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THE ANALYTIC TORSION OF THE CONE OVER AN ODD DIMENSIONAL

MANIFOLD

L. HARTMANN AND M. SPREAFICO

ABSTRACT. We study the analytic torsion of the cone over an orientable odd dimensional compact
connected Riemannian manifold W. We prove that the logarithm of the analytic torsion of the
cone decomposes as the sum of the logarithm of the root of the analytic torsion of the boundary
of the cone, plus a topological term, plus a further term that is a rational linear combination of
local Riemannian invariants of the boundary. We also prove that this last term coincides with
the anomaly boundary term appearing in the Cheeger Miiller theorem [7] [26] for a manifold with
boundary, according to Briining and Ma [3]. We also prove Poincaré duality for the analytic
torsion of a cone.
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Analytic torsion was originally introduced by Ray and Singer in [29], as an analytic counter
part of the Reidemeister torsion of Reidemeister, Franz and de Rham [31] [13] [12]. Since then,
analytic torsion became an important invariant of Riemannian manifolds, and has been intensively
studied, several generalizations have been introduced and significative results obtained. Concerning
the original invariant, the first important result was achieved by W. Miiller [26] and J. Cheeger
(7] who proved that for a compact connected Riemannian manifold without boundary, the analytic
torsion and the Reidemeister torsion coincide, result conjectured by Ray and Singer in [29], because
of the several similar properties shared by the two torsions. This result is nowadays known as the
celebrated Cheeger-Miiller theorem. The next natural question along this line of investigation was

2000 Mathematics Subject Classification: 58J52.



2 L. HARTMANN AND M. SPREAFICO

to answer the same problem for manifolds with boundary. It was soon realized that the answer to
such a question was an highly non trivial one, since the boundary introduces some wild terms. The
first case to be analyzed was the case of a product metric near the boundary. W. Liick proved in [22]
that in this case the boundary term is topological, and depends only upon the Euler characteristic
of the boundary. The answer to the general case required 20 more years of work, and has eventually
been given in a recent paper of Briining and Ma [3]. The new contribution of the boundary, beside
the topological one given by Liick, is called anomaly boundary term and we denote it by ApM,abs-
The term Apym,abs has a quite complicate expression, but only depends on some local quantities
constructed from the metric tensor near the boundary (see Section 2.6 for details). The next natural
step is to study the analytic torsion for spaces with singularities. A first, natural type of space with
singularity is the cone over a manifold, CW. Cones and spaces with conical singularities have
been deeply investigated by J. Cheeger in a series of works [7] [9] [10] (see also [27]). Due to this
investigation, all information on L2-forms, Hodge theory, and Laplace operator on forms on CW are
available. Further information on the class of regular singular operators, that contains the Laplace
operator on CW, are given in works of Briining and Seely (see in particular [6]). As a result it is
not difficult to obtain a complete description of the eigenvalues of the Laplace operator on CW in
terms of the eigenvalues of the Laplace operator on W. With all these tools available, namely on
one side the formula for the boundary term, and on the other some representation of the eigenvalues
of the Laplace operator on the cone, it is natural to tackle the problem of investigating the analytic
torsion of CW. What one expects in this case in fact is some relation between the torsion of the
cone and the torsion of the section. A possible extension of the Cheeger Miiller theorem could
follow, or not. Indeed, it is general belief that in case of conical singularity such an extension would
require intersection R torsion more than classical R torsion (see [11]). However, if the section is
a rational homology manifold, then the two torsion coincide (see [7], end of Section 2), and the
classical Cheeger Miiller theorem is expected to extend.

If C(W) is the chain complex associated to some cell decomposition of W, then the algebraic
mapping cone Cone(C(W)) gives the chain complex for a cell decomposition of CW. It is then
easy to see that the R torsion of CW only depends on the choice of a base for the zero dimensional
homology. Even if Poincaré duality does not hold, it does hold between top and bottom dimension,
and therefore we can use the method of Ray and Singer in order to fix the base for the zero homology
using the Riemannian structure and harmonic forms (see [29] Section 3, see also [19]). The result

for the R torsion is
T(CW) = 1/ Vol(CW).

On the other side, one wants the analytic torsion. The analytic tools necessary to deal with the
zeta functions appearing in the definition of the analytic torsion, constructed with the eigenvalues
of the Laplace operator on CW, are available by works of M. Spreafico [36] [37] [39]. In these works,
the zeta function associated to a general class of double sequences is investigated. In particular, a
decomposition result is presented and formulas for the zeta invariants of a decomposable sequence
are given. This technique applies to the case of the zeta function on CW, and permits to obtain
some results on the analytic torsion that we will describe here below. Before, we note that this
approach has been also followed in [19], [40] and [18]. The main results of these papers are that in
the case of W an odd low dimensional sphere, then the classical Cheeger Miiller theorem with the
anomalous boundary term of Briining and Ma holds for CW, while if W is an even dimensional
sphere, it does not hold. Explicit formulas for W the sphere of dimensions one, two and three
are also given, and in [18] it is conjectured that the Cheeger Miiller theorem with the anomalous
boundary term of Briining and Ma holds for W any odd dimensional sphere. This is proved to
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be true in Theorem 1.2 below. In Theorem 1.3 the same result is proved for the cone over a
generic orientable compact connected Reimannian manifold of odd dimension. We split the proof
of Theorem 1.3 in two parts. We first prove in Section 9 that the result is true if the dimension of
the manifold is smaller than six. A basic ingredient in this proof are results of P. Gilkey on local
invariants of Riemannan manifolds [14]. Next, in Section 10, we prove the general statement. The
reason for giving a different explicit proof for the low dimensional cases is due to the fact that the
proof of the general case is based on a result that has not been published yet, namely a formula
for the anomaly boundary term of Briining and Ma with mixed boundary conditions. This result
is contained in a preprint of the same authors [4], and we thanks the author for making available
part of their work.

We are now ready to state the main results of this paper, for we fix some notation. Let (W, g) be
an orientable compact connected Riemannian manifold of finite dimension m without boundary and
with Riemannian structure g. We denote by C;W the cone over W with the Riemannian structure

dz ® dz + g,

on CW — {pt}, where pt denotes the tip of the cone and 0 < = < I (see Section 4.1 for details). The
formal Laplace operator on forms on Cy — {pt} has a suitable L2-self adjoint extension A,p, /rel
on C;W with absolute or relative boundary conditions on the boundary dC,W (see Section 4.3 for
details), with pure discrete spectrum SpA ., /rel- This permit to define the associated zeta [unction

C(S:Aabs/rel) = Z )\—-S,
AESPL Babs/rel

for Re(s) > ’”T‘H This zeta function has a meromorphic analytic continuation to the whole complex
s-plane with at most isolated poles (see Section 5 for details). It is then possible to define the analytic
torsion of the cone

m+1
logTabs/rel(Clvv) = '2_ Z (_1)(](14/(0’ Ae(xrg;)s/rel)'
q=0

In this setting, we have the following results (analogous results with relative boundary conditions
also follow by Poincaré duality on the cone, proved in Theorem 5.1 below).

Theorem 1.1. The analytic torsion on the cone C;W on an orientable compact connected Rie-
mannian manifold (W, g) of odd dimension 2p — 1 is
15 1 2(p—q) 1 2
log Tuws (CiW) =3 > (=1)7 1k Ho(W; Q) log = + 5 log T(W, I%g) + S(9CW),

q=0

where the singular term S(OC,W) only depends on the boundary of the cone:

lp—lp—l J S S - .
S(oCW) = 5 ZZZRS%O ‘I’2k+1,q(8)< jz_ . ) > (=1)" Resy ¢ (S,A(")) (g—p+1)20-0),

q=0 j=0 k=0 h=0 s=j+3

where the functions ®ory1,4(s) are some universal functions, explicitly known by some recursive
relations, and A is the Laplace operator on forms on the section of the cone.

It is important to observe that the singular term S(0C;W) is a universal linear combination of
local Riemannian invariants of the boundary, for the residues of the zeta function of the section are
such linear combination (see Section 9.3 for details).
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Theorem 1.2. When W is the odd dimensional sphere (of radius a), with the standard induced
Euclidean metric, then the singular term of the analytic torsion of the cone C\W appearing in
Theorem 1.1 coincides with the anomaly boundary term of Briining and Ma, namely S(0C,S2P~1) =
ABM,{,bS(OC[SIEP"l). In this case, the formula for the analytic torsion reads

1
log Tans(C1S37™1) = 5 1og Vol(C1S2P™) + ABM,abs(8C1SZ7 ),

where

(2p - 1)! &% &

4F(p—ijh <

1)k—igitl

1 (=
<= 1- Rk +1) 12::0 (k— )1(2j + DI

ABM,abs(0C1S2P71) = 2h41

Corollary 1.1. The natural extension of Cheeger Miiller theorem for manifold with boundary is
valid for the cone over an odd dimensional sphere, namely

log Taps(C1S%~1) = log 7(C1S®P~1) + Apm,abs(0CIS?P 7).

The result in the corollary should be understood as a particular case of the still unproved general
result that the analytic torsion and the intersection R-torsion of a cone coincides up to the boundary
term, for the intersection R-torsion is the classical R-torsion for the cone over a sphere.

Theorem 1.3. When (W,g) is an orientable compact connected Riemannian manifold of odd di-
mension, then the singular term of the analytic torsion of the cone C\W appearing in Theorem 1.1
coincides with the anomaly boundary term of Briining and Ma, namely S(OC,W) = Apm,abs(OCIW).

We conclude with a remark on the even dimensional case, namely when the dimension of the
section W is even. It is quit clear that all the arguments used in the odd dimensional case go
through also in the even dimensional case. So we obtain formulas for the analytic torsion as in
the theorems above. However, in the even dimensional case some further term appears: this was
described in some details for W = S? in [19]. Since we do not have a clear understanding of this
new term yet, we prefer to omit the non particularly illuminating formulas for the even dimensional
case here.

2. PRELIMINARIES AND NOTATION

In this section we will recall some basic results in Riemannian geometry, Hodge de Rham theory
and global analysis, and the definitions of the main objects we will deal with in this work. All
the results are contained either in classical literature or in [29], [26], [9], (3], [14] [1]. This section
can be skipped at first reading, and it is added exclusively for the reader’s benefit. From one
side, it permits to the interested reader to find out all the necessary tools to verify the arguments
developed in the following sections, with precise reference to definitions and formulas, avoiding the
fuss of searching in several different papers and books, from the other, it provides a unified notation,
whereas notations of different authors are too often quite different in the available literature.

2.1. Z/2-graded algebras and Berezin integrals. Let V, W be finite dimensional vector spaces
over a field IF of characteristic zero, with Euclidean inner products (-,-). Let V* = Hom(V,TF)
denotes the dual of V, and fix an isomorphism of V onto V* by v*(u) = (v,u). Then, we identify IF-
homomorphisms with tensor product of tensors by Hom(V, W) = V*@ W. If V, W have dimensions
m,n respectively, and {ex}7,, {bi}]=, are orthonormal bases of V' and W respectively, then we
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identify t € Hom(V, W) with the tensor T € V* @ W with components Ty = (by, t(ex)) = b*(t(ex)),

namely
m n
T = ZZTHE}: ® by,
k=1 l=1
where we denote by {e}} the dual base. We use the Euclidean norm of a linear homomorphism
[t| = y/tr(¢*t). In the orthonormal base, this gives for the associated tensor

m n
T =" Ta
k=1.i=1

We denotes by AV the exterior algebra of V' (the universal algebra with unit generated by V
with the relation v? = 0). A Z/2-graded algebra A is a vector space with an involutions such
that A = A} @ A_, and a product - that preserves the involution, i.e. such that A;A; C Ajy.
The exterior algebra is a first example. Let A and B be two Z/2-graded algebras. The vector
spaces tensor product A ® B has a natural Z/2-grading, A® B = (A® B); & (A ® B)_, where
(A®B);1 = AL ®BL®A_®B_,and (AQB)_- = AL @ B_® A_® By. This becomes a Z/2-graded
algebra, that we denote by A®B, with the product defined by (we will omit the dot in the following)

(a®b) - (a'&b') = (~1)1P11¥1q . a'&b - V'

There are two natural immersions of A in A®A as an algebra: we identify ,fl with A® 1 and we
denote by A =1® A. Since A®1®1® B = A® B, we have that AQB = A®B. Let A= B = AV,
for some vector space V, where we denote the product by A, as usual. Then, V®Y € AVRAV.
IfveV,thenv=v0l €V =V, o=10v € V =18V, and vAd € V A V. Note that,
vA D= (v®1) A (1&v), while (1&v) A (v®1) = —v A 9, and

AAD=(18u) A (1&v) = 1®(uAv) =G ADEV A V.
This permits to identify an antisymmetric endomorphism ¢ of V' with the element
p 1 m - ’
=3 > ((v;), vk)0j A g,

Jik=1

of A2V. For the elements (¢(v;),vx) are the entries of the tensor representing ¢ in the base {v},
and this is an antisymmetric matrix. Now assume that r is an antisymmetric endomorphism of
A%V. Then, (Rjx = (r(v;),vx)) is a tensor of two forms in A2V, We extend the above construction
identifying R with the element

(2.1) R= (1‘(Uj),vk) N Dj N Dy,
1

M| —
FANGE

J

of A2V AA2V. This can be generalized to higher dimensions. In particular, all the construction can
be done taking the dual V* instead of V. We conclude with the definition of the Berezin integral.
Assume V to be oriented. We define the Berezin integral be

B
/ CAWSAV — AW,

B
/ ta®pB— cpfler,...,em)a,
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where cg = (_;)r In particular, note that

B_.'j_ ' A
[ et=ri()

and this vanishes if dimFE = m is odd.

2.2. Some Riemannian geometry. Let (W, g) be an orientable connected Riemannian manifold
of dimension m without boundary, where g denotes the Riemannian structure. We denote by TW
the (total space) of the tangent bundle over W, and by T*W the dual bundle. We denote by AT*W
the exterior algebra of T*W. We denote by I'(W, TW) and I'(W, T*W) the corresponding spaces of
smooth sections, and by To(W,TW) and To(W, T*W) the spaces of smooth sections with compact
support. Let # = (z1,...,%m) be a local coordinate system on W. We denote by {0;}7L; the local
coordinate base on TW, and by {dz;}7L, the dual base of one forms on T*W: d;(0k) = d;x. We
denote by {e;}7; and {e;}7L; local orthonormal bases of 7W and 7*W, e} (ex) = d;x. Then,

m m
g= Z gjrdzr; @ dxy = Z djre; ® ey,

7 k=1 k=1

and the volume element on W is dvolg = e} A --- A ey, = \/|detg|dzy A - A dpy,.

Let V : T(W,TW) — I'(W,End(TW)) denotes the covariant derivative associated to the Levi
Civita connection of the metric g. This is completely determined by the tensor I' = Z;ng,y:l Lapres®
ep @ ey, ET(W, T*W @ T*W @ TW), with components the Christoffel symbols:

Lagy =T(ea,ep,€]) = €} (D(eq, eg,-)) = €5(Ve.es) = g€y, Ve, e8) = —Tarp,

that can be computed using the formula:

1
(2:2) Lapy = 2 (Capy + Cyap + Cypa) s
where the Cartan structure constants cagy = —Cga~ are defined by

m
[ea,es] = anﬁ’)‘e‘Y‘
=1

The connection one form associated to V is the matrix valued one form w € so(m,T'(W, AT*W)),
with components

m
wpy = Z L(€asEys€5)ey-
a=1
The curvature associated to the Riemannian connection V (of the metric g) is the linear map
r: D(W,TW ® TW) — I'(W,End(TW)), defined by:
r(z,y,2) = VoVyz = VyViz = Vig 2,
where z,y, z,7(z,y, z) € T(W, TW), and corresponds to the tensor R = Zzl,ﬁ.-y,é:l Rapyser, ® e @
er®es, € CW, T*W @T*W @ T*W ® T'W), with components
Raﬂ'yd = _Rﬁa-yé = R(em €3, €, 63) = eg (r(ea, €, 67))
=€5(Ve.Vesey — Ves Ve, 4 — V[emeﬂ]ev).
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The curvature two form associated to R is the matrix valued two form Q € so(m, T(W, A2T*W)),
with components

m
Q5= Z R(easep,e5,¢€5)en Aejp,
a,f=1,a<pB
and can be computed by the following formula:
m
(2.3) Qop = dwaﬁ + Zwa—y A wqg.
r=1

We introduce two more tensor fields. The Ricci tensor Ric = Ezl,ﬁ=1 Ricaper®ep € T(W, T*W®
T*W), defined by

m

Ric(mvy) = ZC;(Vekvzy - vl’veky - v[ek,:t]y)s
k=1
and the scalar curvature tensor, defined by

m
T= Z Ric(ek, ek).
k=1
The components of these tensors in terms of the curvature tensor are:

m
Ricap = Z R(ek,€a; €8, €L),
k=1

m
T = E R(ekyehae}uelz)-
k,h=1

2.3. Hodge theory and de Rham complex. We recall some results on the de Rham complex
(see for example [25]) and some results from [29] and [26]. From now one we will assume that W
is compact. In this section we also assume that W has no boundary.

Let denote by Q7 the space of sections I'(W, A T*W). The exterior differential d defines the de
Rham complex

Cor:...— Q@ W) —4 QD (W) — -,

whose homology coincides with the rational homology of W. The Hodge star  : ADT*W —
AM=DT*IV | defines an isometry » : QI(W) — Qm~9(W), and an inner product on Q7(W)

(a,B) = /Wa/\ *f3 = /W(a,/i)dvolg.

The closure of Q9 with respect to this inner product is the Hilbert space the L2 g-forms on
W. The de Rham complex with this product is an elliptic complex. The dual of the exterior
derivative d', defined by (a,dB) = (dfa, B), satisfies df = (=1)matm+ly gx. The Laplace operator
is A = (d+ dh)2 It satisfies: 1) xA = Ax, 2) A is self adjoint, and 3) Aw = 0 if and only if
dw = dtw = 0. Let HI(W) = {w € QW) | Aw = 0}, be the space of the g-harmonic forms.
Then, we have the Hodge decomposition

QUW) = HIY(W) ® dQT~ 1 (W) @ dT Qs+ (W),

All this generalizes considering a bundle over W. In particular, we are interested in the following
situation. Let p : (W) = O(k,F) be a representation of the fundamental group of W, and let
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E, be the associated vector bundle over W with fibre F¥ and group O(k,F), E, = W x, F*.
Then, we denote by Q(W, E,) be the graded linear space of smooth forms on W with values in E,,
namely Q(W, E,) = Q(W) ® E,. The exterior differential on W defines the exterior differential
on QI(W,E,), d: QI(W, E,) — Q1+ (W, E,). The metric g defines an Hodge operator on W and
hence on QI(W, E,), x : Q4(W, E,) — Q™ 9(W, E,), and, using the inner product (-,-) in E,, an
inner product on Q9(W, E,) is defined by

(2.4) (w,n) = ./;V<w A*n).

It is clear that the adjoint df and the Laplacian A = (d + d')? are also defined on the spaces of
sections with values in E,. Setting HY(W, E,) = {w € QW (W, E,) | Aw = 0}, be the space of the
g-harmonic forms, we have the Hodge decomposition

(2.5) QI(W,E,) = HI(W, E,) ® dQT (W, E,) ® d'QTTH (W, E,).
This induces a decomposition of the eigenspace of a given eigenvalue A # 0 of A9) into the

spaces of closed forms and coclosed forms: Eiq) = 5,(\(,]21 @Si’y’c)cl, where

£ = {w € AW, E,) | Aw = \w, dw = 0},

ED, = {we (W, E,) | Aw = M, dlw = 0}.
Defining ezact forms and coezact forms by

£ = {weQIW,E,) | Aw = I, w = da},

Aex
g@  _ {weQIW,E,) | Aw = dw, w = dfa}.

A,cex

Note that, if A # 0, then £7) = £{"

A,ex?

and Ef\?gc] =&

\eex» and we have an isometry

6 £, 5 €D

) A,cex !
2.6
( ¢ w Ldew,

Vo)

whose inverse is —\%d. Also, the restriction of the Hodge star defines an isometry
* :d"' QU (W) — dem-1- VW),
and that composed with the previous one gives the isometries:

Ld* 1 L ginm—ail)

Acl A,cex ’
(2.7) E/X
ﬁd“* 1 €D, — i,

2.4. Manifolds with boundary. Next consider a manifold with boundary. If W has a boundary
OW, then there is a natural splitting near the boundary, of AW as direct sum of vector bundles
AT*OW @ N*W, where N*W is the dual to the normal bundle to the boundary. Locally, this
reads as follows. Let 8, denotes the outward pointing unit normal vector to the boundary, and
dz the corresponding one form. Near the boundary we have the collar decomposition Coll(OW) =
(—¢,0] x OW, and if y is a system of local coordinates on the boundary, then (z,y) is a local system
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of coordinates in Coll(9W). The metric tensor decomposes near the boundary in this local system
as

g =dz ®dz + go(z),
where ga(x) is a family of metric structure on OW such that go(0) = i*g, where i : OW — W denotes
the inclusion. The smooth forms on W near the boundary decompose as w = wian + Wyorm, Where
Wnorm 18 the orthogonal projection on the subspace generated by dz, and wy,, is in C®(W)QAOW).
We write w = w; + dz A ws, where w; € C®(W) ® A(OW), and
(2.8) *wy = —dT A *w.
Define absolute boundary conditions by

Babs(w) o= Wnorm|6ﬂf = WQIOW' = O;
and relative boundary conditions by
Brel(w) = wtan|8W = WI|BVV = 0.

Note that, if w € Q7(W), then Baps(w) = 0 if and only if Bye(*w) = 0, Brei(w) = 0 implies
Brei(dw) = 0, and Baps(w) = 0 implies Baps(diw) = 0. Let B(w) = B(w) @ B((d + d')(w)). Then
the operator A = (d + d')? with boundary conditions B(w) = 0 is self adjoint, and if B(w) = 0,
then Aw = 0 if and only if (d + d')w = 0. Note that B correspond to

= . . wnormIBW . 0:
(219) BubS(W) B e e { (dw)normIBW =0,

_ v : wtan|3W = 0:
(2.10) Bu)=0  ifandoniyit  { v =0

Let
HUW, E,) = {w € U(W,E,) | ADw =0},
Hins (W, E,) = {w € QU(W, E,) | ADw = 0, Byps(w) = 0},
Hig(W,E,) = {w € QI(W,E,) | ADw = 0, B (w) = 0},

rel

be the spaces of harmonic forms with boundary conditions, then the Hodge decomposition reads

QL (W, E,) = HI, (W, E,) ® d0%.} (W, E,) @ diQ¥ (W, E,),
P P P P

abs abs abs abs

LW, E,) = HI (W, E,) ® dI (W, E,) @ dt it (W, E,).

rel rel rel rel

2.5. The form valued zeta functions and the analytic torsion. By the results of the previous
sections, the Laplace operator A@| with boundary conditions Babs/rel has a pure point spectrum
SPAEL%)S Jrel CONSISting of real non negative eigenvalues. The sequence Sp +Af:,’3)s /rel 18 & totally regular
sequence of spectral type accordingly to Section 3.1, and the forms valued zeta function is the
associated zeta function, defined by

(s, Agll::)s/rel) = C(S’Sp'i-Aé(xqb)s/rel) = Z AT

(q)
AESPLALL el
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when Re(s) > % (see Propositions 3.2 and 3.3). The analytic torsion Taps/rel((W, 9); p) of (W, g)
with respect to the representation p : w1 (W) — O(k,R) is defined by

-

1Ogr—,’abs/rel( W {] §Z (]( O A;(;{))s/rel)'

We will omit the representation in the notation, whenever we mean the trivial representation.

Theorem 2.1. Poincaré duality for analytic torsion [22]. Let (W, g) be an orientable compact
connected Riemannian manifold of dimension m, with possible boundary. Then, for any represen-
tation p,

log Tabs (W, 9); p) = (=1)™** log Tra (W, 9); p)-

We now use results of section 2.3 to define closed, coclosed, ezact and coezact zeta functions. We
again restrict ourselves to the case of a manifold without boundary (see [29] for the case of manifold
with boundary). By the very definition, we have

(s, A(q)) = Z diti 5/(\‘1)/\—5 = Ca(s, A(II)) + Ceal(s, A(q)),
/\ESp+A(q)
where
Cals, ) = 3" dimETA,
AESp,L AW

Cccl(sa A(q)) = Z dim S/(\?gcl)‘_s .
/\ESp+A('7)

Since, by (2.6), Ca(s,A@) = Ceals, Al7=D), we obtain from the above relations the following
formulas for the torsion of a closed m dimensional manifold W:

1 m
log T((W, 9); p) = 5 > (~1)"a¢(0, A1) = Z )%¢a(0,41)
q=1 q:
lm 1
5 Z 1)q<cc1 O A(q))

q=
In particular, using again duality, for an odd dimensional manifold W of dimension m = 2p — 1,

p—1

log T((W,g)i ) = Y_(~1)°¢4(0,4@) + ¢t 0,40)
(2.11) "2;_2 )
= Z(_l)qCécl(ovA(q)) + %Cécl(& A(p_l))'
q=0

2.6. The Cheeger Miiller theorem for manifolds with boundary, and the anomaly
boundary term of Briining and Ma. In case of a smooth orientable compact connect Rie-
mannian manifold (W, g) with boundary OW, for any representation p of the fundamental group
(for simplicity assume rk(p) = 1), the analytic torsion is given by the Reidemeister torsion plus
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some further contributions. It was shown by J. Cheeger in [7], that this further contribution only
depends on the boundary, namely that

log Tabs (W, 9); p) = log 7(W; p) + c(OW).

In the case of a product metric near the boundary, the following formula for this boundary
contribution was given by W. Liick [22], where x(X) denotes the Euler characteristic of X,

1,
log Tans (W, g); p) = log 7(W; p) + 4—x(()W) log 2.

In the general case a further contribution appears, that measures how the metric is far from a
product metric. A formula for this new anomaly boundary contribution is contained in some recent
result of Briining and Ma [3]. More precisely, in [3] (equation (0.6)) is given a formula for the ratio
of the analytic torsion of two metrics, go and g1,

Tabs((Wygl);p) 1
(2.12) log 2 I o /BW (B(V1) - B(Vo)),
where V; is the covariant derivative of the metric g;, the forms B(V;) are defined as follows,
according to Section 1.3 of [3] (observe, however, that we take the opposite sign with respect to the
definition in [3], since we are considering left actions instead of right actions, and also that we use
the formulas of [3] in the particular case of a flat trivial bundle ). Using the notation of Section
2.1 (in particular see equation (2.1)), we define the following formns

3
i

O

Il

N =
i

(i*w]‘ - i*WO)Ok A é}:,

SR &
(2.13) P =5 Y T AGAY
k,l=1
. 1 m—1
6=2 Y OunéAg.
k=1

Here, w; are the connection one forms, and Q;, j = 0,1, the curvature two forms associated to
the metrics go and gy, respectively, while © is the curvature two form of the boundary (with the
metric induced by the inclusion), and {ex}j:;" is an orthonormal base of TW (with respect to the
metric g). Then, set

(2.14) B(YV;) 1/1/30_%é_u2312i 1 k-1gk g
; B(V;) == C U ;i du.
2 Jo k=1 r (5 + 1)
Taking g; = g, and go an opportune deformation of g, that is a product metric near the boundary,
it is easy to see that (see equation (4.8) of Section 4.2)

Tars(W, 91)5p0) _ 1
1P Tabs((W, 90);0) 2 ./aw BVa).

Note that the right end side of this equation is (as expected) a local quantity, and is well defined
if there exists a regular collar neighborhood of the boundary. If this is the case, we define the
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Briining and Ma anomaly boundary term by

. 1
(2.15) Apn (W) = 3 / B(V),
ow
and we have
1
(2.16) log Tans((W, 9); p) = log 7(W; p) + Zx(GW) log 2 + Apm,abs(OW).

3. ZETA DETERMINANTS

In this section we collect some results on the theory of the zeta function associated to a sequence
of spectral type introduced in works of M. Spreafico [35] [36] [37] and [39]. This will give the
analytic tools necessary in order to evaluate the zeta determinants appearing in the calculation of
the analytic torsion in the following sections. We give the basic definition in Section 3.1, some
results concerning simple sequences in Section 3.2, the main results for double sequences in Section
3.3, and we specializes to the zeta functions associated to the Laplace operator on Riemannian
manifolds in Section 3.4. We present here a simplified version of the theory, that is sufficient for
our purpose here; we refer to the mentioned papers for further details (see in particular the general
formulation in Theorem 3.9 of [39] or the Spectral Decomposition Lemma of [37]).

3.1. Zeta functions for sequences of spectral type. Let S = {a,}32; be a sequence of non
vanishing complex numbers, ordered by increasing modules, with the unique point of accumulation
at infinite. The positive real number (possibly infinite)
sp = limsup M,
n—o0 loglan|

is called the exzponent of convergence of S, and denoted by e(S). We are only interested in sequences
with e(S) = sg < oo. If this is the case, then there exists a least integer p such that the series
Dt X P=1 converges absolutely. We assume so—1 < p < sp, we call the integer p the genus of the
sequence S, and we write p = g(S). We define the zeta function associated to S by the uniformly
convergent series

((s,8) =) ez
n=1

when Re(s) > e(S), and by analytic continuation otherwise. We call the open subset p(S) = C— S
of the complex plane the resolvent set of S. For all A € p(S), we define the Gamma function
associated to S by the canonical product

1 = —A\ T e e
(3.1) I‘(—A,S)_H<1+,_n)e i

n=1

When necessary in order to define the meromorphic branch of an analytic function, the do-
main for A will be the open subset C — [0,00) of the complex plane. We use the notation
Toe={2€C||arg(z—c)| <4}, withc>6>0,0<8 <7 Weuse Dy, =C— Xy, for the
complementary (open) domain and Ag. = 85y = {z € C | |arg(z —¢)| = 21, oriented counter
clockwise, for the boundary. With this notation, we define now a particular subclass of sequences.
Let S be as above, and assume that e(S) < oo, and that there exist ¢ > 0 and 0 < # < 7, such that
S is contained in the interior of the sector £y, Furthermore, assume that the logarithm of the
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associated Gamma function has a uniform asymptotic expansion for large A € Dg(S)=C-%y,
of the following form

oo g(S)
log (=), 8) ~ > aa;0(=N)% + Y ar1(~\)*log(-A),
j=0 k=0

where {a;} is a decreasing sequence of real numbers. Then, we say that S is a totally regular
sequence of spectral type with infinite order. We call the open set Dy .(S) the asymptotic domain
of S.

3.2. The zeta determinant of some simple sequences. The results of this section are known
to specialists, and can be found in different places. We will use the formulation of [34]. For positive
real numbers [ and g, define the non homogeneous quadratic Bessel zeta function by

) -2 =
Jox
e =3 (B

k=1

for Re(s) > % Then, z(s,v,q,!l) extends analytically to a meromorphic function in the complex
plane with simple poles at s = %, —%, —%, .... The point s = 0 is a regular point and
1 1
Z(O,I/,q,l) = _5 <V+ 5) )
I,(1
2'(0,v,q,1) = —log \/27rl—"(ui).
q

In particular, taking the limit for ¢ — 0,

(3.2)

v+3
2'(0,v,0,1) = —log _\{El—z
2720 (v + 1)
3.3. Zeta determinant for a class of double sequences. Let S = {/\n,k};fkﬂ be a double
sequence of non vanishing complex numbers with unique accumulation point at the infinity, finite
exponent sop = e(S) and genus p = g(S). Assume if necessary that the elements of S are ordered
as 0 < [Ap1] < |A12] < A21] < .... We use the notation S, (Sy) to denote the simple sequence
with fixed n (k). We call the exponents of S, and Sj, the relative ezponents of S, and we use the
notation (so = e(S), s1 = e(Sk), s2 = e(S,)). We define relative genus accordingly.

Definition 3.1. Let S = {\y k}7=1 be a double sequence wilh finite exponents (so, s1, s2), genus
(Po, p1,p2), and positive spectral sector Sg,c,. Let U = {u,}32, be a totally regular sequence of
spectral type of infinite order with exponent ro, genus q, domain Dy 4. We say that S is spectrally
decomposable over U with power k, length £ and asymptotic domain Dy, ., with ¢ = min(cg,d,c’),
0 = max(6o, ¢,0'), if there exist positive real numbers r, € (integer), ¢, and 0', with 0 < 0’ < =,
such that:

Ank

[ee]

(1) the sequence u,"S, = {W }k=1 has spectral sector £y o, and is a totally reqular sequence
of spectral type of infinite order for each n;

(2) the logarithmic T-function associated to S,/uf has an asymptotic exzpansion for large n

uniformly in X for X in Dy, of the following form

14 I
(3.3) logD'(= A, u, " Sp) = Z Gop (N)u, " + Z Py (N)uy P log uy, + o(u,; ™),
h=0 =0
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where oy and p; are real numbers with oy < -+ < g¢, po < -+ < pr, the Pp(X) are
polynomials in X satisfying the condition P, (0) = 0, £ and L are the larger integers such
that oy < 19 and pr, < ro.

When a double sequence S is spectrally decomposable over a simple sequence U, Theorem 3.9 of
[39] gives a formula for the derivative of the associated zeta function at zero. In order to understand
such a formula, we need to introduce some other quantities. First, we define the functions

1 e—At
ts—l_'/A S bon(NdAdt.
0,c

271

geel

(3.4) ®ou(s) = |

Next, by Lemma 3.3 of [39], for all n, we have the expansions:

o0 P2
10g D(=X, S /) ~ > aas0m(=N)% + ) ak1,n(=2)" log(=X),
(3.5)

oo

P2
¢Uh. i Z bah a;,0 )‘)aj + Z bdh,k,l(_/\)k 10g(_’\)7
j k=0

j=
for large A in Dy .. We set (see Lemma 3.5 of [39])

Ago(s) =) <ao 0,n Zbah,o Uy, )

(36) nozol h=0
Aji(s) = Z (aj,l,n = Zba,‘,j,lu;"") u, ", 0<j < pa.
n=1 h=0

We can now state the formula for the derivative at zero of the double zeta function. We give
here a modified version of Theorem 3.9 of [39], more suitable for our purpose here. This is based
on the following fact. The key point in the proof of Theorem 3.9 of [39] is the decomposition given
in Lemma 3.5 of that paper of the sum

oo
T(s,A,8,U) =D uz"*logT(— A, u5"Sn),
n=1
in two terms: the regular part P(s, \,S,U) and the remaining singular part. The regular part is
obtained subtracting from 7 some terms constructed starting from the expansion of the logarithmic
Gamma function given in equation (3.3), namely

P(s, A, S,u) = T(s,\,S,U) Z% u; %" —ZPp, u; P 10g Un.

Now, assume instead we subtract only the terms such that 'che zeta function ((s,U) has a pole
at s = o, or at s = p;. Let 75(3, A, S,U) be the resulting function. Then the same argument as the
one used in Section 3 of [39] in order to prove Theorem 3.9 applies, and we obtain similar formulas
for the values of the residue, and of the finite part of the zeta function ((s,.S) and of its derivative
at zero, with just two differences: first, in the all the sums, all the terms with index o such that
s = oy, is not a pole of ¢(s,U) must be omitted; and second, we must substitute the terms Ag(0)
and Ap 1 (0), with the finite parts of the analytic continuation of Ago(s), and Ap.1(s). The first

modification is an obvious consequence of the substitution of the function P by the function P. The
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second modification, follows by the same reason noting that the function Aq, x(s) defined in Lemma
3.5 of [39] are no longer regular at s = 0 themselves. However, they both admits a meromorphic
extension regular at s = 0, using the extension of the zeta function ((s,U), and the expansion of
the coeflicients @ay k,n for large n. Thus we have the following result.

Theorem 3.1. The formulas of Theorem 8.9 of [39] hold if all the quantities with index oy, such
that the zeta function ((s,U) has not a pole at s = o, are omitted. In such a case, the result must
be read by means of the analytic extension of the zeta function ((s,U).

Next, assuming some simplified pole structure for the zeta function ((s,U), sufficient for the
present analysis, we state the main result of this section.

Theorem 3.2. Let S be spectrally decomposable over U as in Definition 3.1. Assume that the
functions ®,, (s) have at most simple poles for s = 0. Then, ((s,S) is reqular at s = 0, and

14
1
Q(O, S) == AO,l(O) + E § Re%l ‘I)ah(s) Res; C(S) U)a
h=0 °%

S§=0onpn

14
¢'(0,5) = — Ao,o(0) — Ap 1 (0) + % > Ress @, (s) Rest ((s,U)
h=0 = S=0

£ £
1 /
+— > Reso o, (s) fifj: ¢(s,U)+ Y Res; @, (s) Reso ((s,U),

h=0 h=0 Sl S=h,

where the notation Z/ means that only the terms such that ((s,U) has a pole at s = o, appear in
the sum.

This result should be compared with the Spectral Decomposition Lemma of [37] and Proposition
1 of [38].

Remark 3.1. We call regular part of ((0,S) the first term appearing in the formula given in the
theorem, and regular part of ¢'(0, S) the first two terms. The other terms gives what we call singular
part.

Corollary 3.1. Let S;) = {/\(j)yn,k}z‘jkﬂ, 7 =1,..,J, be a finite set of double sequences that
satisfy all the requirements of Definilion 3.1 of spectral decomposability over a common sequence
U, with the same parameters &, £, etc., except that the polynomials P(jy ,()\) appearing in condition
(2) do not vanish for A = 0. Assume that some linear combination ZJJ:I ;i Pj),p(A), with complex
coefficients, of such polynomials does satisfy this condition, namely that ZyJ‘=1 c; Py, (A) = 0.
Then, the linear combination of the zeta function Z;=1 c;jC(s,5(;)) is regular at s = 0 and satisfies
the linear combination of the formulas given in Theorem 3.2.

3.4. Zeta invariants of compact Riemannian manifolds. We recall in this section some known
facts about zeta invariants of a compact manifold. We will rewrite such results in the terminology
of zeta functions associated to sequences of spectral type just introduced. Our main reference are
the works of P. Gilkey, in particular we refer to the book [14].

Let (W, g) be a compact connected Riemannian manifold of dimension m, with metric g. Let
A@ denote the metric Laplacian on forms on W, and SpA(@ = {M}52y (Mo = 0) its spectrum.
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Then, there exists a full asymptotic expansion for the trace of the heat kernel of AW for small t,
(@) = j
(3.7) Trpae 8" =17% ) 612,
J=0

where the coefficients depend only on local invariants constructed from the metric tensor, and are
in principle calculable from it.

Proposition 3.1.

1 m
s = e

1

)

q

%2 = §am?T ((?) B 6(?—_ 1 )) |, 7ol

o s () ()
(

1 m m— 2 m—4
— (-2 180 - 1720 Ric|?dvol
T 360(4m)? (q)+ (q—l) (p—2)) el dvels

1 m m— 2 m—4
— 2 -30 180 R|2dvol,,.
" 3600am % ( (1) <q—1)+ (P—2>)/W| [Fdvoly

Proposition 3.2. The sequence Sp+A(‘7) of the positive eigenvalues of the metric Laplacian on
forms on a compact connected Riemannian manifold of dimension m, is a totally regular sequence
of spectral type, with finite exponent e = %, genus g = le], spectral sector £y . with some 0 < ¢ < Ay,
€ < 0 < %, asymptotic domain Dy . = C — Xy, and infinite order.

—

I2

|

Proposition 3.3. The zeta function ((s, Sp+A(‘7)) has a meromorphic continuation to the whole
complex plane up to simple poles at the values of s = mT‘h, h=0,1,2,..., that are not negative
integers nor zero, with residues

Resls=mT—h C(S,Sp+A(‘1)) = H%;jj’
the point s = —k =0,—1,—-2,... are regular points and
¢(0,Sp  AD) = ¢ 1 — dimkerA(®,
¢(—k,Sp,  AD) = (=1)*kleg mtok.

4. GEOMETRIC SETTING AND LAPLACE OPERATOR

4.1. The finite metric cone. Let (W, g) be an orientable compact connected Riemannian manifold
of finite dimension m without boundary and with Riemannian structure g. We denote by CW the
cone over W, namely the mapping cone of the constant map : W — {p}. Then, CW is compact
connected separable Hausdorff space, but in general is not a topological manifold. However, if we
remove the tip of the cone p, then CW — {p} is an open differentiable manifold, with the obvious
differentiable structure. Embedding W in the opportune Euclidean space R*, and R* in some
hyperplane of R*¥t", with opportune h, disconnected from the origin, a geometric realization of
CW is the given by the set of the finite length [ line segments joining the origin to the embedded
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copy of W. Let z the cuclidean geodesic distance from the origin, if we equip CW — {p} with the
Riemannian structure

(4.1) dz ® dz + z2g,

this coincides with the metric structure induced by the described embedding. We denote by Co W
the space (0,l] x W with the metric in equation (4.1). We denote by C,W the compact space
CogW = CoyW U {p}. We call the space C;W the (completed finile metric) cone over W. We
call the subspace {I} x W of C\W, the boundary of the cone, and we denote it by 8C;W. This is
of course diffeomorphic to W, and isometric to (W,{%g). For the global coordinate z corresponds
to the local coordinate 2’ = | — 2, where 2’ is the geodesic distance from the boundary. Therefore,
go(z') = (I - z)3g, and if i : W — C(o,yW denotes the inclusion, i*(dz ® dz + 2%g) = g5(0) = 2g.
Following common notation, we will call (W,g) the section of the cone. Also following usual
notation, a tilde will denotes operations on the section (of course § = g), and not on the boundary.
All the results of Section 2.4 are valid. In particular, given a local coordinate system y on W, then
(z,y) is a local coordinate system on the cone.

We now give the explicit form of %, df and A. See [8] [9] and [27] Section 5 for details. If
w € QI(Co W), set

w(@,y) = fr(@)wi(y) + fa(z)dz A wa(y),

with smooth functions f; and fz, and w; € Q(W). Then a straightforward calculation gives

(4.2) *w(z,y) = 2™ fy(2)kwa (y) + (=1)%2™% fi (2)da A Fwi (),

dw(z,y) = fi(x)dwi(y) + Oz f1(z)da A wi(y) — fo(x)dz A dws(y),
(4.3) d'w(z,y) = 272 fi(@)d'wi(y) — ((m = 20 + 2)271 [2(2) + 8u fa(2)) wa(y)
— 272 fy(z)dz A dlws(y),

Aw(z,y) = (-2 f1(z) — (m — 2¢)z ™10, f1 (2)) wiy) + &2 f1(z) Awi (y) — 2271 fa (@) dwa(y)
(4.4) +da A (272 fa(2)Bws (y) +wa(y) (=02 fa(x) — (m — 20 + a0, fa(a)

+(m — 29+ 2)27% fa(x)) - 2$_3f1($)fztw1(y)> :

4.2. Riemannian tensors on the cone. We give here the explicit form of the main Riemannian
quantities on the cone. All calculation are based on the formulas given in Sections 2.2 and 2.6. Recall
that a tilde denotes quantities relative to the section, that we have local coordinate (z,yj, . .. s Ym)
on C;W, and that the metric is

g1 = dx®d,rz+m2_q.
Let {bx}7, be a local orthonormal base of TW, and {bj}}*, the associated dual base. Then,

eo = Oy ey = dz,

1
@k=‘w‘bk; er = by, 1<k<m.
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Direct calculations give Cartan structure constants

ciko = 0, 1<j,k<m,
d
Cort = —cro = — =, 1<k 1<m,
T
1. .
Cikl = Ecjkl’ 1<,k <m.
The Christoffel symbols are
Tort = 0, 1<k l<m,
Ok ;
Tjor = —Djko = =, 1<j,k<m,
x
1= .
Tjm = =T, 1<,k 1<m.
T
The connection one form matrix relatively to the metric g; has components
wi,00 =0,
1 * b* 1 <5<
W1,0'=‘_W1|‘0=—_e':_ 3 sJ=sm,
(4.5) ’ T
m l m N m -
wige = > Thejeh = - > Thrjeh =D Thrjbh = G5k, 1< Gk <m.
h=1 h=1 h=1
To compute the curvature we calculate
m m
dwi0j = — Z(a[b;) ANdy, = — Z ((9lbkj)dyk A dyi,
=1 k=1
where b; = S ohe brjdyk, and, for 1 < j, k < m,
dwy jx = dijy;
while
m m m
~(WiAwi)ro = (w1 Awok = D wio Awiie = Y wio Awiik =— Y b Aduk,
1=0 1=1 =1
m m
(Wi Awr)je = D wiit Awiik = wijo Awiok + Y Wit Awiak = =05 Ab; + (& A D)k,
1=0 =1
for 1 < j,k < m. The curvature two form has components
Q1,00 =0,
m m
Quoj == D (Bubig)dys Adyr =y b} A, 1<j<m,
1,k=1 1=1
Ql'ijd&')jk—b;/\bi.-}-(L:)/\a))jk=ij—b;/\bz., 1<j,E<m.

Next, considering the metric go = dz @ dz + g, similar calculations gives:
wo0; =0, 0<j<m,

4.6 < ;
( ) wo,jk = wjk, 1 S ],k: S m.



ANALYTIC TORSION OF CONES 19

By equations (4.5) and (4.6),

1 * * l * * 1 = * *
(4.7) 51=—Zzek/\e.z—52bk/\bk:—5Zbk/\ck,
k=1 k=1 k=1
(4.8) Sp = 0.
We also need the curvature two form © on the boundary dC,W. A similar calculation gives

@jk = ij.

Note in particular that it is easy to verify the equation (1.16) of [3]: 6 = 0y - 28%. For

P & __
28T =—5 D by AbLADSAD

Jk=1
l2 m N
6=~ D7 Qe A by AR
Jk=1

while (¢*Q);x = Q5 — b} A by, gives
P = i @
"Rk = 5 ; (& i = b5 A B ) A B3 A B

4.3. The Laplace operator on the cone and its spectrum. We study the Laplace operator on
forms on the space C;W. This is essentially based on [9] and [6]. Let denote by £ the formal differen-
tial operator defined by equation (4.4) acting on smooth forms on CoyW, T(CoyW, AT*CoyW).
We define in Lemma 4.1 a self adjont operator A acting on L2(C;W, A C,W), and such that
Aw = Lw, if w € domA. Then, in Lemma. 4.2, we list all the solutions of the eigenvalues equation
for £. Eventually, in Lemma 4.3, we give the spectrum of A.

Lemma 4.1. The formal operator L in equation (4.4) with the absolute/relative boundary con-
ditions given in equations (2.9)/(2.10) on the boundary OC\W defines a unique self adjoint semi
bounded operator on LZ(C[VV,A(")T*ClW), that we denote by the symbol A,ps/Drel, Tespectively,
with pure point spectrum.

Proof. Let L9 denote the minimal operator defined by the formal operator £(9, with domain
the g-forms with compact support in Cig, l]W namely domZ(® = T'o(Clo, l]W AT*CoyW). The
boundary values problem at the boundary = [, i.e. dC,W, is trivial, and gives the self adjoint
extensions stated. The point = 0 requires more work. First, note that L(9) reduces by unitary
transformation to an operator of the type
A(z) d
i S PR

z2 ' iz
where A(z) is smooth family of symmetric second order elliptic operators (6] pg. 370. More precisely,
the map

(4.9) D? +

g : C5°((0,1], ADT*W x AU=DT*W) — C*(C(o,yW, ADT* Co W),
Wg (WD, w0y 1y g9/ 20, (D) () 4 P 1=/ 20, (0= U(z) A dz,
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where 7 : Co W — W, is bijective onto forms with compact support. Moreover, 1), is unitary
with respect to the usual L? structure on the function space F(CiW, ADT*C;W) and the Hilbert
space structure on F([0,1], ADT*W x A=V T*W) given by

l
[ (P @iy + 1 @01 -

Under the transformation 1), L(?) has the form in equation (4.9), with A(z) the constant smooth
family of symmetric second order elliptic operators in I'(W, ADT*W x Ale=DT*W):

5 =A@ = (39 +(E-9) (F-a-1) 2(-1)d
Al =20 = ( 2(—1)%2% ADp(my2-q)(2+1- q))

Next, by its definition, A(z) satisfies all the requirements at pg. 373 of [6], with p = 1 (in
particular this follows from the fact that A(z) is defined by the Laplacian on forms on a compact
space). We can apply the results of Briining and Seeley [5] [6], observing that in the present case
we are in what they call “constant coefficient case” (Section 3 of [6]). By Theorem 5.1 of [6], the
operator L extends to a unique self adjoint bounded operator A@ Note that this extension is the
Friedrich extension by Theorem 6.1 of [6]. Note also that bundary condition at = 0 are necessary
in general in the definition of the domain of A, see (L2) (c), pg. 410 of [6] for these conditions.

Eventually, by Theorem 5.2 of [6], the square (here p = 1, so m = 2) of the resolvent of AW g
of trace class. This means that the resolvent is Hilbert Schmidt, and consequently the spectrum of
A is pure point, by the spectral theorm for compact operators. Note that we do not need the
cut off function « appearing in Theorem 5.2 of [6], since here 0 < & < 1.

O

Lemma 4.2. [9] Let {gol(l(;)r,n, (pég,l,n, gog’()n} be an orthonormal base of T'(W, ANDT*W) consisting of

harmonic, coezact and exact eigenforms of AW on W. Let Ay n denotes the eigenvalue of 080, n and

Meex,q,n 18 multiplicity (so that Mcex,q,n = dim &Sg,l,n = dim &Y ). Let J, be the Bessel function

cclyn
of index v. Define

(1429 —m),

Pamn = yfAgn + 2.

Then, assuming that pgn is not an integer, all the solutions of the equation Au = A, with
X # 0, are convergent sums of forms of the following siz types:

Qq =

| —

’l'bgg,)l,n,/\ =z ']ﬂ:#q,n (/\‘(E)(nglyny
WD =22 T ) D 4 8, (% Ty, o)) A )

cex,n
WD, oy =22t (e Ty, (M) decd)

cex,n

+ater gy, (x)de A didel

cex,n

P, o =20y, (Oa)de A dplec?

cex,n
1/’(iq,)E,,\ zﬁ’a"~]i|aq|(>\-73)s01($,,n
WD | =0, (2% T, (Aa))da A oY)

har,n *
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When pqn is an integer the — solutions must be modified including some logarithmic term (see
for example [41] for a set of linear independent solutions of the Bessel equation,).

Proof. The proof is a direct verification of the assertion, using the definitions in equations (4.2),
(4.3), and (4.4). First, by Hodge theorem, there exist an orthonormal base of AWT*W as stated.
Thus, we decompose any form w in this base. Second, we compute Aw, using this decomposition and
the formula in equation (4.4). This gives some differential equations in the functions appearing as
coeflicients of the forms. All these differential equations reduce to equations of Bessel type. Third,
we write all the solutions using Bessel functions. A complete proof for the case of the harmonic
forms can be found in [27] Section 5. O

Note that the forms of types 1 and 3 are coexact, those of types 2 and 4 exacts. The operator
d sends forms of types 1 and 3 in forms of types 2 and 4, while df sends forms of types 2 and 4 in
forms of types 1 and 3, respectively. The Hodge operator sends forms of type 1 in forms of type 4,
21in 3, and F in 0.

Corollary 4.1. The functions + in Lemma 4.1 are square integrable and satisfy the boundary
conditions at x = 0 defining the domain of Aeljans. The functions — either are not square integrable
or do not satisfy these conditions.

Remark 4.1. All the — solutions are either not square or their exterior derivative are not square
integrable. Requiring the last condition in the definition of the domain of Avel/abs, it follows that
there are not boundary conditions at zero. This was observed by Cheeger for harmonic forms when
the dimension is odd in [9] Section 8.

Lemma 4.3. The positive part of the spectrum of the Laplace operator on forms on C;W, with
absolute boundary conditions on OC\W 1is:

(@) _ ) 2% .52 2%
SPLAups = { Meex,g,n ']uq,n,a,,,k/l ke U | Meex,g-1,n ]uq-l,n.aq_l,}c/l L
o0

o0
a2 2 . a2 2
U {Tncex,q—l,n : Jllq—l,nvk/l }n - u {”lq—?.n : ]“q_z.n,k/l }n i

a2 21 ~2 222
U {TTLhm-‘q’O : j|aq|,aq,k/l }kzl U {mhar,q—lvo : j]uq_1|,aq,k/1 }k—'l .
With relative boundary conditions:
SpLAY = {Moegn : j72% /17 )

[ee) o

. 1—2s -2s
U {mcex,q—l,n : J“q_llmk/l }

oo oo
. h—2s —2s ., . =28 —2s
U {Tncexvq_l'" i Jﬂq—l.nv_aq—lvk/l }n k=1 U {m’cex*""Q'" ’ '7uq-1,m—aq—2,k/l }n k=1

n,k=1 n,k=1

BECOWSRE WY e Lol TE L "SR T T el il
] k=1 a k=1

where the j, 1 are the zeros of the Bessel function J,(z), the j’,hc‘k are the zeros of the function
Ju(z) = cJu(z) +aJ) (z), c € R, ag and pgn are defined in Lemma 4.2.

Proof. By the Lemma 4.1, Lemma 4.2 and its corollary, we know that the + solutions of Lemma 4.2
determine a complete system of square integrable solutions of the eigenvalues equation A(@Dy = Ay,

with A # 0, satisfying the boundary condition at 2 = 0. Since Af:ll))s/rel has pure point spectrum,
in order to obtain a discrete resolution (more precisely the positive part of it) of Aélfjl/re

to determine among these solutions those that belong to the domain of AEL(L)S/rel, namely those that

» we have
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satisfy the boundary condition at z = I. We give details for absolute BC, the analysis for relative
BC is analogous. So consider absolute BC, as given in equation (2.9). For a form of type 1 to
satisfy this condition means

azwi?r)z,)\ o=t =0,

oqJ,

Haq,n

(M) + /\lJ,’Lq‘n(/\l) =0,
and this gives \ = juq,,.,a,,,k/l‘ For forms of type 2, we get
Oa ¥ o=t = 0,
that gives
a(q = 1),y (L) + AL, (\) =0,
SO A\ = 3u,,(i—1),k,a(i—1)/l- For forms of type 3, we obtain the system

av""‘l_lJ,Lq_lvn(/\z)b:l =0,
Oz (12“0‘1+16x(z_“"—‘Jﬂqyn ()\z))) — Az®a-1—1]

Hq—1,n

q—-1,n

(A\z) = 0.

z=l
Using classical properties of Bessel functions and their derivative, we obtain A = j,._| nx/l. For
forms of type 4, we get

»Taq_ﬁ_l']uq-zynyk()‘l”r:l =0,

that gives A = j,,_, n,x/l. Similar analysis gives for forms of types E and O: A = 3|aq|,k,aq/l and
A= 5|aq_1|,k,aq_1/l, respectively.
O

We conclude with the harmonic forms of A. The proofs are similar to the previous ones, so will
be omitted.

Lemma 4.4. [9][27] With the notation of Lemma 4.2, and

At gn = Qq £ fgn,
then all the solutions of the harmonic equation Au = 0, are convergent sums of forms of the
following four types:

(@) _..a4,qn, (@)
1/}j:,l,n =T < chl,m

(q-1)

cclyn 9

wg,)z,n =gtEastin tigoi(é,_‘i) + g g-1,02 T A g
Vi =2t R oD 4 az g1 pattein e A oD,
1/)5121,)4,11 =ga-2ntl gy A Jgoﬁzl_s)

Lemma 4.5. Assume dimW = 2p — 1 is odd. Then

HIW), 0<qg<p-1,

HI (W) =
aos( W) {WL p<q<2p-1.

0}, 0<qg<p,
Hia(CW) = { }za -1 (9-1) p(a-1) -1 =t
{z? = dx A pl1=D) pl1=1) e HI=Y (W)}, p+1<q<2p.
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Proof. First, by Remark 4.1, we need only to consider the + solutions in Lemma 4.4. The proof

then follows by argument similar to the one used in the proof of Lemma 4.3. Let sce one case in

details. Consider 1/)35’,)11” = a;“+v'1~"go£zl)m, where ay g n = ag + pgn. In order that 1/)5;”)1’71 satisfies the

absolute boundary condition (2.9), we need that

(d"/)-(f,)l,n)norm = a.+,q,nla+"""—1d.1,‘ A (](p(z) =0

acw cclyn

and this is true if and only if ay gn = 0. The condition a4 4, = 0 is equivalent to the conditions

Agn =0, and oy = —|ay|. Therefore, tp((:(g’n is harmonic, 0 < ¢ < p — 1, and '(pif')l‘n = wézl)n.

O

5. TORSION ZETA FUNCTION AND POINCARE DUALITY FOR A CONE

Using the description of the spectrum of the Laplace operator on forms AL(:,’JL /rel 8iven in Lemma
4.3, we define the zeta function on g-forms as in Section 2.5, by

C(S’ At(:l]))s/rel) = Z )\NS’
AESP+ASLILL/!(EI

for Re(s) > %1 Even if we can not apply directly Proposition 3.2, the explicit knowledge of
the behaviour of the large eigenvalues allows to completely determine the analytic continuation of
the zeta function, by using the tools os Section 3.3. In particular , it is possible to prove that
there can be at most a simple, pole at s = 0. We will not do this here (but the interested reader
can compare with [39]), because for our purpose it is more convenient to investigate the analytic
properties of other zeta functions, resulting by a suitable different decomposition of the analytic
torsion, as described here below. For we define the torsion zeta function by

1 m+1
tabs/rel(s) = 5 Z(—l)qQC(SvA;(x(II;)s/rel)'
g=1

It is clear that the analytic torsion of C;W is (in the following we will use the simplified notation
T(CiW) for T((C\W, g); p))

lOg Tabs/rel(cl‘/v) = t;bs/rel(o)'
Our first result is a Poincaré duality (compare with Proposition 2.1, [22] and the result of [11]).

Theorem 5.1. Poincaré duality for the analytic torsion of a cone. Let (W,g) be an ori-
entable compact connected Riemannian manifold of dimension m, without boundary, then

logﬁabs(CIW) = (—l)m lOgTre](C[”/).

Proof. By Hodge duality in equation (2.7), the Hodge operator * sends forms of type 1,2,3,4, E,
and O into forms of type 4,3,2,1,0, and E, respectively. Moreover, * sends g-forms satisfying
absolute boundary conditions, as in equation (2.9), into m+ 1 — g-forms satisfying relative boundary
conditions, as in equation (2.10). Therefore, using the explicit description of the eigenvalues given
in Lemma 4.3, it follows that SpAg%)S = SpAgzﬂ—q). Using the formulas in equations (4.2), (4.3),
and (4.4), and the eigenforms in Lemma 4.2, a straightforward calculation shows that the forms of
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type 1, 3, and E are coexact, and those of type 2, 4, and O are exact, and that the operator d sends
forms of type 1, 3, and E in forms of type 2, 4, and O, respectively, with inverse df. Then, set

2 21
) {Tnccl,q—l,n : ]uq—l,mk/l }

F(‘I) — .32 /l2 e
cclabs T Mecel,gn * J#q.n,aq»k n.k=1

n,k=1

[
;22 2
U {777/(:(:1,(],0 & -7|aq|,aq,k/l }k—l )

(@ _f, .52 21%° a2 21
Fcl,abs =9 Melg-1,n : -}uq—l,n,&q—hk/l k=1 U {Mel,g-2,n Juq—z,n,k/l k=1

2 222
V) {mcl,q—l.o Jlag-1lsaq-1,k/! }k_l-

F9 s the set of the eigenvalues of the coclosed g-forms with absolute boundary conditions,

ccl,abs
and F, C(gibs is the set of the eigenvalues of the closed g-forms with absolute. Since obviously SpAg‘{))s =
E c(gl),abs LLE, c(l(gbs’ and F, c(cql),abs = c(l({:bls)’ we have that
| ml 1 Ml
+1-
tans(8) = 5 D (~1)%a(s, A0) = 5 D (=1)%aC(s, A7)
q=0 q=0
1 m+1
= (=1)™ta(s) + 50m+1) 3 (=175, AL)
q=0
m+1

= (= 1)"tra(s) + 5 m o+ 1) D0 (-1)7 (0o, FG) + 6o, Fn))

q=0
= (=1)"tra(s).

Since by definition log Thps(W) = t’,.(0), the thesis follows.

abs

6. THE TORSION ZETA FUNCTION OF THE CONE OVER AN ODD DIMENSIONAL MANIFOLD

In this section we develop the main steps in order to obtain the proof of our theorems. This
accounts essentially in the application of the tools described in Section 3.3 to some suitable sequences
appearing in the definition of the torsion. So our first step is precisely to obtain this suitable
description. This we do in this section. In the next two subsections, we will make the calculations
necessary for the proof of our main theorems.

We proceed assuming dimW = 2p — 1 odd, and assuming absolute boundary condition; for
notational convenience, we will omit the abs subscript.
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Lemma 6.1.

128 p=2 y
e R = 8
t(S) - 2 E ( 1) § : mcex,q, (QJ#Q nk Jﬂq nyQq,k ]#q nv_aqvk>
q=0 n,k=1
1 l2s 2 2
p— +—28 — (A —2s
+ (—‘1) —5* Z Mecex,p—1,n (.7;1”_"11,}; (.7;1,,_1‘,1,16) )
n,k=1
l p—1 o]
2s
_ 72( DkH(0CW; Q)Y (522, Y ) P
q=0 k=1
Proof. Using the eigenvalues in Lemma, 4.3
oo 0o )
2s @)y _— ~—2s —2s :—2s
1%°¢(s,A'7) = Meex,q,nd iy g,k + Mceex,q—1 n]“q Lmr0go1,k + Meex,q=1,n 1, 1,k
n,k=1 n,k=1 n,k=1
oo )
:—2s ~—2s ~—2s
= Z mcex,q——2,n.7#q_2‘mk + Z "n'lm.r,q,O.?|ﬂqLQq,;c + Z 777'11va1—110-7|a,,_1|,aq_1,k‘
n,k=1 k=1 k=1

Since for each fixed g, with 0 < q < 2p — 2,

oo oo
(_l)qq Z mcex,q,nj;fli,aq,k < (_1)q+l(q+ 1) Z mcex,q,nj;qz‘i,aq,k

n,k=1 n,k=1
oo o
+ (—l)fl‘H(q + 1) Z mcex,q,nj;f:,k + (_1)q+2(q s 2) Z 7ncex»f7»nj;q2'z,k
n,k=1 n,k=1
) oo
) ~-2
_1)‘1 Z m"“rquOJlaqT,aq,k + ((1 + 1)(—1)‘”‘1 Z 7n1‘ar:q»0]|aq7,aq,k
k=1 k=1
oo )
— +1 s 32
_(_l)q ;1 mce‘(qn],’,q"Y glnkex q,n]“q ns0tg,k + ("1)([ ;”Lhar,q,oﬂaqiamk-
, n .
it follows that
128 2p-2 o 128 2p—-1 e
- -2 +1 N7 )
t(s) T2 Z kZ Meex,q,n (J#q,i,k 7qu ag,k ) + o ZO( 1)? ; mhar’q’o‘jmqik'
q=0 q= e=

Next, by Hodge duality on coexact g-forms on the section (see equation (2.7)) Agn = A2p—2—q.n,
and recalling the definition of the constants oy and p,, in Lemma 4.2, we have that g = %(1 -
2¢q—2p+1)=qg—p+1=—ag_2_4, and Hqn = M2p—2—qn- Thus, fixing ¢ with 0 < ¢ < p— 2,

o
~28 (2p—2-q) —2s
E Meex,q,n (]anv ]ﬂqmaq,k) + ( ) Meex,q,n -]uq ik ]#q ny—ag,k
n,k=1 n,k=1
1)
n,k=

—2s »—2s
Meex,q,n (2‘7Uq nk ‘]ﬂq nagk ]/tq.m—aq,k> J
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while when ¢ =p — 1, Ap—1,n = Aop—1-(p-1),n» and ag = 0. Therefore,

128 p—2 ®©
= q :—28 ~—2s _ =2
t(s) _7 Z(—l) 2 Meex,q,n (QJ“qvﬂ'k 3 Juq,,,,a,,,k Jﬂq,m—aq'k)
q=0 n,k=1
[22
p 1> -/ —2s
+ Z Mceex,p—1,n (]“P 1,m:k - (Ju,,_l‘mk) )
n,k=1
123 2p-1 oo
+1 —2s
w 7 Z (_l)q Z nllmr,q,O.?[aqLamkv
q=0 k=1

where j! , = juo0,x are the zeros of Jj,

1w Eventually, consider the sum

2p-1 o

_1\9+1 ~—2s
D (DTN a0 g k-
q=0 k=1

We will use some classical properties of Bessel function, see for example [41]. Recall m =
dim W = 2p—1, and therefore ay = g—p+1 is an integer. Moreover, «y is negative for 0 < ¢ < p—1.
Fixed such a g, we study the function J_q, a,(2) = agJ-q,(2) +2J,, (). Since

2J,(2) = —2Jut1(2) + pdu(2)

it follows that j_aq,aq(z) = —2J_q,41(2) = —2J_q,_,(2), and hence j|“q| agk = J—ag_1,k- Next,
fix ¢ with p — 1 < ¢ < 2p — 1, such that oy is a positive integer. Then, since

2J,(2) = 2Ju-1(2) — pdu(2),

: 7 /
the function Jy, o, (2) = agJa, (2)+2J, ,(2) coincides with zJaq_l(z) and hence j|aq| agk = Jag_1,k-
Note that when g =p—1, ap_1 =0 and hence ja,_1,0p_1,k .70 x = Ji,k- Summing up,
2p—1 o) p—2 - oo -
_1\q+1 408 _ q+1 z har Thar,q,0 Z har,p—1,0
Z( 1) Zm‘*ar'q‘f’]laql,aq,k _Z i e
q=0 k=1 q=0 = —th 1J» k=1 1’»
= m
q+1 har,q 0
+ Z( Z —2s t
q=p Jag 1.k

and since by Hodge duality mg,0 = map-1-4,0,

p—2
— +1
= E (_ q E mharqO.]_aq 1.k + E Mhar,p— 10]1k

q=0 k=1

p—1 [e)

—1)2r-a , i=2s

+ > (-1) Mhar,2p—1-4,0ag, __, k

q=0 k=1
p—2 oo [eS) p—1 oo

+1 +—28 -—28 -28
+ E (_l)q E mlmr‘q,OJ_aq_hk +(_1)p E Mhar,p-1,0]1,k + E (_1)(1 § mhar,q,O]_aq,k

q=0 k=1 k=1 q=0 k=1
p—1

o
( 1(] mharqOZ(]—aq 1k_]—a:»k)'

q=0
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Since mpar,q,0 = rtkH,(0C,W; Q), this completes the proof.

O
It is convenient to introduce the following functions. We set
(o]
Zq(s) - Z "Lcex,qnzj;fi‘ka
n,k=1

oo
_ ./ —2s
= 3 Mestgailil, o b -

n,k=1
(6.1)

Z mcean]uq u,iaq ko
n,k=1

0o

—2s —2s

Z (]_aq 1,k _j_aq k) !
k=1

for0<¢g<p-1,and
tp-1(8) = Zp-1(s) — ZP—1(5)7

e tal5) = 224(5) = Zay1(5) ~ Zay(s), 0<q<p-2.
Then,
l2s p—2 l2s .
t(s) == D (=17 (224(s) = Zg4(s) — Zg,—(5)) + (—1)”‘17 (ZP~1(5) =~ Zp_l(s))
=0
ZZS p-1
= 5 (= 1)kHq (OCW; Q) (s)
q=0
l2s p—1 l23 -1
== D (1)) = 5 D _(~1) kM, (ICW; Q)z(s),
q=0 q=0
and
p—l -1
log (W) = £(0) =L (S 1yrtir (0 4 (—1>%q(o>>
(6.3) TO pf"

[

1 (&
G (Z( 1)T*rg2,(0) + (—1)%(0)) ,
q=0 q=0
where 74 = rkH,(0C,W; Q). In order to obtain the value of log T(C; W) we use Theorem 3.2 and its
corollary applied to the functions z4(s), Zy4(s), Z4(s), Zg,+(s). More precisely, the functions 2, were
studied in Section 3.2, and we will study the functions ¢, in Sections 6.1 and 6.2, and eventually

we sum up on the forms degree ¢ in Section 7.

6.1. The function t¢,_1(s). In this section we study the function ¢,—1(s). For we apply Theo-
rems 3.1 and 3.2 to the double sequences S, -1 = = {Mp_1,n : jﬁpﬂ'mk};’f’zl and S‘p_l = {my_1.n >
(j;p_lvmk)2 %, since Zp—1(s) = (5, Sp=1)s Zp-1(8) = ((s,S,_1). First, we verify Definition 3.1.
For we introduce the simple sequence Up—1 = {mp—1,n : ftp-1,n}521.
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Lemma 6.2. The sequence Up_1 is a totally reqular sequence of spectral type with infinite order,
e(Up-1) = g(Up-1) = 2p — 1, and ((s,Up-1) = {cex (%,A(T"l)), with possible simple poles at
s=2p—1—h,h=0,2,4,....

Lemma 6.3. The logarithimic Gamma functions associated to the sequences S,, 1n/up 1,n and

min(jn_, 1,(J,.p ) )
2“-,; 1,1

Sp—l,n/ligq,n have the following representations, with A € Dg ¢, 0 < 0 <7, c=

)2
logF(—/\,S,,_lyn/pf,_ln = logH <1+ - p— ln)
Hp— 1,n,k

— log I#p-—l,n(l‘l'p_lvn V=A) + (p-1,n) log V=2

+ /tp—l n 10g(up—1 n) — pip—1,nlog2 —log T'(ptp-1,n + 1),

l‘-p 1; nyk)
—log Iu,,_l,,‘ (Bp-1,aV=2) + (p-1,n — 1) log V=2
+ ftp—1,n 10g8(lp—1,n) — tp—1,n 1082 — log T'(ptp—1,n + 1).

Using the expansions of the Bessel functions, it follow from Lemma 6.3 that there is a complete
asymptotic expansion for the functions log I'(=X, Sp_1,n/p3_1 ) and log (=), Sp—l,n/#f)_l,n), and
then the sequences S,,_lyn/,ug_lyn and S",,_lyn/uf,_l,n are sequence of spectral type. A simple
calculation shows that they are totally regular sequences of infinite order.

Proposition 6.1. The double sequences S,_1 and S _1 have relative exponents (p, = l) relative

i)
genus (p,p — 1,0), and are spectrally decomposable over Up_1 with power k = 2, length ¢ =2p and
domain Dy .. The coefficients o), appearing in equation (8.3) are op = h—1, withh =0,1,...,0 =
2p.

Proof. The values of the exponents and genus of S follow by classical estimates of the zeros of the
Bessel functions [41], and zeta function theory. In particular, to determinate sy = p, we use the
Young inequality and the Plana theorem as in [33]. Note that a > %, since sg = % The exponents
and genus of S are the same, since the zeros of the derivative of the Bessel function are correlated by
those of the Bessel function, namely j, » < jL,k < Jjuk+1. As observed, the existence of a complete
asymptotic expansion of the Gamma function logT'(—=\, Sp—1,») and log I‘(—/\,S,,_l‘n) follows by
Lemma 6.3. This implies that S,_1 , and 5',,_1,,1 are sequences of spectral type. A direct inspection
of the expansions shows that S,_; , and S’p_lyn are totally regular sequences of infinite order. The
existence of the uniform expansion follows using the uniform expansions for the Bessel functions
and their derivative given for example in [28] (7.18) and Ex. 7.2, and classical expansion of the
Euler Gamma function [15] 8.344. We refer to [18] Section 5 or to [19] Section 4 for details. This
proves that Sp_1,, and Sp_1,, are spectrally decomposable over Up_1, with power x = 2. The
length £ of the decomposition is precisely 2p. For e(Up—1) = 2p — 1, and therefore the larger integer

such that o = h —1<2p—11is 2p. a
Remark 6.1. By Theorem 3.1, only the terms with o, = 1, o = 3, ..., on = 2p — 1 namely
h = 2,4,...,2p, appear in the formula of Theorem 8.2, since the unique non negative poles of

((s,Up-1) areat s=1,s=3, ... s=2p—1, by Lemma 6.2.
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Since we aim to apply the version of Theorem 3.2 given in Corollary 3.1, for linear combination
of two spectrally decomposable sequences, we need more information on the uniform asymptotic
expansion of the difference S,_1 — Sp_l. This will also give the functions ¢, (), necessary in the
following.

Lemma 6.4. The difference of the logarithimic Gamma functions associated to the sequences

Sp_1,n/llg_1 and S,,_l,n/u?,ﬂ,n have the following uniform asymptotic expansions for large n,
A€ DB,C)

log (=2, Sp—l,n/(ﬂz—l,n)2) —logT'(=A, 5.',7_1,"/(“2_1,")2) =
= —log I(pp-1,nV—2) + log I/(.U'p—l,n V=2A) +log v—-A

1 2p—1 1 1
§log(1 - )\) + J; (z)j,p—l(/\)( P )j 10 ( 2p ) :

p—1,n
Proof. By Lemma 6.3

log I'(=A, Sp—l,n/(ﬂp—-l,n)2) —logI'(=A, Sp—l.vl/(/‘p—l,n)2) =

6.4
(6.4) = —log I(pp—1,nV=A) +log I'(itp—1,n V=) + log vV=.

Recall the uniform expansions for the Bessel functions given for example in [28] (7.18) pg. 376,
and Ex. 7.2,

e”‘/“‘_zfel’logﬁ — Uj(2) 1
IU(VZ) = 1 1 Z —— (0] e y
V2rv (1 + 22) 1 =1 iz vep
where
Up(w) =1,
1 9 9 d w
Uj(w) =§w 1-w )TUJ_l(w)+— (1 —5t°)U;j-1(t)dt,
w Jo

with w = Ti-gz——, and

nve) = &

1+ 2%)%eY T 1+ QPX_:I Yilz) +o(=
V2nvz = Vi V2P ’

21 =AU 1) — w1~ ) ()
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Then,
logl,(vz) = vV/1+ 22 +vlogz —vlog(l+ V1 + 22)
2p—1
1 1 9 Uj(z) 1
_510g27ﬂ/—210g(1+2)+10g(1+]§=17‘+O %

log I,(vz) = v\/1+ 22 + vilog z — viog(l + V1 + 22) — log 2

T Vi) 1
-—log27r1/+ log(1+z)+log 1+Z1 +O<ﬂ) ,
J=

and substitution in equation (6.4) gives

log (=X, Sp—1,n/ (1tp-1,n)%) = log T (= Sp—l n/ (p-1,2)%)

(
1 oy \/—,\ 1
=3 log(1—XA)—log | 1+ Z 7

p 1,n N’p—l n
2p—1
Vi(V=2A) 1
+ log (1 + E i ( o )) .
J P
j=1 tu‘p 1,n /‘Lp—l,n

Expanding the logarithm as

where ag = 1, a; = [ and

we have that

. 1
g (= X, Sp1,n/(ttp=1,n)*) =108 T (=, Sp1,n/ (p-1,n)*) = 5 l0g(1 = A)
2p—1

25

Jll‘l‘pln

1
+0 2—> ;
</~l‘ppln

where we denote by I;()\) the term in the expansion relative to the sequence S (thus the one
containing the V;(z)) and by [;(\) the term relative to S (thus the one containing the Uj(z)).
Setting

( (V=2) - U; \/_)+ZJ ( (V=X)ij-k(\) — U}c(\/—_)\)lj—k()‘)>>

i1
= V() = UV + X 2 (Vv Rsor() = UV Rk
k=1

we have the formula stated in the thesis.
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O

Remark 6.2. Note that there are no logarithmic terms log Hp—1,n i the asymptotic expansion
of the difference of the logarithmic Gamma function given in Lemma 6.4. This permits to apply
Corollary 3.1.

Next, give some results on the functions ¢;,-1()), and on the functions ®;,-1(s) defined in
equation (3.4).

Lemma 6.5. For all j, the functions ¢;,-1(\) are odd polynomial in w = —L

T-A
3j+1
Pip-1(N) = Y @j 1w,
k=j
Proof. This follows by the definition in equation (6.5) in the proof of Lemma 6.4. O

Lemma 6.6. For all j, ¢;,-1(0) =0.
Proof. We use induction on j. For j =1

$1p-1(N) = 1(A) = h(A) = Vi(V=D) = Ui (V=)
l 1 1 1
2

)

(1—A)%+2(1-A)%

and hence ¢1;,-1(0) = 0. Assume ¢y, p—1(0) =0 for k = 1,...,5 — 1. For simplicity, write ¢ as a
function of w = (1 — A)~%. Then, by definition

bip-1(w) = I;(w) — 1;(w)

i
= Vj(w) = Uj(w) + Z JT (Us(w)lj_s(w) - Vs(w)lj_s(w)>
s=1

=l ‘
= Vj(w) — U;(w) + Z J——]—— (Us(w)(lj_s(w) - lj_s(w)))

j-1
+ ;(1 — w?) (%Us_l(w) + U)Q%Us_l(w)) Ij—s(w).
Since U;(1) = V;(1) for all 7, and ¢j—1,p-1(w) = lj—1(w) — lj—1(w), using the induction’s
hypothesis, the thesis follows.
O

Corollary 6.1. For all j, the Laurent expansion of the functions ®g;41,-1(s) at s =0 has coeffi-
cients: for1<j<p-1

37+1 k
1
Reso ®oj41p-1(5) =2 D @jpo1k 1" Resy ®2;4+1,p-1(s) = 0,
=0 k=j+1 t—2 s=0
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and for 7 =0
R,ESOO (I71,p_1(5) = 2aoy,,_1,1 = 1, Res1 (Dl,p_l(s) =0.

s=0

Proof. The proof follows from the definition in equation (3.4), classical results on the Euler Gamma
function (see equation (10.5) in the appendix), and calculation based on the formula (10.6) in the
appendix. See [17] for further details. The formula for j = 0 follows by explicit knowledge of the
coefficients aop,;1. O

Next, we determine the terms Ag(0) and Af;(0), defined in equation (3.6). Using an upper
dot to denote the ones relative to the sequence S"p_l, we have the following result.

Lemma 6.7.
Ao0p-1(8) = Ao0,p-1(5) — Ao0,p-1(5) =0,
. 1
Aopr_l(S) = Ao,l,p—l(s) - Aoyl,p_l(s) = 5((28, Up_l).

Proof. The defining equation (3.6) reads

oo P
—2j+1 | —a2s
AO,O,p—l(S) = § Mceex,p—1,n | @0,0,n,p—1 — § b2j—1,0,0,p—1/"’p—1,n Hp—1ns
j=1

n=1
) P
N -2j+1 —2s
Ao1p-1(s) = E Meex,p—1,n | @0,1,n,p—1 — § b2j-1,0,1,p-11p 10 | HpZ1m-
n=1 j=1

in the present case. We need the expansion of the functions log I'(=A, Sp—1,n/p2_1.,), loj—1(N),
log P(—/\,.S"p_lyn/;L?,_l'n), and izj_l(A), for j =1,2,...,p, and large X\. Using classical expansions
for the Bessel functions and their derivative and the formulas in equation (3.5), we obtain (see [17]
for further details)

1 1
a9,0,n,p—1 = 5 log 27 + </Lp—1,n ek 5) log Hp—1,n — Hp-1,n log 2 — log F(/"P-l,n S 1)a

1 1
ao,1,n,p—1 = 3 Hp—1mn + 5/

b2j—1,0,00-1 =0, b2j_101p-1=0, j=1,2,...p,

note that baj_1,0,0p—1 = 0 since lo;_1(\) don’t have constant term.
. 1 1
a0,0,np—1 = 3 log 27 + <up_1,n + 5) log ftp—1,n — Hp—1,n1082 —log T (pp—1,n + 1),

. 1 1
ap,1,n,p—1 = 5 Hp—1,n — 5 )

b2j-1,0,0p-1 =0, b2j_101p-1=0, 7=1,2,...p,

and 1')2J~_1’0,01p_1 = 0 since [2]‘_1(/\) don’t have constant term. The thesis follows.
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We now have all the necessary information to apply Theorem 3.2 and its corollary. We obtain
the following result, where we distinguish the regular part and the singular part, as in Remark 3.1.

Proposition 6.2.

tp 1(0) = tp l,reg(o) + Lp l,sing(o)>
(0) - tp 1 reg(o) + tp 1 mng(o)

where

1 ~ (p—
lp—1 reg(o) C(O Up— ) = _§Ccex <0aA(p U) )
tp—l,sing(o) = 0;

1 7% -
tyetea®) = (0, Up 1) = ~2 Cly (0,501,
p—l
t;,-l,sing ZRGSO @2_7_,.1 q( ) Res; C(s Up 1)

s=2j+1

lp : s =~
= = 3 Resg Bj41,4(s) Resy (o —.A<P-1>).
2j:01§2300 2_}+11(I(5)s=§7‘5_'1_1cex (2,

Proof. By definition in equations (6.1) and (6.2),

tp—l(o) :Zp 1(0) = Zp—l(o):
tp-1(0) =Z,_1(0) - Z,_,(0),

where Z,_1(s) = ((s,Sp-1), and Z,_1(s) = ¢(s,8p—1). By Proposition 6.1 and Lemma 6.4, we
can apply Theorem 3.2 and its Corollary to the difference of these double zeta functions. The
regular part of Z,_;(0) — Z,-1(0) is then given in Lemma 6.7, while the singular part vanishes,
since, by Comllaly 6.1, the residues of the functions ® ,_1(s) at s = 0 vanish. The regular part
of Z,_1(0) - Zp 1(0) again follows by Lemma 6.7. For the singular part, since by Proposition 6.1,
k=2¢=2p, and oy, = h — 1, with 0 < h < 2p, by Remark 6.1 we need only the odd values of
h—=1=2j+1,0<j<p-1, and this gives the formula stated for by i et (0)- O

6.2. The functions ¢,(s), 0 < g < p — 2. In this section we study the functions #,(s). For we
apply Theorems 3.1 and 3.2 to the double sequences S; = {mg. ]Nq Lkt and S+ = {mgn :
]#q n:tozq,k}n——l’ since we have that Z,(s) = ((s, Sg), Zq,+(s) = ((s, Sg,+), where ¢ =0,1,...,p— 2,
aq = p—q— 1. Note that the sequence S, coincides with the sequence S,_1 analysed in Section
6.1, with ¢ = p — 1. So we just need to study the other two sequences. First, we verify Definition
3.1. For we introduce the simple sequence Uy = {mg,, : fign}5%;.

Lemma 6.8. For all 0 < ¢ < p— 1, the sequence U, is a totally regular sequence of spectral type
with infinite order, e(Uy) = g(U,) =2p— 1, and

¢(s,Uq) = Ceea (%,A(") + ag) )
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The possible poles of ((s,Uy) are at s = 2p—1—h, h =0,2,4,..., and the residues are completely
determined by the residues of the function Ceeq(s, AD), namely:

Ptk /_2k41 5 = ,
Res; C(S:Uq): Z ( 2 ) Res;  Ceex (éaA(Q)> 013].

s=2k+1 =6 J s=2(k+j)+1

Proof. By definition Uy = {Mgex,q,n © Hgn } 51, Where by Lemmas 4.2 and 4.3

Han = 4/ Agn + O‘?p

and the A, , are the eigenvalues of the operator A on the compact manifold W. Counting such
ecigenvalues according to multiplicity of the associated coexact eigenform, since the dimension of
the eigenspace of A\, ,, are finite, by Proposition 3.2, Ag, ~ nw for large n. This gives order and
genus. Next, by definition

oo oo s [e o] )
_Z 2—:-:_2 T2 Z —5-7 2
C(s,Uy) = Meex,g,n(Agn + aq) 2= < . ) Meex,q,n Mg, O‘q]
n=1 j=0 J n=1

S

= i ( j2>cm (% +.7',A<v)> a¥ = (een (%,Am) _ _;_’Cm <% + 1,A(q>) o k...
=0

The last statement follows by Proposition 3.3.
O

The analysis of the double sequences Sg + is little bit harder than that of the sequences of the
previous Section 6.1, since now the elements of the sequences are not multiple of zeros of Bessel
functions (and their derivative). However, they are the zeros of some linear combinations of Bessel
functions and their derivative, and this makes possible the following analysis.

For ¢ € C, let define the functions

Jy.o(2) = eJ,(2) + 2J(2).

Recalling the series definition of the Bessel function

v

0 (~)—z_z__(‘%
T £ LD (v + k + 1)

we obtain that near z =0
v

5 ¢ z
Joele) = (14 E) 2,
vel2) t v/ 2*T(v)

This means that the function z“’j,,,c(z) is an even function of z. Let j, ., be the positive
zeros of J, ¢(z) arranged in increasing order. By the Hadamard factorization theorem, we have the
product expansion

and therefore
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Next, recalling that (when —7 < arg(z) < %)

J,(iz) = e2 VI, (2),
T (iz) = e¥em 1) (2),

we obtain
Ju,c(iz) = €3 (eI, (z) + 2I(2)).

Thus, we define (for —7 < arg(z) < %)

(6.6) fu,c(z) = e_%i"j,,,c(iz),
and hence
) #2
(6.7) Ty tay(2) = £agl,(2) + 2I,(2) = (u: ) 1+ = .
k=1 Jn/ vtag,k

Recalling the definition in equation (3.1) we have proved the following fact.

Lemma 6.9. The logarithmic Gamma functions associated to the sequences S, +.n have the fol-

! . PV S 2
lowing representations, when \ € Dy ¢, with ¢’ = §m1n(.7“m,jﬂq,oyiaq),

log I'(—=A, Sg,+.n) = logH (1+ = =L )

J#qmiaq,k

= —log qu‘miaq(\/ =A) + pgnlog V=X = pgn log2

— log I'(1q,n) + log (1i - ) :
Haq,n

Proposition 6.3. The double sequences Sq + have relative ezponents (p, —EL, ;) relative genus
(p,p—1,0), and are is spectrally decomposable over U, with power k = 2, length £ = 2p and domain

Do . The coefficients oy, appearing in equation (35’) are o, =h—1, with h=1,2,...,£ = 2p.

Proof. The proof is the same of the one of Proposition 6.1.

O
Remark 6.3. By Theorem 8.1, only the term with oy, = 1, 0y, = 3, ..., o) = 2p — 1 namely
h =2,4,...,2p, appear in the formula of Theorem 3.2, since the unique poles of ((s,Uyq) are at

s=1,8=3,...s=2p—1.

Since we aim to apply the version of Theorem 3.2 given in Corollary 3.1, for linear combination
of two spectrally decomposable sequences, we inspect directly the uniform asymptotic expansion of
254 — Sq,— — Sg,+. This give the functions ¢,, .
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Lemma 6.10. We have the the following asymptotic expansions for large m, uniform in A, for
AE Doyc/,

2logl'(=A, Sq,n/#(z;,n) —log (=2, Sq.+,n/H(21,n) —log'(=A, Sq,—,n//i?l,n)
=—2log qu,n (Nq,n V=) + log juq,n,aq (Nq,n V—=2A) + log qu,n,_a,, (#q,n V=2)

a2
—2log pgn —log [ 1 - Tq—
/Lq,n

2p—1 1
=log(1 — Z @jq(A N.‘n (W) ;
Proof. Using the representations given in Lemmas 6.4 and 6.9, we obtain
2108 T(~A, Sqn/iin) ~ 108T(=A, St n/2) — 1B (=X, S /%)
= —2log 1y, , (tgnV=X) +108 Ty, 1 00 (anV=2) + log ]

Hq,n,—aq
ag
—2log jign —log | 1 — " .
q,n

Using the expansion given in Lemma 6.4 for I, (vz) and I},(vz), we obtain the following expansion
for I, +a,(v2),

(/»Lq,n\/"_/\_)

IA,,,iaq(uz) = ta,l,(vz) + vzl (vz)

RNAET=) ulog———H_\;m 2p-1 1 1
- 213 ¢ ¢ . (2] = -
_\/;(1+z )4 ¥or l+;wiam](a)uj+o<”2p> ;
where Wi, (2) = Vj(z) £ \/1+7U (2). Thus,

X L
log I, t+a,(vz) =vV/1+4 22 + viogz — vilog(l + V14 22) + logv + i log(1 + z%)

2p—1

1 1
2= 510g27w+10g (14— Z Wia,,i(2 ) +O (ﬁ)) .

j=1
This gives,
2log I'(=A, Sg, n/liq n) —logT(=A, Sq,+,n/,u'r2;,n) —log (=2, Sq,—,n/lf‘g,n)

2p—-1 —
=log(1 - \) — 2log 1+Zu+o< 1,,)
j=1 [, q,n

2p—1
w. (V=X
+ log 1+z i )+O<

llqn

2p—-1
Wea, (V=X
i) +log 1+Z 2 )+o<—l—>

2p
Haqn /lq n
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Using the same expansion for the logarithm as in the proof of Lemma 6.4

ZIOgP(_A’ Sqm/”i,n) R logr(")‘ Sq + n/,ug n) - logr(_/\: Sq,—‘y"-/.u‘?],n)

_ 1
=log(l—A) +Z (=2l25-1(N) + 15 (N) + 155, (V) 21

Lg\n
Ly AN 1
+Z —20;(\) + 150 +15;(N) + =+ | +o< p),
J ] Hgm #qn

where we denote by [;(\) the term in the expansion relative to the sequence S (thus the one con-
taining the U;(z)) and by lji()\) the terms relative to Sy (thus the ones containing the Wiq, ;(2)).
Setting
$25-1,0(N) = =221 (N) + 15 (N) + 15,1 (V)
(6.8) o2
$25,4(N) = =2la5(N) +135(A) + 1;(N) + 7{']’

the result follows.

O

Remark 6.4. Note that there are no logarithmic terms log g, in the asymptotic expansion of the
difference of the logarithmic Gamma function given in Lemma 6.10. This permits to apply Corollary
3.1.

Next, we give some results on the functions ¢;,(A), and on the functions ®;,(s) defined in
equation (3.4).
1

Lemma 6.11. Forall j and all0 < g < p—2, the functions ¢; 4(\) are odd polynomial in w =

fEEDY
2j—1
2k+25—1
$2j-1,4(A) = E agj—1,q kw2 AL,
k=0
2j 2j
Z 2k+25
¢2_1q a2j,q,kW = ]
k=0

The coefficients ajq 1 are completely determined by the coefficients of the expansion given in
Lemma 6.10.

Proof. This follows by direct inspection of the last equality in the statement of Lemma 6.10. O

Lemma 6.12. For all j and all0 < ¢ <p—2, ¢j,(0) =0.

1

Proof. The proof is by induction on j. We will consider all the functions as functions of w = =

We use the following hypothesis for the induction, for 1 < k < j—1:

(6.9) P2r-1,4(1) =0,

(6.10) $2k,q(1) =0,
_2a2k—1

(6.11) b1 (1) = 11 (1) = o=,

(6.12) I7(1) ~ (1) =0,



38 L. HARTMANN AND M. SPREAFICO

where the functions ¢;,,(\) are defined in equation (6.8), and the function [(A) in the course of the
proof of Lemma 6.10.

First, we verify the hypothesis for 7 = 1. Equations (6.11) and (6.12) follow by the definition
when k£ = 1. For equations (6.9) and (6.10), we have by definition when k = 1 that
$1,0(A) = =201 (N) + 1 (N) + 1T (V)

= =20, (V=N) + Vi(V=X) + agUo(V=2) + Va(V=2X) = a,Up(V=2X)
1 1
TTaoN Ay

and
B2,0(N) = —2lo(N) + 1T (\) + 15 (N) + a?

= —2Ua(V=X) + 2Va(V=X) + U1 (V=X)? = V1 (V=))?
. ST N I S
To2(1=-2)  T@-=-XN2 2(1-x3 7

and hence equations (6.9) and (6.10) are also verified when k = 1.

Second we prove that the equations (6.9), (6.10), (6.11), and (6.12) hold for k = j. Recalling
that Uk (1) = Vi(1) for all k, we have from the definition that

I3 1 (1) = 1351 (1) =Usj_1(1) — agUsj—2(1) — Ugj_1(1) — aqUa2j-2(1)
252

-3 R (U ca) - 1)
k=1

Lloj-1-%
+ Z “oi~1 (aqu—l(l)(lz_j—l—k(l) + lg_j—l—k(l))) ;
k=1

and hence, using the hypothesis we obtain

lgi—1(1) —13;_, (1)

J—1 ; 2(j—k)
2(5 — k) Qq
= - 2aqU2j_2(1) + 2 2j—_101qU2k—2(1) (2l2(j—k) = Ji—k
j-1 2(j—k)-1  J-1 /.
-2 2(j—k)—1
- > Un()—5——+ (121. _)1 Y6 Ukt (Dt (D)
k=1 4 k=1 J
20291 20
== g1~ 20aU-() + 5 Uz2(1)
e 2j-3
+ '2.}—_(11 (2(] - 1)l2j—2 = Z (2] -2- k)aqu(l)ZQj—Q—k(l)>
k=1
2271 20 204(25 — 2)Us;
2% on U1 977, (1) 4 2%a\&) T 4)V25-2
25 -1 2eaUa-o\l)+ 5= la-all) + 2j -1
2a?lj‘1

-1’
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thus proving (6.11) for k = j. For (6.9), note that

$2j-1,4(1) = = 2lg5-1(1) +13;_, (1 ) +15-4(1)
27-2

g Z 2J—1 ( +(1)(2laj-1- k(l)_gj_l_ku)—z;j_l_k(l)))
2J “245. 1 _
_ ,CZI 2JTgéTﬁaqu 1(1 )(‘53-—1-k(1) —l?j—l—k(l))’

and using the induction hypothesis, and (6.11) with k£ = j just proved, this means that

L 9j—1— (2~ N2(-k)
b2j-1,4(1) =ZMU%_1(1)Q(O g

k=1 2‘]_1 j_k
J : N2(F—k)—
27 —1-2k . a(i)2-k)-1
— E e i—1(1) | =—— | =0.
2k=1 2j—-1 a(z)ng 1( )<2(]—k)—1 0

and (6.9) with k = j follows. For (6.12), using the hypothesis, we have

l3;(1) = 15(1)
=U2;(1) — aqUa;-1(1) — Uz;(1) — aqUs;-1(1)

27-1 92
- Z - ( (D)5 k(l)_l;_j—k(l)))
2‘7 1 s b
), sz % (alems (D05 (1) + 15_4(1)
k=1
=9 2j—2k
== 2a4Uz;-1(1) + Z 27 — QkaqU%‘l(l) (212]'_%(1) jq] )
k=1

2(j — k) + 1 S d—E)+1
— | U: 1) ————— Uak—2(1)2ly
+kz:1 o (2k 1()( k)+1+aq 2k—2(1) 2020 —k)+1(

= — 2agUzi_1(1) + %3-1(1) + 220“' (25 = 1)laj—1(1) + 20, Z I”Uk s (T (15
2j-2 E

=— 2aqU2j_1(l) + 7 (UQJ 1( ) (2_7 = l)lgj_l(l) + Z (27 -1- A‘.)Uk(l)lgj..l_k(l)
k=1

(aq(2) = 1) + ag)Usi-1(1)
]

=—2aqU2j_1(1)+ =0.

)

39
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Eventually, for (6.10)
a2l
925,90 (1) = = 2095(1) + 15;(1) + I5;(1) + Tq

o Mlg.
=2 5 B (1) @yol) - By (1) — D)

J k=1 2Y
2j-1 ..
2j -k - 4
- X St (15— (1) = ;1))
i-1 2(j—k) J Q2G=R)+1
25 — 2k oy Qq

U -2 U. —— =0

; ()= kz:zaq 2k-2(1) 5 ;

O

We also give a recurrence relation satisfied by the functions ¢;4(A), that will be fundamental in
the proof of Theorem 1.3.

Lemma 6.13. For all j and all 0 < g < p—2, the functions ¢; q(w) satisfy the following recurrence
relations (where w = ﬁ)

$2j-1,4(A) = w22 g 1 (w) + Z Kaj-14(w)ad’ + 262;-1,p-1(w)

(102J - 1a q i -
$2j,q(A) = — + ZK2J, w)ag” + 2¢2;,p-1(w),
where the K i(w) are polynomials in w.
Proof. The proof is by induction on j. For j =1,

¢1,q(w) = 2¢1,p—1(w) = —w+w?
3ws

2
h2,q(w) = —(1112 — l)ag + 2¢2 p—1(w) = —(w? - l)ag + (——u—;— — 2wt — T)

V4

Assuming the formulas hold for 1 < k < j — 2. Then, by definition of the functions ¢; 4(\) and
[(X) in the proof of Lemma 6.10, we have that

sy (w) + Uy (w) = 2las—1 (w) + w7207 (Gg1(w) + ) Kog-1,4(w)ax

2s 23 s—1
13,(w) + 13, (w) = 2ia(w) % +ZK2” ;
9 s—2
I1(w) = lgy_y (w) = 95 = 10435_11”25_1 + qq Z Das_1,4(w)a,
t=0

s—2

13, (w) = Iy (w) = —a2* ' gy 1 (w) + 0g Y Dage(w)al,

t=0
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for all s =1,2,...,7 — 1, and where the D, are polynomials in w. We proceed as in the proof of
Lemma 6.12 (see [17] for further details). For the odd index we have:

i1 (w) = I3;_ (w) =20qUnj_a(w) — 2122%—]5‘/( w) (131 (w) = l5;_1 _i(w))
k=1
+2JZQ T waqUns )ty () + 15y ()
—2aqU2J—2(w)—iZQjQ_Jl__l%‘%( (U351 —an (W) = 1351 _gp(w))
o=1
) g 2]2;'1——_1%10%(]%—1(w)(lz_l_zk(w + ;1o (w))

i1,
- Z 2J. L. Vak-1(w) (135 _gx (w) = 55y (w))

PRVl
75k 5
27 — 2k 5
=, 2jy' -1 wogUnk—2(w) (13;_ox (W) + Lo (w))
k=1 *
2 i=2
___...._2J - (2].7 1,201 +aqtz=;D2j—l,t(“))a(2,t;
and this gives
B2o5 g
poj-1,4(w) = — 2Uzj_1(w) + 2Vo;_1(w) + Z Tl_ (2Uk(w)lgj—1-1(w))
k=1
2j—1-2k B
i ,;——2—,7.:—1— (VQ’“( Y151 —ax(w )+l2j—1—2k(w)))
27 —1-2k
—212]—_1 (1ol ()i 1200 = 5y a)
=1 5
25 — 2k ~
L 25 — 1 (‘@kq(w)(l;j_%(w) + l2j—2k(w)))

Jj-1 - ol
-3 22 g U 10) (B _gew0) ~ 15 ()

—?i—2 2] 2 ¢1 +ZI{2] 1t at+2¢2j_lqp—l(w)'
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For the even index, using the result proved for the odd index, we get

J= 12]
l;;(w) = 12_](’[1)) =‘—20£qU2j 1

V2k: w) (I ok (w) = I3 (w))
k=1
j-1

Z 2J - 2k wagUag—1(w )(l;j—%(w) + l;j“Qk(w))

3=
25 — 21. +1 =
Z Vzk—l('“’)(l;j—%ﬂ(' w) — l2] 2k+1( w))

2j — 2k +1 _ :
B Z —2]_“’0‘0(]% 2(w )(l;j—2k+1(w) + 1 o1 (w))
k=1

== a?;j_lw%_l@,q(w) + aq Z ng,t(w)a

and proceeding as before, this gives the last formula in the thesis.
O

Corollary 6.2. For all j and all 0 < g < p — 2, the Laurent expansion of the functions ®gj41,4(s)
at s = 0 has coefficients: for 1 < j<p-1

Jj-1
R Z k2J+1 ta o 2Reso @2J+1 p— 1( ) Re%l ‘I)2j+1,q(8) =0,
s=|

Resg o
3;%0 2j+1,4(8) = T q

where the kj;; are real numbers, and for j =0

RGSO ¢'1,q(s) = 9RGSQ @1,;,_1(3) = 2, RCSl (I’1 q( ) 0.
s=0 s=0

Proof. By Lemma 6.11,
2j+1
$25+1,4(N) = Y agjy1,qpw T,
k=0
where w = —2—=, and ¢9;11 ,(0) = 0, therefore P agi+1,q.%k = 0. Using the formula in equation
VI—A Jj+1,q k=0 J+1,q,
(10.6) and the residues for the Gamma function in equation (10.5) in the appendix, we obtain

27+1
RCS1 Dojit,q( § a2j+1,q,k = 0.

Using the same formulas in the appendix, but the result of Lemma 6.13, we prove the formula
for the finite part. The formula for j = 0 follows by explicit knowledge of the coefficients ag,;. O

Next, we determine the terms Ao 0(0) and Ap ;(0), defined in equation (3.6).
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Lemma 6.14. Forall0 < qg<p-2,

) a2 m
A0,0,4(8) = 240,0,4(8) = A0,0,4,+(5) = A0,0,4,-(5) = = > _ log <1 - %’*) -,

— an /] Han

Ao,1,4(8) = 2A40,1,4(8) = Ao,1,4,+(8) = Ao,1,4,-(5) = (25, Ty).

Proof. For S, equation (3.6) reads

(] P
- X —-2j+1 —2s
A0,04(8) =D Meexygn | 80,0,m,q — > " baj-1,0,0.k Brs s
fi=1 g=1

) P
. —-2j+1 —2s
AO»L(I(S) i E :mcex,q,n ao,1,n,q — E :b2j—1»0x1‘flﬂ‘q,n Hqn -
n=1

i=1
for Sg +:
e} P
A, 2= —2j+1 —2s
A0,0,0,2(8) = Y Meexgn | @00t = D boj-100.205 0+ | 172,
n=1 7=1

oo P

. —2j+1 —2s

Ao1q,£(8) =D Meexgn | G01nat — D b2j-101,0205 20+ | pr2e.
n=1 ij=1

We need the expansions for large A of loj_1()), l;tj_l(/\), for j =1,2,...,p, log(=X, Sgn/p2 )

and log (=X, Sg . n/p2 ). Using classical expansion for Bessel functions and their derivative (sce
(19] or [17] for details), we obtain

1 1
log (=2, qun/p,?m) =5 log 27 + <uq,n + 5) log jiq,n — piq,nlog2
1 1 =%
—logT'(pg,n + 1) + ) (/"q,n + 5) log(—A) + Ofg™He _/\)'

For Sg 4+, by the same expansions in the definition of the function I, equation (6.7), we obtain

By s, (o (1 +ib z~’~‘> +0(e?)
v,ta, ) k C )
V2T —

and hence

1 1
log F(—A,Sq,i,n/ug,n) = pgnV—=A+ 3 log 27 + (,uq,n - 5) log tig,n — ptq,n log2

1 1
—logT'(gn) + = ( tgn — = | log(—=A) +log (1 + <y O(e_""-"‘/"_’\).
2 2 Hq,n
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This gives

1 1
@0,0,n,qg = 3 log 27 + (Nq,n + 5) log ptgn — pgnlog2 — 1Ogr(ﬂq,n + 1),

1 1
@,1nq =5 (Hant 35 |

1 1 «
G0,0,0,4,2 = 5 log 27 + (p.,m - 5) log j1g,n — log 2#9"T'(pg.n) + log (1 | ) ,

Hq,n
1 1
ao,1,n,q,+ = 5 Hqn — 5 )

while the baj_1,0,0,4; b2j-1,0,0,q,+ all vanish since the functions la;_1(}), lz,ij_l(/\) do not have con-
stant terms. Therefore,

2
aq
2a0,0,n,q = @0,0,n,q,+ — @0,0,n,q,— = — l0g (1 = ) :

q,n
2a0,1,n,¢ — 40,1,n,q,+ — @0,1,n,q,— = 1,

and the thesis follows.

Applying Theorem 3.2 and its corollary, we obtain the values of t4(0) and t;(0).
Proposition 6.4. For 0 <qg<p-—2,
tq(0) = tg,reg(0) + tq,sing (0)
£q(0) = t4,reg (0) + tg,5ing(0),
where

tQ,reg(O) = —((0, Uq) = —(cex (O»A(q) + a?]) )
tq,sing(o) = 0,
t;,reg(o) = _AILO,O(O) - A:;,O,l(o)v

p&=
tg.sing(0) = 3 jgo %2500 Pojr1,4(S) 3527'841—1 ¢(s,Uy)

p—1
RESO (I)Qj_*_l'q(s) Re51 Ccex (
0 s=0 s=2j+1

= AW 162}

| ®»

1
24
Jj=
Proof. By definition in equations (6.1) and (6.2),
tq(0) =2Z,4(0) — Zq,+(0) - Zq,_(O),
ta(0) =2Z,(0) - Z ,.(0) - Z;'_(O).
where Zy(s) = ((s,S,), and Zg +(s) = ((s, Sq,+). By Proposition 6.3 and Lemma 6.10, we can apply
Theorem 3.2 and its Corollary to the linear combination above of these double zeta functions. The
regular part of 2Z,(0) — Z,,4+(0) — Z,;,—(0) is then given in Lemma 6.14, while the singular part
vanishes, since, by Corollary 6.2, the residues of the functions @y 4(s) at s = 0 vanish. The regular
part of 2Z,(0) — Z; , (0) — Z; _(0) again follows by Lemma 6.7. For the singular part, since by
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Proposition 6.3, k = 2, £ = 2p, and o5 = h — 1, with 0 < h < 2p, by Remark 6.3 we need only the

odd values of h —1=25+1,0< 7 <p-1, and this gives the formula stated for th1 sing(0). O

7. THE ANALYTIC TORSION, AND THE PROOF OF THEOREM 1.1

In this section we collect all the results obtained in the previous one in order to produce our
formulas for the analytic torsion, thus proving Theorem 1.1, that follows from Propositions 7.1 and
7.2 below. By equation (6.3), the torsion is

logl2 i =
log T(CW) = t/( Z 1)911,2,(0 +Z

q=0

<Z 1)+, 2 (0) + Z(-nqt;(O)) .
q=0

0

However, it is convenient to split the torsion in regular and singular part, accordingly to remark
3.1 and the results in Propositions 6.2 and 6.4. First, observe that the functions z4(s) where
studied in Section 3.2, where it is showed that there is no singular contribution to z4(0) and z;(0).
S0 24(0) = 2g,reg(0), and 24(0) = 2, 164 (0). Therefore, we set

log T(CiW) = log Tyeg (CiW) + log Tying (CIW),

with
log 12 = p_l
(7.1) log Treg (CiWV) = tig (0) =—5— | D_(~=1)""1ry2,(0) + Ttq,res(
q=0 q=0
1 p—1 p—-1
+ 5 <Z(_l)q+quzé(o) + (_1)qt;,reg(0)> )
q=0 q=0
log;l2 = 1 — ,
(7'2) 10g Tbmg(cl“/) T smg Z( 1 q,Slﬂg 5 ( l)qtq,sing(o)'
=0 q=0
Lemma 7.1. Forall0<q<p-1,
1
Z‘I(O) i __2-7
zg(0) = log 2+ log(p — q).
Proof. This follows by equation (3.2). O
Lemma 7.2.
tq,reg(o) = ’_Ccex(o, A(q)), 0<g<p-2,
l':l,reg(o) il _Crl:ex(05 A(q))’ 0<g<p-2

1 * (p—
tﬂ—l,reg(o) .} _“Ccex(o Al 1))

tp lreg(o) gcex(o A(p 1))
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Proof. The first and the third formulas follows by Propositions 6.2 and 6.4, and the fact that for

the zeta function associated to any sequence S, and any number b, ¢(0,S + b) = ¢(0,S). For the
derivatives, when 0 < ¢ < p — 2, by Proposition 6.4,

t:],reg(o) = _'AOYO‘(I(O) - 6,1,(](0)'

By Lemma 6.14

n=1 “%n I'Lq,n
— m
Aoq(s) = ((28,Ug) = 5 Tezam,
n=1 Ha,n

Recalling that pq,n = \/A¢n + aq, and expanding the binomial, we obtain

oo 2 oo
« Mcex,q, m,
=~ A00,4(s) = Ab,1,q(5) = D log ( — - ) T =) Tt log g,

— Hin) Ham  fo Man
. m,
= 3 log Ay, et
=l Lgn
_ cex,q,m 24
=Y toghan Y () ekl
n=1 Jj=0
= S
_ A
= —Z < . )C(I:cl(s+]aA(q))an
=0 \J

that gives the second formula. Eventually, the result for #;,_; .. (0) follows by Proposition 6.2 and
the fact that a1 = 0 since the dimension is m = 2p — 1. O

Proposition 7.1.

log Tieg (C1W) =% Z( )97y log = — %Z )irqlog(p — q) + %log T(W,gq)
=0 a=0
q ',
= < (=1)9Ceat(0, AD) + Z(=1)P71 e (0, AP~ )) logl
q=0
17)_l 1A= 1 5
=5 O(—l T Iog— 52) )Irq log(p )—+—§logT(IV,l 9),
0= =

where rq = tkHq,(0C,W; Q)
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Proof. Substitution in the formula in equation (7.1) of the values given in Lemmas 7.1 and 7.2 gives

p—1

-1
o, 1 1
log Treg(C1V) =5 3 (-1 "rqlog———éz )7rq log(p — q)
q=0

q=0

p—2

2> (1)1 (0,A@) + (- 1)*’4;1(0,&("“”))-

=0

p—2
- ( (_1)q<ccl(0a A(Q)) + %(_1)p—14cc1(0: A(p_l))> log !
1
4

By the second formula in equation (2.11)

o 1
(22 1) ¢ (0, AW + (~1)P¢L, (0, Al 1))>=§IogT(W»9)’

q=0

and this gives the first formula stated. For the second formula, note that the boundary of the cone
OC, W is the manifold W with metric I2g. The restriction of the Laplace operator on the boundary

is then Agc,w = l%. Since for the zeta function associated to any sequence S, and any number a,
¢'(0,a8) = —¢(0,S) loga +¢'(0, 5),

a simple calculation shows that

p—2
i (Z(—l)q(cd(O,A(q)) + %(—l)p_lgccl(O:A(p_l))> 10312

q=0

(22 D™ (0, A1) + (1)7’4;1(0,&“"”))

=t(0,W)log!? +t'(0, W) = log T(dC,WV).

a
Proposition 7.2.
1 p—l p—1 !
log Thing(CiIW) =5 >~ (~1)" 3 Reso @741(s) Resy Geon (5,49 +a2)
q=0 3=0 s=j+3
1 p—1 =1 q _
=§ Z(—l)q ZRGSO <I>2j+1(s) Z(—l)l R(",Sl 4 <S, AW + Ozg)
q=0 j=0 =0 1=0 s=j+3
1P°= 1 =1 j )
=5 Z —1)4 ZERGSO Dopy1,q 5)< % ) RCSl Ceex (S A(Q)) aﬁ“‘k’
q=0 =0 k=0 s=j+3%
pPoipzt g ———k q - .
Sz ZRC%O Popt1,4( ( ) Z Rgslx ¢ (s, A(l)) a2k,
“ g=0j=0 k=0 1= s=j+3
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Proof. The first formula follows by substitution in equation (7.2) of the values given in Propositions
6.2 and 6.4, and observing that, for the zeta function associated to any sequence S

aRes; ((as,S) = Res; ((s, S).
s=asp

s=so

The second by duality, see Section 2.5,
q
Al — AlD)) _ AlD)) — Al@Y Ala-1)) — _1)etk AR
ot (5,89 = ¢ (5,89 — ¢y (5,89) = (5,A9) — (et (5, A6~ 3 ¢ (s,A®)

The third formula follows by Lemmas 6.2 and 6.8, and some combinatorics, and the last by the
previous ones. a

8. THE PROOF OF THEOREM 1.2

On order to prove Theorem 1.2 we calculate the regular and the singular parts of the torsion in
the case W = S ., according to Propositions 7.1 and 7.2. Recall we are considering the absolute
BC case. The result for the regular part follows easily, the one for the singular part requires more
works, that will be developed in the following subsections. Here we recall the underlying geometric
setting. Let Si™ be the sphere of radius b > 0 in R™*!, " = {z € R™*! | |2| = b} (we simply
write S™ for ST*). Let C;S™, , denotes the cone of angle « over ST, . in R™*2. We embed C, ST

in R™*2 as the subset of tl?en :egments joining the origin to the s;jlllncc;c S o < {(0,...,0,lcos 2;}&
We parametrize the cone by
z1 = rsinasinb,;,sinf,_1---sinf3sinf; cos b,
To = rsinasinb,,sinf,,_;---sinfszsinfs sinf;
T3 = rsinasinb,,sinf,,_1---sinfscoslbs
CISSTﬁl o=
Tme1 = rsinacosb,
Tm+o = TCOSQ
with r» € [0,1], 6; € [0,27], 62,...,0,, € [0,7], and where « is a fixed positive real number and

0<a= % = sina < 1. The induced metric is (r > 0)

g=dr @ dr + 7'293‘,’"2

m—1 m
=dredr+r2a® | Y | ] sin®0; | do; ® db; + dO @ by, |
1=1 Jj=i+1

and +/]detgp| = (7 sin @)™ (sin0p,) ™~ (sin Opp—1)™ "2 - - - (5in 03)?(sin 02).
8.1. The regular part of the torsion.
Proposition 8.1.

log Thep(CI82 1) = logVol(Cl.S'zp H,

sin «@ sin
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Proof. By Proposition 7.1, when W = S:l’r’l al with the standard Euclidean metric gg,

log Treg(C1S2P71) = logl

sin o 2

il 1
- Elogp-i— ElogT(Sz” L 2gg).

sina ?

By [23], T(S2P} 12g) = Vol( S~ gg), and this proves the proposition since, if W has metric

sinq ?
¢ and dimension m, then

1n+l
Vol(ClVV)z/ Vdet(z2g) d:c/\dvolg—/ / dvoly = 1Vol(W,g),
aw
and
o B
Vol(S3*, 92) = [ rmgry -
(=)

O

8.2. The conjecture for the singular part. Assuming that the formula for the anomaly bound-
ary term Apm,abs(9W) of Briining and Ma [3] is valid in the case of C;S22~", we computed in [18]
(note the slight different notation), by applying the definition given equation (2.15) of in Section
2.6, that

p—1 v—2(p=j+h)+1 (2p — 1)!

Ao e (0C1S,01) = ZWWZ@ 20 - J+h)—1) P(p -1

3=0

where 1 = sina. Our purpose now is to prove that (this was proved in [18] for m < 4)

(8.1) 10g Taing (C1S2271) = Apm,abs(OC1SZP 1)

sin o sina

where log Tsing(C[AS'Sl’:1 o ') is given in Proposition 7.2. For it is convenient to rewrite the second term
as follows:

/1 —2(p J+h)+1 (2 e 1)|
2p—1y _ 14
ApM,abs(0CISF ) = par ]'(2(17 I Z (h) —j+h)=1) 42(p—1)!
B gl 9j+1 P fp—1 -\ (~1)hy-20+14R)+1 (2p — 1)!
—j=0 P=T=ei+Rl h 2 +1+h)—1 4r(p—1)!
_ (2p-1)! ’f 1 Z —)kIR (p-1-j
— B(p— Tl (K Hl Atk -1—J) @i+DI\ k-

k=0

—

_ - T 1 ko (~1)kmigitl g
_4”(17—1)!,;( —1-k)(2k+1) Z (k — (27 + DI p2eF1’

Jj=

8.3. The eigenvalues of the Laplacian over C;S} ,. Let A be the self adjoint extension of
the formal Laplace operator on C; S . as defined in section 4.3. Then, the positive part of the
spectrum of A (with absolute BC) is given in Lemma 4.3, once we know the eigenvalues of the

restriction of the Laplacian on the section and their coexact multiplicity, according to Lemma
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4.2. These information are available by work of Ikeda and Taniguchi [20]. The eigenvalues of the

acis S 2p—1 .
Laplacian on g-forms on S3. = are

Ao = Vn(n +2p—2),

Agn = 1/2(n+q)(n+2p—q—2), 1<qg<p-2,
Ap—2,n = V2((n = 1+p)® - 1),

Ap-1n = v2(n—1 +p)2,

with coexact multiplicty

IR - , ,
mcex,O,n=mg(71_1+])(2p+n_1_3)1
P
mcex,q,nzm H n_1+.7 2p+n_1—j)1 1Sf]<.'0—27
dig Pl
P
mcex,p-—2,n= H (n=1+j)2p+n—-1-j),
i?

2 - . .
Meexp-1n = T Ty H(” -14+7)2p+n—-1-j),
j=1

thus the indices jq,, are

pon = /V2(n(n+2p—2)) + (p — 1)2,
Han = \/V2(71+Q)(n+2p—q—2)+a3, 1<g<p-2,

tp-2m = VVA((n—1+p)* - 1) +1,
tp—1,n =v(n — 14 p).

8.4. Some combinatorics. We introduce some notation. Let

Ug,s2r-1 = {Meex,qn )‘q,n,S”"l}a

denotes the sequence of the eigenvalues of the coexact ¢-forms of the Laplace operator over the

sphere of dimension 2p — 1 and radius 1. Let aq,...,an be a finite sequence of real numbers. Then,
m
Hm—i—aj E em—j(a,... Q)20
=1
where the ey, ..., en are elementary symmetric polynomials in ay, ..., an. Let define the numbers:

d=G-q-1)(2p-q-j-1),
forq=0,...,p—1,7# ¢+ 1, and
&% o= (d], ..., d0yq,.. -, 89),

where, as usual, the hat means the underling term is delated.
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Lemma 8.1. The sequence Up_1 is a totally regular sequence of spectral type with infinite order,
ezponent and genus: e(Up—1) = g(Up-1) =2p—1, and

p—1

¢(s,Up-1) _1 rP ) Zeﬁ 1-5 (" 1)Cr(s — 27).

Proof. The first part of thc statement follows from Lemma 6.2. In order to prove the formula, note
that 4(5 Up 1) == I/_SC< p 1,52r- 1) where

oo

0o
S mcex p—1,n Mcex,p—1,n

- U,_ 2—1): E - : E
C(2’ Redabon (n+p-—1)s

3
n-l)‘ —1,n,52r-1 n=1

Shifting n to n — p+ 1, and observing that the numbers 1,...,p — 1 are roots of the polynomial
g
ZP—O ep—1-;(dP~1)n?, we obtain

o] P, )2
= Meex,p—1,n—p+1 __ H 1 Tl - - -7)
(s, Up-1) =v anp e Tone Z

-8
_112267’ 1-5(d")Cr(s — 27).

O

Note that, using the formula of the lemma, (s, U,-1) has an expansion near s = 2k + 1, with
k=0,1,...,p— 1, of the following type:
2 = 1
¢(s, Up-1) = mep—l—k(dp )m + Lp—1‘2k+1(5),
where the Lj,_1 ox41(s) are regular function for k =0,1,...,p — 1.

Corollary 8.1. The function ((s,Up—1) has simple poles at s = 2k+1, fork =0,1,...,p—1, with
residues

2 p—1
22, o Vo) = gy i)

Lemma 8.2. The sequence U, is a totally regular sequence of spectral type with infinite order,
ezponent and genus: e(U,;) = g(Uq) = 2p — 1, and (where i = /~1)

p—1 . 2t

_ v° — (~3% o, (SF2=25 ol
((s,Uq) = Z]—,m; ( ) ) jzoep_l_j(d )z (—-——2—7,@‘]) =

The function ((s,U,) has simple poles at s =2(p—k) — 1, with k =0,1,2,. ...

Proof. The first statement follows by Lemma 6.8. For the second one, consider the sequence Hyp=
{mcex,q,n P/ Agyn, 521 F /L}Zc_l. Then ¢(s,Uy) = v~°((s, H _gl), and
= g2
oo

oo oo a o0 "
- Mcex,q,n —35\ Mcex,q,n 3L, 5 ¢
CloHop) = 3. et 2305 (32 sree 1= 30 (0 ot 2t o

n=1 n=1t=0 q,n,S2r-1 t=0
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Next observe that the zeta function associated to the sequence Hg o is

0 00
m, Mg n—p+1
C(Zs H—q 0) — C( g 1) - j : - cex,q,n E : - q,n—p+

n=1 )‘q,nysz"“ n=p Aq,n—p+1,S2P'1
o Hpj=1, (n2 -(p- j)g)
- 2 Y _dratl
¢2p-q-2) = (n% —a2)

Recall that ag = dJ, and note that

p—1 p=1 P p
Yo epmini(@)(n? = af)y =Y epja(@)n® —df) = [[ (P —di+d) = [ (- (-3,
Jj=0 J=0 j=1, Jj=1,
J#q+1 J#q+1
and that the numbers n =1,2,... —aq are roots of this polynomial. Therefore, we can write

—q—
¢(2s, Hy0) = 2])_{1_ Zep 1-5(d%) ((s—j,z’aq Z n’ - o 5‘”)
n=1

= Zep 1-5(d%)2(s = j,icy),

2p—q—

and
o ]

2 —j, tag) = Z(na—_azs—_j-

Expanding the binomial, as in [36], Section 2, z(s,a) = Y ey (37)a?*(r(2s + 2k), and hence
z(s, a) has simple poles at s = % -k, k=0,1,2,.... Since

2 ..
C(2s,Hqp) = A@r—q=2) ;ep—l—j(dq)z(s — Jriog),

((2s,Hyg,0) has simple poles at s = % +p—-1—k, k=0,1,2,..., {(s,Hg,0) has simple poles at
s=2(p—k)—1,k=0,1,2,..., and this completes the proof. O

Corollary 8.2. The function ((s,Ug) has simple poles at s = 2k + 1, for k. =0,1,...,p — 1, with
residues

gpy-2k-1  PLTk 1 e
Res; ((s,Uy) = —— ( ) ep_1_ ( 2 )a j—k
s=2k+1 4 q'(2p—q—2)! ; p2t J;ﬂ p-1-4( F— k)2
Proof. Since the value of the residue of the Riemann zeta function at s =1 1is 1,
—1 44K\ a2k
j+k 2

Res; z(s—j,a) = Res; z(s,a)= (
sz-%—k s=%—j—k

for k =0,1,2,.... Considering {(2s, Hq,0), we have, for k=0,1,...,p—1,

k(—3+7—k\ad
Res; ((2s, H, E (d7)(=1)7 k("2 =i RUY
s=(.ljilkg( i Blae) = 2P @@ —q -2 & P71 (@)D ( i—k ) 2
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and the thesis follows.
a

The result contained in the next lemma follows by geometric reasons. However, we present here
a purely combinatoric proof.
Lemma 8.3. For all0 < ¢ <p-—1, ((0,U, g2-1) = (—1)9F".
Proof. Consider the function

> 1 > 1
Ghelsl= ) e e -
¢ n; (n(n + 2t))s—c n;_l (n? —t2)s
Since

2(s — ¢,it) 53 Si TN (C1)i cp(2s + 25 — 20)
¢, it) _t2)sc R Al C)s

n=1 7=0

we have when s = 0, that z(—c, it) = (—1)°t2*Cg(0) = (—1)°+1%ﬁ, and hence

t

Cte(s) = 2(s — ¢, it) — Z 1

= (”2 s t2)s—c’
and for c=0and s =0 (;,0(0) = ~% — t. Next, consider ¢ > 0, then:
tgc t—1
Ge0) = (C) 5 = D (n? = 1)
n=1
For ¢=0,...,p— 1, we have
= m = m
C(S, U ,§2p—1) = = COMEN = S
= ) n=1 )‘q,n,S2P—1 nz:; ((TI + {1) (n + 2P - q- 2))5
o0
Z mcex,q,n—q
2, Taln - 20,))

Recalling the relation given in Section 8.4

9 P
Meex,qn—q = m H (n=qg=1+j)(n+2p-q—-1-3j)
#q
9 P
= n(n — 20q) + d?
¢@p—q—@!ll o
J‘#q+1

= ep_1-3(d)(n(n — 2a,)).
D D ;
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Thus
9 p-1 q
2p-1) = ————— d —e ‘—-
C(s,Uq,s20-1) q({)p_q_212(’p] 1 )(C el T;l n—2aq —3
== ey 1(d9)( q,,i(9)
q'(2p—i—2)! =
where
p—1 1
_i—1(d? - =0,
2 O a2 gy

for 1 < n < g, by result of [42]. For s = 0, we obtain

p-1
€0, Uy s20-1) =g D €p=i=1(@")C-0,,5(0)
j=0

2'p—q—
:m (ep—l(dq) <—% - ((p—q—2)+ 1))
a2i p—q—2 ‘
+Zep ~j-1(d?) ( L™ ; -2, (n"’—a%)])
n=1
2
=m (_Cp—l(dq)
+Z(’P11f1q< ]+1 Z(n -al )
2 q'(2p — q—2)!
:m ((‘””“f

+1O‘ p
Zepjld" ) Z n—a -
7 n=1

To conclude the proof, note that the second term vanishes. For first, as showed in the proof of
Lemma 8.2, the numbers n = 1,2,..., —a, are roots of the polynomial ZJ o ep—j—1(d9)(n? — a:‘;)J
and second:

p—1 p P
Zep—j—l(dq)( ayl = Z(‘P ~~1(d7)( H —d} + dj) H
Jj=0 -1

J
J 1 JAi+1
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8.5. The proof of the conjecture. We need some notation. Set

2 Bl sl
D )=——o 2 E 1 (d)(=1) R T2 2(1—k)
(Q’ki ) q'(2p_q_2)'( t )l_k+tep 1 l( )( ) l—k—t al] )
F(q,k) =Resp Pary1,4(s), 1<k<p-1,
s=0

for0<g<p-1, F(q,0) =2for 0 < g <p-2,and F(p—1,0) = 1. Then, by Corollary 8.2, the
residues of ((s,Uy), for 0 < ¢ < p—2, are

1 Tl
o U.) = —D(q,k,t
sBZ(IIcS-}l-l C(Sa q) 2k+1 et 2t (Qa ) )r
for k=0,...,p—1, and when ¢ =p— 1:
Res $,Up-1) = —=——D(p—1,k,0),
s=2k-}-1 C( P 1) 2k+1 (p )

with k=0,...,p— 1. Now, for 0 < ¢ < p-—1, it is easy to see that

—1-k
; _ F(g,k 1
P‘:isoo ‘I)2k+1.q('5) 3=R2eks_*1_1 C(S, Ufl) 1/2‘“+1 ;0 ﬁ ql k, t
and hence
12 1 Bl es
t:;,sing(o) . 5 Z 132500 ‘1’2k+1,q(3) s:RQCkS-{l-l C(Sa Ull) = 5 2k +1 ﬁD(q, k, t)'
k=0 k=0 t=0
On the other side, set:
- k
Apmabs(CIS) = Z 2k+1 Qp(k) =D N;(p,k),
k=0 =0
where
2p — 1)! 1 —1)k-dgitl
Nj(P:k) . ( )| NI n( ')l ; n:
rp-)(p—-1-k)!(2k+1) (k- 7)1(25+ !
Lemma 8.4. Z )%t sing (0) i an odd polynomial in 1

Proof. This follows by rearrangement of the finite sum:

1 p—-1 1 p—-1 p—1 p—1—k 1
2 Z Lg,sing(0) = 1 Z(—l)q ZF((]’ k) Z L2(tHk)+1 D(a, k1)
q=0 q=0 k=0 t=0
1= 1 & &
=ZZU2L+1Z qZFQJ (g,3,k—=7J)
k=0 q=0 i=0
1P—1 1 k p—1
e By D> (=1)7F(g,5)D(g. j; k - j)
k=0 7=0q=0
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Then, set:
1 p—1 p—1 1 k
5 ( 1)(11;:1 smg(o) = Z mQﬂ(k)7 Qp(k) = Z]\/[J(P, k)a
q=0 k=0 i=0
where

p—1
q=0
p—1

=0(_1)q§2Lp(q—’Jé—)>!<2pq 2)( ) _ZJZ‘*’ (| ék)'

This shows that all we need to prove to prove the conjecture is the identity: M;(p, k) = N;(p, k).
This is in the next two lemmas. Before, we need some further notation and combinatorics. First,
recall that if

Q

fa(@)=en(a® = (p—1)%2% - (p—2)%,...,2% = 1%,2%),
then fh(ag) = en(d?), and fr(z), for h > 1, is a polynomial of the following type:

h-1

62 hHE@= ¥ @D = (f)e e e
s=0

0<751<72L...<in<p—-1

Second, we have the following four identities. The first three can be found in [15], 0.151.4, 0.154.5
and 0.154.6, but see [21] for a proof. The fourth is in [16], equation (5.3).

9 > G (o) =G () = ()
(8.4) g;(—l)" <Z>(a+k)” =(-1)"n!

(8.5) :2)(—1)” (ﬁ) (a + k)"~1 =0,

(3-6) l; G:ll) (z_—%k> - <Zi i) - 2n—k(n(2—n/$!2!zi I

with 1 <n < N and o € R.
Lemma 8.5. For 0 < k < p— 1, we have that My(p, k) = No(p, k).
Proof. Since j =0,

sty 28 ) () Bt (),

2p—1) 1 =
222-1p—-D (p=-1-k)!(2k+1) &k

IV()(Z), 1")
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Consider first & # 0. Then,

1\ 21 n=l 1
-1 1 (-2 2 —4
woto ) =(33) T g (P ) T doercrtentel (75
= (2p — 2)! q £ -k
=], -1
F a5 ()
k = (2p - 2)! q = p—1-1 -k
1\ P—1 p—2p—-2-1 1
_1 1 [2p—2 -1
+ 2) q ( ) cz_l_lazsam( 2)
¥ N e L PIPD % )k
() ratal )£
o (2p —2)! q g = p—1-1/\l—-k
—2p—2-1 —1
+77 5 Cp—-l—-l( %><_%)p ( )q 1 <2p—2) 25421
o s k -k o (2p —2)! q 9

Using the identity in equation (8.5), the second term in the last line vanishes since 2s+21 < 2p—2
Thus,

MO(pa k‘)

Il
T
ol
N—
=3
|
l\D
"d
l\D
—
N
no
)
Cs)

[\
N
)
[N

I
L")
T
> —
T N
ki~
|
S o
|
_
AT
;o
o DI
SN oA

i < >'<;_a>
)

l=
p (k+1)! (2p — 1)1 2k+1
k+ pl (2k+ 1)1 2°
—1)k 1 (2p —1)! 1

= k! (p——k—]) (2k+1) 22p—1(p_1)! :IVO(pak)'
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Next, consider k = 0. Then,

p—2 e p—1 1

22( raTl . ) l=0 (p-io0)e (_1%>
* :;:(_1)q Tl e )

g5 () ()
A (B D) o - i - 1 -

27’—;(_1)(]@;1‘_2)! <2pq— 2) 'l;\;: (p _7; B l) a2 (_l%) -+ % = %
B )R
() (D) - B () o

Lemma 8.6. For1 < j <p—1, we have that M;(p,k) = N;(p, k).
Proof. Note that j < k, and hence 1 < j < k < p— 1. Recall that

Q9
<

i-1
25 o 2t
aqﬂ + E A.2j+1,t(1q + ZRGSO() (I)gj+1y,,_1(s),
t=1 =

D)
F(q,§) = —
(q,7) 1

by Corollary 6.2. Set kyji1,0 = 2Resg.—0 Poj+1,p—1(s). We split the proof in three cases. First, for
j=k<p-—1, we have

-1

M;( )9 _Fag) (QP B 2) pzep—y-l(dq)azl_zj( _%)

P 0 22p-2)I\ ¢ = a L=
p—1 2j p—1 1
« 2p—2 —oif —3
=S (=1)9— Y7 e 20-25( T3
21 (2.7‘+1>(2p—2>!( ‘ )Ef" il e U

j
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Using the formula in equation (8.2) for the functions f,—1-;(ay), we get

q=0 J
p—1 p—2p—-2-1
1 2p —2 1
3 (-1)9 ( ) cba25+21< 2 )
qzzo 27+ -2\ ¢ /{5 ; t L=
j—1 p—1

Csx,

— ik v 1 2p—2 p 2p—2+2t—2j5 _%
+ZA:2j+1,t (1] m q \p—1-1 % l—3j

1
25421+2t—25 2
q l—3j

:(2j1 ) 3_:1(_1)(1(219_1—2)! (QPQ— 2) agﬂp_% (p e z) (z——%j)

l=j7
1 ( P )(—%)_ 1 1 (2p — )N 2741
22j+1) i \w-1-1/\i—j S22+ ) (p-1—- ) (25 + 1) 2v
1 (2p—1)! 27

T @Dl (p— 1) N;(p.4),

59
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where the first three terms in the first equation vanish because s +! < p—1and ¢t — j < —1. The
second case is j = k = p — 1. Then,

My 1(p,p=1) = (_1)(,%((2%;:__—2_)1!)(217; 2>

_P— _1\9 agp—Q 2p—2
=>_(-1) (2p—1)(2p—2)!( q )

0
p- o2t
2p—2
+Zk2j+ltz 302p — 2),< )

-0 q
p-2 o2t
+ k2.7+1t( )p—l 17 1 2p‘2
2,73 22p—2)\p—1

2p — 2
“3-1) *’““”Z 2(2p - 2>'( )

q
1 2p—2
— kojyr,0(-1)P " e (; )

22p-2)\p-1
k2j+1,0 =) 1 2p -2

=g -LF 2(2p—2)!\ p—1
-1 kgjyro  (=DP7Y o kgjpo  (S1)PTH

2(2p— 1) 2 (p-1l(p-1) 2 (p—-Dip-1)

1

- =N._1(p.p—

2(2])- 1) Ap—l(p7p 1)

The last case is 1 < j < k. Then,
= 2F(q,5) (20-2\ (-3 -7\ 5% af —3
Myl k) =Y (=)7L 2 “2$ e,y (d 2
i =25, 295 (7 ) (2 ) B ermeaenai (7).
1 N P—1 p—1 1
_(—5—7J a 1 2p—2 P ap—2-2 2 ~3
= S\ . S !
() e e 2 po1og) e

q=

0
~ P—1 1 2p 9 p—2p—2-I ]
2 (VG ( g )lz; 2 e W( 2k>

() >
() g Sermtm () S (- ()
()

l

2 1
2s5+20+2t—2;5 2
Cs oy
Z # <l - k>

l=k s=

-dh

1 (2p— 2)
k2j+1,t2(‘1)qﬁ<2pq 2) N
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p—1 -
=( i J)’ 1 2p -2 agp_z”zl p
k—3j — (2]+1(2p 2)! q e \w-1-1
p—1
(&) z 61005
k—j )22+ D) & \p-1-1)\i-k
_(—3-13 (2p— DN
k- _7 22]-!—1 p—1—Ek)(2k + 1)!12r—k=1
()P k-1 1 (2p — DIt

B ) (25— DN 2(25 +1) (p— 1 - k)!(2k + 1)l12p=k-1
_(=DF 2 1 (2p — 1)!
("‘J)' 2 -1 2+ ) (p-1-k)!(2k +1)

= Nj(p, k).

9. THE PROOF OF THEOREM 1.3: LOW DIMENSIONAL CASES

61

We prove the two cases m = 2p — 1 = 3, and m = 2p — 1 = 5 independently, in the following
two subsections. In the last subsection we give some remarks on the general case.
proofs of the two cases m = 3 and m = 5 follow the same line, we prefer to give details separately,
for two reasons: first, in order to improve readability, and second to avoid a problem that will be
made clear in Section 9.3 below. In each case the proof is in two parts: in the first we compute the
anomaly boundary term, as defined in Section 4.2, in the second we compute the singular term in

the analytic torsion, using Proposition 7.2.

9.1. Case m = 3.

Even if the

9.1.1. Part 1. Since m = 3, the unique terms that give non trivial contribution in the Berezin
integral appearing in equation (2.14) are those homogeneous of degree 3. By definition

2y

e_%Q -uS} =1—%§:2—'u,285+

(recall that © = (), see Section 4.2) and therefore the terms of degree 3 in

N o)
—16-u?5? 1 k-1 ck
gefamdEiNT_ - gieig
% 1)
k=1r(§+1)
are

Applying the definition in equation (2.14), this gives

/ / ey 2T e il
(9.1) / / ( u?8P — Tnsl) du

SRR
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By equation (4.7)
1 (¢ P 3
(9.2) 8P = —= (Zb;;Aé;;> = gdvoly A& AEG A,
k=1
This follows by direct calculation. For example
1[< ’
S = <Z b A ek>
k=1

(b7 AE} + by Aés+ by AEs)?
(DI ANETNDyANEs+ -+ by NESANDITANET+...)

(=B Ab3 A AEs+ - —byAD NG AE +...)

—
o
w
=

I N B Y N |

(=26] AbZAELAES +...)

3
1 »
= -5 2 B AbAGAG,
j<k=1

while
(b Ab3 ANETANES) A (bsAé3) =07 ANby AD3 AETAESNEs.
Thus,

< 3
/ S = —dvol,.
d 473

By equations (4.7) and (2.13),

3
= 1 2 A% A% * P
QSI:—Z E le/\ekf\el /\(E bk/\ek).
kyl=1 k=1
Direct calculations give
z 1 A% AX
QS] = - 5(923/\[)? —913/\b3+912/\b§)/\é{/\62/\63
]' A% A% A%
=- '2-(32332 + Ri331 + Ri201)é] A é5 A &3
T
= - ZTGI Neg N ez,

and hence

B, 1 3 =
QS = Ryurdvoly.
/ 1 in3 kgl kllk@VO0Lg
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63
Substitution in equation (9.1) gives

B . B

- 1
= —S?Td’()olg - E;T—Q‘dUOZg.
By the formula in equation (2.15), the anomaly boundary term is

1 1
ABM,abs(ach) = W /ac w 'deolg = /ac w dUOlg.
1 1

2472
9.1.2. Part 2. By Proposition 7.2, with p = 2,
1 1
- 1 -
log lsing(cl ‘/V) :§ Z(—l)q Z 13'2%0 (I)2j+1,q(s) slz?ill Ccex (37 A(q) + 04(2,) .
q=0 3=0 ITa
Since p =2, ag = —1 and a3 = 0. Since there are no exact 0-forms
Ceex (S;A(O) - 0(2)) =( (S, A % a%) ;
By Lemma 6.8,
Res; ¢ (s, A 4 ag) = Res; ¢ (s, A(O)) ,
s=32 s=3
- . 1 =
(0) 20 o) _ = 0)
Fsi:? ¢ (s,l-\ + ao) P:Es%l ¢ (s,A ) 5 1}221 g (s,A ) :
By duality (see Section 2.5)
Geex(S) A(l)) = C(S:A(l)) - CeX(S:A(l)) = C(S,A(l)) — Geex (5, A(O)):
and also

Res; (s, AW) = —3Res; ((s,A),
s=% 1

8§=3

Res; ((s, AY)) = 3Res; ((s,A®).
s=3 s=3

Putting all together, we obtain

| =
log Tsing(C[ I/V) = 5 (1}3500 @1,0(5) + I}SSOO @1'1(8) +3 1338(‘)0 <I>1,1(s)> R.Cbll g(s’ A(O))
= = = s=1

2
1 -
+ - (Reso ®31(s) + Resp P3,0(s) — = Resp 1,0(s) — 3Resp @3,1(5)> Res; ((s, A©).
2\ s=0 s=0 2 s=0 5=0 s=3
By Corollaries 6.1 (when ¢ = 1), and 6.2 (when ¢ = 0)

2
R" ) = 1, R (D = —,
L8 B1,1(s) teso ®3,1(s) = 375
214

Bl £
Reso @3,0(s) = 375

RCSO @1,0(5) = 2,
s=0
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This gives

2

- 1 -
log Tiing(C1VV) = 3Resy (s, A¥)) = = Resy ((5,A7),
s=3

and by Propositions 3.1 and 3.3

1 1

lOg Tging(ClVI/') = W /BC - 7~'d’UOlg - Tﬂi Ac - d’UOlg.
- l {}

9.2. Case m = 5.

9.2.1. Part 1. Since m = 5, the unique terms that gives non trivial contribution in the Berezin
integral appearing in equation (2.14) are those homogeneous of degree 5. After some calculation,

the terms of degree 3 in
oo

—1H-u2s? Z 1 k—1ck
e—2% 1 —u" S
& 1
k=1 r (5 * 1)
are
1 4 2 2
S3 QS Q S
ThAL LT 3f i f .
Integration in u, as in equation (2.14) gives
9.4 V1) 20 g3 st
(9.4) B(V4) = 2\/_/ (2551+9uas+

We calculate the three terms appearing in the integrand.
Proceeding as for equations (9.3), starting from equation (4.7), we obtain

5
1 § : * * A% A%
S%:—g b]-/\bk/\ej/\ek,
j<k=1

and

5 5
. 1 1 YA TE A BE A Sk x A o
5f=(SfV31—»—§g -5 E b AbL A Ej A Ex E br A €

j<k=1

= —Zduolg ANeE] Néy Neég Néy N eég,

and recalling the definition in (2.13) of Q,

3
2 3 ~ S SB e A A e kA
st_é E QuANex NE | Advolg A e Aés NésNeE;Neé;
k,l=1
3. S R S
=0 T Advolg N €] Né; Néz A ey NEé;.

The last term is
2

3 5
O 1 ) A% A% * A%
9281=—2—5 E Qr AN e, A e (E bk/\ek>‘
k,l=1 k=1
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This term requires some noisy explicit calculations, that we omit here. The result is
&S = - 4|R|* — 16| Ric|? + 47%) dvoly A & A &5 A ey N e A 6
1= =g ic 7 ) dvolg NET A é5 Néy Néy N eéE

1 = 1 - 1. T
= <—§|R|2 + §|Ric|2 - §T2) dvolg N €7 Né5 N éy Néy NEés.
Substitution in equation (9.4) gives

B(V)) = 3dvoly  Tdvol, |1~{]2dvolg 3 |Ric|2dvolg 72dvol,,
407 3 4873 6473 1673 6473
By the formula in equation (2.15), the anomaly boundary term is

3 1 1 N
A =— - — dvol, 2dvol
BM,abs(OCI W) 073 /ac,W dvoly 963 /66',WT volg + —— o873 /C,W |R|“dvol,
1

- — Ric 2dvol + — / #2dvol,,.
3271'3 Aclwl l 128 3 aC, W 9

9.2.2. Part 2. By Proposition 7.2, with p = 3,

2 2
1 -
log Tiing(C1W) =3 > -1 ZRG%O Bajt1,9(s) Rest Coex ( ,A@ 4 aﬁ) :
q=0 j=0 °= s=j+3

Since p = 3, ap = =2, a1 = —1, and ap = 0. By duality (see Section 2.5)
Ceex(5, A1) = (s, (°’>,
Goex(8, AN = ¢(8, AM) = Gou (5, AN) = ¢(5, AM)) = G (3, A1)
Ceex(s, A1) = C(S @) = Cex (5, AP)) = ¢(5,AP) = Goox(s,AD)
W) — ¢s, AS) - Ga, A1),

?

(s,
By Lemma 6.8, with ¢ = 0 and 1

Res; ¢ (s,A(") + 3 = Res; ¢ (S,A(")) ,
s=3
3—5 3=%

Resl ¢ (s A 4 ) Res; ¢ (S,A(‘”) - g es1 ¢ (s,A(")) ,
1
2

Res; ¢ (s, AW 4 o2
s=31

a

I
j=s}
[¢]
7]
oy
o~
—~
&
>
S
W
|
Il @
]
R
e
%
w
>
=
S

+ = Rcsl( (s A "))

3 =5
2 =3 =3

By Proposition 3.1

1 = -
Res; ¢(s, A d (5/ 72 dvol —2/ | Ric|*dvol +2/ R|?dvol ),
s—;C( 3 L(1/2)  2%325q7° acw ! ocw ! ac,w| | i
1
Res; ((s,A@) = 22— ___ / Fdvol,,
s--lC( b= I'(3/2) 967 Joc,w 2

1
Res; ((s, A®) = 200 _ _~ / dvol,:
s_-IC( = ['(5/2) 2473 Joc,w :
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Resy (s, A(l))

S='§

Res; (s, A1)
s=3

Res1 ((s, A

Res; ((s, 5(2))

S=§

Res; ((s,A®)

-3
S=2

L. HARTMANN AND M. SPREAFICO

_ €14
T r(1/2)

1 3 = b 2
== —35/ 72 dvol +170/ Ric|*dvol —20/ | R|?dvol >
25325m3 ( Jocw I ac,w| | 7 Jaciw I

€1,2 1

€1,0 _ 5

_ €24

- T(1/2)

1 B
= 50/ 72 dvol —200/ Ric|?*dvol +110/
2532573 ( aC, W g ac,w| | g

_ €ep 8 /
I'(3/2) 9673 Joc,w
€20 10

= = —— Fdvoly = — R A©
T(3/2) ~ 9673 /;,C‘WT Y = T (A7,

e | e —5R AWy,
T(/2) ~ 24m° /ac,w V0% sisgl“s’ )

|R|2dvolg> ,
acw

Tdvolg = —8Res; ((s, A),
3

s=5

= =— dvoly =1 A,
T(5/2) 24 Joow " ° U4

S=§

Summing up, after some calculations, we obtain

logTsing (C1W)

1 -
=5 (Res(,Jo ®1,0(s) + Resp P1,1(s) + Resg @1,2(3)> Res; ((s,A®)
s=l s=0 5=0 1

s=3

1 -
-3 <Reso ®;.1(s) + Resg @1,2(s)> Res; ((s, A(l))
s=0 s=0 s=3

1 -
+ 3 Resp @1,2(s) Resy ((s, A(Q))
s=0 1

S=§

1 1 .
+ Re%() (5‘1’3,0(3) + ®3,1(s) — P32(s) — P1,0(s) — 5@1,1(5)) Resal (s, A)
== S=§

4 4

1 3 3 <
+ RE%O <§®5’0(8) . 2@5'1(8) + 3(1)5’2(8) - 3@3’0(5) + —@1,0(8) + —4’1,1(3)> RCSrl ((S, A(O))

By Corollaries 6.1 (when ¢ = 2), and 6.2 (when ¢ =0,1)

RGSO (I)l,
s=0

RGS() (1)1,
s=0

Resp ®1,0(s) = 2,

s=0

2(8) = 1, REBOO @3’2(8)

1(s) =2, Rg%o P3,1(s)
Resg P3,0(s) =
s=0

2 346
= 315 Reso 5,2(5) = — 55005
214 31706

oy ) i =i
315’ Reso 5.1(5) = 7557
844 487876
bplias [6)) = ;
315° Reso @5.0() = —575
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This gives

log Tsing (C1 W) :— Resl ¢(s,A0) — = R051 C(s, AWy 4 = RLbl C(s, A1)

— Res; (s,A©) + E Res; ((s,A®),
s=3 3

=2

and by Propositions 3.1 and 3.3

3 1 1 =
log Tiing (C1W) =303 /(-)C . dvolg — 963 /BC W Fdvolg + —— 12873 / |R|*dvol,
[} l

1
/ | Ric|?dvoly + ———
ac

- m ’?Qd’UOZg.

12871'3 /[')C[VV
9.3. A remark on the general case. Assume m = 2p — 1 is odd, p > 1. Then, log Tying(CiW)
depends only the functions @y ,(s) and ¢(s,A@), by Proposition 7.2. It follows from the defi-
nition in Section 3.3 that the functions @ 4(s) are universal functions that depend only on the
decomposition of the spectrum of the Laplace operator on forms on the cone on the spectrum of
the Laplace operator on forms on the section. This decomposition is independent from the section,
so the functions @y 4(s) do not depend on the particular section (they obviously depend on the
dimension). This follows also from Corollaries 6.1 and 6.2. Therefore, we can use the functions
Py q(s) calculated when the section is a sphere of odd dimension. It follows that log Ting(C/W) is
a polynomial in the residues of the functions ¢(s, A(@), with coefficients that are the same as in the
case when W is a sphere. Now, the residues of (s, A(")) are polynomials in the coefficients e, ; of
the asymptotic expansion of the heat kernel of the Laplacian on forms on (W, g). In turn, the eq ;
are the integrals of some polynomial in the metric tensor g, its inverse and its derivatives. By work
of P. Gilkey [14], the coefficients of these polynomial are universal, namely are the same for any
manifold W [14] Theorem 1.8.3. More precisely, by the above considerations and invariance theory
as developed in [14] Theorem 4.1.9, it follows that

log Tying (C1W) =/ P(x),
acw

where P belongs to the ring of all invariant polynomials in the derivative of the metric defined for
manifolds of dimension m, B,,(g) (see [14] Section 2.1.4, and Lemma 2.4.2). Bases for this ring
are given in terms of covariant derivatives of the curvature tensor using H. Weyl invariants of the
orthogonal groups [14] Section 2.4.3. It is possible to prove that these polynomial are universal
up to a constant factor depending on the dimension P = ¢, @, where @ does not depends on the
dimension [14] Lemma 4.1.4 and Theorem 4.1.9.

On the other side, by inspection of [3], the term Ap,abs(9C;W) is also the integral of some
universal polynomial in some tensorial quantities constructed from the metric g. Therefore

ABM,abs(OCIW) = / R(z),
ac,

R € B,,(g). Fixing a base for By, (g), the proof of Theorem 1.3 in the general case follows if we are
able to prove that P(z) — R(z) = 0, for (W, g).

We have some remarks on this point. First, by Theorem 1.2, it follows that P(z) — R(z) = 0,
for (W, g) = (5'521‘?1 al gE). Unfortunately, this does not implies the general case. For using the base

for B (g) in Theorem 4.1.9 of [14], we see that there are variable in P(z) — R(z) that involves
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derivative of the curvature when m > 3. Second, by the same argument, the proof of Theorem
1.3 in the case m = 5 is a fundamental indication for the general case: indeed if m < 5 the proof
of Theorem 1.3 follows by that of Theorem 1.2, by the previous considerations. Third, the proof
of the general case along this line depends on the availability of some further information on the
coefficients of the heat asymptotic. A recursion relation should probably be sufficient. However,
this seems at present an hard problem (see remarks and references in Section 4.1.7 of [14].

10. THE PROOF OF THEOREM 1.3: THE GENERAL CASE

Since the argument is very closed to the one described in details in the previous sections, we will
just sketch it here. We consider the conical frustum (or more precisely its external surface) that is
the compact connected oriented Riemannian manifold

ClyigW = [l1, 2] x W,

with 0 < I < lg, and with metric

g1 = d:z:®da:+x2g.

We study the analytic torsion of Cli, 1,) With relative boundary conditions at z = I; and absolute
boundary condition at = = lo, and we respect to the trivial representation for the fundamental group.
We denote by 01 /2C]y, 1,]W, or simply 0y /9, the two boundaries, and by log Trel 8, abs 32(0[11,12]W)
the torsion.

10.1. Spectrum. First, we describe the spectrum of the Laplace operator on forms. The proofs of
the next lemmas are analogous to the proofs of Lemmas 4.2 and 4.3 and will be omitted.

Lemma 10.1. With the notation of Lemma 4.2, assuming that g, is not an integer, all the
solutions of the equation Au = MNu, with A # 0, are convergent sums of forms of the following
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twelve types:

P x =2y A2) 0D,
P s =2%Y,, (Az)el)
wf)zqm=$a“ g M) D + 0 (%01, (a))de A 9l05Y)
P, on =20 Y ()Y + 85(a% 1Y, L (Ae))de A plisd)
P, oy =220, (gm0 g, ()Y

+ g1 IJ,Lq M()\m)da:/\(ﬁ(fz,o&g;}l)
P,y =220t g (Y, | (r))dplisy)

+ g7y, | (Aa)da A dTdplsE)

cex,n

(Az)dz A dcp(”_g)

cex,n

(Az)dz A dpld7?)

ex,n

(9) g2+l
l/+4n/\_ - Jﬂq 2,n

(q) _.g—a+1
w 4,n,A =z Yliq 2,n

w-(:)E s qJ]an ()\m)(pgm)r n
"/)8],)12,,\ =2%Yq, (}‘m)ﬁohar n
Y01 =05 (27 Jja, 1 (Ae))de A gl
YD | =0, (6% Vi, (Az))dar A {T7D.

When (g is an integer the — solutions must be modified including some logarithmic term (see
for ezample [41] for a set of linear independent solutions of the Bessel equation,).

Note that the forms of types 1, 3 and E are coexact, those of types 2, 4 and O exacts. The
operator d sends forms of types 1, 3 and E in forms of types 2, 4 and O, while df sends forms of
types 2, 4 and O in forms of types 1, 3 and FE, respectively. The Hodge operator sends forms of
type 1 in forms of type 4, 2 in 3, and E in 0. Define the functions, for ¢ # 0,

Fuc(@) = Ju(laz)(cYu(liz) + haY,(hz)) — Yy (loz)(cTu(hz) + had), (l1z)),
I:ﬂu,c(x) = Ju(Lz)(cYu(loz) + LaY,(loz)) = Y, (L) (cTu(laz) + Lz, (l2z)),
and when ¢ =0,
Fuo(z) = Ju(l22)Y,(hz) = Yi(lez) J, (L),
Fuo(@) = Ju(hz)Y, (laz) — Y, (L) J), (l22).

Lemma 10.2. The positive part of the spectrum of the Laplace operator on forms on Cly )W,
with relative boundary conditions on 81C, 1,)W and absolute boundary conditions on 92CY, 1,)W
18:

(9) . . f2 . . f2 o
Sp+Arel O1,abs ba T Meex,q,n * fliq,maqvk =1 U Meex,g—1,n * f”"‘l'"'a"’l'k n,k=1
. £2
U {mlcequ—lYn B f/‘q—l.ny_aq—lvk}

20 oo
U {mhar,q,o : f|a,,|,a,,,k}

o o0

o F2
skl U {m'cex,q—2,'n. g fllq_g‘n‘—aq_2‘k}

. F2
U {mhar,q—l,o : f|aq—l1v“q—1,k}

n,k=1
oo

k=1 k=1
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With absolute boundary conditions on 0\ Cy, 1,)W and relative boundary conditions on 92Cy, 1) W
is:

(9) . —2s i . p—2s e
SP4Babs 0yrel 8 = | Meex,q,n - B st e 1U Meex,q=1,n * J g1 naqoi,k k=1

) «
r—2s . f—2s
U {mcex,q—l,n : iuq 1y — Qg 1'k}n - u {mcex,q—Q,n : fuq_lvm_aq_%k}

)
n,k=1

o0
W {Mharg * f|aq|,aq,k}k=1 U {mnar,g-1 ¢ flag-1leg-1/6} gy *

where the f,, .1 are the zeros of the function F, .(z), the fu,c,k are the zeros of the function Fu,c(z),
c€ R, ag and jiqn are defined in Lemma 4.2.

10.2. Torsion zeta function. We define the torsion zeta function as in Section 2.5 by (for Re(s) >

m+1)
2
m+1
tabs,rel(s) = '2‘ Z( ) qC( abs rel)
g=1

By a proof similar to the one of Theorem 5.1, we obtain the expected duality:
log Tabs 0,,rel 82 (Clty 15)W) = (=1)" log Trel 8y ,abs 0, (Cpty 1) W)-

We proceed assuming dimW = 2p — 1 odd, and assuming relative boundary condition on
01C11,1,)W and absolute boundary condition on ds; for notational convenience, we will omit the
abs, rel subscript. We define the functions

Fo(z) = Jo(laz)Yeo1(liz) — Ye(loz)Jo—1 (L),
Fc(m) = Jc(llili)yc_l(lgz) == YC(I[LL‘)JC_l(lz:L‘).

Note that, with these definitions Fp(z) = Fi(z) and Fy(z) = Fi(z) (remember that Y_ inlz) =
(-1)"Y,(z) and J_,(z) = (—=1)"J,(z)). The proof of the following lemma is analogous to the
proof of Lemma 6.1. The main step is to prove that f|aq|,,,q' f-ag_1,k, that f]a,,| ag.k fo,,,k,
when p—1 < ¢ < 2p—1, and that f0,0,k = f1,k, where the f¢ r, hat fc r are the zeros of the functions
F,, F,, respectively.

Lemma 10.3.

p—2

o0

—2s —2s f—2s F—2s
Z mce\ " ( I‘-q nyaqvk + fl—‘q nv_aqy fﬂq ns aqu fllq n.y_aqa )
n,k=1

oo
— 2s
Z Meex,p—1,n (fup 1,n,0 f Hp—1,n,0, k)

nk=1

— (e}
52) DIk, Wi Q)Y (122, - Fo2 )
= k=1

1
2 q=0

l\’)lr—‘

—
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We set
(o] o0
” -2 5 F-2
dq,i(-g) = Z mfcex,q‘nfuq'jyiaq,k: Zq,i(s) = Z m‘cex,q,n./‘uq,:,iqu,k’
n,k=1 n,k=1
oo o0
-2 5 . F-2
(10.1) Zp-1(s) = Z Meex,p—1,n u,,_sl,,,,o,kv Zp-1,+(s) = Z 'IH,cex,P—'lvnfu,,_SLn‘O,k7
n,k=1 n,k=1
oo
w() =3 (fanan =20 a),

o5
1
-

for0<¢g<p-1,and
tp-1(s) = Zp-1(s) — Zp-l(s)a

(10.2) . 5
ta(s) = Zq,4(8) + Zq,~(5) = Zg,+(5) = Zg~(5), 0<q<p-2.
Then,
g . , 1 .
Hs) =5 2 (1) (Zg4(8) + Zay=(5) = Zaos () = Zq=(5)) + (<1075 (Zp-1(s) = Zp-a(s))
q=0
1=
g (=1)IrkHq(W; Q) zq(s)
q=0
1 p—1 1 p—1
=52 (-1)g(s) = 5 D _(=1)tkHg(9CIW; Q)zy(s),
q=0 q=0
and
1 p &=
OMM%M%WM%WW_t.GZ QZewmmmW@am
q=0 q=0

10.3. Expansions of the logarithmic Gamma functions. We study the zeta functions Z 4,
Z’,,,i, by the method of Section 3. The double series associated to these zeta functions, as defined
in equation (10.1), are denoted by Siq,, S‘iaq. We show that all these double sequences are
spectrally decomposable on the sequence Uy, defined at the beginning of Section 6.2. We verily
all requirements precisely as in Sections 6.1 and 6.2. First, we need suitable representation for the
associated logarithmic Gamma functions. Proceeding as in Section 6.2, consider for example the
function

Fu,c(z) = Ju(lgz)(cYp(llz) + lleli(llz)) = Y#(lgz)(cJu(llz) + llzJL(llz)).
Recalling the series definition of the Bessel function [15]pg. 910, near z = 0,
1 L Lo e fly
Fo==(({24+8Y_5(2_4a
=2 (i) -5 (5 5

Thus F), c(z) is an even function of z, and we obtain the product representation

Ly 0 s I 22
PR e = 21 = .
Fu,c( ) T <(lit + lg l# l# ;;E[ 3,(:,}6
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Recalling that

COS T 1 2
Y.(z) = W‘];‘(z) & uﬂ.]_u(z), Io.(2) = - sin pr K, (2) + I,(2),

and that (when —m < arg(z) < %) J,(iz) = e¥*1,(z), and Jy(iz) = e%i“e‘%il,’l(z), we obtain

) COS T = e Tk 2 _=y
Y (iz) = | KT i I(z) — e~ FirK
u(i2) <smmr + sin wr) w(2) T wl2)

_ COS pum Vi C_%iu / _ 2 -Z4 ——1;1](/
Y,(iz) =e 5 <_——sm,u7r + sinmr) I,(2) —e e u(2)-
So
. 2
F,c(iz) = = (=K (l2z)(cl(l1z) + 2] (1 2)) + L (l22) (cK,u(lh 2) + haKj (lu2)))

and if we define (for —7 < arg(z) < §) Gu.c(2) = i*Fp, c(i2),
1/ U\ 17
G ==((2 2o 1 )
=3 () -5 (F- D) T (0 75)
Proceeding in the similar way

F,c(iz) =

3w
~

(Ku(h2)(clu(l22) + a2, (122)) — Ty (l12)(cKpu(l22) + 122K, (122)))
. - N IR AN
uct) = Fucin) = 2 (i +3p) + 5 (# - 3)) )

22
14— :
1 < ffchc)
(—Ku(lgz)IL(llz) -+ I#(lgz)KL(llz)) s

2 : 1 [ I\ 22
Guo(2) = @ Fupliz) = -— (ﬂ + F;) IT {1+ 72— 2.
¢,

k=1

—§

Il

Fu,O (’LZ) =

SRR

FLo(iz) = (K,L(llz)IL(lgz) - I“(llz)K"L(lzz))) ,

- - 1 7B NS 22
Gu,O(z) = f‘j‘u’o(zz) = 5—2-7; (Z'lg + E) H 1+ f2_ S
k=1 1,0,k

These give the following representations for the logarithmic Gamma functions with z = /=,

log (=X, Sta,) = logH<1+ — =N )

Wg,n,tog.k
1 l#q,n l#q,n lﬂrq,n lﬂq.n
—log Gy, . +a,(V—=A) +log = + log ————-i + —,IL F w ,QL — ,lt ;
) T llflvﬂ 1201" II'L" 12’1|"

Hq,n
logI‘(—/\,S’iaq = logH <1+ . - )
uq nyEag,k
. 1 lﬂ-q n luq.n a lllq,n lﬂ-q,n
—10g Gy, 4otag (V=A) + log + log ((l'—“’—; -+ Z/ILT) + 1 <l’2‘7 — Z}T>>
2 1 2

Hq,n

3w
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log (= A, Sp) = logH<1+f2( A) )

k=1 Hp lnvO]"

lqu.n l#q.n
_logGHn,p—lsO(' _)‘) - —IOg =A== logll +10g +10g (lﬂqn + lbq.n)
2

log (=, Sp) = logH<1+ - e )

I—Lp 1,n,0,k
. 1 [,Up 1,n llll-p—l,n
- IOg Gun.p—l.o( v —A) - '2- 10g =A = 10g ]2 - IOg *F log (lﬂn 1,n + 1/2"1)—1,n>

These representations and uniform asymptotic expansions of Bessel functions and their derivative
(see the proof of Lemma 6.4 for the functions 1, and [28] pg. 376 for the functions K,) will give the
expansion required in equation (3.3) of Definition 3.1. Let see one case in some details. We have

logF(—-)\, Sn,:l:aq/ﬂg,n) =
1 luq noMan ” [Han pHan

— log Gun.q,:taq (ﬂq,n V=2A) + log = + log (( e lllq,n ) F - < ?‘q,n - iq,n )) .
T i ly ; ly

Hqn

Using the cited expansions we obtain

1 L(14+/14+1222) 1 (1+1222)
log G, o(1z) =log = + 1 141222 — 1+1222)+ log==— ¥ = L4 4 gme—— 15 -
8 Gue(pz) = log ~ /J(\/ 322\ 1423 O I+ /1B 1%+ 57
2p—1 -1
+ log 1+Z ( (laz) + (— 1)JWC,_7‘(112)+Z(—l)J_kUk(ng)I’Vc’j_k(llz))+O(/1,_2p) ’
k=1
where v
Wc,j(z)zvj(z)” \/H_—~§Uj—1(z)'
Thus
Ib(1+/T-BX
_ 2y _ 2
1og Gy, 1 targ (amV=R) = ligm (\/1 Br- /1 11/\> + g log e
2p—1
O = O
+log = + = log + —— + Ol oF )
with
a0, +q,(A) =1,
aj,:i:aq()\)=Uj(l2V_ ) ( )W:haqj ll +ZUk(12 )J kI’V:ta = k(ll\/ )\)

lta,(A) = a1,24, (M),
j-1 k

bita,(A) = @j,+a,(A) — Ak, tay (MN)li—k,xa, (A).
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Substituting in the log (=X, Sn +a, /42 ), We have

L1+ /1-B))
log T(=\, Sn.ta, /12 =—,Ln( 1-12) - 1-1%\)— 1q.m 10
g T'( n,+ q//‘q,) Hq, \/ 2 \/7 1 Hq, 111+\/ﬁ§,_
1, 08N g

jta ()\) llg‘q.n l;‘q,n g l;q,n l;lL,,‘n »
a=zy =+ e - O3 27).
=B ; R ((sz T ) F g i g ) ) O

Hqn

Proceeding in a similar way we obtain

I b+ VT-TY
108 T (=X, Sy /142.0) = uqn(\/1_lz,\ \/1_12,\) . b(1+/1-BX)

ll (14 +1- 12

1 1 — l2)\ i jta ((l“q-n [Han a [Pam [Ham
_._10 ’7 2 +1 ):t ‘I<2 _ >)+O —2])’

4 1 — l2A ; /lq N g ll]:‘q.n qu'n e llllq,n lgq,n (l‘l‘q n )

with
doviaq ()‘) = ]-y
j-1
Eljv:taq ()\) = j

Waa,,j(leV=X) + (-1)7U;(11vV=X) + Z(—l)kUk(ll\/ “X)Waia,,j-k(l2V/=)),
k=1
Zl,:taq (/\) = &l,iaq ()\)>

j=1 .
) ) j—
[jtag () = 85,20, (V) =

k=1

ak,tag(N)j—k,2a, (V).

’ 1+/1-0
logf(—)\,Sn,g//x,f,_ln =l 1n<\/1_12,\ \/l—l)\) fip—1.n l0Og M

11(1 ++/1—BN)
2p-1 ¢ Lp— -
1. (1=-13) Lio()) et jiebs 2
— —log ——+F — L +log | Z—m + 5= | + O(p, -0 1),
4= H e, T s
with
ag o(/\) =1,
j—1
a5,0(A) = V;(1l2V=X) + (=1)U;(LvV=X) + D _ (-1 Ur (i V=) Vj (V= X),
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(14 /1-EX)
IOgF(_)\; Sn O/M?I n) = _/J'p—l n (\/1 - l%/\ - \/1 - l%)\> - /~Lp—1 n 108 .
sl ’ S O 51

1 (1 _ 12/\) 2p—1 l],o(/\) lﬂp 1n llll-p—l,n
TSN T &, o ) o)

with
ao,o(/\) = 1,
j-1
a;0(N) = Uj(l2V=2) + (=1 V;(LV=2) + Y Uk(lV=2) (=17~ V; L (hvV=D),
k=1

11,0()\) = a1 0()\)
j-1

k
Lio(A) = ajo(A Z] ak,0(A) -k (N)-

We conclude this section w1th the expansions for large A, accordingly to equation (3.5). Using
classical expansions of Bessel functions I,u and K, and their derivative for large argument, we
obtain the expansions of the functions G and G, and then those for the Gamma functions:

logr(_)H Sn,d:uq /Ng n) ~
Iy lg"’" l‘f"‘" Qy lg"'" l‘f"‘"
e _/'Lq.n(l2 . ll) V=A—= 1Ogl +lo og [Ham ot [Ham + [Pan T JHq.on
1 2 Hq,n \ {1 ly
logr(—)H Sﬂ.iaq /:u‘q,n) ~

1 l l#q.n l“q'" , l#q,n luri.n
~ =gn(lz ~ W)V=X = S log = +log | ( 2 + ok )i&(i—h—)
2 ll llq. l q,n [Ha lgfln

Hqn

12 lﬂp 1,n lﬂp—l n
10gF(_/\7571,0/M?)—1,n) i _/J'p—l,n(lQ - ll) V=A+ 2 log l_ i IOg <l/1,, —1.n + e +0 <\/_—/\ )

l/‘f])—l n
2

= l”p 1,n ll‘-p 1,n 1
1og T(=X, Sn0/th-1,0) ~ —tp-1,n(l2 = 1)V=X+ = logl + log (W g l”zrm) +0 (ﬁ) :

10.4. The function ¢,(s). By definition in equation (10.2), we need to consider the difference
between log I'(—=\, Sn,£a,/tqgn) and log'(=A, Sp, +a,/tqn)- The expansions given in the previous
subsection give expansion for large p

lOg F(—)‘a Sn,aq /.u'llﬂl) + IOgF(_’\) Sn,uq /N(I,n) - IOg F(—/\, Sn,aq /,Uq,n) o= log F(_)\, S'n,—a,, /Nq,n) =
2p—1

(1=AB) 1. A
= log —22) el O T OV RN ¢ PR g 1y POL P o) ,
o8 (T3 2 g G )+ e ) = i () = i )+ 005)

and for large A
logT'(—A, Sn,a,, /Nq,n) +logT'(=A, Sn,a,, /#q,n) —logI'(=A, Sn.m, //J'q,n) —log (=2, Sn,—aq //“q,n) =

1
1 i)
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Proceeding as in the proof of Lemma 6.14, we obtain

2
a0,0,qn = 2log =

I’
ag,1,q,n = 0,
baj-1,0,04 =0, b2j-1,0,1,¢ =0,
and hence
I, o Mgn lyg = [—s 2. . = ()
Ap,q(s) =2log o Z — =2log -~ Z . )aziCeals + 3, A7),
152 Ham hig\J

Aoyl,q(s) = 0
This gives

l . ly .
A0,0,9(0) = 2108 7% Ceeto(0, AD) = 2(=1)7dog = > _(~1)*rkH* (W, Q),
1
and
[’;,reg(o) q+1 10g 2 Z I‘k%k W Q)

Similarly, we consider the difference of log I'(— A, Sn,o/,up—l,n) and log (= A, én,o/#p—l,n) for the
function ¢,_1, and we obtain

la

ap,0,n,p—1 = lOg l_7
1

ap,1,n,p-1 = 07

b2j-1,00p-1 =0, baj—1,0,1,p-1 =0,

lo X My l -
Ap,0,p-1(s) = log f z 55 ln _ log chcl,p—l(S, A(q))7

AO,l (S) = 0,

! z l
Aoop-1(0) = 1ogfgcc,,,,(o,A<v-1>) (=1)**log - C Z YerkH* (W, Q),

and
—1

Z( —)*rkHE (W, Q)

k=

10.5. The regular term of the torsion. We use equation (10.3). First, note that as in Section
7 there is no singular contribution by the functions z4(s). Using equation 3.2, and recalling that
—ag-1=—(¢—1—-p+1) =p—q, we compute as in Lemma 7.1

l
t;)—l,reg(o) . ( )p log li

I
Therefore, substitution in equation (10.3) gives

logjrel 91 ,abs Bg,reg(C[ll,lg]W) reg (0) =0.

la l
z,(0) = log——2( —q)logf.
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10.6. The singular term of the torsion. We show that the singular part of the torsion is twice
the singular part of the torsion on the cone, namely that
(10.4) 108 Trel 0y,abs 8, ,5ing (Clty 1] W) = 2108 Taps sing (CLW).
For we need the following lemma.
Lemma 10.4. We have the following equations:
Ljta,(N) = L(IBN) + (=1)71
ljkag (V) = B3N + (=1)71;(3)),
Lio(N) = Li(12N) + (=1)71;(12)),
G0N = L(BN) + (-1)

S
—_
pes
Lol o3
b
s

where the functions l;, [j are defined in the proof of Lemma 6.4, the functions li in the proof of
Lemma 6.10, and the other function in Subsection 10.3.

Proof. The proof is by induction. We give details for the first equation. For j = 1, we have
U ta,(A) = Ur(laV=X) = W1 (LLV=))
=0(3)) + (1) L (BV=-N).

Assume the equation is valid for all n < j. By definition

b, a, (A Z Uk(laV=2)(=1Y "*Wxa, ;s (1 V=)
J=1 7
. UJ(ZZ v —/\) ) W?a,, g ]1 ak q:a,, )lj——k,:}:a,,()\)
k=1

and using the inductive hypothesis for lj—k,Fa,(A), and collecting similar terms, this gives

-1

i ta, (A Z (V=) (=1)*Weq, j—k(l1V=N)

j-1 .

. —k 9
=LA + (CPFEN) = 30 T (1) W, (V=R -k ()
k=1

j—1

-ZJ ® (Un(l2V=N) (— 1 MF (830)
k=1 J
j=1 .

—Z] ZUh V=X (=1)*"Weo, kon(iV=N)—k(12))
k=1 J h=1

~yd ZUh (V=R (=1 Wy kmn (VR (-1 HIF (12N).

k=1 h=1
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Rearranging the summation’s indices, this reads

J,:ta,, ZUk l2 -1) —kVV;aqyj_k(ll\/ =)

j—1

= (BN + (CDIF BN = Y (-1 Wea, k(bV=A)U; -k (2V=1)

<.

k=1
= S E-h —
+ (—l)J—k‘/Vq;aq,j_k(llv—)\)Z ‘ Un(l2 _/\)lk—h(l%/\)
k=1 h=1
-1
+Z(—1)k iok(laV/=X Z —Weagk-n(l1V = =NIE(N)
k=1 h=1
=1 .
= Z J ; j k(12X ZUh LV =X) (=1 " Wea, k-n(l1V=2)
k=1 J h=1
=1 . k ) k-1
= 3 IR ) HELEN X UV R D W e (VN
k=1 h=1

Reordering the first two double sums as

j-1
Z(_l)j_kwq:aq,j—k(ll\/__)zkj hUh(l2\/_)lk (13N
k=1 h=1
j—-1 . k—1
L2 8 3 UV R D WiV,
k=1 h=1
j-1
A L. - g (0= RIE ()
k=1 h=1
g=1 . —% _ k-1
= J—j—(—l)J—sz_ka%A)ZUhaN_ )(=1)* " Wea, kon(l1V=2N),
k=1 h=1

the result follows.

a

We are now in the position of proving equation (10.4). Proceeding as in the proof of Propositions
6.2 and 6.4, the singular part of the torsion is given by some residua of the zeta function associated
to the sequence U and some residua of the functions ®. Since the sequence U is the same for the
conical frustum and for the cone, and the range of the indices are the same, we only need to compare
the functions @ in the two cases. The functions ¥ are defined in equation(3.4), we introduce the

linear operation

oo At
Ban(6) = T = [ 0715 [ S2dninar
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Let use the notation ¢ and ¢, We have
$37-1,q = —2l2j-1(A) + 12—1(/\) +1g;_1(N),

st — — 14 (13A) = L= (13A) + B (120) + T - (120).

Note that all the functions appearing in the definition of the functions ¢(\) are polynomial in
w= \/%—/\ Applying the formula in equation (10.6), we have that

T+ BBN)(s) = BT L+ (13N) (s),
and similarly for the other. Using Lemma 10.3, and odd indices, we obtain for example

B () = (3 +13)9557, 1 (5)

Since by Corollaries 6.1 and 6.2 all the residua Res; of the function ®§2%9(s) at s = 0 vanish,
equation 10.4 follows.

10.7. Conclusion. As recalled in Section 2.6, if OW = ;W U 9, W, is the union of two disjoint
components, and since the boundary term is local,
log Trel 0, abs 0. (W, 9); p) = log 7(((W,01W), 9); p) + AbM,re1 (01 W) + Apm,abs (32 W).
Applying this formula to the conical frustum we have
log Trel a,,abs 8, (Cliy 1) W) = log T(C, i)W, 01C1, 12)W) + ABM,re1 (01) + ABM,abs(82).

Let X be a manifold of dimension 2p with boundary 0X = 92Cy;, 1,)W, and assume there is an
isometry of a collar neighborhood of the boundary of X onto a collar neighborhood of 9,Cy, 1, W.
Let Z be the manifold obtained by glueing smoothly X to Cj;, 1,)WW along the boundary 92Cy, 1, W.
Applying duality of analytic torsion [22] Proposition 2.10 to Z, and since the anomaly boundary
term is local, it follows that Apu,re1(01C], 1,)W) = —ABM,abs(01Cp, 1, W). Since it follows by the
definition that ABM,abs(alc[lth) = _ABM,abs(QZC[ll,lg}vV)a we obtain

10g Trel 0y,abs 02 (Clty 1) W) = 10g T(Clty 1) W, 01C1, 1) W) + 2ABM abs (02C1, 1) W)

Considering the exact sequence of chain complex associated to the pair (Cliy )W, 01CY, 1) W),
it is not difficult to see (see for example [24] Section 3) that the Reidemeister torsion of the pair
vanishes, and hence

log Trel 8y ,abs 8, (Clty,12)W) = 2ABM,abs (02C1, 1) W)
Since the anomaly boundary term is local ABM,abs (02071, ,15)W) = ABM,abs(OCW), and hence
log Trel 91 ,abs az(c[ll,lq]w/) = 2ABM,abs(aC'l I’V)~

This formulas also follows using the formulas for the variation of the torsion with mixed boundary
conditions given in the new paper of Briining and Ma [4]. We thanks the authors for making
available to us this part of the results of their still unpublished paper. Since by the calculations of
the previous subsections

1Og/I‘rel O1,abs 92 (C[ll,lgjw/) = IOg 71rel 81 ,abs Bg,sing(C[ll,lg]I/V) = 210g Tabs,sing(ClW) = 25((90!”/):

this completes the proof of Theorem 1.3.

Appendix
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The next two formulas follow from the definition of the Euler Gamma function. Here j is any
positive integer.

I (s+ 2itl) Lo 1
%i%"—r(%izﬂ)s ——7—210g2+2;2k_1,

(10.5)
s=0 T(gle)S -

The next formula is proved in [35] Section 4.2. Let Ag. = {A € C | |arg(A—¢)|=6},0< 0 < m,
0 < c< 1, areal, then

P | e™M 1 I'(s+a)
10. ts 1__/ LA S = et e
() /0 2711 Jp, . =X (1= A)“d)\dt I'(a)s
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