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Resumo

Neste artigo estudamos a existéncia de um atrator global para a equacédo
de viga com termos de dissipagéo e forga néao lineares,

Uy + A%u — M([,|Vul*dz)Au + f(u) + g(ug) =h em QxR*,

onde Q é um dominio limitado de RY, M é uma funcdo real ndo negativa e
h € L*(Q). As néo linearidades f(u) e g(u:) séo essencialmente |u|’u — |u|"u
e |u¢|"u; respectivamente, com p,o,7 > 0 e o < p. Esta classe de problemas
modela vibragoes de vigas e placas extensiveis.
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Abstract
This paper is concerned with the existence of a global attractor for the nonlinear
beam equation, with nonlinear damping and source terms,

uy + A%u — M([o|Vul?dz)Au+ f(u) + g(ws) =h in QxRY,

where 2 is a bounded domain of RY, M is a nonnegative real function and h €
L%(Q). The nonlinearities f(u) and g(u;) are essentially |u|?u — |u|u and |wg| ug
respectively, with p,o,7 > 0 and o < p. This kind of problem models vibrations of
extensible beams and plates.

Keywords: Global attractor, Berger’s plate, Kirchhoff’s beam.
MSC: 35L75, 35B41, 35B40.

1 Introduction

In this paper we study the existence of a global attractor for a nonlinear evolution equation
of the form

uy + A%u — M([,|Vul?dz)Au + f(u) + g(u)) =h in QxRF,
u=%=0 on T xR, (1.1)
u(+,0) =up and wu(-,0)=wu; in Q,
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where (2 is a bounded domain of RN with smooth boundary I' = 9. The source and
damping terms are of the form

fw) = [uffu—Jul’v (0 <p) and g(u) = |ul"w,

with

e pr< if N>3 and p,r>0if N=1,2. (1.2)

N -2

This kind of wave equation is derived from the extensible beam equation of Woinowsky-

Krieger [1],
2 2
Ou dac) La. J1 (1.3)

dz

BT oA \p oL/, e

8%y EI <H EA (%
where L, E, I, p, H and A denote, respectively, the length of the beam in the rest position,
the Young’s modulus, the cross-sectional moment of inertia, the mass density, the tension
in the rest position, and the cross-sectional area. Its modeling aspects were also discussed
and extended in Berger [2] and Eisley [3]. Rigorous mathematical analysis for global
existence and asymptotic behavior of these extensible beams goes back to the 1970’s, for
instance, in the papers by Ball [4, 5], Dickey [6] and Medeiros [7]. Later, several interesting
results were published focusing different qualitative properties of the problem. We refer
the reader to, for instance, [8, 9, 10, 11, 12, 13, 14] and the references therein.

In the case where the fourth order term is dropped in (1.1) or (1.3), we then obtain
the Kirchhoff’s wave equation [15], which was extensively studied by many authors. See
for instance, [16, 17, 18, 19, 20, 21] and the references therein.

We are concerned with the long-time behavior of dynamical systems given by such
extensible beam equations. More precisely, we seek the existence of global attractors.
In this context, Eden and Milani [22] considered the problem (1.1) with a linear weak
damping g(u;) = w;, f(u) = 0 and M being a linear function. Biazutti and Crippa [8]
considered problem (1.1) in an abstract setting, with f(u) = 0 and a linear damping of
fractionary order g(u¢) = (—A)Pu;, where 0 < 8 < 1.

To our best knowledge, attractors for problem (1.1) with nonlinear damping and source
terms were not previously considered. In fact, the existence and stability of global solu-
tions for (1.1), with nonlinear terms f, g and M, were only recently proved by Cavalcanti
et al [9]. Therefore our study complements the results in [9], by considering the existence
of attractors, and extends the results in [8, 22] by considering nonlinear damping and
source terms.

On the other hand, the existence of attractors for a related problem, with the boundary
condition u = g—’; = 0 of (1.1) replaced by u = Au = 0, was considered with nonlinear
terms f and g by Chueshov and Lasiecka [10]. Eden and Milani [22] also considered this
kind of boundary condition, but with a linear damping. Some other related results can
be found in, e.g. [23, 24, 25, 26].

This paper is organized as follows. In Section 2 we introduce the main assumptions
and discuss the existence of a global weak solution to the problem (1.1). In Section 3, we
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establish our main result, Theorem 3.2, on the existence of bounded absorbing sets and
global attractors for the system (1.1), in the phase space Hg(2) x L%(2). Our approach
is based on the one in Nakao [27], where it was considered a second order wave equation.

2 Assumptions and Global Existence
Let us begin with the precise hypotheses on the functions M, f, g and recall a result on
the global existence and asymptotic stability for (1.1).

We assume that M : Rt — R* is a function of class C!, satisfying
Miles Ml whee M= / M(s)ds. (2.4)
0

This condition is easily verified if M is monotone nondecreasing.

The functions f,g : R — R are also of class C?, with f(0) = g(0) = 0, |f'(u)| <
ko(1+ |ul|?) and ¢'(v) > 0, for all u,v € R, where p satisfies (1.2). In addition, there exist
constants ki, Lo, L; > 0 such that

|f(u) = f(v)] < k1(1 + |ul? + |v|?)|u —v|, Vu,veR (2.5)
and 1
_LO S f(u) S §f(u)’u’ + Lla V’LL € R) (26)
where f(z) = Js f(s)ds. There exist also constants ky, k3 > 0 such that
l9(u) — g(v)| < k(1 +[u|" + [v])|u—v|, Vu,veR (2.7)
and
(9(w) = g(v))(u = v) 2 kslu —v["*?, Yu,v€R, (2.8)

where 7 > 0 satisfies (1.2).

Our analysis is given in the Sobolev space
H = H}(Q) x L*}(Q), (2.9)
equipped with the norm

1w, )3, = llAullz + [lvllz,

where |||, denotes standard L? norms. Note that assumption (1.2) implies that H3 () <
H}(Q) = L*P+1)(Q), with p = p or p = . The energy of the system (1.1) is defined by

B(t) = @I + S 18w + 57 (IVu®I) + [ Fuw)dz — [ huiz, .10

where u(t) = u(-,t).

When h = 0, problem (1.1) was studied by Cavalcanti et al in [9], where global
existence and polynomial decay rate for the energy were obtained. They used Faedo-
Galerkin approximations on a simplified problem, by putting M (||Vu(t)||3) = w(t), and
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then constructed a local solution with fixed-point arguments. By using Zorn's Lemma
and uniform estimates, the local solution is finally extended to a global solution.

Under our hypotheses on f, g, h, M, we can derive an existence result, by following the
arguments of [9] almost step by step.

Theorem 2.1 Assume that conditions (2.4)-(2.8) hold and that h € L*(Q2). Then, if the
initial data (ug,u;) are given in

Hi = (H*(Q) N HZ () x HE (), (2.11)
problem (1.1) has a unique strong solution u = u(z,t) in the class
u € LR HAQ) N H2(Q)), wu € LR HA(Q)), uw € L°(RY; LA(Q)).
On the other hand, if the initial data (up,u;) are given in
H=HO) x T4,
problem (1.1) has a unique weak solution u in the class
u € C°([0,00); H(Q)) N C*([0, 00); L*(R2)). (2.12)

In both cases,
2
lue(@)5 + [ Au@)l; + u@)llsiz < C, Yt>0, (2.13)

where C > 0 is a constant depending on the initial data.

Remark 2.1 If h = 0, it is proved in Cavalcanti et al [9] that the energy E(t), for both
strong and weak solutions, has the polynomial decay rate

E(t) < (0t+E(0)7%) ", Vt>0, (2.14)

Rl

where 8 > 0 is a positive constant.

Remark 2.2 The ezistence of a weak solution in H is obtained by using density argu-
ments. Given initial data (ug,u1) € H, there ezists a sequence {(ug,uy)} C Hi such
that

ud —ug in HZ(Q) and uf —u in L*(Q). (2.15)

Then uniform estimates on the corresponding reqular solutions u” show the eristence of a
subsequence {u*} that converges to a unique weak solution u of problem (1.1), satisfying

uy + A% — M([o|Vul?dz)Au+ f(u) + g(uw) =h in L, (RY; H*(Q) + L¥(Q).
Remark 2.3 In view of Theorem 2.1 we can define on H a one-parameter operator
S(t) : (ug,u1) = (u(t),ue(t)), t=0,

where u is the unique solution of (1.1). It follows that S(t) is a nonlinear Co-semigroup
defined on the phase space H.



3 Global Attractors

Let S(t) be a semigroup defined on a metric space (H,d). Then a bounded closed subset
A C H is a global attractor for S(t) if, it is positive invariant, that is, S(¢t)A = A, Vt > 0,
and uniformly attracting, that is, for any bounded set B C H,

dist(S(t)B, A) = sup infd(z,y) >0 as t— co.
zeS(t)B YEA

Since in many cases these conditions are hard to be verified, there are some equivalent
statements.

A bounded set B C H is an absorbing set for S(¢) if for any bounded set B C H,
there exists tg = tg(B) > 0 such that

S()BC B, Vt>tg,

which characterizes S(t) as a dissipative semigroup.
A semigroup S(t) is asymptotically smooth in H if for any bounded positive invariant
set B C H, there exists a compact set K C B, such that

dist(S(t)B,K) -0 as t— oo.
Then it is well-known the following theorem (see e.g. [10, 28, 29, 30]).

Theorem 3.1 Let S(t) be a dissipative semigroup defined on a metric space H. Then
S(t) has a compact global attractor in H if and only if it is asymptotically smooth in H.

Our main result reads as follows.

Theorem 3.2 (Main Result) Under the hypotheses of Theorem 2.1, the associate semi-
group S(t) of problem (1.1) has a global attractor A in H. More precisely, there exists a
constant Cy, > 0 such that

AC B={(u,v) € H|[|Aull3 + lv]l3 < Calllhll3 + Lo + L1)},
and for each bounded subset B C H, there ezists a constant C(B) such that
dist(S(t)B, B) < C(B)(1 +1t)+. (3.16)

Proof. The proof is based on two lemmas stated below. Lemma 3.3 guarantees that
S(t) has an absorbing set in H and Lemma 3.4 shows that S(t) has the asymptotic
smoothness property. Then the existence of a global attractor follows from Theorem 3.1.
The absorbing rate (3.16) is a consequence of Lemma 3.3 as noticed in Remark 3.1. ®

In the remaining of this paper we deal with Lemmas 3.3 and 3.4. To this end we need
the following Nakao’s inequality.



Lemma 3.1 ([27], Lemma 2.1) Let ¢(t) be a nonnegative continuous function defined
on [0,T), 1 < T < oo, which satisfies

sup B(s)'7 < Ag(d(t) —p(t+ 1))+ A;, 0<t<T -1, (3.17)

t<s<t+1

where Ay, A1,7 are positive constants. Then we have

#(t) < (Aal,y(t -t + ( sup ¢(s)) ﬂ) ' + A;’%, 0Lt<T,

0<s<1

To prove the asymptotic smoothness property we follow an approach by Khanmamedov
[24] and Chueshov and Lasiecka [10].

Lemma 3.2 ([10], Proposition 2.10) Assume that for any bounded positive invariant
set B C H, and for any € > 0, there exists T = T'(e, B) such that

d(S(T)z,S(T)y) < e+4¢r(z,y), Vz,y€ B, (3.18)
where Yr : H x H — R satisfies, for any sequence {z,} C B,

lim inf lim inf 97 (2, 2m) = 0. (3.19)

m—00 n—oo

Then S(t) is asymptotically smooth.

3.1 Absorbing Set
Lemma 3.3 Under the hypotheses of Theorem 3.2, S(t) has an absorbing set B C H.
Proof. Let us begin by fixing an arbitrary bounded set B C H and consider the solutions

of problem (1.1) given by (u(t),w(t)) = S(t)(uo, u1) with (up,u1) € B.
Our analysis is based on the modified energy functional

Bt) = hu(I} + 5100+ 53 (IVuIR) + [ Flue)ds
— /Q hu(t)dx+Lo|Q|+/\i1||hH§, (3:20)

where \; > 0 is the first eigenvalue 9_f the bi-harmonic operator A? in HZ(Q). Thus,
E(t) = E(t) + Lo|Q| + /\%HhH% and E(t) dominates ||(u(t),u(t))||?,. Indeed, since A
satisfies

lull3 < ATHIAu];, Vu e H3(9), (3:21)

one has i 1
[ haute, 0 < 1A+ F1Auc)
Q



~

and because f(u) > —Lg (see 2.6), we get
~ 1
E(®) 2 7 (1Au@)llz + llu()l13) - (3.22)

To deal with this modified energy, we use density arguments as noticed in the Remark
2.2. That is, we may assume formally that u is regular.

By multiplying the first equation in (1.1) by u; and integrating over 2, one obtains

2 By = - / g(ue(t))wa(t)dz.

Then integrating from ¢ to t + 1,

t+1
E(t)—E(t+1)= / / g(ue(s))us(s)dzds > 0,
t Ja
in view of (2.8). So we can define an auxiliary functional D(t) by setting
D(t)? = E(t) — E(t+1) = E(t) — E(t + 1). (3.23)

The two inequalities involving D(t) will be useful. Firstly, noting that 5 + ;% = land
(2.8), we have

-4

t+1 . t+1 =5 1 .
/ lus(s)||2 ds < |Q7+2 (/ |ut|T+2dxds) < k—|Q|mD(t) ™2, (3.24)
t t Ja 3

Then. by the Mean Value Theorem for integrals, there exist two numbers ¢; € [t,¢ + %]
and iy € [t + &,¢ + 1] such that

4 T 4
llue ()13 < D)™, i=1,2. (3.25)
3

In what follows, we compare E(t)'*% with D(t)?, in order to apply Lemma 3.1 with
¢$=FE and v = 3.
By multiplying the first equation in (1.1) by v and integrating over 2, we see that

18u@IE = -MAVuOBITIE - [ Fu®)u) ds
+lu@lf - 5 [ w@ude - [ g@ua  @20)
+/ﬂhu(t)dm.



Then combining (3.26) with (3.20) we get
B = 5 (MUva@IE) - MUVu@IDIVOI)
+ [ (P - 3100 do + B
-5 [, O - : /ﬂ dlaEalits (3.27)
# Lol + 1B - 5 [ hut)ds

Then using (2.4), (2.6) and integrating from ¢; to o,

" Bloyds < /: ||ut(s)||§ds—-% ( /Q syl b — /Q ut(tl)u(tl)d:c>

t1 - L
——/ /h(m)u(z,s)dzds+—/ /g(ut(z, s))u(z, s) dzds
2 t1 JQ 2 t, JQ
1
+,\—lllh||§ + (Lo + L1) |9 (3.28)

Let us estimate the right hand side of (3.28) in terms of D(t). We set Cy > 0 as a generic

constant not depending on the initial data. B
Combining (3.21) with (3.25) and then noting that ||Au(s)||2 < 2E(s), we have

[tttz = [ weyutt)ds

Q

4 r
< RlUTEDEWH sup [Au(s)l,

1 <s<t+1

< C’OD(t)ri_2+5 sup E(s), (3.29)

t<s<t+1

where 0 < § < 1/8 is a fixed constant. Using (2.7) we have

t2 t2 to
/ /g(ut)udxds = kz/ /]ut||u| dzds+k2/ /|ut|’+1|u| dzds.
t1 JQ t1 JQ t1 JQ

From (3.24),

t2 6/\1 t+1
e / / aslallute)deds < / / Iue(s)Pdzds + 2L lu(s)Pdzds
tl 0 26A1 2 N
< CoDt)™ +6 sup E(s).
t<s<t+1

5 ! [
Also, since I3 + 5 = 1, from (3.24),

ta t+1 s t+1 7
]{32/ /|ut|'+1|u| dzds < (/ /|ut|r+2dxds> </ /|u|r+2d:cds)
t1 JQ t Q t Q

D) 5 sup [|u(s)lls2

t<s<t+1

IN
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2r41)
< D) p sup [Au(s)],

t<s<t+1

< CD()*F 2 +6 sup E(s).

t<s<t+1

where y is the embedding constant of HZ(Q2) in L™2(Q). Then we infer that
to ) e
/ /g(ut)udxds < Co(D(t )r+2 + D(t) e )+26 sup E(s). (3.30)
: 40 t<s<t+1

Finally, we note that

/ /h u(z, s) dzds < ——||h||2+c5 sup E(s). (3.31)

25/\ t<s<t+1

Therefore, inserting (3.24), (3.29), (3.30) and (3.31) into (3.28), we obtain
t2 ~ r+1 ~
/ B(s)ds < Co (D(&)7 + D)) + Cu(IIhI + Lo + L) + 45 sup E(s), (3.32)
t1 t<s<t+1

where C; > 0 is a generic constant not depending on ¢t and B. Using again the Mean
Value Theorem, there exists 7 € [t, ] such that

/ B(s)ds = B(r)(ta— 1) > 3B +1),

because E(t) is decreasing as E(t). Then, from E(t+1) = E(t) — D(t)%, we conclude that

E(t) < D(t)?+2 / tzE(s)ds. (3.33)

Combining (3.32) and (3.33) we get

E(t) < D()? + Co (D( )72 + Dt )4#) + IR + Lo + L) + 86E(t).  (3.34)

Since - - R 2< J:%Q and 0 < 8§ < 1, inequality (3.34) can be written as

E(t) < GoD(t)72 (1+ D(t)# + D()# ) + Cr(IhE + Lo + L), (3.35)

In addition, from the definition of D(t) and estimate (2.13), we infer that (1 + D(t)72 +
D(t)r_%) is bounded by a constant Cj > 0, which depends on B. Thus, (3.35) can be
rewritten as

E(t) < CoCyD(t)7* + Cy(||hl3 + Lo + L1), (3.36)
which implies that

E(t)'+% < Ca(E(t) — E(t + 1)) + (Co(lRIZ + Lo + L1))F, (3.37)

9



where Cp > 0 is now a constant depending on B. Hence we can finally apply Nakao’s
lemma, with ¢ = E and 7 = , to conclude that

B0 < (C35e-0*+BOF) T+ ClhB+ Lo+ L), (339)

Since the first term in the right hand side of (3.38) goes to zero as t — oo, there exists
tg > 0, depending on B, such that

E@) <GBl + Lo+ L), Yt>tg.
Hence, using (3.22) we conclude that
B = {(v,v) € H||Aul3 + lv]; < CallAll3 + Lo + L1)} (3.39)
is an absorbing set for S(t), where Cj, > 4Cj. [ |
Remark 3.1 The energy estimate (3.38) shows that, when h = 0, the energy E(t) has

the same polynomial decay rate (2.14), as obtained by Cavalcanti et al [9]. It combined
with (3.89) also shows that the absorbing rate (3.16) holds.

3.2 Asymptotic Smoothness

Lemma 3.4 Under hypotheses of Theorem 8.2, the semigrupo S(t) is asymptotically
smooth in H.

Proof. We apply Lemmas 3.1 and 3.2. Let B C H be a bounded positive invariant set
for S(t). Given initial data (ug,u1), (vo,v1) € B, let u,v be the corresponding solutions
of (1.1). Then from Theorem 2.1, w = u — v is a weak solution of

wy + A%w + (g(ue) — g(vr))
= M(||Vull3)Au - M(|Vv]3)Av = (f(u) - f(v)) in QxR
w=%=0 on TxRF,

w(,0) =up —vo, w(,0)=u—v in Q

(3.40)

Let us define the functional
Ey(t) = [lwe(®)]3 + |Aw(®)]|3 + M (|| V()13 Vw(t)]3-

We claim that, from Nakao’s lemma, there exists positive constants Cg and Cr, with Cp
not depending on T, such that

> o+l 2
E,(t) <Cg(l+1t)"* +Cr ( sup / ||Vw(s)||2ds) ; DEELT. (3.41)

0<o<T

Indeed, the proof is similar to the one of Lemma 3.3. In order to estimate E,(t), by
density arguments, we may assume that w = u — v is a regular solution of (3.40).

10



By multiplying the equation of (3.40) by w; and integrating over {2, we obtain

335 5o+ [ ((0) = s ui(tdo
= = M(IVuOID IVl | Auu(ods (3.42)
+ (M(IVu@OI) - MAVo@IB) [ Av(twi(t)da

- [ () - S0 )i

To estimate the right hand side of (3.42), we set Cy > 0 as a generic constant depending
on B but not on ¢.

The continuity of M’ and estimate (2.13) show that
M'(|[Vu(t)|3) ||Vw(t)|l§/nut(t) — Au(t)dz < Gol|V(t)[l3. (3.43)
Noting that M (a%) — M(b*) < M'(sup{a?,b*})|a + b||a — b|, we see that

(M(IIVU(t)H%)—M(IIVv(t)Ilg))/QAv(t)wt(t)dx
< Gof|Vw(t)llzflwe(?) 2 (3.44)

< GV = ks r+2
2[Vw@®)llz™ + o llwe (@)%

Applying Holder inequality with 2—([)%) + §(p—1+5 - % = 1, we infer that

/Q(f(U(t)) — f®)we(t)dz < k1/9(1+ |ul” + |v]*)[w()[[we(t) | dz

IA

2(p+1 m%;
ks ( @ e+ bl dx) o)l et 2
CollVaw®) fallwe(®)rs2 (3.45)
2k .
Calvu@IE + 2wl

INA

IN

On the other hand, from (2.8),
/ (9(us(t)) = g(ve(?))) (ue(t) = ve(t))dz > ksllwe(t) 1753 (3.46)
Q
Therefore, by inserting (3.43)-(3.46) into (3.42) we obtain

1d k e
L2 5+ R0l < GIvull (IVw©lk + Vo)1), vez 0. (347

11



Note that, since w = u — v, estimate (2.13) also implies that ||(w(t),w;(t))||x < Cy, t > 0.
So, in (3.47), the last term in the brackets is also bounded. We can fix a constant Cr > 0
such that

() + w0723 < CrlVul)le Vi 20, (3.48)

Then, integrating (3.48) from ¢ to ¢ + 1, we obtain

t+1

/t : lwe(s)||73ds < Ey(t) — By(t+1) + Cp/t [Vw(s)|lzds = F(t)®.  (3.49)

The functional F(t) will play a similar role to D(t) defined in (3.23).
As in (3.24), (3.25) and (3.29), we infer that

t+1
| hats)igas < copy, 3.50)
t
and the existence of t; € [t,t+ 3] and ¢, € [t + 2,¢ + 1] such that

lwe(to)|? < CoF ()72, i=1,2,

which implies that

< Gy F(t)™+ sup E,(0). (3.51)

L1
8 t<o<t+1

/th(tz)w(tg)drc—/wt(tl)w(tl)dz

Q

Now, multiplying the equation in (3.40) by w and integrating over €2, we obtain
[Aw(@)I + M([Vu®)[)IIVw )2
d
= - % [t + I

+(M(IVu®)l3) —M(llvv(t)llg))/Av(t)W(t)dI (3.52)
/(f(u f(v(t)w(t)dz — /(g w(t)) — g(ve(t))w(t)dz.

Integrating (3.52) from t; to ¢, and then using (3.50) and (3.51), we conclude that

/ ? (law(s)|2 + M(IVu()D) I Va(s)2) ds

31
1
< CF()™# += sup Ey(o)

8 t<o<t+1
+A (M(IIVU(S)H%)—M(IWU(S)II%))/QAU(S)W(S)dedS (3.53)
— ’ u) — f(v))wdzds — ’ u) — g(ve))wdzds.
[ [ ) - ppdads = [ (o) o0

12



A similar procedure to (3.45) yields

IN

Collwe (@) l2llw(£)l2¢+1)
Collwe (@) ||r+2l| Aw(2)]|2-

/Q (o(ue()) — a((t))w(t)da

IA

Combining this with (3.50) we get
t2 1
[ (6tu(s) - glu@u(siads s CiFOF + 3 s Bufo).
tJa 8 t<o<t+

Also, the estimate (2.13) implies that

/t:"/n(f(u) — f(v))wdzds < Cy /: 1Vw(s)]|2 ds

and

t1 t1

By inserting (3.54), (3.55) and (3.56) into (3.53) we obtain

/t " (law()IB + M(IVu(s)DIVu(s)2) ds

n t+1
SGFOF +7 s Bu@)+Cr [ [Vu(s)lads
t

4 t<o<t+1
Then, from the definition of E,,(t), (3.50) and (3.57) we have

t2 4 t+1
/ Ey(e)ds < P 5+ sup Eulo)+G / 1V(s)|ads.
t

t 4 i<o<t+1

Now, by Mean Value Theorem, there exists t* € [t1,t2] such that

P t+1
Eu(t') < CF()™1 + % sup Eu(o)+Cs / IVw(s)||2ds.
{5

1
2 t<o<t+1

We claim that

t+1
sup Eu(0) < E,(t*) + F(t)® + ZC’F/ [IVw(s)||2ds.
¢

t<o<t+1
Indeed, we first note that from (3.49),

E,(t) < E,(t+1) + F(t).

13

[ OIvus)2) ~ MUTSSIR) [ Sospuls)dads < s [ [7u(s)llds.

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)



Next, let 7 € [t,¢ + 1] such that Ey(7) = sup,¢,<;41 Fw(0). Then integrating (3.48) over
[t,7] and over [t*,t + 1], we have

Eo(r) < Eu{t)+Cr /t IV (s)]l ds
< Ey(t+1)+ F(t)?+ Cr / V() ds
< Bo(t)+ F(t) +2Cr / " I Va(s) o ds,

which shows that (3.59) holds.
Inserting (3.58) into (3.59) we obtain

IN

sup By, (o)

t<o<t+1

CyF(t)7+ (1 + F(t)2 7 )
+C2/t IVw(s)ll2 (1+ IVw(s)ll2) ds

y t+1
< CF()S 40, / IV (s)]|2ds,
t

since the terms in the brackets are bounded. Therefore we get

r+2

o+1 2
sup Ew(a)%ﬁ < CQF(t)2+CQ<sup/ HVw(s)Hgds)
t<o<t+1 0<o<T Jo
o+l
< CF(t)? +Cy sup / 1Vw(s)]l2 ds, (3.60)
OSUST o

where

o+1 3
Cs = Cy ( sup / IVw(s)||2 ds)

0<o<T
is a constant which depends on T'. Therefore, combining (3.49) with (3.60) we have
R o+l
sup Ey(0)'2 < Cy(By(t) — Ey(t +1)) + (Cr + C3) sup / IVw(s)||2 ds.
t<o<t+1 0<o<T Jo

By applying Nakao’s lemma we get estimate (3.41).

Now we apply Lemma 3.2. From definition of E,(t), there exist constants Cpz, C% > 0
such that

o+1

1(w(t), we®) |l < Cla(1+t)"F+Ch sup_ ( / 1Vw(s)||2 ds) " 0<i<T (361)

Given € > 0, we fix a sufficiently large T so that,

CLL 4TV * <& (3.62)
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Then we define ¢ : H X H — R by

(0, 1), (v0,v2)) = Gl sup ( / ™ IVu(s) = Vos)l ds) -

0<o<T

So, from (3.61) and (3.62) we have

1S(T) (w0, u1) = S(T)(vo, v1)lln < € + Yr((uo, ur), (vo, v1)), (3.63)

for all (ug,u1), (vo,v1) € B, and so (3.18) holds.

Let us verify that (3.19) also holds. In fact, given a sequence {(u§,u})} C B, since B
is bounded and positive invariant, the corresponding solutions (u"(t),u?(t)) of problem
(1.1) are uniformly bounded in H. Hence

{u"} is bounded in C([0,00), H2(Q)) N CY([0,00), L3()).

Then, since HZ()) — H}(S2) compactly, there exists a subsequence {u™ } which converges
strongly in C([0,T + 1], H}(2)). (Simon [31]). Therefore

Jim Jim (g, ), (o, ")

o+1 r.+2
= lim lim C7 sup (/ [IVu™(s) — Vu™(s)]|2 ds) =0,

k—oo l—o0 0<o<T

and consequently (3.19) holds. Then the asymptotic smoothness of S(t) follows from
Lemma 3.2. |
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