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STABILITY OF GRADIENT SEMIGROUPS UNDER PERTURBATIONS
E. R. ARAGAO-COSTA!, T. CARABALLO?, A. N. CARVALHO?, AND J. A. LANGA*

ABSTRACT. This paper is concerned with the problem of establishing conditions under
which gradient semigroups in a general metric space are stable under perturbation. This
is done by proving that gradient-like semigroups in the sense defined in (2] are gradient
semigroups (possess a Lyapunov function). The results are inspired by the works of (2] and
Morse decomposition of invariant sets in [3, 11].

1. INTRODUCTION

The analysis of qualitative properties of semigroups in general phase spaces (infinite-
dimensional Banach spaces or general metric spaces) has received very much attention
throughout the last four decades (see, for instance, [4], [7], [12] or [1]). In particular, the
study of compact attracting invariant sets has developed a long and profound area of re-
search, providing crucial information for an increasing number of models for phenomena
from different areas of Science as Physics, Biology, Economics, Engineering and others.

When a system is shown to possess a global attractor, all its asymptotic behaviour can be
described by a detailed analysis of the internal dynamics on this compact invariant set. To
this aim, a careful study of the geometrical structure -and its stability under perturbations-
of the global attractor arises as a crucial fact. Probably the most general result in this line is
what is now known as the Fundamental Theorem of Dynamical Systems, suggested in [8] from
the results of [3], which describes any flow on a compact metric space as a decomposition
of chain recurrent isolated invariant sets and connections between them. In the terminology
of [3], this is called a Morse decomposition of a compact invariant set (see Definition 2.10),
and has been considered in different frameworks, as in the case of flows ([3]) and semiflows
on compact spaces ([11]), or even compact and non-compact topological spaces ([6, 9, 10]).

On the other hand, very recently, it has been introduced in [2] the so-called gradient-
like semigroups (see Definition 2.8) in Banach spaces as an intermediate concept between
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gradient semigroups (i.e., those possessing a Lyapunov function) and semigroup possessing
a gradient-like attractor; that is, an attractor that is characterized as the union of unstable
sets of associated isolated invariant sets.

In this paper, given a gradient-like nonlinear semigroup in a general metric space, we
construct a differentiable Lyapunov function for it proving that gradient-like nonlinear semi-
groups are in fact gradient semigroups. Our result avoids any hypotheses on compactness
of the associated group or semigroup and any additional hypotheses on the phase space in
which it is defined. Our proofs, though inspired in classical works as [3, 11], are different
-and so new- from the results there, as we adopt essentially a dynamical approach from the
results on gradient-like systems.

For the construction of the Lyapunov function we will firstly prove that the disjoint family
of isolated invariant sets of a gradient-like semigroup on a general metric space can be
reordered in such a way that it becomes a Morse decomposition for the global attractor.
Again, the proofs are intuitive, focused on the dynamics of the semigroup and, for instance,
not based on chain recurrence and related more classical notions in this theory. A refinement
of the results from [3] would lead us to define a generalized Lyapunov function, not only on the
attractor but on the whole phase space. Indeed, we will say that a semigroup {T'(¢) : t > 0}
with a global attractor A and a disjoint family of isolated invariant sets & = {Z1, - i}
is a generalized gradient semigroup with respect to Z if there exists a continuous function
V : X — R such that [0,00) D t = V(T'(t)z) € R is decreasing for each z € X and
V(T(t)z) = V(z) for all t > 0 if and only if z € U, Z..

Our main result can now be stated as follows

Theorem 1.1. {T(t) : t > 0} is a generalized gradient semigroup with respect to E if and
only if it is a generalized gradient-like semigroup with respect to E. In addition the Lyapunov
function V : X — R of a generalized gradient-like semigroup may be chosen in such a way

One of the straightforward consequences of the previous result is that, if the disjoint family
of isolated invariant sets & = {&;,--+,&.} is made of stationary points, then a nonlinear
semigroup is gradient in the sense of [4] (see Definition 3.8.1) if and only if it is gradient-
like (see Definition 1.3 in [2]). Then, as gradient-like nonlinear semigroups are stable under
perturbation (see [2]), we conclude that gradient semigroups are stable under perturbation;
that is, the existence of a continuous Lyapunov function is robust under perturbation.

Observe that any Morse decomposition & = (Z;,---,=,) of a compact invariant set A
leads to a partial order among the isolated invariant sets =;; that is, we can define an
order between two isolated invariant sets Z; and Z; if there is a chain of global solutions
{&;, 1< ¢ < j—'i}, with limt_m fg(t) = Ei+g_1 and limt_,_oo §g(t> = Ei-H-'v 1< 14 < j—’L This
defines a partial order and some of the isolated invariant sets in 2 may not be comparable. In
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Section 5 we introduce a new Morse decomposition of the attractor of a generalized gradient-
like semigroup which improves the construction and dynamlcal properties of its, associated
Lyapunov function. Indeed, we prove that, given any generalized gradlent-hke semigroup
with respect to the disjoint family of isolated invariant sets & = (5,,--- ,E,), there exists
another Morse decomposition given by the so-called energy levels N = (M,Na, -+, N})
which guarantees a total order in \A. Each of the levels V;, 1 < 4 < p is made of a finite
union of the isolated invariant sets in & and N is totally ordered. The associated Lyapunov
function has different values in any two different sets of N and any two elements of & which
are contained in the same element of N (same energy level) are not connected.

In a general metric space X, consider a generalized gradient-like semigroup {T'(t) :'t = 0}
with respect to the isolated invariant sets & = (Z;,---,Z,) and with a global attractor
A. In Section 2 we prove that E can be reordered in such a way that it becomes a Morse
decomposition for the .4. In Section 3 we construct a Lyapunov function in X for {T'(¢):t >
0} showing that a generalized-gradient. like semigroup is a generalized gradient:semigroup.
Section 4 is dedicated to a recollection of the results in [2] to conclude that the generalized
gradient semigroups are stable under perturbation. In Section 5 we introduce the level
grouping isolated invariant sets with same dynamical characteristics. Finally in Section 6
we make some final comments and present some of our future research on the Subject.

2. MORSE DECOMPOSITION OF GLOBAL ATTRACTORS FOR GENERALIZED
GRADIENT-LIKE SEMIGROUPS

In this section we present the notions of generalized gradient-like semigroups and of Morse
decomposition for a global attractor as well as the relationship between them. In order to
do that we will need to introduce some basic notions and results (see [4] for example).

Let X be a metric space with metric d : X x X — R*, where R* = [0, c0). Given a subset
A C X, the e—neighborhood of A is the set O.(A) = {z € X : d(z,a) < € for some @ € A}

Next we introduce the notion of semigroups in the metric space X

Definition 2.1. A family of mappings {T(t) : t > 0} is a semigroup in X if
o T(0) = Ix, with Ix being the identity map in X,
o T(t+s) = T(t)T(s), for all t,s € R and
e Rt x X 3 (t,2) » T(t)z € X is continuous.

The notion of invariance plays a fundamental role in the study of the asymptotic behavior
of semigroups

Definition 2.2. A subset A of X is said invariant under the action semigroup {T'(t) : t >0}
if T(t)A= A for allt =2 0.
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Now'we will introduce the notions of attraction and absorption. For that we recall the
definitiont of HausdorfF semi-distance. Given A, B C X, the Hausdorff semidistance between
Aaiid B'is given by ‘ '

dy(A,B) = ilelg géllf? ‘d(a, b).

Definition 2.3. Given two subsets A, B of X we say that A attracts B under the action of
the semigroup {T'(t) : t > 0} if dg(T'(t)B, A) 2% 0 and we say that A absorbs B under the
action”of {T(t) : t > 0} if there is a tp > 0 such that T(t)B C A for allt 2> tp.

With this we are in condition to define global attractors

Definition 2.4. A subset A of X is a global attractor for a semigroup {T'(t) : t > 0} if it
is compact, invariant under the action of {T(t) : t > 0} and for every bounded subset B of
X we have that A attracts B under the action of {T(t) : t > 0}.

Next we seek to introduce the notion of generalized gradient-like semigroups (see [2]). To
that:end we first need the definition of isolated invariant set

Deﬁmtmn 2.5. Let {T(£) : t > 0} be a semigroup. We say that an invariant set = C X for
thé'i.semz’group {T(t) : t > 0} is an isolated invariant set if there is an € > 0 such that E is
the mazimal invariant subset of O¢(E). _

A disjoint family of isolated invariant sets is a family {Z1,++-,Z,} of isolated invariant
sets with the property that, for some € > 0,

Ny OE)NO(E) =2, 1<i<j<n

Definition 2.6. A global solution for a semigroup {T'(t) : t > 0} is a continuous function
'3 R — X with the property that T'(t)§(s) = &(t + 8) for all s € R and for allt € RT. We
say that £ : R — X is a global solution through x € X if it is a global solution and £(0) = z.
Definition 2.7. Let {T'(t) : t > 0} be a semigroup which has a disjoint family of iso-
lated invariant sets E = {E1,--+ ,E,}. A homoclinic structure associated to Z-is a subset
{Eks o+ Bk} of E (p< n) together with a set of global solutions {¢1,- - ;¢,} such that

— t—00 =

t——0c0 g
Sk < ¢](t) — Skjp1r 1 SJ Sp
where Ey,,,, := Eg, .
We are now ready to define generalized gradient-like semigroups
Definition 2.8. Let {T'(t) : t > 0} be a semigroup with a global attractor A and a dis-
joint famaly of isolated invariant sets E = {Ey,:-- ,Z,}. We say that {T'(t) 1t >0} isa
generalized gradient-like semigroup relative to E if
e For any global solution & : R — A there are 1 < ,j < n such that

— t—+—00 t—00 —

= — E(t) — 5.



GRADIENT SEMIGROUPS UNDER PERTURBATIONS 5
e There is no homoclinic structure associated to E.

Now we will introduce the notion of a Morse decomposition for an attractor A of a gradient-
like semigroup {T'(t) : ¢ > 0}. We start with the notion of attractor-repellers pairs.

Definition 2.9. Let {T'(t) : t > 0} be a semigroup with a global attractor A. We say that
a non-empty subset E of A is a local attractor if there is an € > 0 such that w(O(E)) = E.
The repeller Z* associated to a local attractor E is the set defined by

E={recA:wl)NE=2a}
The pair (Z,Z*) is called attractor-repeller pair for {T'(t) : t 2 0}.
Note that if = is a local attractor, then Z* is closed and invariant.

Definition 2.10. Given an increasing family @ = Ag C Ay C -+ C Ay = A, ofn+1
local attractors, define Z; = A;N Aj_,. The ordered n-upla 2 := (21,Z2,:++ ,Zq) 15 called a
Morse decomposition on A.

Observe that = is a local attractor if and only if it is compact invariant and attracts O.AE)
for some € > 0. We observe that the above definition differs slightly from the usual definition
since the local attractor is required to attract a neighborhood of E in X and not in A as in
3, 11]. We will prove next that both definitions coincide.

Lemma 2.11. Let {T(t) : t > 0} be a semigroup in X with a global attractor A. If E
is a compact invariant set for {T'(t) : t > 0} and there is an € > 0 such that = attracts
O.(E) N A then, given 6 > 0 there is a §' > 0 such that v (Os(E)) C Os(E), where

7H(0s(2)) = Uzeoﬁ,(:-:) Utzo T(t)z.
Proof. Given 0 < & < € if there is no &' > 0 such that 7+ (Ox(Z)) C Os(E), there are

z€E X3z, =% z and R 3 t, =3 oo such that d(T'(tn)Tn,E) = § and T(t)z, € Os(5),
t € [0,1,). Since the {T(t):t > 0} has a global attractor it is not difficult to see that there
is a global solution & : R — X such that &, : [—tn,00) = X given by &.(t) = T(tn + t)Tn

satisfies £,(t) =3 &(t) for each t € R. Clearly £(t) € Os(2)(NAC O(E)N A for all t L0,
and d(£(0),E) = &, and consequently = cannot attract 0.(5). (]

Lemma 2.12. If {T'(t) : t > 0} is a semigroup in X with o global attractor A and S(t) =
T(t)|, clearly {S(t) : t > 0} is a semigroup in the metric space A. IfZ is a local attractor for
{S(t) : t > 0} in the metric space A and K is a compact subset of A such that KNE* = &,
then = attracts K. Furthermore E is a local attractor for {T(t) : t >0} in X.

Proof. Let K be a compact subset of A such that KN=* = @. If Z does not attract K, there
isa6>0,t,"2% 0o, v € K and K 3 z, =% v such that A(T (tn)Zn, E) = 8. From Lemma
9.11 there exists 0 < & < & such that d(T'(t)2.,E) 2 &' for all t € [0,t,). This implies that
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d(T(t)z,Z) > & for all ¢ > 0 and, consequently, w(z) NE = @. That is a contradiction and
proves the first part of the result.

For the remaining part of the result note that, from Lemma 2.11, there exists 6 > 0
such that w(Oy(E)) NE* = @ for all & < §. From the invariance of w(O(Z)) and the
property that = attracts compact subsets of A that do not intersect Z*, we must have that
w(Ox(2)) C E. Since w(Og(E)) attracts Oy (Z) we have the result. a

Lemma 2.13. Let {T(t) : t > 0} be a semigroup in X with a global attractor A and an
attractor-repeller (Z,Z*). A global solution & : R = X of {T'(t) : t > 0} with the property
that £(t) € Os(Z*) for all t < 0 for some 6 > 0 such that Os5(E*) NE = @ must satisfy
d(E(t),=%) == 0.

Proof. If the conclusion is false there exists a ¢’ > 0 and a sequence t, 2% o such that
d(¢é(~t,),E*) > &'. This leads to a contradiction with the fact that = must attract K
{z€ A:d(2,E*) > 0'}.

Lemma 2.14. Let {T'(t) : t > 0} be a semigroup in X with a global attractor A and (Z,Z*)
an attractor-repeller for {T'(t) : t > 0} If € : R = X is a global bounded solution for
{T(t) : t > 0} through = ¢ EUE*, then £(t) 23 E and £(t) Z=5° =*. Furthermore, if
z € X\A then, T(t)z S EUE

o

Proof. Since z ¢ Z* we have that w(z) N E is non-empty and from the fact that = is a local
attractor we have that £(t) =5 E.

If £(t) does not converges to =* as t — —oo we divide the proof of the result in two
cases: If £(R) N E* = @&, then &(R) is invariant, contains a point which is not in * and is
attracted by Z from Lemma 2.12 which is a contradiction. On the other hand, if £(R) NE*
is non-empty, there is a § > 0 and sequences t,, 7, —> oo such that d(&(—t,,=*) = § and
E(~tn +7p) =3 2z € E* and d(&(~t, +1),Z) < 6 for al 0 < t < 7,,. From this we obtain a
global solution ¢ : R — .4 with the property that d({(¢),=*) < ¢ for all ¢ > 0. In this case
we have that w(¢(0)) ¢ Z which implies that (0) € =* leading to a contradiction.

For z € X\A let us prove that T(t)e 25 ZUE". If 77(z) NE # & we have that

t—00 —

T(t)xr — Z. Otherwise, there exists § > 0 with y7(2) N Os(Z) = &, and in this case we
claim that T'(t)x 2% =+, If the claim is false, there are € > 0 and a sequence ¢, — co
such that d(T'(t,)z,Z*) > e. Considering the sequence of functions &, : [—t,,00) = X
defined by &,(t) = T'(t + t,)z, t > —t,, we construct a global solution & : R — A such that
d(€(0),Z*) > e and d(£(¢),=) > 6 for all ¢ € R. Hence w(£(0))NE* = & and £(0) ¢ Z* which

is a contradiction. |

Corollary 2.15. If {T'(t) : t > 0} is a semigroup in X with a global attractor A and
(E,E*) is an attractor-repeller pair for {T'(t) : t > 0}, then {T'(t) : t > 0} is a generalized
gradient-like semigroup associated to the disjoint family of isolated invariant sets {E,Z*}.
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Next we describe the construction of a Morse decomposition of the attractor of a gradient-
like semigroup relative to the disjoint family of isolated invariant sets {Zi,---,Z,} and of
the associated collection of increasing local attractors starting from the collection of isolated
invariant sets {Z;,- -+ ,Z,}. The following result plays a fundamental role on that

Lemma 2.16. Let {T'(t) : t > 0} be a generalized gradient-like semigroup with associated
family of isolated invariant sets B = {Z1,--- ,En}. Then, there is a 1 < k < n such that Zg
is a local attractor for {T'(t) : t > 0}.

Proof. Tt is sufficient to show that there is a 1 < k < n such Zx is a local attractor for
{T(t)l 4tz 0}. If there is no local attractor in & we have that for each 1 <7 < n there

is a global solution & : R — A such that &(t) 27%° =,. Since &(t) must converge to one
element of Z, this produces a homoclinic structure and gives us a contradiction. O

Let {T'(¢t) : t > 0} be a generalized gradient-like semigroup with associated family of
isolated invariant sets & = {Z;,--+ ,En}. If (after possible reordering) E; is a local attractor
for {T'(t) : t > 0} and

Ef={ac A:w(@)NE =2}
each Z;, i > 1 is contained in =} and that for any a ¢ A\{E; U =1} and global solution
¢ : R — A with ¢(0) = a we have that

—* t——00 t—00 —

Considering the restriction T3 (t) of T'(t) to Z} we have that 71(¢) is a generalized gradient-
like semigroup in E} with isolated invariant sets {Zs, -+ ,E.} and we may assume without
loss of generality that =, is a local attractor for the semigroup {Ty(t) : t 2 0} in E}. H 53,
is the repeller associated to the isolated invariant set Zp for {Ty1(t) : t = 0} in B} we may
proceed and consider the restriction {T3(t) : t > 0} of the semigroup {T(t) : t > 0} to B3,
and {Ty(t) : t > 0} is a generalized gradient-like semigroup in 3, with associated isolated
invariant sets {3, ,Zn} :

Proceeding with this until all isolated invariant sets are exhausted we obtain a reordering
of {81, -+ ,Z,} in such a way that =; is a local attractor for the restriction of {T'(¢) : t > 0}
to Ej_1-2 (56-1= A).

With the construction above, if a global solution ¢ : R — A satisfies

B, T2 (1) SF E, (2.1)

—

then £ > k. To see that we first observe that if (2,2 ) is an attractor-repeller pair, any
global solution ¢ : R — X with ((0) € * satisfies ¢ (t) € E* for all t € R. This is immediate
from the fact that w(C(t)) = w(¢(0)) for all t € R. Now for k =1 the result is trivial. For
k = 2 we necessarily have that £(0) € ;. This implies that § (t) € E} for all t € R. Since
g; CEjforall j 22, we necessarily have that £ > 2 = k.
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Before we proceed to the general case, let us prove that, if 3 < £ < k, (2.1) holds and
¢(0) € E5_,,_5 then £(0) € Z;_, , - The case £ =3 is obvious. If £>3 and £(0) ¢ Z7_; s,
since £(0) € Ej_, ,_s and Ep-; is an attractor in Z_, ,_s, the fact that £(0) ¢ =}_, oo implies
w(£(0)) C B4y, forcing that Z,—; = Ey; that is, £ — 1 = k contradicting £ < k.

From this implication we have that k£ < 3, 3 < £ < k, (2.1) holds and £(0) € Ej 5,3

implies £(0) € Ej_, _, and since the elements of Z = {Z1,-+- ,En} in E}_; o are those
=,’s with ¢ > k, we have that £ > k proving the results.
We will prove that this reordering of {Z;,-++ ,Z,} (which we denote the same) is a Morse

decomposition to A for a suitably chosen sequence Ag C A, C Ay C ... C A, of local
attractors. To that end we need the definition of unstable set of an invariant set which is
given next.

Definition 2.17. Let {T'(t) : t > 0} be a semigroup. The unstable set of an invariant set =
is defined by

WYE) ={z€ X : there is a global solution § : R — X
such that £(0) = z and t_ljl_l}x, dist(£(¢), E) = 0}.
Define Ay = @, A, =E; and for j =2,3,--+ ,n
A; = Ao UWE(E;). (2.2)
It is clear that A, = A.

Theorem 2.18. Let {T'(t) : t > 0} be a generalized gradient-like semigroup with associated

family of isolated invariant sets B = {Z;,--- ,E,} reordered in such a way that Z; is an
attractor for the restriction of {T'(t) : t > 0} to Zj_,; ;_,. Then A; defined in (2.2) is a local

attractor for {T'(t) :t > 0} in X, and
Ej - Aj m A;—l'
As a consequence, E defines a Morse decomposition on A.

Proof. From Lemma 2.12, it is sufficient to prove that A; = 4;_,UW"(Z;) is a local attractor
for {T'(t) : t > 0} restricted to .A.

Choose d > 0 such that O4(Ul_,E;) N (Uk;11Ei) = @. If there are § < d and §' < ¢
such that v+(Os(4;)) C Os(A;), then w(Os(A;)) attracts Os(A;) and (as w(Os(4;)) is
invariant) is contained in A; proving that A; is a local attractor. If that is not the case, there
is a sequence {zx} in A\A; with d(zx, 4;) 2% 0, for each z, a global solution & : R — A
through 2, which converges to | J;_;,; Z: and a sequence t; i o oo, such that d(&(t), A;) <8
for all ¢ € [0,¢] and d(&(tk), A;) = 4. In this way, we construct a global solution £ : R — A
such that d(£(t), 4;) < ¢ for all £ < 0. This is a contradiction with the fact that £(0) ¢ A;.
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To prove that Z; = A; N Aj_; note that

and A;_, = {z € A:w(2)NA,_; = @}. Hence, given z € A;N Aj_; we have that the global
solution £ : R — A through z must satisfy that

ULLE: 0 (1) B3 U B

As a consequence of that and of the fact that {T'(¢) : ¢ > 0} is a generalized gradient-like
semigroup with isolated invariant sets {Z1,- -+ ,Z,} for which any global solution { : R — A
o0

satisfies =, ‘€=° £(¢) ‘27%° =, with £ > k, we obtain that z € E;. This shows that
A;j N A%_, C E;. The other inclusion is immediate from the definition of A; and A;_,. [

Proposition 2.19. Let {T(t) : t > 0} be a generalized gradient-like semigroup with associ-
ated family of isolated invariant sets E = {Ei, -+ ,En} reordered in such a way that it is a
Morse decomposition. Then,

n

ﬂ(A uan=Jz&;

Jj= j=1
Proof. If z € U] _1Z;, let k € {1,2,---,n} be such that z € Ex = Az N A;_,. Hence
2€A, C A1 C+CAyand z€ A, CA;_,C--- C A Thus

n k-1 n
z€ ﬂ ﬂA* Lﬂ (4 UA*)] {ﬂ(AjUA;)jl =((4;U 4,
=k k j=0 =0
proving the inclusion UJ.=1 E5 CMNi=a AU A;.

Now, let 2z € ﬂ olA; U AN and I := {iy,da, ik} J = {J1, ]2, +, 71} such that
IuJ ={0,1, n}wﬁ:hlﬂ.]—zandzeA forallze]andzeA*forall]eJ
Clearly, if ¢ := min I, necessarily I = {i,5+ 1,7 + 2, n} and J = {O 1,5 — 1},
consequently z € 4; and z € A}_;. So, z € A; N A}_, = E;, from which we conclude that
Mi=o(A; U A7) C U~ E; and the proof is completed. O

3. A LYAPUNOV FUNCTION FOR A GENERALIZED GRADIENT-LIKE SEMIGROUP

Inspired in the work of [3] (see also [11]) we will prove in this section the equivalence
between generalized gradient systems and generalized gradient-like nonlinear semigroups.
The generalized gradient-like semigroups have been defined in Definition 2.8 and a generalized
gradient semigroup is defined as follows

Before we proceed let us fix that, if I, J are subsets of R, a function w : I — J is said
decreasing (increasing) if w(s) < w(t) (w(s) > w(t)) whenever s > ¢. If in addition, w(s) <
w(t) (w(s) > w(t)) whenever s < t we will say that w is strictly decreasing (increasing).
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Definition 3.1. We say that a semigroup {T'(t) : t > 0} with a global attractor A and @
disjoint family of isolated invariant sets E = {21, -+ ,En} s a generalized gradient semigroup
with respect to B if there is a continuous function V : X — R such that [0,00) 3 ¢ —
V(T(t)z) € R is decreasing for each z € X and V(T(t)x) = V(z) for all t > 0 if and only
ifz € Ui Ei. A function V with the properties above is called a Lyapunov function for the
generalized gradient semigroup {T(t) : t > 0} with respect to E.

The following lemmas will play a crucial role in the proof of such equivalence:

Lemma 3.2. If {T(t): t > 0} is a semigroup with global attractor A, the map h: X — R
defined by

h(z) :==supd(T'(t)z,A),z € X,

t>0

is well defined, continuous, decreasing along solutions of {T'(t) : t > 0} and h™(0) =

Proof. Indeed, by Lemma 2.12, given € > 0 let 0 < ¢’ < € such that v7 (O« (A)) C O(A),

showing the continuity of h on A. Let 29 € X'\A be given, so that h(zp) > 0. Consider O,(A)

for some 0 < p < h(zp). From the continuity of the function X 3 x — d(z,A) € [0,00)

let V' be a bounded neighborhood of 2z such that d(z,.A) > p if 2 € V. Finally, let 7 > 0

such that y*(T'(1)V) C O.(A) so that it follows the continuity of h en 2o, as for z € V

it holds that h(z) = sup d(T(s)z A) and, from the continuity properties of the semigroup
0<

{T(H)«t = 0}, it follows that h |y: V — R is continuous.
To see that h is non-increasing along solutions note that, if z € X and ¢; > 0, then

h(T(t))z) = th>1€ d(T(t)T (t1)z, A) = bt)lg ATt +t)2,A) =

sup d(T'(t)z, A) < sup d(T(t)z, A) = h(z).

t>t >0

O

Proposition 3.3. Let {T'(t) :t > 0} be a nonlinear semigroup in a metric space (X,d)
with global attractor A, and let (2,Z*) an attractor-repeller pair in A. Then, there exists a
function f: X — R satisfying the following:

(@) f: X — R is continuous in X.
(#) f: X — R is non-increasing along solutions.
(@) f7H0)=Zand fH ()N A=
(tv) Given z € X, if f(T(t)z) = f(z ) for allt > 0, then z € (EUE*).

Proof. Firstly, observe that = and =* are disjoint closed subsets of A and, since A is a
compact subset of X, = and =* are disjoint closed subsets of X. With the convention that
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d(z,9) = 1 for each z € X, define the function (the canonical Urysohn function if = and =*

= o

are non-empty) ! : X — [0, 1] associated to (Z,Z*) by

. diz.5)
&= T + ey

Clearly [ is well dcﬁned umfmmly continuous in X (since, for dp := d(Z,=*) > 0, it holds
that |i(z) — l(w)] < |d z,2) —d(w,Z)| < dzod(z,w), for any z y w in X). Moreover,
I71(0) = E and I7(1 ) = B

If we define k: X -+ R by

z e X.

k(z) :=sup I(T'(t)z),

t>0
we now show that k : X — R is continuous and decreasing along solutions of {T'(t) : t > 0},
k(X) c [0,1] (with equality when X is connected and Z and Z* are non-empty), k™" 0) =5
and k71(1)N A =E*

The fact that k(X) C [0,1] follows because [(T'(t)z) € [0,1] for all 2 € X and ¢ 2 0. In
the case in which X is connected, and = and Z* are non—empty, due to the fact that A is
connected we have that k(X) = [0, 1].

To prove that [0,00) D t + k(T(¢)2) € [0,1] is decreasing for each z € X note that, if
0<t <ty we have

k(T (t1)z) = sup HT)T(t1)2) = sup I(T(t+t1)z) =sup [(T(t)2)

t>t1
2 sup (T(t)z) = up UT(t + t2)z) = k(T (t2)2)-
2t2
It is clear from the definition of k and from the invariance of £ and Z* that k() = {0}
and k(E*) = {1}. Now, if 2 € X is such that k(z) = 0, then I(T(t)z) = 0 for all ¢ > 0.
In particular, 0 = [(T(0)2) = I(2), and so, z € E, that is, k~1(0) C E which shows that
k=1(0) = E. On the other hand, if 2 € A is such that k(z) = 1 and 2 ¢ =*, then w(z) C E.
From the continuity of I and the fact that w(2) attracts 2z, we obtain that tl-l-)r{.lo I(T(t)z) = 0.

So, there exists a to > 0 such that 1 = k(z) = sup I(T(t)z). This implies the existence of a
0<t<tp

€ [0, to] such that I(T(¢')2) = 1; that is, T'(t')z € =*. Consequently w(z) = w(T'(t')z) C E*,
whlch contradicts the fact that w(2) C E and so, if lc(z) = 1 for some z € A we must have
that z € =*. From this we conclude that k~1(1) N.A C E* and so k~}(1) N A =E".

We now prove that, if z € A and k(T(t)z) = k(z) for all t 2 0 then 2 €e EUE*. If

z ¢ EUE*, w(2) C E (note that z € A) and from the definition of k and the fact that w(2)
attracts z we have that k(z) = tl_1+I(I>1°k(T( )z) = 0. Since k7*(0) = E, z must belong to 2
which is a contradiction.

Next we prove the continuity of k£ : X — R. We split the proof into three cases:

Case 1) Continuity of k : X — R in E*.
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Since I(z) < k(2) < 1, for all z € X, given 2 € Z* and z € X we have that
|k(z) — k(20)| = 1 — k(2) < 1-1(2).

This and the continuity of  : X — R in 2, imply the continuity of k¥ : X — R in 2.

Case 2) Continuity of k : X = R in E.

From the continuity of [ : X — R in E, given € > 0, there is a § > 0 such that {(O5(E)) C
[0,€). Lemma 2.11 implies that there exists &' € (0,6) such that y*(Og(E)) C Os(E), from
which we conclude that k(Os(Z)) C [0, €.

Case 3) Continuity of k : X — R in X\(ZUE*).

Given 2y € X\(EUZ"), from Lemma 2.14 we have that, either fl_l_)Iglo d(T(t)z0,Z) = 0, or
limd(T ()20, 5*) = 0. '

If tlggo d(T(t)z0,Z*) = 0 let us prove the continuity of k in zo. First note that k(z) = 1.
Now, given € > 0, from the continuity of [ : X — R in =* there is an open neighborhood V
of 2* in X such that [(V') C (1—¢,1]. If t, > 0 is such that T'(ty)2 € V/, from the continuity
of T(ty) : X — X, let U be a neighborhood of z, such that T'(t,)U C V, from which it
follows that k(z) > 1 —¢ for all z € U (for T(ty)z € V and then 1 — e < [(T'(t0)2) < k(2)).
This proves the continuity of k in points 2o of X\(Z U Z*) for which ,11520 d(T'(t)z0,=*) = 0.

If 20 € X\(EUE*) and tl_i}l}.lod(T(t)zo,E) = 0, it holds that [(29) > 0. Choose § > 0 such
that I(O5(Z)) C [0, ”;")) and, from Lemma 2.11, there is a &’ € (0, d) such that y+(Ox(E)) C
Os(Z). From this, there is a to > 0 with the property that T'(t)zo € Os(Z) for all ¢t > t.
From the continuity of T'(ty) : X — X, there is a neighborhood U; of z in X such that
T(to)Uy C Os(Z). Then, for all z € U; we have that T'(to)z € Os(E) so that T'(¢t)z € Os(E)
for all ¢ > ty. Finally, from the continuity of [, let U; be a neighborhood of 2, in X such
that {(z) > ﬁ;—"z for all z € U, and write U := U; N Uy, so that for all z € U it holds that
k(z) = Oilf]<pt I(T'(t)z). Reasoning as before we obtain the continuity of k in points 2z, of

t<to

X\(E UE*) for which tl_i)m d(T(t)2,E) = 0.
Let h : X — R be the function defined in Lemma 3.2, that is, h(z) = supd(T(t)z,.A),
>0
z € X, and define f : X — R by

f(z) :==k(z)+ h(z), z€ X.

The continuity of f : X — R follows from the continuity of k£ (proved above) and h (proved
in Lemma 3.2). Since k and h are decreasing along solutions of {T'(¢) : t > 0} (see above
and Lemma 3.2), f also possesses this property.
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Clearly f(E) = {0}. If f(2) = 0 for some z € X, then h(z) = k(2) = 0 and we must have
that z € Z. This shows that f~1(0) = E.
Also, since f |4= k |4 we have that f~}(1)nA=k"1(1)NA=E"

Finally, (iv) is proved in the following manner. Let z € X such that f(7'(t)z) = f(z) for
all t > 0. If z € A, we have that k(T'(t)z) = k(z) and, consequently, z € £ UE" completing
the proof. If 2 € X\ A, let us show that ilim d(T(t)z,E*) = 0. If that is not the case, then

l"l_i*I{.gd(T(t)z, E) =0, and

f(z) = lim f(T(t)z) = }EEO k(T(t)z) + tl—lglo h(T(t)z) =0+0=0. (3.1)

t—o0
This implies that z is in £ C A and that contradicts the fact that z € X \\A. This proves
that limd(T(t)z,=*) = 0.
t—o0
Using the same reasoning as in (3.1) we conclude that

flg)= fl_l}g f(T(t)z) = tl-l-g]o k(T(t)z) + tll'rg h(T(t)z)=1+0=1.

This is a contradiction, since k(z) > k(T'(t)z) forallt > 0,and 1 = tl_l*rg k(T(t)) < k(2) £1,
that is, k(z) = 1, but f(z) = k(z) + h(z) and we must have that h(z) = 0 which is a
contradiction with the fact that z ¢ A. Thus, f(T'(t)2) = f(2) for all ¢ > 0 if and only if
2 € EUE* and this completes the proof. O

Theorem 3.4. Let {T'(t) : t > 0} be a semigroup with global attractor A and a disjoint family
of isolated invariant sets E = {E1,--- ,Ex}. Then, {T(t) : t > 0} is a generalized gradient
semigroup with respect to 2 if and only if it is a generalized gradient-like semigroup with
respect to E. In addition, the Lyapunov function V : X = R of a generalized gradient-like
semigroup may be chosen in such a way that VE)=k-1,k=1,---,n

Proof. 1t is clear that a generalized gradient semigroup with respect to E is a generalized
gradient-like semigroup with respect to &.

Suppose that {T'(t) : t > 0} is a generalized gradient-like semigroup with respect to E
reordered in such a way that it is a Morse decomposition for A Let @ = Ay C A; C
... C A, = A be the sequence of local attractors defined in (2.2) and @ = A;, C A, C
... C Ay = A their corresponding repellers such that for each j = 1,2,---,n, we have
E;j=A;NA;,.

Let h : X — R be the function defined in Lemma 3.2 and k; : X — R be the function
constructed in Proposition 3.3 for the attractor-repeller pair A;, A;-, ="l R

Define the continuous function V' : X — R by

V(z) ;= h(2) + ikj(z), z€X.

j=1
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Then V : X — R is a Lyapunov function for the generalized gradient semigroup {7'(t)
0} with respect to E.

Indeed, since h : X — R and each k; : X = R, 1 < j < n, are decreasing along solutions
of {T'(t) : t > 0}, V is also decreasing along solutions of {T'(t) : t > 0}.

Now, if z € X is such that V(T (t)z) = V(2) for all t > 0, then, using that A : X = R
and each kj;, 1 < j < n, are decreasing along solutions of {T'(t) : ¢ > 0}, we conclude
that fJ(T(t) z) = k;j(T(t)2) + M(T(t)2) = k;(z) + h(z) = f;(2) for all ¢ > 0, and for each
j =1,---,n. From part (iv) of Proposition 3.3, we have that z € (4; U Aj), for each
j=0,1,--,n; that is, 2 € (j_o(A; U 4}). From Lemma 2.19 we have that

ﬂ (A;U 45 U_J,
i=0 J

and so z € Uj_, E;.

Let @ = Ao C A; C --+ C A, = A be the chain of attractors defined in (2.2) and @ =
Ax C Ax_, C --- C Aj = A their repellers. Then, for each j = 1,2,---,n, Z; = A; N A4},
For the function V : X — R constructed above we have that, for each 7 = 0,1,---,n,
kj: A= [0,1), k71(0) = A; and k' (1) N A = A3,

Ifke{l,---,n}and z € Ex = Ay N A}_,, it follows that z € Ax C A C - C A=A
and z € A}, C A}, C - C Ay = A. Hence k;(2) = 0if k < j < nand kj(z) = 1if
1<j<k-1,andso

z)zikj(z)= " kj(Z)"i‘ikj Z1+Zo k- 1.

§=0 j=k j=0

O

Under some very mild additional assumptions it is possible to construct a Lyapunov func-
tion which is strictly decreasing outside the isolated invariant sets and that is differentiable.
Next we present such a construction.

Definition 3.5. We say that a semigroup {T'(t) : t > 0} in a metric spaces X is locally
bounded if, for each z € X, there is an € > 0 such that v (O(2)) is bounded.

We now give sufficient conditions ensuring that a generalized gradient-like semigroup has
Lyapunov function with the same properties of those in Theorem 3.4 and with the additional
properties that it is differentiable along solutions and strictly decreasing along solutions that
do not originate in the isolated invariant sets. In fact we prove the following result

Proposition 3.6. Let {T'(t) : t > 0} be a semigroup which possesses a global attractor A.
Assume that {T'(t) : t > 0} is a generalized gradient-like semigroup with respect to the disjoint
family of isolated invariant sets B = {Z4, -+ ,E,}. Then, there is a function W : X — R
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which is a Lyapunov function for the generalized gradient-like semigroup {T(t) : t > 0}
relative to E and such that
i) [0,00) 3 t — W (T'(t)z) is differentiable for all z € X and
(i1) [0,00) Dt W(T(t)2) is strictly decreasing whenever z ¢ i, Z:.

Proof. Let V : X — R be the function defined in Theorem 3.4 and W : X — R be the
function defined by

W(z) = / " etV (T ()2)dt.

It is easy to see that the function is well defined. Next we prove that this function has the
desired properties.

We start with the continuity of W. First note that W(z) < n+ V() for all z € X. Now,
from the fact that the semigroup {T'(¢) : ¢t > 0} is locally bounded it is easy to see that for
each z € X there is an €, > 0 and t; > 0 such that V(y*(T'(t;)O,,)) is bounded. Hence,
given € > 0 and 2’ € X we choose ¢ > 0 and a neighborhood B of 2’ such that,

) 5 €
/t_ e dt<——————-—-—4(MB+1), (3.2)

where Mp := sup{V(T'(t)w) :w € B, t 2 t,} > 0.
Now, from the continuity of V and of the mapping [0, 00) x X — T'(t)z € X, it is easy to
see that there exists 6 > 0 such that, if z € X satisfies d(2,2") < ¢ then,

'3
e
| e wawn -vawias ;.
This and (3.2) show that, for z € X with d(z,2') <4,
i )
W (2) - W()| < / e~ |V(T(t)2) — V(T (£)7)| dt + 2Mp / etdt < §+ -;- =k
0 3

Clearly, W : X — Ris decreasing along solutions of {T'(t) : t > 0}. Now, if z € JI_, &, we
have that T'(t)z € U, Z; for all ¢ > 0, and V(T'(t)z) is constant for all ¢ > 0, yielding that
W (T'(t)z) is constant. Conversely, if z € X is such that W(T'(t) = [T e~ V(T (t+s)2)dt
is constant, then V (T'(t)z) is constant for all ¢ > 0 and, consequently, Z€E U1=1 =; from the

properties of V.
Next, given z € X\ U, Z; let us prove that [0, c0) 3 t = W(T'(¢)2) is strictly decreasing.

Indeed, given ¢t > 0, we have that
W(T(£)2) — W(2) = / e[V (T(s + £)2) — V(T(s)2)]ds.
0
From this we see that, if for some ¢ > 0 we have that W (T'(t)z) — W(z) = 0, then V(T'(s +
£)z) — V(T(s)z) = 0 for all s > 0. In particular, V(T'(t)z) = V() and, as a consequence of

that, V(T(t)z) = V(T(s)z) = V(2) for all s € [0,t]. Repeating this reasoning we conclude
that V(T'(s)z) = V(2) for all s > 0, which is in contradiction with the choice of z.
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Now, given z € X, t > 0 and h € R we have that

iy ¢ 0 t+h
9(T'(t + h)zii 9(T'(t)z) _ % [(eh —1) /Hh e~ f(T(s)z)ds — /t e‘sf(T(s)z)ds] ;

which converges to

¢ [" e @i - T <o
t
proving the differentiability of [0,00) 3 t — V(T'(t)z) € R. O

4, STABILITY UNDER PERTURBATIONS OF GENERALIZED GRADIENT SEMIGROUPS

The equivalence between generalized gradient semigroups and generalized gradient-like
semigroups, proved in the previous section, together with the results in [2] prove that gener-
alized gradient semigroups are stable under perturbations. In this section we briefly describe
this fact. To that end, we first need to introduce a parameter dependent family of semi-
groups, as well as the notions of continuity and asymptotic compactness for a parameter
dependent family. We start with the notion of continuity for a family of semigroups.

Definition 4.1. We say that a family of semigroups {T,(t) : t = 0}yepo,1), i continuous at
=0 i T,(t=x) 128 To(t, z) uniformly for (t,z) in compact subsets of Rt x X asn — 0.

The notion of collectively asymptotic compactness which is given next plays a fundamental
role in the proof of the main result in [2].

Definition 4.2. We say that a family of semigroups {T},(t) : t > O}pep,q % collectively
asymptotically compact at n = 0 if, given a sequence {1k }ren With M piedis 0, a bounded
sequence {Tr}ren i X and a sequence {ti}ren in RT with ty hoop oo, then {Tp, (tc)zx} is
relatively compact.

We are now ready to state the following result from [2].

Theorem 4.3 (Carvalho-Langa). Let {T;(t) : t > O},ep,1, be a collectively compact family
of semigroups which is continuous at n = 0. Assume that
a) {T;(t) : t > 0} possesses a global attractor A, for each 1 € [0,1] and Uyep,i Ay is
bounded.
b) There exists n € N such that A, has n isolated invariant sets S, = {E1,* ,Eng}
for alln €[0,1], and SUD; cicnldisty (25, Ef) + disty EZO,E;‘U)] (=]
¢) {To(t) : t > 0} is a generalized gradient-like semigroup.
Then, there exists mny > 0 such that, for all n < no, {T;(t) : t > 0} is a generalized
gradient-like semigroup and consequently

Ay = UL, W*(ES,), Vn € [0,n0].
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As an immediate consequence of this result and the ones in Section 3 we have the following
result.

Corollary 4.4. Under the assumption of Theorem 4.3, there exists no > 0 such that, for all
n < 1o, {T(t) : t > 0} is a generalized gradient semigroup.

Corollary 4.5. Under the assumption of Theorem 4.3, suppose there exists n € N such that
A, hasn stationary solutions Sy = {E14,++ &} for alln € [0,1] and sup; ¢;¢, dist(&;,, &o)
128 0. Then, there exists no > 0 such that, for all n < no, {Ty(t) : t > 0} is a gradient
semigroup in the sense of [4].

5. ENERGY LEVEL DECOMPOSITION OF A GENERALIZED GRADIENT-LIKE SYSTEM

Let {T(t) : t > 0} be a semigroup in X with global attractor A. Next we will give a
dynamical description of a generalized gradient-like system by reordering and regrouping
the corresponding isolated invariant subsets to obtain a totally ordered family of isolated
invariant sets that we will refer to as energy levels. This new family of isolated invariant
sets is a Morse decomposition of A with fewer invariant sets but in such a way that it still
gives us a Lyapunov function that is constant only in the original isolated invariant sets.
In a certain sense this decomposition is the coarsest decomposition which still gives us a
Lyapunov function which is constant only in the original isolated invariant sets.

Assume that {T'(t) : t > 0} is a generalized gradient-like semigroup with respect to the
disjoint family of isolated invariant sets 2 = {E1,82,* ,Ea}:
(a) Given E;, and E;, € E, we say that Z;, precedes Z, (we write Z;, < Z,), if there
exists a global solution & : R — X of {T'(t) : t > 0} such that £ (R) € E;,, UE,, and

lim d(f(t)’alz) =0 and lim d(é(t)’E‘ll) =0.
t——o0 t—roo

(b) Let us consider

M; : ={E,€E: thereisnoelement = €& that preceeds =}

and, for any integer k > 2
M, ={E; €E: if £ € E eE < E¢ then E € My}
Note that, by definition, My C Mi41.
(c) We now define the sets
NG = U =, and N} = U =, for all k > 2.
ZeMr ZEM\ M1
Since = is finite, there exists a positive integer g such that M; = M, for each
k > ¢ so that, Ny = @ for all kK > ¢. Thus, we consider Ny, Na, -+ ,Np, with
p:=min{g € N: M), = M, for each k > ¢}.
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We have the following first result related to this family of sets:

Lemma 5.1. Let {T'(t) : t > 0} be a semigroup with global attractor A. Assume that
{T(t) : t > 0} is a generalized gradient-like semigroup with respect to the disjoint family of
isolated invariant sets E = {E1,8,,-++ ,Zn}. Then each element of E belongs to Ny, for
some k < p.

Proof. Suppose that A is empty and fix Z € 2. Then, since E ¢ N, = &, by the definition
of Vi, there exists B! € B with 2! < £ and E! # Z. Analogously, ! ¢ Ny, from which we
find 52 € B with 22 < =2 and 22 # Z!. Also =2 # E since, otherwise, there would be a
homoclinic structure = < ! < 22 = Z. Following in this way, as & is finite we arrive at a
contradiction in a finite number of steps.

If 2 = N, we are done. If not, we must have that Ay is non-empty. Otherwise, given
E € E\W, with £ ¢ M. Then, there exists 2! € E\MN; with £ < Z!. As before, the fact
that {T°(t) : t > 0} is a generalized gradient-like semigroup with respect to = implies that
E! # E. Since Z' ¢ N;, there is a Z2 € E\N; with Z! < =2 and, again, =2 # Z! and 22 £ E.
As before, we arrive at a contradiction in a finite number of steps, so that N, # @.

If 2 = M UM, = My, we finish. If not, again N3 # @. As this argument has to finish in
a finite number of steps completing the proof. O

The following result will show that N' = (N, Na,--- ,N}) is a Morse decomposition for
A

Theorem 5.2. Let {T'(t) : t > 0} be a nonlinear semigroup with global attractor A. If
{T(t) : t > 0} is a generalized gradient-like semigroup with respect to 2 = {Z1,Z2, -+ ,Ea},
then (N1, Na, -+, N,) is a Morse decomposition for A.

Proof. Clearly {T'(t) : t > 0} is a generalized gradient-like semigroup with respect to N.
The proof of the result now follows as the proof of Theorem 2.18. a

Remark 5.3. Given a compact invariant set A, we define the finest Morse decomposition on
A (cf. [10]) as (Z4,...,E,) in which, for each isolated compact invariant set Z; the unique
Morse decomposition on it is the trivial one. Then, the energy level decomposition of the
finest Morse decomposition can be considered as the optimal decomposition of A, as it gives
a total description of A by a Lyapunov (energy) function which is constant on each level and
strictly decreasing on connecting global solutions among all the different levels.

5.0.1. Enenrgy level decomposition for a gradient-like system. All the concepts and results in
the previous section can be written in the particular case in which we have a finite set of
equilibria:

Definition 5.4. Let {T'(t) : t > 0} be a gradient-like semigroup in X with global attractor
A with equilibrium points € = {1, -+ ,(a}-
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(a) Given (. and s € €, we say that {, precedes (s (we write ¢, < (,), if there exists a
non-constant global solution £ : R — X of {T(t) : t > 0} such that

Jm d€(®),¢) =0 and Jim d(¢(2),¢) =0,
(b) Let us consider
M; : ={{ €E: thereis no element ¢ € € that preceeds (;}
and, for any integer k > 2
Mp:={GEE: ifC€E el < then { € My_1}.

Note that, by definition, M) C Mpy1.
(c) We now define the sets

M = My and Ny, := M\ My, for all k > 2.

Since £ is finite, there exists a positive integer q such that My = M, for each
k > g, so that, Ny, = @ for all k > q. Thus, we consider Ni,Na,- -+, Ny, with
p:=min{q € N: My = M, for each k > q}.

Lemma 5.5. If {T(t) : t > 0} is a gradient-like semigroup, then every ¢ € & is in N;
for some i = 1,---,p, where p > 1 is the maximum number of nonvoid energy levels in
{T(¢) : t > 0}.

Lemma 5.6. Let {T'(t) : t > 0} be a gradient-like semigroup with global attractor A and a
finite set of equilibria € ={C1,"++ ,Ca}, and (N, -+, ;) the ordered n-upla of energy levels
{T(t): t > 0}. Then, (N1, ,Np) is a Morse decomposition in A.

6. FINAL COMMENTS AND FURTHER RESEARCH

We have proved that a generalized gradient-like nonlinear semigroup is a generalized gra-
dient one. In particular, a gradient-like semigroup is gradient, concluding that it is stable
under perturbation. Note that any global attractor for an infinite dimensional global attrac-
tor admits at least a Morse decomposition -the trivial one-, being very usual to get & better
description of the internal dynamics on it in many non-trivial examples. In any case, our
results apply to any Morse decomposition of a global attractor.

On the other hand, it is shown in [2] that a non-autonomous perturbation of a generalized
gradient-like system is still gradient-like. Thus, there exists a very natural extension of the
results on this paper to a non-autonomous framework.

Finally, we think that the concept of energy levels deserves being exploited, because it is
giving a very good description of connections between isolated sets from any given decompo-
sition. In particular, its stability under perturbation seems a proper non-trivial problem to
be considered, connected, for instance, to Morse-Smale systems. We plan to present results
in these last two lines of research in the near future.
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