2.1. For 0 < k < n , the k" (relative) polar variety, T'¥ _, of h with

h,z’
respect to z is the scheme V' (68—2';, 385 667’;) / Z(h).

Remark 2.2. On the level of ideals, I’k’: consists of the components of V (%, or

which are not contained in X(h).
We denote by [T} ] the cycle associated with this scheme.

Definition 2.3. For 0 < k <n , the k" Lé cycle, Aﬁ,z: of h with respect to z
is the cycle

Oh :
[rizov (2] -t

Remark 2.4. In general we shall write simply A} ., and not [Af ], because
unlike the polar varieties, which are defined as schemes and we have to consider
the associated cycle, this definition is given in terms of cycles.
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If the intersection of Afhz with the cycle of V(20 — po, -+, 2k—1 — Pk—1) IS
purely 0-dimensional at a point p = (po, ... ,Pn), i€, either p is an isolated point
of the intersection or p is not in the intersection, it is possible to define the Lé
numbers as follows:

Definition 2.5. For 0 < k < n , the k' Lé number, /\ﬁ,z(p), of h with respect
to z at p, is defined as the intersection number

(A} V(20— Doy -+, 2k=1 — Pk—1) )p -

Among the various properties involving Lé cycles and Lé numbers, we high-
light two that are directly necessary for this work. The first describes how to
calculate inductively the Lé cycles and the second shows the behavior of the Lé
numbers taking hyperplane sections.

Proposition 2.6. ([8], Proposition 1.18) If, for all j with 0 < j < k, A{l,z

is purely j-dimensional at p, then the cycles [Ff:;l nv (%)] and [Fﬁ:’;l .
[V (Q’Lﬂ are equal at p. Consequently, if s is the dimension of the critical

Oz
5t = [V (ﬂ 887}‘)] and

locus of h, we have
6Zs+1 ’

i) [v (32 )] = rhal + il 0 < <

Proposition 2.7. ([8], Proposition 1.21) Suppose £(h)NV (20—po) = X(hyy (.,
for p € £(h) and consider the coordinates Z = (21,...,2n) for V(zo — po). If
Ai.=(p) is defined for alli and p & T} ., then

M :(p) = A2 (D).

IV (z0-p0) "%

)

2.1 The Polar Ratio and the Generalized Lé-Iomdine For-
mulae

The generalized Lé-Iomdine formulae describe how the Lé numbers of a singular
hypersurface with citical set of dimension s are related to the Lé numbers of
a certain sequence of singular hypersurfaces X1, ..., X, that approximates the
original singularity so that the critic sets of its terms X; have dimension s — .
The polar radius is a number associated to the polar curve which ensures the
existence of this sequence of hypersurfaces.

Suppose that the polar curve I‘,ll,Z is one-dimensional at the origin. Let 1 be
an irreducible component of T}, , (with its reduced structure).



Definition 2.8. If n NV (z) is zero-dimensional at the origin, we define the
(n-V(h) )o
(n-V(20) Jo

polar ratio of n (for h at 0 with respect to z) as Otherwise, we

say that the polar ratio of n equals 1.

Theorem 2.9. ([8], Theorem 4.5) (Generalized Lé—Iomdine Formulae)
Let h : (U,0) — (C,0) be a germ of analytic function with U C C™*1 open
and s = dimg T(h) with s > 1. Consider z = (zo,...,2n) @ linear choice of
coordinates such that A}, ,(0) is defined for alli < s. Leta be a complez number
different from zero and consider the coordinates Z = (21, . . ., %n, %0) for h+ azg,
where j > 2. If j is greater or equal than the mazimum polar ratio of h (at 0
with respect to z) then for all, except a finite number of complex numbers a, we
have

i) dimo S(h+az) =5 - 1;
@) A0, 50 =20.(0)+ (F — DX, .(0)

h+az},z

), ’\Z+azg,z(0) = (G- 1NH0), for1<i<s-1.
Moreover, if j is bigger than the mazimum polar ratio of h, the inequalities
over are valid for all a # 0. In particular, this is the case if j > 2+ )\2,2(0).

We remark here that applying the theorem inductively we obtain, for some
complex numbers ag, . . . , as, the sequence of singular hypersurfaces Xi, ..., X;s
as

X1 =V(h+az),...,Xs =V(h+ a0zl + ... + aszi*)

where 7; is greater or equal than the maximum polar ratio of h+aozg° +- - -+zfi"1‘
(at 0 with respect to Z = (zi,...,2n, 20, -+ Zi-1) )-

This method was first considered by Iomdin in [5] and by Lé in [6] for the
particular case that the hypersurfaces with critical set X(h) being one dimen-
sional.

2.2 Prepolar coordinate systems

The existence of the Lé numbers depends on the choice of coordinate system.
Massey shows in [8] (Theorem 1.28) a coordinate system that is generic with
respect to a certain kind of stratification of the hypersurface V(h) in which the
Lé numbers are always defined.

Definition 2.10. A good stratification for h at a point p € V (h) is an analytic
stratification B = {Sa} of the hypersurface V (h) in a neighborhood U of p such
that the smooth part of V(R) is a stratum and so that the stratification satisfies
Thom’s a;, condition with respect to U — V' (h), ie, if g; is a sequence of points
in U — V(h) such that ¢; — q € S € B and To,V (h — h(q:)) converges to some
hyperplane T, then T,S C T.



Definition 2.11. Let z = (2q,...,2) be a choice of linear coordinates for cntl
and p € V(h), with s = dim,, £(h). The system z = (2o, ..., 2y) is prepolar for
h in p if there exists a good stratification of h at the point p such that V(2o —po)
intercepts transversally all strata S,, with possible exception the stratum {p}
and for all j such that 1 < j < s —1, V(z; — p;) intercepts transversally all
Sa NV (20 — po, - - -, 2; — Dj), again with possible exception the stratum {p}.

Theorem 2.12. ([8], Theorem 1.28) Let p € V(h) with s = dim, X(h) and
z= (20, ..., 2n) be a prepolar system for h at p. Then, for all i with 1 <1 <s,

h2(p) is defined. Moreover, F}'l‘z NV(zo — po,...,2%i-1 — Pi—1) i empty or
0-dimensional at p with 1 <i <'s.

An important property of the prepolar coordinates is that they are also
prepolar for each hypersurface of the sequence obtained by the generalized Lé-
Tomdine formulae.

Corollary 2.13. Let z = (zo,...,2n) be a prepolar system of coordinates for
h at the origin and j bigger or equal than the polar ratio of h (at 0 with respect
to z), then 2 = (21,...,2n,20) is a prepolar system of coordinates for h + az}
at the origin, except possible for a finite number of a € C.

This result is obtained by applying Lemma 4.3 and Corollary 4.18 of [8].

3 Pham-Brieskorn arrangements

From now on we shall restrict ourselves to the class of polynomials that we are
interested and describe its polar radius with respect to a specific coordinate
system that is prepolar.

Definition 3.1. A polynomial f € Clzy,...,z,] is called a Pham-Brieskorn
polynomial if
f =" + - + ynalr with integers v; and a; > 2.
Note that f is a weighted homogeneous polynomial of type (7o, ..., n; D),
where D = m.cm.(ro,...,Tn).
Definition 3.2. We call a polynomial h € Clzg,...,z,] a Pham-Brieskorn

arrangement if it is written in the form

h= Cfl"'fpf:ffl "'f[al,
where each f; is a Pham-Brieskorn polynomial of type (ro,...,mn; D). We
remark that in this case the polynomial h is weighted homogeneous of type
(ro,..., n;d) where d = <p+ Eé=p+l ai> D. Therefore, we call such poly-
nomial h a Pham-Brieskorn arrangement of type (1o, ...,Tn;d).



Suppose now that r; and r; are coprime for all 4 # j. Thus D =g -- -7, and
a; = k;rg -7+ -rn, with k; integers. The notation #; means that there is not
the term 7; with 7 € {0,...,n}. In this case, a Pham-Brieskorn arrangement of
type (ro,...,Tn;d) is written in the form

h= Cf1-~~f,,f;ﬂ‘--- o

Ko (For1 -7 k ) .
where f; = 'yo,jmo"(m” ) L o 'yn,jmn"(ror‘ ™) with r; and r; coprime for

alli# 7, a; >1and d = (p+22=p+1ai) To- e Th.

To facilitate the calculations we study a particular case, when k; = 1 with
i=1,...,n. We emphasize that the results shown below are also valid for any
integer k; > 1 and the calculations are exactly the same.

3.1 Prepolar coordinates

To describe the Lé numbers of such arrangements, the first step is to find a
convenient prepolar coordinate system. In order to do this we need to obtain a
stra-tification of V'(h) which satisfies the Whitney conditions since such strati-
fication is always a good stratification for h. Lé& and Teissier in [7] showed that
there always exists such a stratification of the variety V'(h), called by Lé and
Teissier minimal Whitney stratification of V' (h).

Here use the idea given by Massey in [8], page 61, to obtain a Whitney strat-
ification for arrangements given by hyperplanes, to give an explicit description
of a stratification for Pham-Brieskorn arrangements. We show that this strat-
ification is the minimal Whitney stratification of V(h) as defined by Lé and
Teissier.

We recover here this construction.

According to Lé and Teissier in [7] there exists a sequence of algebraic sub-
varieties of V(h), Fo D Fy D -++ D Fy---, where Fy = V(h) and F; denotes
the singular set of V' (h). To obtain the other Fj, let us denote (F1,j, ), e, the
irreducible components of Fy, then F5 is the union of the singular set of Fy with
a finite number of closed algebraic sets given by the points in F} j;, such that the
sequence of polar multiplicities of Lé-Teissier is different of the one computed
on a generic point of F ;.

Here we are considering the k" polar multiplicity in a point, as given by
Lé-Teissier. This means the multiplicity of the polar variety Px(V (h), Dyny1-k)
in this point, defined by Lé and Teissier as,

Pk(V(h)v Dn+1—k) = {p = V(h)reg ! dim (Tpv(h)reg N Dn+1—k) 2 k}a

Dpy1-r is a generic hyperplane and V (h)yey denotes the regular part of V' (h).

We remark that this definition of polar variety is different from the one given
by Massey in the Definition 2.1.



Now denote (F,j,)j.es,, the irreducible components of Fs, in the general
case, let F}, be the union of the singular set of Fj,—; with a finite number of closed
algebraic sets given by the points such that the sequence of polar multiplicities
of Lé-Teissier is different of the one computed on a generic point of Fy_1 j, _,.

In order to construct the Whitney stratification of the set V'(h), we fix the
following notation: For any ¢ with 1 < ¢ <[ define H; = V (f™), with m; = 1
fl<i<pandm;=o;ifp+1<i <L

Call T the set of indexes {1,...,l} and for any subset J of I, define

uu::ﬂHi and Sy :=wy— U WK .
ieJ JCK

Lemma 3.3. {S;}scr is the minimal Whitney stratification of V' (h).

Proof. We show, for each k, that the irreducible components Fj, ;, are
Frjo=wy:=()|H with #J=k+1.
ieJ
As each function f; has isolated singularity at the origin, the components of
singular set of V'(h) are the intersections H; N H; with i # j and 4,5 € I.

Hence we have that Fj is given by the union of the intersections H;NH; with
i # jand ¢,j € I, or in other words, each F1, j; is of the form Fy,j; = H; N Hj;.

By the same reason the singular set of F has as components the intersections
H;NH; N Hy with 4,5,k € I,i%# j#k.

Now if p € V(h)reg, thenp € Hi“U#i H; for some %, therefore dim (T, V (h)reg N Dpg1-k) 2
k= Dpy1oi C T,V (h)reg = ii(p) =0ifm>n+1—k
Then, "

9fi

BV, Dais) = Uia {p€ Hi- Upse By | 32 =0, m2 v 1k}

9fi

= Ui 1{p€H Ujwi Hi | 5, ()=0,m2n+1—k}

{pEH | — af’ )=O,m2n+1—k}.

Now, let B; = {p € H; | %%(p) =0ifm>n+1- k} and we obtain, for
any q € Pk(V(h’),Drﬂ-l—k)’

multy Po(V(h), Dngi—k) = > multy Bi,
i, g€ H;



where mult, denotes the multiplicity at g.

Therefore, the set of points p € Fy ; which has a different sequence of Lé-
Teissier polar multiplicities of the sequence in a generic point is in the set of the
intersections H; N H; N Hy for i,j,k € I, i # j # k. Then, we conclude that
the components of Fy, Fyj, are the intersections H; N H; N Hy, for 4,5,k € I,
i#JjF k.

Proceeding inductively we obtain that the components of F}, denoted F} j,,
are wy := ﬂieJHi with # J =k + 1.

Then, by the Corollary 6.1.7 of [7], we obtain S; 1= wy — U wg, and {S;}

JCK

is the minimal Whitney stratification of V'(h). a

Now we fix 79 < 71 < -++ < 1y, to consider the system z = (zo,...,2,). The
next proposition shows that this system is prepolar.

Proposition 3.4. The coordinate system z = (zo,...,Zn) is prepolar for h

with respect to the stratification {Ss}scr.

Proof. First we remark that the stratification {S;} is a good stratification for
h at 0 since the aj, condition of Thom is a necessary condition for the Whitney
stratification {S;}scr.

Now we show that V(o) intercepts transversally all strata Sy with S; # {0}
and for all j with 1 < j < n — 1, V(z;) intercepts transversally all strata
S;NV(zo,...,zj-1) with SyNV(zo,...,z;-1) # {0}.

But, to say that V(zg) intercepts transversally all such S; means that for
all p e V(zo) NSy, TV (xo) +TpSs = C™*1, or equivalently, the normal vector
to V(zp) at p is not in the normal space to S; at p.

Let J = {i} and considering p € V' (zg) N S, we see that the normal vector
to Sy at p is the normal vector to V(f;) at p. Here we see that v = (1,0,...,0)
is the normal vector of V' (zo) and

we = (0, alrofy -+ r)EPP T o raaf)ge TR )
is the normal vector of V(f;) at the point (0,Z1,...,%x,) # (0,...,0) of V(zo) N
S

Clearly the vectors v and w; are not parallels, therefore V' (zo) intercepts
transversally Sy for J = {¢} withi=1,...,L

Now let J = {i,5} with i # j, 4,5 € {1,...,(} and S; # {0}. The normal
space to Sy at a point (0,...,0) # (0,Z1,...,&,) € V(z0) NSy is generated by
the vectors

(rof1mn)—1 s 5l
1 " ;---»'Yn,k(TO"'Tn—lrn)mszo =P )

wi = (0, y1,k(rofy - Tn)Z
with k = 4, 5.

Since v € [w;, w;], we conclude that V'(zg) intercepts transversally S;.



Following the same idea we can show that V' (z() intercepts transversally all
strata S; with Sy # {0} and for all j with 1 < j < n —1, V(x;) intercepts
transversally all Sy NV (zo,...,zj-1) with S; NV (z0,...,z;-1) # {0}. O

3.2 Polar ratio

From now on we shall fix h € C[zo, ..., z,] as a Pham-Brieskorn arrangement

of type (ro,...,mn;d) with 79 < --- < 7. We shall show that the polar ratio
of h at the origin with respect to the system of coordinates z = (xo,...,Zx)
depends only of the weights ro,...,r, and the degree d.

Proposition 3.5. The mazimum polar ratio of h at the origin with respect to
the coordinate system z = (zg,...,Ty) is smaller or equal than %.

As we have seen before, we can write h as

l

h=cf1-~-f,,.f;_{jf1--~fl°", with d= | p+ Z ai | ro- - Th.
i=p+1

Callg;; = f1--- gz'% <~ frand g = g1+ -+ gp it pr1gp+1,i Tt g,
with 0 < j < n.

In order to compute the polar radio of the Pham-Brieskorn arrangements,
we use the following.

Lemma 3.6. For all k € {0,...,n}, the sets V(gn,gn-1,...,9k) have no com-
ponents in the critical set of h.

Proof. We note that

g5 = (-5 )l (marga) fufa ook () froe ).

where fi means that there is no function f with k € {1,...,}.
Oh =
To get the critical set of h, as a_aj = (f;_{i*{l . o f171)gj, then for all

i# j €{0,...,n}, we consider the system
{ mivia fife St o Amuvig ffe =0
mivy;1 fife- it oo Auyga fife =0

which is equivalent to the following system:

{mﬂi,l fifor fi + mz%’afljfz"'ft+"'+mm,zf1f2"'fl=0
0 +  moky fiforr- fu+ o Amuki fifer =0

with km = 75,1%,m — 7,1%,m, com 2 < k < [. From the second equation we
have
fi=0 or f3"'fz=—(

myky
make

ms ks

3 f2f3"'fl+"'+
mgkz

f2'“fz)~



Then
(moyio f1 +mavin fa)(fs--- fi) =

msk ~ mik <
35 fofs o fib et [ﬂl fz---fz)-(l)
moko maka

= —(mavi2 [i + m1%ia fo) (
TFrom the first equation we see that

(mavio f1 +mayin f2)(fa--- fi) =

=f (m:m,a fafs o fut o+ muvig fo "'fl) - (2)
From the fact that the decomposition of a polynomial in irreducible factors
is unique and from the equalities (1) and (2) we obtain f3--- fi = 0.
Considering again the first system we see that the solutions are the inter-
sections V(f) NV (fy) with m # nin {1,...,1}. As i and j are arbitrary, the
critical set of h (as a set) is the union

l

Uvemu U vV,

i=p+1 i#j€{1,...,p}

Hence, since any f; is irreducible we obtain from the description of the
polynomials g;’s that V' (gn,gn—1,.-.,9x) has no components in the critical set
of h for all k € {0,...,n}. O

From the Proposition 3.4 and the Theorem 2.12, for the coordinate system
z = (xo,...,Tn), we conclude that A} , is purely i-dimensional at 0 and the Lé
numbers A}, .(0) are defined for all 0 < i < n.

To compute the polar ratio, we need to get the polar curve.
First we see from the Proposition 2.6 that for all 0 < ¢ < n,

i) [V (g )] = W+

1

In special for ¢ = n we have

oh

l et
3= a n _ ah _ n n
S | [ ()

= a;

Jj=p+1 !

By definition A} , C ¥(h) and A}, is disjoint from I'y ..

Oh
Since V(gn) =V ﬁ_l) is not in the critical set of h, from the Lemma

3.6, we obtain [I'7 ] = [V](Qn)]-

h;z

10



By induction we have

l

[V (2=)] = 2 ([ (5] W)+ a1V o)

j=p+1

Since [" ] . [V (ﬂ—ﬂ = A}t + )l using the same argument we

h,z OTpn—-1 h,z

have [F,:‘;l] = [V(gn-1,9n)] and proceeding in the same way we conclude that

[F}z,z} = [V (gl, B agn)] C

Using again the Theorem 2.12 we have that F}hz is 1-dimensional, then F,lw
is a complex algebraic curve determined by n independent polynomials functions
with n + 1 variables with coefficients in C. Using the resultant we eliminate all
less two of the variables and reduce the curve to an equivalent birrational plane
curve §(z,y) = 0.

Hence each component of F,ll’z has a local parametrization. Now let n be
an irreducible component of T}, , and consider ¢(t) = (¢o(t), ..., ¢n(t)) such a
parametrization of 7, where ¢;(t) = ¢;t*+ higher order terms.

We shall also need the following result to compute the polar ratio.
Lemma 3.7. ([8], page 10) Let p € U with U an open set in C*1. If W is an
irreducible curve in U at p and V(f) C U 1is an hypersurface which intercepts
W properly at p (or codim,V (f) "W = codim, V(f)+ codim, W), consider
a local parametrization ¢(t) of W which takes 0 at p. Then ((W]- [V (f)])p =
mult; f(p(t)) = the smallest degree of all non zero terms in the Taylor series

of f(¢(t)).

Proof of the Proposition 3.5. We first suppose that 1 intercepts transversally
V(20) since in the other case the polar ratio is 1.
Now, by the Lemma 3.7,

(n-V(f:))o = multy fi(¢(t)) = ming {ke(ro--Fq---7n)}
and (- V(20))o = mult, 20(¢(t)) = ko. Therefore
d

ka(Forq - - -
(V) _ roora o) g
(n-V(20) )o ~ ko o’
and the maximum polar ratio of i is smaller or equal than %. a

We shall show now that we also can compute the polar ratio of the function
d

h+ aoxg_" in terms of the weights and the degree.

11



d

Proposition 3.8. The mazimum polar tatio of h + apxy® at 0 with respect to

the variables (z1,...,Tn,To) is smaller or equal to —.
1

d —

The mazimum polar ratio of h + aom(;_° + o+ ai—1z7" (at 0 with respect

d
to (Tiy. .., Tn,To,...,Ti—1)) is smaller or equal to - foralli=1,...,n—1.
i
Proof. Since z = (zo,...,y) is prepolar for h at 0 from the Proposition 2.13,
a4
Z=(x1,...,Zn, o) is prepolar for h+apzy® at 0, except for a finite number of

d
ag. Consider ag satisfying this condition, then the polar curve of h + aowg_" in
Z is purely 1-dimensional at 0.

In an analogous way as in the Proposition 2.7, we conclude that it is de-
termined by n independent functions in n + 1 variables with coefficients in C.
Hence any irreducible component of this polar curve has a padrametrization. Let

n be an irreducible component of the polar curve of h+ aoacg? in Z which inter-
cepts transversally V(z1) and ¢(t) = (¢o(t),. .., ¢n(t)) is a parametrization of
n, with ¢4(t) = c4t*2+ higher order terms.
We know that
a A
(n-V(h+agzy®))o = multy (h+ aozy®)(o(t)) =

d

= mult; (h(¢(t)) + aozf® (¢(t))) = mult, h($(t)) = ming {kq(ro-- g+ Tn)}
Therefore

b Vith 22 . T .fl.rn (kulrofy---ma)) g
(n-V(@1))o ~ k1 ry
Then the maximum polar ratio of h+aoa;6i° at 0 with respect to the variables
(z1,...,Zn, o) is smaller or equal to ril
Proceeding in an analogous way, we obtain that the maximum polar ratio
of h + aoxé% + -+ ai_lzﬁ (at 0 with respect to (21,...,Zn,T0,...,Ti=1))
is smaller or equal to g fof alli=1,...,n—1. O

1

4 Characterization of the Lé numbers

Massey shows in [8], Corollary 4.7, the following Pliicker type formula for ho-
mogeneous polynomials of degree d in n + 1 variables:
If X}, .(0) exists for alli < s, where s = dim %(h), then

S

> (d=1)'N,.(0) = (d - )™

=0

12



With the help of this formula he characterizes the Lé numbers of hyperplane
arrangements.

We shall show here how to describe the Lé numbers at the origin of any
Pham-Brieskorn arrangement h € Clzy, ..., z,] of type (ro,...,rs;d) with rg <
... < 1, in terms of the weights and the degree.

The key tool to show this description is to obtain a Pliicker type formula for
this case, which is shown in the next

Proposition 4.1. Let h be a Pham-Brieskorn arrangement of type (7o, ..., Tn; d)
at the origin with respect to the coordinate system z = (zo,...,&n). Then

(G0 () ()

Proof. From the Proposition 3.5, we have that the maximum polar ratio of i at
the origin with respect to the coordinate system z = (o, ...,2,) is smaller or
equal than % Then, we consider jg = % to apply the Theorem 2.9 and obtain
d
that there exists ag € C* such that h+aozy® has critical set of dimension n— 1.
Applying the Proposition 3.8, for all except a finite number of a; € C*, the
d d

maximum polar ratio of h + aox(’)'—‘) +eoet ai_la:[i_'ll—, at the origin with respect

to the coordinate system z = (z,...,Zn, Zo,...,Z;—1) is smaller or equal than
T% for all 1 €< 4 < n — 1, then we apply the Theorem 2.9 inductively with
3y = %, 1 < 4 < n —1 to obtain that there exist aq,...,an—1 € C* such that
f=h+ aom%O + alw{‘ + -4 ap—122"7 has isolated singularity at the origin
and
n i—-1 d )
uf) =3 (H (2- 1)) £20)
i=0 \k=0 \'F
Since f is a weighted homogenous polynomial of type (ro,...,rn;d), we
d d
conclude from the Theorem 1 of [10] that u(f) = (r_ - 1) (—— - 1).
0 Tn
Therefore

O

We shall apply this formula to characterize each Lé number at the origin of
any Pham-Brieskorn arrangement.

13



Lemma 4.2. A}, = z aslwy], with ay = )‘ﬁmvz(p) for some p € Sy
dim 5=k
with p = (po,--.,pn) and N =V (zo = po, ..., Tk-1 — Pi—1)-

Proof. First we shall show that, as sets, the Lé cycles of h with respect to the
coordinate system z = (=g, ..., Zn) are given as the union of the w; with correct
dimension.

We shall describe these cycles inductively. By definition A} , is formed by
the components of V(;T';) which are in the critical set of h.

As we saw before, 2 = (f;'_Hl_l - " Ygn and V(g,) does not have
components in the critical set, therefore A} ., as a set, is the union of the V(fi)
withi=p+1,...,L

Now, consider the intersection of V(3 Oh oh

+.—) with the components of Vizes)

which are not in the critical set of h. We have that AZ;l is formed by the
components of this intersection which are in the critical set of h.

But (,)2"1_1 = (f;ﬂl_lmf,a’_l)gn_l and V(gn_1,9n) has no components

in the critical set, therefore AZ: is, as a set, the union of all intersections
V(f)NV(f;) withi # j, i =p+1,...,0land j = 1,...,I. Then the result
follows inductively.

Hence, as cycles, for all k, A} . = 34, 5, =% @7 [wy], for some a;.

Now, let J C I such that the dimension of Sjis k.

Consider p = (po, - .. ,Pn) € Sj. As sets we have

oh oh
2(hl V(x0—poye-ssy Th—1—Pk—1) ) =V (930 —Poy-++y Th=1 — Pk—1; 8_21’ sy 07>
T n

= V(mo =Dy y Lho=i = pk_l) n (Z(h) Ur‘ﬁyz).

As Aﬁyz and Fﬁ’z are disjoint we have p ¢ Fﬁ,z» hence, by the Theorem
2.12, V(zg — po, -+ Th—1 — Pk—1) N I‘fl’z is empty at p. Therefore, considering
N =V(xo—pos++»Tk—1 — Pk-1))
E(hyn)=2X(hR)NN in p.
Using the Proposition 2.7, we obtain /\;‘;i ) = AF (p), with the system of
NoE g

coordinates Z = (T, .., Tn, L0, - - - s The1)-

On the other side, the cycle A;“;,z -V(xo—po, .-+ Tk-1 — Pk—1) is of the form

Z ay ([wy] V(zo—po,. .., The1 — Pr—1)) -

dim S;=k

Now, [ws] - V(zo — pos..- k-1 — Pe—1) = [p] if J = J and we get that
(Aﬁ’z V(xo —Poy- -y Tho1 — pk_l))p =aj, hence aj = /\;‘;m’z(p). O

14



Remark 4.3. If we consider the translation (zo, ..., zn) LA (Xo,...,X,) where
X; = x; — p; takes p at the origin, we have hy, at p in this new coordinate

system can be seen in a neighbourhood of the origin as being H;zl fjmj with
i = (filge marymo)-

Since p € V(f;) if j ¢ J then 0 € V(f;) if j € J. Then, in a neighbourhood
of the origin, ij fjmj is a unity and we obtain that h|, can be seen , in a
neighbourhood of the origin, as [];c fjm".

Now, for each hypersurface H; we call weighted multiplicity of H;, multp H;,
the number m;(ro - - - 7,,). To simplify the notation we write H for the defining
hypersurfaces of V(h) and w or v the possible intersections with them and A
denotes the collection of all these w.

(w) e(w)
We denote e(w) = Z multp H and k(w) := (ergim;_ll) ( s 1) .
7 &)

Definition 4.4. We define inductively on the dimension of w,
codim,w e(w)
n(w) = k(w) = n(v)( T (& —1)>.
vw i=1 s

Theorem 4.5. Let h be a Pham-Brieskorn arrangement, then for some generic

coordinate system z,
L0 = > nw)

weA, dim w=i

Proof. From the Lemma 4.2 and the Remark 4.3, Aﬁ,z = Z ay [wy], with
dim S;=k
ay = /\2 ,.2(0) where g is the product of Pham-Brieskorn type polynomials in

n + 1 — k variables, keeping the same weights of the variables and weighted
homogeneous degree e(w.).

Therefore A} ,(0) = Z ay = Z /\SJ‘Z(O), where each gy is a
dim S;=n dim Sy=n
polynomial in 1 variable with critical set 0-dimensional, J = {i}, 1,...,l and

degree e(wy;})-
Applying the Proposition 4.1 for g; at the origin with respect to the coordi-

Al el = n(wysy). Therefore

nate system z = (X,,), we have A -
n

l

R0 = nwm)= > n):

i=1 dim v=n

15



Analogously, )\Z;I(O) = 2 aj = 2 )\g ,.2(0), where each g;

dim Sy=n-1 dim Sy=n-1
is a polynomial in two variables with critical set 1-dimensional and degree e(w,).

Now we apply again the proposition 4.1 for the gs at the origin, but with
respect to the coordinate system z = (X,_1, X, ), then we obtain

Kirign 00 (M - 1) Aggyz(0) = (M - 1) (G(TLJ) = 1) .

Tn-1 Tn-1

From the Proposition 2.7, )\_}JM,Z(O) = /\2“)| -(0). On the other side,
V(Xn—1)

Ao 0= X A, L)
{i} lv(x ) IN -
n-1 wjwy, dim Sj=n J
com pj = (pj,l""’pj,n) e Nj=(To—Pjgr-1Tjpn_1 —pj,n_l).

We apply again the Remark 4.3 to conclude that h|, in a neighborhood of

J
pj can be seen, by exchange of coordinates as a polynomial in a neighborhood
of the origin of one variable with 0-dimensional critical set, J = {3}, 1,...,l and
degree e(wy;y). From the case before we obtain )\?”N 2(pg) =n(wy).
J

Therefore /\;“)YZ(O) = ijgw, dim §,=n N(w) and

0= (2 (1) T (22

Tn— Tn—
n-l wy Qw, dim Sy=n n=l

Hence AZ;I(O) = Z n(v).

dim v=n-1

Proceeding inductively we obtain A};yz (0) = Z n(v) withi=1,...,n. To

dim v=i
get AJ) (0) it is enough to exchange each /\}'M(O) = Z n(v) withi=1,...,n
dim v=i
l
in the formula for w = ﬂ H;. O
i=1
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Resumo
Neste artigo é mostrado como calcular os niimeros de Lé de polinémios que
sdo produtos de polindmios de Pham-Brieskorn de mesmo tipo, somente usando
os pesos ¢ graus de quase homogeneidade do polinémio.

Abstract
In this article we show how to compute the Lé numbers of polynomials that
are products of polynomials Pham-Brieskorn of the same type, we call Pham-
Brieskorn arrangements, only using the weights, the degree of homogeneity and
the number of variables.

Keywords: Arrangements, Pham-Brieskorn polynomial, Lé numbers, polar
ratio, prepolar coordinates and Pliicker formula.

Mathematics Subject Classification: 2000: 32C18, 32B10, 58K05, 58K65

1 Introduction

In the study of germs of hypersurfaces in C**! with isolated singularities, John
Milnor introduced in [9] an important invariant, called the Milnor number, which
is interpreted in terms of algebra, topology, differential geometry and so on. This
invariant plays an important role in the modern theory of singularities, and
there have been several generalizations of it in many directions. One important
generalization of the Milnor number was done by David Massey in [8], where
he introduced the Lé numbers and the Lé cycles associated to holomorphic
applications germs with non-isolated critical points, or equivalently, to non-
isolated singularities in germs of complex analytic hypersurfaces. The definition
of these numbers is analytical but they can also be interpreted in terms of
topology ([8], Theorem 3.3), in algebraic geometry ([3], 2.1), among others.
Under the analytical aspect, Massey describes in (8], Theorem 4.5, the ones
called generalized Lé-Iomdine formulae that are a technique that reduces a hy-
persurface with singular set of arbitrary dimension s in a hypersurface with
singular set of dimension s — 1 and it relates the Lé numbers’s first hypersur-
face to the Lé numbers of this one obtained. Massey uses these relations to



get a Pliicker type formula, which relates the Lé numbers of a homogeneous
polynomial of degree d using only the degree and the number of variables ([8],
Corollary 4.7). With the help of this formula, Massey characterizes each Lé
number of an arrangement of hyperplanes, ie, the product of linear functions.

In this article we investigate a class of polynomials which are the product of
Pham-Brieskorn’s polynomials of the same type, this type of polynomial we call
Pham-Brieskorn arrangements. Using the technique developed by Lé-Iomdine
and Massey, and also other tools of Singularity Theory, we obtain a similar
relationship to that done by Massey, as any Pham-Brieskorn’s polynomial is
weighted homogenous, we show a Pliicker type formula for such polynomials in
terms of its weights and degrees. Then, we characterize each Lé number of such
arrangement also in terms of the weights and degrees.

2 Definitions and basic properties about Lé num-
bers

To define and describe the Lé numbers we follow the notation used by Massey in
[8]. We assume that the reader is familiar with the notion of coherent sheaves,
gap sheaves (references [11] and (8], Definition 1.1), schemes (references [4] and
[1)) and cycles (reference [2]). In order to fix the notation, for a sheaf o and an
analytic subset W in some affine space, we denote by a/W the corresponding
gap sheaf and by V(a)/W the scheme associated with the sheaf a/W, where
V() denotes the analytic space defined by the vanishing of a. We shall at times
enclose cycles in square brackets, | - ].

For the definitions in this section let h : (U,0) — (C,0) be an analytic
function, U an open subset of C**! containing the origin and z = (2o,...,2n)
a linear choice of coordinates in C™+1.

Definition 2.1. For 0 < k < n , the k" (relative) polar variety, T'¥ _, of h with

h,z’
respect to z is the scheme V' (68—2';, 385 667’;) / Z(h).

Remark 2.2. On the level of ideals, I’k’: consists of the components of V (%, or

which are not contained in X(h).
We denote by [T} ] the cycle associated with this scheme.

Definition 2.3. For 0 < k <n , the k" Lé cycle, Aﬁ,z: of h with respect to z
is the cycle

Oh :
[rizov (2] -t

Remark 2.4. In general we shall write simply A} ., and not [Af ], because
unlike the polar varieties, which are defined as schemes and we have to consider
the associated cycle, this definition is given in terms of cycles.

2
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If the intersection of Afhz with the cycle of V(20 — po, -+, 2k—1 — Pk—1) IS
purely 0-dimensional at a point p = (po, ... ,Pn), i€, either p is an isolated point
of the intersection or p is not in the intersection, it is possible to define the Lé
numbers as follows:

Definition 2.5. For 0 < k < n , the k' Lé number, /\ﬁ,z(p), of h with respect
to z at p, is defined as the intersection number

(A} V(20— Doy -+, 2k=1 — Pk—1) )p -

Among the various properties involving Lé cycles and Lé numbers, we high-
light two that are directly necessary for this work. The first describes how to
calculate inductively the Lé cycles and the second shows the behavior of the Lé
numbers taking hyperplane sections.

Proposition 2.6. ([8], Proposition 1.18) If, for all j with 0 < j < k, A{l,z

is purely j-dimensional at p, then the cycles [Ff:;l nv (%)] and [Fﬁ:’;l .
[V (Q’Lﬂ are equal at p. Consequently, if s is the dimension of the critical

Oz
5t = [V (ﬂ 887}‘)] and

locus of h, we have
6Zs+1 ’

i) [v (32 )] = rhal + il 0 < <

Proposition 2.7. ([8], Proposition 1.21) Suppose £(h)NV (20—po) = X(hyy (.,
for p € £(h) and consider the coordinates Z = (21,...,2n) for V(zo — po). If
Ai.=(p) is defined for alli and p & T} ., then

M :(p) = A2 (D).

IV (z0-p0) "%

)

2.1 The Polar Ratio and the Generalized Lé-Iomdine For-
mulae

The generalized Lé-Iomdine formulae describe how the Lé numbers of a singular
hypersurface with citical set of dimension s are related to the Lé numbers of
a certain sequence of singular hypersurfaces X1, ..., X, that approximates the
original singularity so that the critic sets of its terms X; have dimension s — .
The polar radius is a number associated to the polar curve which ensures the
existence of this sequence of hypersurfaces.

Suppose that the polar curve I‘,ll,Z is one-dimensional at the origin. Let 1 be
an irreducible component of T}, , (with its reduced structure).



Definition 2.8. If n NV (z) is zero-dimensional at the origin, we define the
(n-V(h) )o
(n-V(20) Jo

polar ratio of n (for h at 0 with respect to z) as Otherwise, we

say that the polar ratio of n equals 1.

Theorem 2.9. ([8], Theorem 4.5) (Generalized Lé—Iomdine Formulae)
Let h : (U,0) — (C,0) be a germ of analytic function with U C C™*1 open
and s = dimg T(h) with s > 1. Consider z = (zo,...,2n) @ linear choice of
coordinates such that A}, ,(0) is defined for alli < s. Leta be a complez number
different from zero and consider the coordinates Z = (21, . . ., %n, %0) for h+ azg,
where j > 2. If j is greater or equal than the mazimum polar ratio of h (at 0
with respect to z) then for all, except a finite number of complex numbers a, we
have

i) dimo S(h+az) =5 - 1;
@) A0, 50 =20.(0)+ (F — DX, .(0)

h+az},z

), ’\Z+azg,z(0) = (G- 1NH0), for1<i<s-1.
Moreover, if j is bigger than the mazimum polar ratio of h, the inequalities
over are valid for all a # 0. In particular, this is the case if j > 2+ )\2,2(0).

We remark here that applying the theorem inductively we obtain, for some
complex numbers ag, . . . , as, the sequence of singular hypersurfaces Xi, ..., X;s
as

X1 =V(h+az),...,Xs =V(h+ a0zl + ... + aszi*)

where 7; is greater or equal than the maximum polar ratio of h+aozg° +- - -+zfi"1‘
(at 0 with respect to Z = (zi,...,2n, 20, -+ Zi-1) )-

This method was first considered by Iomdin in [5] and by Lé in [6] for the
particular case that the hypersurfaces with critical set X(h) being one dimen-
sional.

2.2 Prepolar coordinate systems

The existence of the Lé numbers depends on the choice of coordinate system.
Massey shows in [8] (Theorem 1.28) a coordinate system that is generic with
respect to a certain kind of stratification of the hypersurface V(h) in which the
Lé numbers are always defined.

Definition 2.10. A good stratification for h at a point p € V (h) is an analytic
stratification B = {Sa} of the hypersurface V (h) in a neighborhood U of p such
that the smooth part of V(R) is a stratum and so that the stratification satisfies
Thom’s a;, condition with respect to U — V' (h), ie, if g; is a sequence of points
in U — V(h) such that ¢; — q € S € B and To,V (h — h(q:)) converges to some
hyperplane T, then T,S C T.



Definition 2.11. Let z = (2q,...,2) be a choice of linear coordinates for cntl
and p € V(h), with s = dim,, £(h). The system z = (2o, ..., 2y) is prepolar for
h in p if there exists a good stratification of h at the point p such that V(2o —po)
intercepts transversally all strata S,, with possible exception the stratum {p}
and for all j such that 1 < j < s —1, V(z; — p;) intercepts transversally all
Sa NV (20 — po, - - -, 2; — Dj), again with possible exception the stratum {p}.

Theorem 2.12. ([8], Theorem 1.28) Let p € V(h) with s = dim, X(h) and
z= (20, ..., 2n) be a prepolar system for h at p. Then, for all i with 1 <1 <s,

h2(p) is defined. Moreover, F}'l‘z NV(zo — po,...,2%i-1 — Pi—1) i empty or
0-dimensional at p with 1 <i <'s.

An important property of the prepolar coordinates is that they are also
prepolar for each hypersurface of the sequence obtained by the generalized Lé-
Tomdine formulae.

Corollary 2.13. Let z = (zo,...,2n) be a prepolar system of coordinates for
h at the origin and j bigger or equal than the polar ratio of h (at 0 with respect
to z), then 2 = (21,...,2n,20) is a prepolar system of coordinates for h + az}
at the origin, except possible for a finite number of a € C.

This result is obtained by applying Lemma 4.3 and Corollary 4.18 of [8].

3 Pham-Brieskorn arrangements

From now on we shall restrict ourselves to the class of polynomials that we are
interested and describe its polar radius with respect to a specific coordinate
system that is prepolar.

Definition 3.1. A polynomial f € Clzy,...,z,] is called a Pham-Brieskorn
polynomial if
f =" + - + ynalr with integers v; and a; > 2.
Note that f is a weighted homogeneous polynomial of type (7o, ..., n; D),
where D = m.cm.(ro,...,Tn).
Definition 3.2. We call a polynomial h € Clzg,...,z,] a Pham-Brieskorn

arrangement if it is written in the form

h= Cfl"'fpf:ffl "'f[al,
where each f; is a Pham-Brieskorn polynomial of type (ro,...,mn; D). We
remark that in this case the polynomial h is weighted homogeneous of type
(ro,..., n;d) where d = <p+ Eé=p+l ai> D. Therefore, we call such poly-
nomial h a Pham-Brieskorn arrangement of type (1o, ...,Tn;d).



Suppose now that r; and r; are coprime for all 4 # j. Thus D =g -- -7, and
a; = k;rg -7+ -rn, with k; integers. The notation #; means that there is not
the term 7; with 7 € {0,...,n}. In this case, a Pham-Brieskorn arrangement of
type (ro,...,Tn;d) is written in the form

h= Cf1-~~f,,f;ﬂ‘--- o

Ko (For1 -7 k ) .
where f; = 'yo,jmo"(m” ) L o 'yn,jmn"(ror‘ ™) with r; and r; coprime for

alli# 7, a; >1and d = (p+22=p+1ai) To- e Th.

To facilitate the calculations we study a particular case, when k; = 1 with
i=1,...,n. We emphasize that the results shown below are also valid for any
integer k; > 1 and the calculations are exactly the same.

3.1 Prepolar coordinates

To describe the Lé numbers of such arrangements, the first step is to find a
convenient prepolar coordinate system. In order to do this we need to obtain a
stra-tification of V'(h) which satisfies the Whitney conditions since such strati-
fication is always a good stratification for h. Lé& and Teissier in [7] showed that
there always exists such a stratification of the variety V'(h), called by Lé and
Teissier minimal Whitney stratification of V' (h).

Here use the idea given by Massey in [8], page 61, to obtain a Whitney strat-
ification for arrangements given by hyperplanes, to give an explicit description
of a stratification for Pham-Brieskorn arrangements. We show that this strat-
ification is the minimal Whitney stratification of V(h) as defined by Lé and
Teissier.

We recover here this construction.

According to Lé and Teissier in [7] there exists a sequence of algebraic sub-
varieties of V(h), Fo D Fy D -++ D Fy---, where Fy = V(h) and F; denotes
the singular set of V' (h). To obtain the other Fj, let us denote (F1,j, ), e, the
irreducible components of Fy, then F5 is the union of the singular set of Fy with
a finite number of closed algebraic sets given by the points in F} j;, such that the
sequence of polar multiplicities of Lé-Teissier is different of the one computed
on a generic point of F ;.

Here we are considering the k" polar multiplicity in a point, as given by
Lé-Teissier. This means the multiplicity of the polar variety Px(V (h), Dyny1-k)
in this point, defined by Lé and Teissier as,

Pk(V(h)v Dn+1—k) = {p = V(h)reg ! dim (Tpv(h)reg N Dn+1—k) 2 k}a

Dpy1-r is a generic hyperplane and V (h)yey denotes the regular part of V' (h).

We remark that this definition of polar variety is different from the one given
by Massey in the Definition 2.1.



Now denote (F,j,)j.es,, the irreducible components of Fs, in the general
case, let F}, be the union of the singular set of Fj,—; with a finite number of closed
algebraic sets given by the points such that the sequence of polar multiplicities
of Lé-Teissier is different of the one computed on a generic point of Fy_1 j, _,.

In order to construct the Whitney stratification of the set V'(h), we fix the
following notation: For any ¢ with 1 < ¢ <[ define H; = V (f™), with m; = 1
fl<i<pandm;=o;ifp+1<i <L

Call T the set of indexes {1,...,l} and for any subset J of I, define

uu::ﬂHi and Sy :=wy— U WK .
ieJ JCK

Lemma 3.3. {S;}scr is the minimal Whitney stratification of V' (h).

Proof. We show, for each k, that the irreducible components Fj, ;, are
Frjo=wy:=()|H with #J=k+1.
ieJ
As each function f; has isolated singularity at the origin, the components of
singular set of V'(h) are the intersections H; N H; with i # j and 4,5 € I.

Hence we have that Fj is given by the union of the intersections H;NH; with
i # jand ¢,j € I, or in other words, each F1, j; is of the form Fy,j; = H; N Hj;.

By the same reason the singular set of F has as components the intersections
H;NH; N Hy with 4,5,k € I,i%# j#k.

Now if p € V(h)reg, thenp € Hi“U#i H; for some %, therefore dim (T, V (h)reg N Dpg1-k) 2
k= Dpy1oi C T,V (h)reg = ii(p) =0ifm>n+1—k
Then, "

9fi

BV, Dais) = Uia {p€ Hi- Upse By | 32 =0, m2 v 1k}

9fi

= Ui 1{p€H Ujwi Hi | 5, ()=0,m2n+1—k}

{pEH | — af’ )=O,m2n+1—k}.

Now, let B; = {p € H; | %%(p) =0ifm>n+1- k} and we obtain, for
any q € Pk(V(h’),Drﬂ-l—k)’

multy Po(V(h), Dngi—k) = > multy Bi,
i, g€ H;



where mult, denotes the multiplicity at g.

Therefore, the set of points p € Fy ; which has a different sequence of Lé-
Teissier polar multiplicities of the sequence in a generic point is in the set of the
intersections H; N H; N Hy for i,j,k € I, i # j # k. Then, we conclude that
the components of Fy, Fyj, are the intersections H; N H; N Hy, for 4,5,k € I,
i#JjF k.

Proceeding inductively we obtain that the components of F}, denoted F} j,,
are wy := ﬂieJHi with # J =k + 1.

Then, by the Corollary 6.1.7 of [7], we obtain S; 1= wy — U wg, and {S;}

JCK

is the minimal Whitney stratification of V'(h). a

Now we fix 79 < 71 < -++ < 1y, to consider the system z = (zo,...,2,). The
next proposition shows that this system is prepolar.

Proposition 3.4. The coordinate system z = (zo,...,Zn) is prepolar for h

with respect to the stratification {Ss}scr.

Proof. First we remark that the stratification {S;} is a good stratification for
h at 0 since the aj, condition of Thom is a necessary condition for the Whitney
stratification {S;}scr.

Now we show that V(o) intercepts transversally all strata Sy with S; # {0}
and for all j with 1 < j < n — 1, V(z;) intercepts transversally all strata
S;NV(zo,...,zj-1) with SyNV(zo,...,z;-1) # {0}.

But, to say that V(zg) intercepts transversally all such S; means that for
all p e V(zo) NSy, TV (xo) +TpSs = C™*1, or equivalently, the normal vector
to V(zp) at p is not in the normal space to S; at p.

Let J = {i} and considering p € V' (zg) N S, we see that the normal vector
to Sy at p is the normal vector to V(f;) at p. Here we see that v = (1,0,...,0)
is the normal vector of V' (zo) and

we = (0, alrofy -+ r)EPP T o raaf)ge TR )
is the normal vector of V(f;) at the point (0,Z1,...,%x,) # (0,...,0) of V(zo) N
S

Clearly the vectors v and w; are not parallels, therefore V' (zo) intercepts
transversally Sy for J = {¢} withi=1,...,L

Now let J = {i,5} with i # j, 4,5 € {1,...,(} and S; # {0}. The normal
space to Sy at a point (0,...,0) # (0,Z1,...,&,) € V(z0) NSy is generated by
the vectors

(rof1mn)—1 s 5l
1 " ;---»'Yn,k(TO"'Tn—lrn)mszo =P )

wi = (0, y1,k(rofy - Tn)Z
with k = 4, 5.

Since v € [w;, w;], we conclude that V'(zg) intercepts transversally S;.



Following the same idea we can show that V' (z() intercepts transversally all
strata S; with Sy # {0} and for all j with 1 < j < n —1, V(x;) intercepts
transversally all Sy NV (zo,...,zj-1) with S; NV (z0,...,z;-1) # {0}. O

3.2 Polar ratio

From now on we shall fix h € C[zo, ..., z,] as a Pham-Brieskorn arrangement

of type (ro,...,mn;d) with 79 < --- < 7. We shall show that the polar ratio
of h at the origin with respect to the system of coordinates z = (xo,...,Zx)
depends only of the weights ro,...,r, and the degree d.

Proposition 3.5. The mazimum polar ratio of h at the origin with respect to
the coordinate system z = (zg,...,Ty) is smaller or equal than %.

As we have seen before, we can write h as

l

h=cf1-~-f,,.f;_{jf1--~fl°", with d= | p+ Z ai | ro- - Th.
i=p+1

Callg;; = f1--- gz'% <~ frand g = g1+ -+ gp it pr1gp+1,i Tt g,
with 0 < j < n.

In order to compute the polar radio of the Pham-Brieskorn arrangements,
we use the following.

Lemma 3.6. For all k € {0,...,n}, the sets V(gn,gn-1,...,9k) have no com-
ponents in the critical set of h.

Proof. We note that

g5 = (-5 )l (marga) fufa ook () froe ).

where fi means that there is no function f with k € {1,...,}.
Oh =
To get the critical set of h, as a_aj = (f;_{i*{l . o f171)gj, then for all

i# j €{0,...,n}, we consider the system
{ mivia fife St o Amuvig ffe =0
mivy;1 fife- it oo Auyga fife =0

which is equivalent to the following system:

{mﬂi,l fifor fi + mz%’afljfz"'ft+"'+mm,zf1f2"'fl=0
0 +  moky fiforr- fu+ o Amuki fifer =0

with km = 75,1%,m — 7,1%,m, com 2 < k < [. From the second equation we
have
fi=0 or f3"'fz=—(

myky
make

ms ks

3 f2f3"'fl+"'+
mgkz

f2'“fz)~



Then
(moyio f1 +mavin fa)(fs--- fi) =

msk ~ mik <
35 fofs o fib et [ﬂl fz---fz)-(l)
moko maka

= —(mavi2 [i + m1%ia fo) (
TFrom the first equation we see that

(mavio f1 +mayin f2)(fa--- fi) =

=f (m:m,a fafs o fut o+ muvig fo "'fl) - (2)
From the fact that the decomposition of a polynomial in irreducible factors
is unique and from the equalities (1) and (2) we obtain f3--- fi = 0.
Considering again the first system we see that the solutions are the inter-
sections V(f) NV (fy) with m # nin {1,...,1}. As i and j are arbitrary, the
critical set of h (as a set) is the union

l

Uvemu U vV,

i=p+1 i#j€{1,...,p}

Hence, since any f; is irreducible we obtain from the description of the
polynomials g;’s that V' (gn,gn—1,.-.,9x) has no components in the critical set
of h for all k € {0,...,n}. O

From the Proposition 3.4 and the Theorem 2.12, for the coordinate system
z = (xo,...,Tn), we conclude that A} , is purely i-dimensional at 0 and the Lé
numbers A}, .(0) are defined for all 0 < i < n.

To compute the polar ratio, we need to get the polar curve.
First we see from the Proposition 2.6 that for all 0 < ¢ < n,

i) [V (g )] = W+

1

In special for ¢ = n we have

oh

l et
3= a n _ ah _ n n
S | [ ()

= a;

Jj=p+1 !

By definition A} , C ¥(h) and A}, is disjoint from I'y ..

Oh
Since V(gn) =V ﬁ_l) is not in the critical set of h, from the Lemma

3.6, we obtain [I'7 ] = [V](Qn)]-

h;z

10



By induction we have

l

[V (2=)] = 2 ([ (5] W)+ a1V o)

j=p+1

Since [" ] . [V (ﬂ—ﬂ = A}t + )l using the same argument we

h,z OTpn—-1 h,z

have [F,:‘;l] = [V(gn-1,9n)] and proceeding in the same way we conclude that

[F}z,z} = [V (gl, B agn)] C

Using again the Theorem 2.12 we have that F}hz is 1-dimensional, then F,lw
is a complex algebraic curve determined by n independent polynomials functions
with n + 1 variables with coefficients in C. Using the resultant we eliminate all
less two of the variables and reduce the curve to an equivalent birrational plane
curve §(z,y) = 0.

Hence each component of F,ll’z has a local parametrization. Now let n be
an irreducible component of T}, , and consider ¢(t) = (¢o(t), ..., ¢n(t)) such a
parametrization of 7, where ¢;(t) = ¢;t*+ higher order terms.

We shall also need the following result to compute the polar ratio.
Lemma 3.7. ([8], page 10) Let p € U with U an open set in C*1. If W is an
irreducible curve in U at p and V(f) C U 1is an hypersurface which intercepts
W properly at p (or codim,V (f) "W = codim, V(f)+ codim, W), consider
a local parametrization ¢(t) of W which takes 0 at p. Then ((W]- [V (f)])p =
mult; f(p(t)) = the smallest degree of all non zero terms in the Taylor series

of f(¢(t)).

Proof of the Proposition 3.5. We first suppose that 1 intercepts transversally
V(20) since in the other case the polar ratio is 1.
Now, by the Lemma 3.7,

(n-V(f:))o = multy fi(¢(t)) = ming {ke(ro--Fq---7n)}
and (- V(20))o = mult, 20(¢(t)) = ko. Therefore
d

ka(Forq - - -
(V) _ roora o) g
(n-V(20) )o ~ ko o’
and the maximum polar ratio of i is smaller or equal than %. a

We shall show now that we also can compute the polar ratio of the function
d

h+ aoxg_" in terms of the weights and the degree.

11



d

Proposition 3.8. The mazimum polar tatio of h + apxy® at 0 with respect to

the variables (z1,...,Tn,To) is smaller or equal to —.
1

d —

The mazimum polar ratio of h + aom(;_° + o+ ai—1z7" (at 0 with respect

d
to (Tiy. .., Tn,To,...,Ti—1)) is smaller or equal to - foralli=1,...,n—1.
i
Proof. Since z = (zo,...,y) is prepolar for h at 0 from the Proposition 2.13,
a4
Z=(x1,...,Zn, o) is prepolar for h+apzy® at 0, except for a finite number of

d
ag. Consider ag satisfying this condition, then the polar curve of h + aowg_" in
Z is purely 1-dimensional at 0.

In an analogous way as in the Proposition 2.7, we conclude that it is de-
termined by n independent functions in n + 1 variables with coefficients in C.
Hence any irreducible component of this polar curve has a padrametrization. Let

n be an irreducible component of the polar curve of h+ aoacg? in Z which inter-
cepts transversally V(z1) and ¢(t) = (¢o(t),. .., ¢n(t)) is a parametrization of
n, with ¢4(t) = c4t*2+ higher order terms.
We know that
a A
(n-V(h+agzy®))o = multy (h+ aozy®)(o(t)) =

d

= mult; (h(¢(t)) + aozf® (¢(t))) = mult, h($(t)) = ming {kq(ro-- g+ Tn)}
Therefore

b Vith 22 . T .fl.rn (kulrofy---ma)) g
(n-V(@1))o ~ k1 ry
Then the maximum polar ratio of h+aoa;6i° at 0 with respect to the variables
(z1,...,Zn, o) is smaller or equal to ril
Proceeding in an analogous way, we obtain that the maximum polar ratio
of h + aoxé% + -+ ai_lzﬁ (at 0 with respect to (21,...,Zn,T0,...,Ti=1))
is smaller or equal to g fof alli=1,...,n—1. O

1

4 Characterization of the Lé numbers

Massey shows in [8], Corollary 4.7, the following Pliicker type formula for ho-
mogeneous polynomials of degree d in n + 1 variables:
If X}, .(0) exists for alli < s, where s = dim %(h), then

S

> (d=1)'N,.(0) = (d - )™

=0

12



With the help of this formula he characterizes the Lé numbers of hyperplane
arrangements.

We shall show here how to describe the Lé numbers at the origin of any
Pham-Brieskorn arrangement h € Clzy, ..., z,] of type (ro,...,rs;d) with rg <
... < 1, in terms of the weights and the degree.

The key tool to show this description is to obtain a Pliicker type formula for
this case, which is shown in the next

Proposition 4.1. Let h be a Pham-Brieskorn arrangement of type (7o, ..., Tn; d)
at the origin with respect to the coordinate system z = (zo,...,&n). Then

(G0 () ()

Proof. From the Proposition 3.5, we have that the maximum polar ratio of i at
the origin with respect to the coordinate system z = (o, ...,2,) is smaller or
equal than % Then, we consider jg = % to apply the Theorem 2.9 and obtain
d
that there exists ag € C* such that h+aozy® has critical set of dimension n— 1.
Applying the Proposition 3.8, for all except a finite number of a; € C*, the
d d

maximum polar ratio of h + aox(’)'—‘) +eoet ai_la:[i_'ll—, at the origin with respect

to the coordinate system z = (z,...,Zn, Zo,...,Z;—1) is smaller or equal than
T% for all 1 €< 4 < n — 1, then we apply the Theorem 2.9 inductively with
3y = %, 1 < 4 < n —1 to obtain that there exist aq,...,an—1 € C* such that
f=h+ aom%O + alw{‘ + -4 ap—122"7 has isolated singularity at the origin
and
n i—-1 d )
uf) =3 (H (2- 1)) £20)
i=0 \k=0 \'F
Since f is a weighted homogenous polynomial of type (ro,...,rn;d), we
d d
conclude from the Theorem 1 of [10] that u(f) = (r_ - 1) (—— - 1).
0 Tn
Therefore

O

We shall apply this formula to characterize each Lé number at the origin of
any Pham-Brieskorn arrangement.

13



Lemma 4.2. A}, = z aslwy], with ay = )‘ﬁmvz(p) for some p € Sy
dim 5=k
with p = (po,--.,pn) and N =V (zo = po, ..., Tk-1 — Pi—1)-

Proof. First we shall show that, as sets, the Lé cycles of h with respect to the
coordinate system z = (=g, ..., Zn) are given as the union of the w; with correct
dimension.

We shall describe these cycles inductively. By definition A} , is formed by
the components of V(;T';) which are in the critical set of h.

As we saw before, 2 = (f;'_Hl_l - " Ygn and V(g,) does not have
components in the critical set, therefore A} ., as a set, is the union of the V(fi)
withi=p+1,...,L

Now, consider the intersection of V(3 Oh oh

+.—) with the components of Vizes)

which are not in the critical set of h. We have that AZ;l is formed by the
components of this intersection which are in the critical set of h.

But (,)2"1_1 = (f;ﬂl_lmf,a’_l)gn_l and V(gn_1,9n) has no components

in the critical set, therefore AZ: is, as a set, the union of all intersections
V(f)NV(f;) withi # j, i =p+1,...,0land j = 1,...,I. Then the result
follows inductively.

Hence, as cycles, for all k, A} . = 34, 5, =% @7 [wy], for some a;.

Now, let J C I such that the dimension of Sjis k.

Consider p = (po, - .. ,Pn) € Sj. As sets we have

oh oh
2(hl V(x0—poye-ssy Th—1—Pk—1) ) =V (930 —Poy-++y Th=1 — Pk—1; 8_21’ sy 07>
T n

= V(mo =Dy y Lho=i = pk_l) n (Z(h) Ur‘ﬁyz).

As Aﬁyz and Fﬁ’z are disjoint we have p ¢ Fﬁ,z» hence, by the Theorem
2.12, V(zg — po, -+ Th—1 — Pk—1) N I‘fl’z is empty at p. Therefore, considering
N =V(xo—pos++»Tk—1 — Pk-1))
E(hyn)=2X(hR)NN in p.
Using the Proposition 2.7, we obtain /\;‘;i ) = AF (p), with the system of
NoE g

coordinates Z = (T, .., Tn, L0, - - - s The1)-

On the other side, the cycle A;“;,z -V(xo—po, .-+ Tk-1 — Pk—1) is of the form

Z ay ([wy] V(zo—po,. .., The1 — Pr—1)) -

dim S;=k

Now, [ws] - V(zo — pos..- k-1 — Pe—1) = [p] if J = J and we get that
(Aﬁ’z V(xo —Poy- -y Tho1 — pk_l))p =aj, hence aj = /\;‘;m’z(p). O

14



Remark 4.3. If we consider the translation (zo, ..., zn) LA (Xo,...,X,) where
X; = x; — p; takes p at the origin, we have hy, at p in this new coordinate

system can be seen in a neighbourhood of the origin as being H;zl fjmj with
i = (filge marymo)-

Since p € V(f;) if j ¢ J then 0 € V(f;) if j € J. Then, in a neighbourhood
of the origin, ij fjmj is a unity and we obtain that h|, can be seen , in a
neighbourhood of the origin, as [];c fjm".

Now, for each hypersurface H; we call weighted multiplicity of H;, multp H;,
the number m;(ro - - - 7,,). To simplify the notation we write H for the defining
hypersurfaces of V(h) and w or v the possible intersections with them and A
denotes the collection of all these w.

(w) e(w)
We denote e(w) = Z multp H and k(w) := (ergim;_ll) ( s 1) .
7 &)

Definition 4.4. We define inductively on the dimension of w,
codim,w e(w)
n(w) = k(w) = n(v)( T (& —1)>.
vw i=1 s

Theorem 4.5. Let h be a Pham-Brieskorn arrangement, then for some generic

coordinate system z,
L0 = > nw)

weA, dim w=i

Proof. From the Lemma 4.2 and the Remark 4.3, Aﬁ,z = Z ay [wy], with
dim S;=k
ay = /\2 ,.2(0) where g is the product of Pham-Brieskorn type polynomials in

n + 1 — k variables, keeping the same weights of the variables and weighted
homogeneous degree e(w.).

Therefore A} ,(0) = Z ay = Z /\SJ‘Z(O), where each gy is a
dim S;=n dim Sy=n
polynomial in 1 variable with critical set 0-dimensional, J = {i}, 1,...,l and

degree e(wy;})-
Applying the Proposition 4.1 for g; at the origin with respect to the coordi-

Al el = n(wysy). Therefore

nate system z = (X,,), we have A -
n

l

R0 = nwm)= > n):

i=1 dim v=n

15



Analogously, )\Z;I(O) = 2 aj = 2 )\g ,.2(0), where each g;

dim Sy=n-1 dim Sy=n-1
is a polynomial in two variables with critical set 1-dimensional and degree e(w,).

Now we apply again the proposition 4.1 for the gs at the origin, but with
respect to the coordinate system z = (X,_1, X, ), then we obtain

Kirign 00 (M - 1) Aggyz(0) = (M - 1) (G(TLJ) = 1) .

Tn-1 Tn-1

From the Proposition 2.7, )\_}JM,Z(O) = /\2“)| -(0). On the other side,
V(Xn—1)

Ao 0= X A, L)
{i} lv(x ) IN -
n-1 wjwy, dim Sj=n J
com pj = (pj,l""’pj,n) e Nj=(To—Pjgr-1Tjpn_1 —pj,n_l).

We apply again the Remark 4.3 to conclude that h|, in a neighborhood of

J
pj can be seen, by exchange of coordinates as a polynomial in a neighborhood
of the origin of one variable with 0-dimensional critical set, J = {3}, 1,...,l and
degree e(wy;y). From the case before we obtain )\?”N 2(pg) =n(wy).
J

Therefore /\;“)YZ(O) = ijgw, dim §,=n N(w) and

0= (2 (1) T (22

Tn— Tn—
n-l wy Qw, dim Sy=n n=l

Hence AZ;I(O) = Z n(v).

dim v=n-1

Proceeding inductively we obtain A};yz (0) = Z n(v) withi=1,...,n. To

dim v=i
get AJ) (0) it is enough to exchange each /\}'M(O) = Z n(v) withi=1,...,n
dim v=i
l
in the formula for w = ﬂ H;. O
i=1
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