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REDUCTION OF INFINITE DIMENSIONAL SYSTEMS TO FINITE
DIMENSIONS: COMPACT CONVERGENCE APPROACH

A. N. CARVALHO!, J. W. CHOLEWA?, G. LOZADA-CRUZ?, AND M. R. T. PRIMO

ABSTRACT. We consider parameter dependent semilinear evolution problems for which, at
the limit value of the parameter, the problem is finite dimensional. We introduce an abstract
functional analytic framework that applies to many problems in the existing literature for
which the study of the asymptotic dynamics can be reduced to finite dimensions via the in-
variant manifold theory. Some practical models are considered to show the wide applicability
of the theory.

1. INTRODUCTION

A number of natural phenomena that appear in various branches of science, such as ecology,
physics, chemistry, economics, neurobiology and many others are modeled by differential
equations. Many of these models fall into a class of semilinear parabolic problems of the
form

ohi = DLu+ f(z,u,Vu), z € Q, t >0,

gz (1.1)
%zg(u), 0e, t>0,

where k € N*, u € R*, Q C R” is a bounded domain with smooth boundary 952, L is a second

order elliptic operator, D = diag(dy, -+ ,dy) withd; > 0,1 < i < k, d =min{d; : 1 <i < n},

v is a normal vector to 9%, f : Q x R¥ x R¥Y — R* and g : R¥ — R are suitably smooth

functions.

Spatial homogenization or local spatial homogenization is a natural phenomenon in many
of the problems with such models. These spatial homogenization or local spatial homoge-
nizations are in general associated to reduction to finite dimensions in relation to the study
of the asymptotic behavior of solutions.

In [19] Conway, Hoff and Smoller considered the case g = 0 and showed that when the
diffusion coefficients are large (d large) the solutions of (1.1) are asymptotic to the solutions
of

du
— = f(u). 1.2
= ) (12)

Key words and phrases. Asymptotic behavior of solutions, attractors, invariant manifolds, perturbations,
spatial homogeneity.
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When ¢ is a linear function Hale [21], Hale and Rocha in [23] and Carvalho and Hale
[9] showed that if the ‘limiting’ system (an ode) has a compact attractor, for d large the
parabolic system also has a compact attractor that is close to a ‘limit’ one (the same when
g = 0). When f(z,u,Vu) = f(u) and g is nonlinear Carvalho and Primo in [16] showed
that there exists a system of ODEs which describes the asymptotic dynamics of the original
system for large diffusion.

For N =1 f(z,u,u,) = f(u) and g = 0, Fusco [20] and later Carvalho and Pereira in [13]
and Carvalho in [5] considered the diffusion coefficient of the form a(z,v) with a parameter
v > 0 which is large except in a neighborhood of a finite number of points where it becomes
small. They showed that the asymptotic dynamics of such reaction diffusion problems can
be described through a system of ordinary differential equations which can be exhibited
explicitly. The case when g is nonlinear is considered in [6] and the extension for higher
dimensional domains of these results appear in Carvalho and Cuminato [10] (planar cell
tissue).

Morita [28] considered dumbbell type domains and g(u) = 0. He studied the long-time
behavior of the bounded solutions and proved the existence of an invariant attracting finite-
dimensional manifold (under suitable assumptions on the nonlinearity). On this manifold
the system is reduced to an explicitly given system of ordinary differential equations. The
dynamics of the reaction-diffusion system is then studied via this system of ODEs, for exam-
ple it is shown that there exist equilibrium solutions of the original system with large spatial
inhomogeneity.

The case when the domain consists of N regions D; , ¢ = 1,--- , N, connected by thin
channels @Q; j(¢) which approach a line segments as € — 0 was considered in [29] by Morita
and Jimbo. They showed that an inertial manifold exists, which is invariant and attracts
solutions exponentially. Moreover the ODE, describing the dynamics on the inertial manifold,
can be given in an explicit form through the analysis of the limit of the manifold as ¢ — 0.

When d = e~ W=D, § > 0 and € > 0 is a small parameter, a dumbbell type domain €2,
was considered by Carvalho and Lozada-Cruz in [11, 12]. They proved the convergence of
eigenvalues and eigenfunctions of the Laplace operator in €2, as ¢ — 0, which enabled them to
show that the asymptotic dynamics of the parabolic equation in this domain is equivalent to
the asymptotic dynamics of a system of two diffusively coupled ordinary differential equations
(here the fact that the diffusivity is large allows for less restrictions on the nonlinearity).

In all these papers a difficult part is to obtain the convergence of eigenvalues and eigen-
functions of the unbounded operator associated with the linear main part in (1.1) and to
apply the theory of invariant manifolds.

In this paper we will work out an appropriate functional setting to treat a broad class
of problems such as spatial homogenization, perturbations problems or air pollution models
besides many of the problems in the literature cited above. This functional setting will
make use concepts like convergence of sequences of elements from different spaces Xy, d €
[1, 00], compactness of families living in different spaces and first and foremost the concept of
compact convergence for linear operators. Using these concepts we will develop an abstract
approach that will make possible to ‘reduce to finite dimensions’ some infinite-dimensional
evolutionary problems. For their attractors we will show that they are actually contained in
an exponentially attracting finite dimensional Lipschitz manifold of dimension equal to the
dimension of a ‘limit’ space X .



We remark that application of invariant manifold technique is possible if the operators
exhibit suitably nice spectral properties (existence of large gaps). Convergence of spectra
with respect to the perturbation parameter is then crucial to describe the limit dynamics
identifying the finite dimensional limiting system. The compact convergence approach devel-
oped in this paper will reduce considerably the work needed to prove the results concerning
convergence of eigenvalues and eigenfunctions and existence of large gaps. In this sense,
the theory developed here generalizes, unifies and simplifies the work done in the above
mentioned literature.

To better explain the ideas this work is divided into two parts that we now describe briefly.

The first part is devoted to the development of the abstract functional analytic framework
to treat the problem of reduction to finite dimensions of semilinear evolution problems using
the invariant manifold theory. We first consider linear operators acting in Banach spaces
that change with a parameter for the situation when the limiting operator (and limiting
space) is finite dimensional. For this situation we introduce the notion and properties of
compact convergence and prove the convergence of eigenvalues and eigenfunctions as well
as the existence of a large gap. We then consider equations involving sectorial operators
with compactly convergent resolvent with the limiting problem being finite dimensional
and construct exponentially attracting invariant manifolds that are the graphs of Lipschitz
continuous maps. Using this we study the convergence of attractors for the associated
nonlinear semigroups.

The second part is devoted to applications. We consider problems originating in ap-
plied sciences such as atmospheric problems and cell tissue modeling using reaction diffusion
equations with large diffusion and show that the relevant asymptotic dynamics can be de-
scribed with the aid of the global attractors of nonlinear semigroups in finite dimensional
spaces (originating from ODE). Using the approach developed in the first part of the paper
we show that the solutions on these attractors actually lie on finite dimensional invariant
manifolds and that these invariant manifolds are near a linear manifold where the limiting
problem is posed. We show that the attractors of the perturbed problems are close to the
attractor for the limiting problem in this linear finite dimensional manifold where the flow is
described by an ODE (explicitly given using the convergence of eigenvalues, eigenfunctions
and the blow up of the gap).

Acknowledgements: The authors would like to thank FAPESP, Brazil, for supporting
their research. Also, the second author would like to acknowledge the hospitality of the
scientist from Instituto de Ciéncias Matematicas e de Computacao, Universidade de Sao
Paulo in Séo Carlos, Brazil and from Universidade Estadual Paulista, Campus de Sao Jose
do Rio Preto, where this work has been carried out.

2. PART I: COMPACT CONVERGENCE AND INVARIANT MANIFOLDS

In this section we introduce the notion and some basic properties of compact convergence
of resolvent for families of closed invertible operators and discuss the continuity of the spec-
tral properties of the operators on this family. We also consider the continuity properties of
of semigroups generated by sectorial operators with compactly convergent resolvent. The lat-
ter implies suitable spectral properties needed to construct finite dimensional exponentially
attracting invariant manifolds and leads to reduction to finite dimensions in some semilinear

problems.
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2.1. Generalities concerning operators with compactly convergent resolvent. In
what follows {Xg,d € [1,00]} is a family of Banach spaces, for which we assume that X 18
finite dimensional, and L(Xj), d € [1,00], denote the spaces of all bounded linear operators
defined on Xy with values in Xj.

For d # oo spaces X will in general be infinite dimensional and may vary with d. Following
33], we introduce a family of connecting maps € := {Eq}4e1,00), Which consists of bounded
linear operators Ey : Xoo — X4, d € [1,00), with the property that

| Equl| x, i |lu||x., foreach ue€ X. (2.1)

Using the family of connecting maps we define suitable notions of convergence and com-

pactness concerning sequences of points uq, € Xy, (see [33, 2, 14]).

Definition 2.1. Given us € Xoo and given a sequence of points {ugq,} such that d, — oo,
ug, € Xg, and lim, o ||ug, — Ea,Uso|x,, =0 we say that ug, converges to uc relatively to

. . : £ .
the family € and write this as g, — Uco OT SIMPLY Ug, == Uso.
We say that {uq,} is compact relatively to the family € if and only if for each subsequence
{Udnk} there is a subsequence {Udnk.} and a certain Ue € Xoo such that ug, —--* Us.
J J

With the above notions concerning convergence and compactness of sequences of points
we introduce suitable notions of convergence of bounded linear operators.

Definition 2.2. Given Bo € L(Xo) and given a sequence of operators {Bg,} such that
d, — o0 and By, € L(X4,), n € N, we say that {Bq,} converges to By € L(Xs) relatively

to the family £, which we denote as By, =L, Bso or simply Bqg, --+ B, if and only if

Ug, —=* U tmplies Bag,ug, =+ Boolco-

Definition 2.3. Given a sequence of operators {Bq,} such that d,, — co and By, € L(Xa,)
are linear and compact, we say that {Ba,} converges compactly to a compact linear operator
B € L(Xw), which we denote as Ba, -%s By, if and only if the following two conditions
are satisfied:

(ccl) each sequence of the form {Ba,uq,}, where uq, € X4, and |lug,|lx,, =1 for every

n € N, is compact relatively to the family € and
(cc2) Bg, --* B.

Our further concern will be families of closed invertible operators with compactly conver-
gent resolvent.

Definition 2.4. Given a family {Aa}aep,00) Of linear operators Aq : dom(Ag) C Xg — Xq in
the Banach spaces Xq, d € [1,00), we say that {Aq}aep,c0) 15 0f the class CC(Xa) if and only
if A71 € L(X4) are compact for all d € [1,00) and there exists a finite dimensional Banach
space Xoo, a family & = {Eq}aep,c0) 0of connecting bounded linear maps Eq : Xoo — Xa,
d € [1,00), satisfying (2.1) and a linear operator Aw @ Xoo — Xoo such that At e L(Xo)
and A7' -S> AZL.

In [2] (see also [14]) families of operators of the latter type have been considered and the
authors proved a number of results involving their spectral properties. The following lemma

is fundamental for this.
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Lemma 2.5. If {Ag}aefi,c0) 8 of the class CC(Xa), then for every d € [L,00] the spectrum
of Aq consists of isolated eigenvalues only.
Given any compact set K C p(As) we have that

Juge1 Vazax K C p(Ag) (2.2)

and

31\/[>0 adK>1 sup sup H(/\ = Ad)—lnL(Xd) S M. (23)
d2dg NeK

Furthermore, whenever d,, — 0o, we have
(M = Ag,) By too--+(M — Awo) Mo for each ue € Xeo, A € K, (2.4)

and actually
(A= A)™ -5 (A= Ag) ™ for every N € K. (2.5)

Proof. If (2.2) fails then there is a sequence K No(Ag,) 2 k, — k € K. Consequently, there
is a sequence x4, € Xg, for which ||zq,|lx,, =1 and z4, = knA7'@q,. By assumption, taking
a subsequence if necessary, x4, --+To for a certain zo, € X and A;::cdn——+Agolmoo. Since
this leads to the condition T = kA lZw, k is an eigenvalue of A which is absurd.

If (2.3) fails, then there are sequences K > k, — k € K and z4, € Xg4, such that
|z4,llx,, =1 and ||(knl — Ag,) " 'Ta,l|x,, > n. Denoting (k,I — Ag,)Yzg, =: y, we have
Ynllxs, — 00, knAz lUnllX, n = I¥nllx), Az 2a, = l¥nllx,, ¥n and, taking subsequence
if necessary, we obtain that there exists an element y,, € Xo for which kAZ'Yeo = Yeo-
However this is again absurd as k& cannot be an eigenvalue of A,.

Proving (2.4) we denote (A — Ag,) ™ Ey, too =: Wa, to get wa, = AA7 wa, — A7 Eq, tco.
By (2.3) the sequence of norms {||wg, || x,, } is bounded. By assumption we may thus assume
not loosing generality that A;ﬂlwdn——ezm for a certain zo, € Xo. Since Ey, Uoo--+Us We also
have that A;nlEdnuoo——+Ag°1uoo. This ensures now that wy, --+ws for a certain Wy € X
By assumption we then have A;ﬂlwdn——+A;1woo and obtain

Weot--Wy,, = )\A;nlwdn - A;}Ed"uoo——w\A;olwoo - A;oluoo.
Therefore e = (A — Awo)We and we get
(M — Ag,) ' Egptioo = Wap -~ Woo = (A — Asg) M o.

To ensure (2.5) we need to show that both conditions required in the Definition 2.3 holds.
As for the condition (ccl) we remark that this is a consequence of the resolvent estimates
and the assumptions concerning the family {Aq}dei,o0)- Finally, if ug, --+ o, then the
proof that (Al — Ay, ) tua, --+ (A — Ac) 't is fully analogous to the proof of (2.4). O

Remark 2.6. Note that the convergence in (2.4) is uniform for us varying in compact
subsets of Xo provided that the family {Eq}aeq o) 15 bounded; that is || Eg||L(xe,x4) < C for
all d € [1,00] where constant C does not depend on the parameter.

Lemma 2.5 is crucial to exhibit the relevant spectral properties of the considered perturbed
system. Below we use the perturbation theory of linear operators [27] and give some results
which follow from (2.2)-(2.5). We start from a proposition concerning projection operators

and projected spaces.
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Proposition 2.7. Suppose that {Ad}aep,c0) is of the class CC(Xq) and let X € 0(As).
Then,
i) given sufficiently small § > 0, the operators

Q) = — / (€1 = A\de, d € [1,00],
l-A|=5

= omi

are projections on X4 and

Qa(A) -=» Qoo(A)- (2.6)
Furthermore,
i) all the projected spaces Wy(X) := Qq(\) Xy are eventually of the same algebraic dimension;
namely, there exists a certain do > 1 such that

rank(Qq())) := dim Wy(\) = dim W () =: rank(Qu(A)) for all d € [dy, 0],

iii) for each us € Weo(N\) there is a sequence {uq,} such that ua, € Wa,()), dn — o0 and
Ud,, == Uoo-

iv) given sequences d,, — 0o and {u,} such that u, € Wy, (A) and ||u,|lx,, =1 foralln €N,
each subsequence {un,} of {un} has a subsequence {uy, } such that uy, --+ uc for a certain
Uoo € Wea(A).

Proof. Part i) follows from Lemma 2.5 and from [27, Theorem II1.6.17].

i) If vy,..., vy is a basis for We (X)) one can see that, for d suitably large, the elements
Qa(N)Equy,. . .,Qa(\) Equy are linearly independent in Wy()). Otherwise we consider the
relation Z;f:l a4Qq(N)Equ; = 0, where Z;‘f:l lad|? = 1, and taking subsequences of {af}
convergent to a; (which we denote the same), we get in the limit that Z§=1 |2 = 1
and 0 = Z§=1 aQa(N) Equ; --+ Z;f:l @jQo(A)Y; = 2521 a;v;j, which is absurd. Hence
rank(Qq()\)) > rank(Qs()\)). Now, if for some sequence d,, — oo we have rank(Qq,(\)) >
rank(Qe(A)), we infer from [27, Lemma IV.2.3] that for each n € N there is a point u, €
Wa, (A) with [|u,]|x,, = 1 such that infueq,, (\)Eu, Xoo lun — wllx,, = 1. Since Qq, () are
projections we have Qqg,(\)u, = u, and hence from (2.6) we can assume without loss of
generality that w, --+ us for a certain us € Xoo. Then also Qq, (A) Un = Un =+ Qoo (A)Uoo,
where Qoo (A\)Uoe = U € Wio(A) as Quo(A) is a projection, and we get

1= weangl)fEdnxw tn — wllx,, < Un — Qa(N)Ed,toollx,, -
Since Ej Ueo --* Uso, then Qq,(A)Eq,Uso --* Qoo(A)us and consequently we infer that
lun — Qa,(N) Ea, Uoo || x,, — 0, which is absurd.

iii) If d,, — oo then Fgy, U --* Uoo and (2.6) implies ug, = Qa,(N)Eq,Uco ~=* Qoo(N)Uco-
Since Quo()) is a projection and us € Weo(A) we also have Qoo(A)Uoo = Use Which gives the
result.

iv) Since @, are projections we have that Qg,u, = u, for alln € N. By (2.6) we then infer
that any subsequence {uy,} has a subsequence {uy,, } such that u,, --+ ue for a certain
Uoo € Xoo. Therefore Un,, = Qd"k, Upy, —= Qoolloe = Us, Which completes the proof. O

We will now denote by Os(z) an open ball in the complex plane C of radius § > 0 around
z € C. The next result concerns the convergence of eiganvalues (see [2, 14]).

Corollary 2.8. If {A4}aep,0) is of the class CC(Xq4) then
6



(i) for each \ € 0(A), there exists a sequence d,, — 0o and A, € 0(Aq,), n € N, such
that \,, = A as n — 00,

(ii) conditions d,, — 00, Ay € 0(Ag,), n € N and A\, — A asn — oo imply that
A € 0(Aw),

Proof. (i) It suffices to note that there is a certain dy > 1 such that for each § > 0 and every
d > dy we have o(Ag) N Os(\) # 0. Indeed, if this is not the case then there are ¢ > 0 and
a sequence d, — oo such that fIE—/\|=5(5 — A€l — Ay)*d¢ =0 for all n € N. By (2.6) we
then have [,y _s5(§ — A)"(&] - Aco) tdé = 0 for all n € N, which is absurd as (£ — Ao)™!
does not have removable singularity at £ = \.

(i) Let d,, — o0, {M\} C 0(A4,), An — X and let u, € Xg, be the corresponding eigen-
functions with [|u,||x,, = 1. Then u, = )\A;nlun and by assumption there is a subsequence
(denoted the same) such that u, --+ Us for a certain uw. € Xo. By compact convergence
we obtain

gy == Uy = )\A;"lun ~-3 M o,

which proves that A € 0(A). O
It is reasonable to describe convergence properties of spectral sets in term of the Hausdorff
distance of sets.

Definition 2.9. If V is a metric space and dist(-,-) denotes the metric in V, then the
Hausdorff semidistance dy in V between sets By, By C V is defined as

dy (B, By) = sup inf dist(by,bs)

b1€B; L2682
and the Hausdorff distance dist}; in V between By, By CV is
dist¥;(By, By) = dy(By, By) + dy;(Ba, By).

Given a family of sets {B, : n € NU {oo}} in V we say that {B, : n € NU {oo}} s
upper semicontinuous at oo (resp. lower semicontinuous at 00) (resp. continuous at 0o) if
and only if d(Bn, Beo) — 0 (resp. dp(Boo, By) — 0) (resp. disty(Boo, Bn) — 0).

In a similar manner we define the notion of Hausdorff distance relatively to the family £.
Definition 2.10. For d € [1,00) and for sets By C X4, B C X we set

d%(Bg, Bs) := sup inf [|bg — Egbeo| x4 dfi(Boo,Bd) = sup inf ||[Egbe — ballx,
bdeBd booeBoo boceBoo deBd

and we define the Hausdorff distance dist%; (B, Bs) relative to € as
dist§ (By, Beo) = d%(Bua, Boo) + d% (Bso, Ba)-

If{B, : n € NU {co}} is a family of sets such that B, C Xa, for each n € N and
d, — 00, then we say that {B, : n € NU{co}} is upper semicontinuous at oo (resp. lower
semicontinuous at 0o) (resp. continuous at co) relatively to € if and only if d(By, Bes) — 0
(resp. d%(Beo, Bn) — 0) (Tesp. dist%;(Beo, By) — 0).

The convergence of spectral sets and subsets of projected spaces can be now concluded as

follows.
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Corollary 2.11. Suppose that {Aa}taeii,o0) is of the class CC(Xa). Let Aoot, Mooz, - - -, Mook
be the all distinct eigenvalues of As and let § € (0,1) be such that the balls Os(Aooj),
j=1,...,k are disjoint.
Then,
i) for each R > 0 there ezists a certain d(R) > 0 such that for any d > d(R) and each
AE O'(Ad)

either A € US_1O5(Aej) 07 |A| > R,
Furthermore,
ii) concerning the spectral sets

0} = 0(A)NO0s(Acj); Oityr = o(Ag)\Ui 0f, 00 = {Aj}, 1 <J <k, d € [d(R), ),
we have that
dist%(a?,a;") —0asd— oo for each1 < j <k,
and
inf{|\| : A € ot} = 00 asd— oo, (2.7)
i) concerning the unit spheres Wqj = {xa € Wa(};) : |24
Wa(A;), d € [d(R), 0], we have that

dist, (Wi, Weoj) — 0 as d — oo for each 1 < j < k.

x, = 1} in the projected spaces

Proof. i) Assume that there is a certain R > 0 and there are sequences d, —> oo and {Aq, }
such that \g, € 0(Ay,), |Na,| < R and |A\g, — Asoj| = . Evidently there is a convergent
subsequence {\q, }, which via Corollary 2.8 tends to some A € 0(As). However the latter
implies that |\ — Aooj| = 6 for every j = 1,...k, which is absurd.

Part ii) follows now immediately from i) and from Corollary 2.8. Finally, part iii) is a
consequence of Proposition 2.7 iii)-iv). O

2.2. Problems involving sectorial operators with compactly convergent resolvent.
In this subsection we consider semilinear equations with sectorial operators possessing com-
pactly convergent resolvent. For these equations we construct exponentially attracting in-
variant manifolds S; as the graphs of the Lipschitz continuous maps 37 defined on a suitably
chosen subspace Y, of Xj.

We start from a lemma concerning linear problems

{u:Adu, t>0,del,0),

w(0) = up € Xy, (2:8)

where {Ag}ef,o0) 18 assumed to fall into a suitable class of linear operators in the Banach
spaces as defined below.

Definition 2.12. Given a family {Aq}acp o) 0f linear operators Aq : dom(Ag) C Xyg — Xy
in the Banach spaces Xy, d € [1,00), we say that {Aa}taep,c) s of the class G(Xq4,c,w) if
and only if for every d € [1,00) the operator Aq : D(Aq) C Xq — Xq4 generates a strongly
continuous semigroup of linear operators {e4dt : t > 0} C L(Xy) and

e || cixy < ce*t forall t20,de[1,00), (2.9)

with constants ¢ > 1 and w € R independent of d € [1,00).
8



We say that {A4}aeii,00) 15 of the class H(Xq, M, 0) if and only if for each d € [1,00) the
resolvent set p(Aq) of Aq contains the same sector $g := {\ € C : |arg(\)| < § + 0} and
moreover

M
IO = Ad) oy < DS for all N € Ty, d € [1,00), (2.10)

where constants 0 € (0,Z) and M >0 do not depend on d € [1,00).

Evidently G(Xg,c,w) contains H(Xq, M,0) as in the latter case operators Aq, d € 1, 00)
generate semigroups {e4* : ¢ > 0} which are analytic and (2.10) implies (2.9) for some w < 0
and ¢ > 1 (see [26]).

Lemma 2.13. Let {Aq}aeqi,00) e of the class CC(Xq) NH(Xg4, M,0). Then, for each us €
X, we have

e Egieo — Eqe™ " uco|lx, — 0 as d — o0 (2.11)
uniformly in compact time intervals away from zero.

Proof. Since A is a sectorial operator then for every d € [1, oo] we have
1
edat = — [ M\ — Ag)7'd)\, t >0,
2mi Jr
where, by assumption, I' is a contour suitably chosen in Nuep1,00)0(Aa) (see [26]). For each
r>0we write I = [[ N O,(0)]U[L'N(C\ O,(0))] =:THUT? and observe that
2]\/[6” cos ¢
At i
sup eM( N — Ag)” dA\ < —, t>0,
2 [ MOT = Al < -

with a certain ¢ € (%, 7). With the aid of Lemma 2.5 we also obtain

| [ A = Ag) ™ Batiood) — / M Ey(M = Aco) M uoodAlLx,
ri T

¢ . 5

< 7‘/ |(re? — Ag) "' Equeo — Eq(re” — Asg) Mo || x,d0 — 0 as d — oo,
-

which proves the result. O

Remark 2.14. Note that the convergence in (2.11) is also uniform for u., varying in compact
sets of Xoo provided that the family { Eq}dep,o0) 0f connecting maps is bounded (Remark 2.6).

Remark 2.15. Using that

1 ® 1 A
aare = L [T
I'(a) Jo

it follows from Lemma 2.13 that (—Ag)™® --+ (=Ax) ™ for each a > 0.
In further consideration we will consider perturbed semilinear problems for which we define
some suitable classes of nonlinearities.

Definition 2.16. We say that {Fy}aejo,ec) 18 0of the class F(Xa, C) if Fy: Xa — Xq are the
maps in the Banach spaces X4, d € [1,00) satisfying

sup sup [|Fa(za)llx, <C
de[l,00) zg€Xy
9



and
| Fa(za) — Fa(ya)llx, < Cllza — yallx, for all za,ya € Xa,
with constant C > 0 being independent of d € [1,00).
If for ali d € [0,00) we have Fy = F and Xq =: X then we say that F is of the class
F(X,0).

For d € [1, c0) we consider semilinear Cauchy problems

U= Adu + Fd(u),
u(0) = uo,

where {Aq}ae1,00) is of the class H(Xa, M, 0) and {Fy}acjo,0) is of the class F(Xq, C).
Following [26, Definition 6.1.1] we recall that

(2.12)

Definition 2.17. A set Sy C X4 is an invariant manifold for (2.12) if and only if for each
ug € Sy there is a solution u(t) : R — Xy of (2.12) such that u(0) = ug and u(t) € Sq for
allt € R.

We also recall that

Definition 2.18. If {Sy(t) : t > 0} is the semigroup in Xa, then A4 is a global attractor
for {Sa(t) : t > 0} if and only if Aq is compact invariant and dist3*(Sq(t)Ba, Aa) — 0 as
t — oo whenever By is bounded in X4 (see [22]).

A set S; C X, is exponentially attracting under {Sy(t) : t > 0} if and only if there is a
certain p > 0 such that ePtdist}y*(S(t)Ba, Su) — 0 as t — oo whenever By is bounded in Xj.

In what follows our main concern will be to prove the following result.
Theorem 2.19. Suppose that {Fy}aep,0) s of the class F(Xq,C) and {Aa}aep o) s of the
class CC(Xq) N H(Xq4, M, 0).

Choose § > 0 and R > 1 + max{|\w;|,j = 1,...,k} according to Corollary 2.11 and
define the spectral sets

0’;_ = {/\d € O'(Ad) : l)‘dl < R}, d> d(R), (213)
and the corresponding projections
1
QaloT) : Xa — X, Qalof) = 2—m/ (€ — Ag)~Yde, d = d(R).  (2.14)
£l=R

Define also projected spaces
Yy = Qa(0])(Xa), Za= (I —Qa(07))(Xa), d = d(R), (2.15)
and projected operators
AL = Agly,, A3= A4lz,, d=d(R).
Assume finally that the following condition (D) holds:
(D) the semigroups generated by A}, A% with d > d(R) satisfy the estimates
lehatz||x, < M PP z||x,, t<0, z€Yy

2.16
lleti*z]|x, < M e @2 (210

X gy t?O,ZEZd,

where |3(d)| < 3, 0 < y(d) 928° 50 and M > 1 does not depend on d > d(R).
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Then,
i) for each d sufficiently large there is an invariant manifold Sy for (2.20), which is given
with the aid of a certain Lipschitz continuous map Ly : Yq — Zg as

Sa={uq € Xa: ug = Qa(07)(ua) + T Qalod ) (ua))},
i) the maps X3 : Yq — Z4 satisfy the conditions

* * d—oo
I3l := sup [[Z5(ug)llx, = 0 (2.17)
ubGYd
and . .
E* . Z* U —00
sup | d(“’dz j(“d)“"d < L(d) 2 o, (2.18)
ul,ilevy “ud - ud”Xd
ug#ig

iii) Sy is exponentially attracting.

In particular,
iv) the problem (2.12) generates in Xy a C° semigroup {Su(t) : t > 0} which has a global
attractor Aq C Sq and the flow on Ay is given by

u(t) =v(t) + Zy(v(t)), teR
where
b = Agv + Qu(o] ) Fu(v, Z3(v)). (2.19)

Remark 2.20. Note that with the above setup we have that Xq = Y@ Zq4, that A3 generates
a strongly continuous semigroup on Zg and that A} € L(Yy) for every d > d(R). Also note
that, if Aq are all selfadjoint bounded from above operators in Hilbert spaces Xq, d € [1,00),
and {Aq}aeqi,0) i of the class CC(Xy) so that Corollary 2.11 applies, then D is satisfied,
which is the case in many applications (see Subsections 3.1 and 3.2). To see that M in (2.16)
can be chosen independently of d one can use the numerical range to estimate the resolvent
of Ay or, when Ay has compact resolvent, to use Fourier series.

Theorem 2.24 will be proved in a sequence of lemmas.

Lemma 2.21. Suppose that { Fy}aco,00) 15 0f the class F(X4,C), {Aa}aep,co) s of the class
CC(Xq) N H(Xq, M,0) and the condition D holds. For uq(t) being a solution of (2.12) let

uy(t) = Qa(oy) (wa(t)), ua(t) = (I — Qa(og))(ua(t))
and consider the equations
uh = Abul + Hy(ulud), 5= A2 + Gy(ul, ud), (2.20)
where
Hy(ub, u3) = Qa(of) Fa(u,ud),  Galuf,ud) = (I — Qa(o)) Fulug, ug)

and o, Qa(o}) are given by (2.13)-(2.14) with 6 > 0 and R > 0 as in Corollary 2.11.
Then for each d sufficiently large there is an invariant manifold Sq for (2.20) and

Sa = {ug € Xa : ua = Qu(0])(ua) + T5(Qulo])(ua))}

where X5 : Yg — Zq is a certain Lipschitz map and Yy, Zy are as in (2.15).
11



Proof. The proof of this lemma is adapted from [3, 4] and is given here for completeness of
the presentation.
Given any L, D > 0 we define the complete metric space

Xo={Za: Ya— Zg; IZall < D, |1Sa(ug) — Sal@g)llx, < Lllug — tgllx,}
with distance between Sq, Lq € X4 given by
IZa — Zall = sup [|Za(2) — Sa(2)lx.
2€Yy

By assumption there is a certain p > 0 such that for all u}, @} € Yy and u3, 43 € Zq we have
| Ha(ul, ud)lx, < 00 Galug ud)llx, < o,
|| Ha(ub, u2) — Ha(ith, 53)llx, < o(llug — @dllx, + llug — a4l x.), (2.21)
1Ga(ul, u3) — Galiig, i3)|x, < o(llug — dgllx, + llug — dallx,)-
Since (D) holds there is a certain dy = do(D, L) > 1 such that for all d > dy we have
oM o(1 + L)M?

@ <P B@Fs@ -+ o S (2.22)
and
L Q]\/[ QQM2(1 +L)
Is(d) = o * G+ DM = B@)(7(d) + 8@ — 2@+ L) ) < ' 2
Tl o(l+L)M*+ M .

T (@) +Bd) — e+ L)M T
In what follows we are going to find £ € X4 such that, if 7 € R and (¢, £3(¢)) € Ya X Zq,

then the solution of (2.20) starting at uj(7) = ¢ and u3(r) = £3(¢) is such that u3(t) =
T4(ul(t)) for all ¢ > 0 in which case (2.20) reads

iy = A+ Ha(ul, D), i = Mjuy + Galus, Tifus). (2:24)
Since ,
w0 = M) + [ DGl Tyl
to

then, letting to — —oco, we have
t

ﬁmzmww»a/eWHWmm$mmwmm,

—o0

and
T3(¢) = Th(ug(r)) = uj(r) = /_ eat=Gy(u(s), Ti(uy(s)))ds.

The existence of such ©* will follow from the Banach fixed point theorem.
For 7 € R and arbitrary ¢ € Yy, £4 € X4 we denote by uj(t) = 9(t,7,(, Lq) the solution
of

uh = Abul + Ha(ul, Sa(ud), t <7, uy(r) =¢, (2.25)
and define @4 : Xy — X4 by
%@mo=/ NGy (ul(s), a(ul(s)))ds. (2.26)

12



Note that by (2.16) we then have
|2y < oM [ s =

and hence ||®4(Z4)(¢)||x, < D via (2. 22)
For Eda Ed & %da C C = Yd denote ud w(t’Ta Ca Z:d)a ﬂ‘tli i w(ta T, Ca Ed) Then

uy — fig = M- O) + / MO [Hy(ul(s), Sa(ul(s))) — Ha(@y(s), Za(iiy(s)))]ds

oM
Y(d)’

(2.27)

and with (2.16), (2.21) we obtain
Iy — @l x, < MPDD)¢ ~ Clx,

+M /t P D=2 Hy(uy(s), Ta(uj(s))) — Hala(s), La(@y(s)))llx, ds
< MO (x,
+o(1+ L)M/ P D=9yl — gLl x, ds + oM||Za — T4l / ePDE=9) s,
t t
Since for ¢(t) = e PDE7)||lu} — G} x, we have

$(t) < M||¢ — Cllx, + oM||Zq — Zdl / D=3 ds + o(1 + L)M/ ¢(s)ds
t t

then
Mo(l1+L)+1
N1+ L)
oM S _ _
+ T — 3 lleleGHL)M=B(d)](r—t)
Q(l W L)M _ ﬁ(d) l” d dme

Now, with the same argument above, it follows that

124(2)(¢) = 2(E)(Dllx, < QM/_ e DT [(1 + L)||ug — Ggllx, + 14 — Zal] ds
and using (2.28) we get

[24(24)(€) — 2(B)(Ollxs < Io(d)lIZa = Zall + L(DIC = Cllxa (2.29)
with I5(d) and Ic(d) as in (2.23). Therefore, there is a unique fixed point ®(X}) = &} € Xq.
Now let (o, 0) € Sa, Yo = Zi(2o) and let zj(t) be the solution of
dz
dt
This defines a curve (z5(t), 5(z5(t)) € Sa, t € R. But there is a solution of

y = AQy + Ga(zy(t), Zi(zy(1)),

lub(t) — @l (t)] ¢ = &, elea+BM=-8@lr=0

(2.28)

= ALz + Hy(z,Z5(z)), z(0) = zo.

given by the integral formula

t
yi(t) = / MA@y (ah(s), TH(i(s))ds = T3,
13



which stays bounded as t — —oo. Therefore, (z3(t), Z5(x})), t € R, is a solution of (2.20)
through (zo, o) and thus S, satisfies the requirements of the Definition 2.17. O

Lemma 2.22. Under the assumptions and notation of Lemma 2.21 both (2.17) and (2.18)
hold.

Proof. Note that (2.27) implies

" it gy = 2M
sup | Z3(C)lx, = 5up (S5 Q) < oM [ e~ = 2
CeYy CeYy -0 v(d)

where (d) — 0 as d — co by assumption (D). Using (2.29) we also have

125(0) = 50 lx, = 124(ZD(Q) = BED©Oxs < Le(@)lIS = Clx,

with I;(d) as in (2.23); i.e. I¢(d) converging to zero as d — oo. O
We now show an exponential attracting property of the invariant manifold constructed in
Lemma 2.21 above.

Lemma 2.23. Under the assumptions and notation of Lemma 2.21 for any 5 > 0 there s
a certain d(5) > 1 such that for all d > d(¥) and for any solution (uy(t),u3(t)), t > to, of
(2.20) we have

() — Sa(uh(®)llx, < MeTT 7 ug(to) — Ti(ua(to))llx,, ¢ > to, (2.30)
where M is a constant appearing in the condition (D).
Proof. Let &4(t) = u3(t) — T5(ul(t)) and y'(s,t), s < t, be the solution to

g = At + Hay' Za(yh), s <ty (1) = ug(t).
Then,
ly* (s, ¢) — wa(s)llx,

t
<o [ O (14 DI'0,1) ~ w0, + 10, 0) — w0l ]9
ot
< QM/ P DE=0 [(1+ L)ly"(6,8) — ug(0)llx, + 1€a(0)llx.,] dO.
and z(s) := e7ADs||yl(s,t) — uf(s)| x, satisfies the relation
d d

t t
2(s) < oM / e=P@0||2,(0)]|x,d0 + oM (L + L) / 2(0) db,

s

which implies via Gronwall’s inequality that

t
ly* (s, 8) — ua(s)llxs < QM/ e~ Do DIMIO=) 1 (0) || x,, 5 <. (2.31)
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Similarly, for s < to < t we also obtain with the aid of (2.31) that

Lifg..
I (s,8) — 4 (s, to) I xa < lle™aC7) [y (to, 1) — ug(to)] I x,

+ / N0 [H,(41(6,8), Ti' (0, 1))) — Haly' (0, 10), T30 (0, 0)) 1aellx,

t
< oM@t / ¢~ B@O=c1+DMIO—0) ¢ (9| dO

to

to
+o(l + L)M / PLDE=0|41(9, 1) — 41 (0, to) || x,d0

S

and using again Gronwall’s inequality we have

t

Iy (s,) — ¥ (s, to)llx, < oM? / g~ PE—e0+IMIE=)||£, (0} x,d0. (2.32)

to

In what follows we estimate £4(t). Note that

fd(t)—eA?‘“‘t”)éd(to):/ il Gy(uy(s), ui(s)) — Galy' (s, 1), Ta(y' (s, 1)))]ds

to
to
- / MGy (y (5,1), Ti(y' (s,1))) — Galy' (s, to), Sy’ (s,1o))]ds.
Thus, using (2.31) and (2.32), we obtain
1€4(8) — e*a=¢,(t0) 1x,

t
< oM / e [l (s) - 3 (5,1
to

o+ 16A() = Zalv (s, )l | ds
"to

+ oM [ e @0 Iy (s,8) = v o)l + ity (5,00) = Baly (o )] ds
't

< oM [ ey (s)|xds
to

t t
LM / S~ d)(t=e) / e~ [0@=e0+D)MI0=3) ||, (0)|| . ,dOds

to s

to t
+92(1+L)M3/ e—’v(d)(t—s)/ e_[ﬁ(d)‘g(l“LL)M](e_s)||§d(9)|lxdd9ds,

—00 to

so that we get

t
l€a() — e Eq(to) | x, < @M / e g4(s) | x,ds

to

t o
+g2(1+L)M3/ / e—v(d)(t—s)dse—[B(d)—g(HL)M](O—s)||§d(9)“Xd do.
top v —o0
15



, o o*(1+ L)M? ,
Consequently, letting b(d) := oM + @ T B -0+ DM we infer that

1€a(t) — ¢~ (to)llx, < b(d) / e D=0 4(0)]x,d0-

to

Thus .
1€a(t) ]| x, < Me " DE=1)]1g, (ko) | x, + b(d) / e D=9 1£4(0) | x,d0

to
and we conclude that

()1, < M|Ealto)llx e AN,
Since v(d) — oo and b(d) — oM as d — oo the proof is complete. O

Lemma 2.24. Under the assumptions of Lemma 2.21 the problem (2.12) generates in Xa,
d>1, a C® semigroup {Sq(t) : t > 0} of global solutions which has a global attractor A,. For
all d sufficiently large the attractor Ag is contained in the invariant manifold Sy constructed
in Lemma 2.21 and Sy is ezponentially attracting,

Proof. By assumption all solutions of (2.12) exist globally in time and are given by the
variation of constants formula

t
u(t) = eMitug + / A9 B (u(s))ds, > 0, (2.33)
0
where the linear semigroup {e?4 : ¢ > 0} is asymptotically decaying. Consequently, there is
a bounded set in Xy absorbing bounded sets and, since the resolvent of A, is compact, we
infer that the semigroup Sg(t) : X4 — Xg, t > 0, of global solutions of (2.12) has a global
attractor Ag.

;From Lemma 2.23, we conclude that Ay C Sq. Indeed, if Sq(t)ua = ub(t) + ui(t), where
t € R, denotes the solution passing at ‘time’ zero through a given point ugqo = uly+uly € Ag,
then (2.30) reads

3 () — Shul(t))llx, < Me 7 |u(to) — Tg(ua(to))llxa t > to. (2.34)

Since va(uao) = {Sa(t)uao : t € R} C Ag, then va(uq) is bounded and letting ty — —oo we
obtain that Sg(t)ua = ul(t) + Tj(ul(t)) € Sa for every ¢ € R, which proves the inclusion.

Finally, if By C X4 is bounded and ug = uly + udy € Bg, then using again (2.30) we
conclude that Sg(t)ug = ul(t) + u3(t) satisfies the relation

sup inf ||Sa(t)ua — vllx, < sup [lug(t) - Za(ua(®)llx,

ug€By VEOd udgo€By
< Me™™ sup “u§0 - 22('“(110)“)@-
udo€Bd
Thus
dist X4 (S,(t) By, Sq) < ¢(Bg)e™ " whenever By is bounded in Xg. 2,35
H
and thus the proof is complete. O

Remark 2.25. Note that due to Lemma 2.23 the exponent 7 in (2.35) can be chosen as

large as we wish.
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We remark that the above consideration can be generalized to include the case when the
nonlinear term Fy in (2.12) is defined on the fractional power space X§, a € (0,1).

Definition 2.26. Given one-sided fractional power scales {Xg, a > 0} and o € (0,1) we
say that {Fy}aepco) 15 of the class F(X$,C) if and only if Fy : X§ — Xy is differentiable
and satisfies

sup sup ||Fd(33d)”X¢ <C
de(l,00) Ta€XS

and
| Fa(za) — Fa(ya)llxs < Cllza — val

where constant C > 0 is independent of d € [1,00). Of course, the second condition above
implies that SUPye(1 o) SUPyex I Fy(u)lloxe,x) < C.

xe for all xq,ya € Xy,

In a similar way as in Lemma 2.21 and [26, Theorem 6.1.7] the following result can be
proved.

Proposition 2.27. Suppose that {Fy}qeqi ) 18 of the class F(X§,C), {Aa}de o) s of the
class CC(Xq) NH (X4, M,0) and the condition D holds. For ug(t) being a solution of (2.12)
let

uy(t) = Qa(o])(wa(t)), ug(t) = (I = Qaloy))(ua(?))
and consider the equations
iy = Ajuj + Ha(ug, ud), g = Ajug + Ga(ug, ug), (2.36)
where
Hy(uy,ud) = Qa(o])F(uhul),  Galug,ul) = (I = Qa(0]))F (ug, uj)

and o, Qu(o}) are given by (2.13)-(2.14) with § > 0 and R > 0 as in Corollary 2.11.
Then for all d sufficiently large there is an exponentially attracting invariant manifold

Sy = {uq € Xy : ua = Qu(07)(ua) + X3(Qal(o)(ua)) }
for (2.20). The map 3% : Yq — Z§ is differentiable,
* * d—o0
12l = sup [[S5(ug)llxg — 0,
ucliEYd

* * [~ o~ d—oo
I1Z3(ug) — T30l xg < L(d)|lug — Gallx,, L(d) =0

and from this

l

* d—oo
sup |2y (va) | Lvazg) < L(d) 0.
ug€Yy

3. PART II: APPLICATIONS

In this section we will apply abstract results developed in Section 2 to sample problems
originating in applications. These will be atmospherics’ and cells’ modeling reaction-diffusion

equations.
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3.1. A cell tissue reaction-diffusion problem. In this section we consider a perturbed
one dimensional scalar parabolic equation with Neumann boundary condition and with the
diffusivity being large except in neighborhoods of some chosen points where it becomes small
(see [5, 6, 10, 13, 20]). This situation can be found in modeling of a linearly coupled cell
tissue for which the diffusivity is small in the membranes and large elsewhere.

Consider the problem

(3.1)

uy = (a%uy). + f(u), x€(0,1),t>0
U;,;(O) ’U,()ZO, t>0,

where we assume that

(a1) at € C*([0,1],R) and a%(z) > 0 for each z € [0,1],
(ag) if 0 = 2o < &1 < ... < T, = 1 is a partition of [0,1], e1,...,€n, lo,.. . ln, aG,...,0%

are positive constants and l’g, o ,l'i, a’g,. N d are functions depending on d > 1
and approaching (respectively) ly, ... I, ag,.. a71 from above as d — 400, then

de;, forz; y+dM_ <z<z—dl, i=1,.
dla;, forz;—d U <z<z+dl, i=0,. (3.2)
d~ <Lz +d Y, i=0,...,n,

a’(z) :=

NV

1.1 1
a;, fora;—d™l<

where we set 2o —d"U) =x9 —d Uy =0, x,+d ', =x,+d,=1,
and

(a3) f:R — R is alocally Lipschitz function satisfying the dissipativeness condition

f(s)

lim sup " Z @< 0, (3.3)

|s|—o0

We remark that the coefficient a? in the interval [0, 1] is thus large except neighborhoods
of some chosen points where it becomes small.
In the analysis of (3.1) out primary concern will be the eigenvalue problem of the Sturmian

type
{—(adux)x +u=2MXu, z€(0,1),t>0 (3.4)

ue(0) = ug(1) =0, > 0.

In fact we will show that compact convergence approach of Section 2 leads to the following
result.

Theorem 3.1. Suppose that the conditions (a;) — (az) are satisfied. Let {\¢}$2, be the
set of ordered eigenvalues for (3.4) (counting their algebraic multiplicity) and let {q’)k , be
the corresponding set of orthonormal eigenfunctions. Also let {\P}r_, be the ordered set of
eigenvalues (counting their algebraic multiplicity) for

S1 81
Bo || =X, (3.5)

Sn Sn
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where

a1 f1 0 0 o 0 0
B as B2 O 0 0 0
0 B2 az (3 0 0 0
0 0 B3 aa 0 0 0
" -1 -1
By = dlag(LO ) ’Ln—l) I ; : . 2 (3 6)
0 0 0 O 0 0 0
0 00 0 « O0ap=2Pn-=2 0
0 0 0 0 « 0pBp-2an-1Pna
L 0 0 0 O -0 0 Bn-1 om n
ay
Lk_1=.’lik—$k_1,k:1,.--,n, al:E+LO’
1
-1 A Ap—1
oy = + —+Li 1, k=2,...,.n-1, a,= + L,
F By T T FTRen Tl s g B e (D)
Q.
ﬁk:_z_lk’ ":1,2,...,7?;"‘1,

and let {¢P}r_, be the corresponding set of orthonormal eigenfunctions.
Then

i) A — AP as d — oo for each k=1,2,-,n,
i) X{ — 00 as d — oo for all k > n,
iti) |6 — E¢P| 20,1y — 0 as d — oo for every k= 1,2, ,n, where

Ci, T € (ZB[),.’L‘l),
Ec= for C= (c1)027' o ,Cn> € R™ (38)

Cny, T € (ﬂ3n_1,117n),

Theorem 3.1 will follow from Corollary 2.11 and Lemma 3.2 below, in which we establish
a suitable compact convergence property.

Lemma 3.2. For each d € [1,00) let Xy = L*(0,1) and By : D(By) C L*(0,1) — L*(0,1)
be given by

Byu = —(aug)e +u for u € D(By) = {u € H*(0,1) : uz(0) = ux(1) = 0}. (3.9)
Then {Ba}acp,co) 15 0f the class CC(L*(0,1)). In fact,
Bd _(ic" Bom

where the operator By @ Xoo — Xoo 1S given by the matriz in (3.6) on the Hilbert space
Xo = R™ with the scalar product

1 n

<$00’y00>xco = ZLk$§oy§o, CL'OO = ($ma L )moo)a yOO = (yclxn o e 1ygo) E X(x,,
k=1

and the connecting map E : Xoo — L*(0,1) is defined by (3.8) (thus the connecting maps do
not depend on d > 1).
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Proof. Consider By : R* — R™ given by the matrix

a1 B1 O O - 0 0 0
B1az B2 O - o 0 0
0 B2 az B3 - 0 0 0
5 0 0 B3 ag - 0 0 0
Dea= | 1 8 3 =~ : T . (3.10)
0000 - 6 0 0
0 00 0  0apn-2PBn-2 0
0 0 0 0 «+ 0fBn-2an-1Pn-1
L 0 0 0 O 0 0 ﬂn 1 Qn |

Consider also symmetric coercive bilinear forms be : H'(0,1) x H'(0,1) — R, d > 1, and
boo : Xoo X Xoo — R,

1
ba(p,¥) = /0 (aap’V’ + p)dz,

n—1 - n—1 (311)
Boole; B) = j’(c‘—cJ 1)(& — €1 +ZL c;éj,
g=1 "
where ¢ = (co,¢1,+* s Cn-1), € = (€0, &1, ..., én-1), Lj = Tj41 —z;and =0,1,--- ,n — 1.
Thus the solution u of Byu = g € L?(0,1) is characterized as the minimizer of the func-
tional H'(0,1) 3 (p,¢) — %bd(%@) (9, 90>L2(0,l) € R;ie.

1 1 1 1
::—b ; — = 1 {—— b ” —_— }
pa s = 5ba(u, ) /0 gu werélll(ré,l) 5 ba(®,¥) /0 g9

1
s 12
= n + }

For m = (mg, my, - - ,mn_l) € X, the solution r of Bo,r = m is the solution of

Ber = Dym, where Dy, := diag(Lo,. .., Ln-1), (3.12)
and thus it is characterized as the minimizer of the functional R" > s — %Eoo(s,s) —
(m,s)x., € R; namely,

Hoo + = §b00(ra I‘) - <m)r>Xoo

n—1 n—1

aj )2
_gg]%{ 4_lJJ Sj — Sj-1) +Z —= 55 —ZLsz]}

J=1

We now denote by M : L?(0,1

— X the operator given by

f fzn 1 g
SR s O L2(0.1
Mg = ( S ), g e 1(0,1),
and we will show that
if m:= Mg then dlilgl g = My (3.13)
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Given ky, ..., ko1 € R define ¢g € H'(0,1), d > 1, by
/no, TE [O .’L1

d
wd(m): 1\131+d. A ("L‘-xj_l_édi))me[wj_%7'Tj+%]aj:172a--'an_la
Aj,$€[lj+%,$]+—l]%]]—12 m =L,
we obtain
1 1 1 1 1.
<3 [atir+g [ vi- [ ov
0 0 0
n—1 el
1 Wt eay) Ky — ki |? 2
QEZ/ L (_d_d 2l; . +|1/)dl)
j=1"Y%i~q J
k2 k e Ly L
+ 2( 1—— 22 Tjp1 — ]+ (Tj+’d]")]
J=1
nol ot gls z1—gh . zj41—gli+1
—[2/ 9¢d+ko/ 9+ij/ 9]'
j=1 .’L‘j—élj 0 j=1 :I:j—l—-(ljl]‘
Since

:I:j+%lj Ij'*!‘%ilj
/ [al> — 0, / gg—0 as d— o0, j=1,2,...,n—1.

17 1.
zj—glj i—ali

then recalling that L; = ;41 — x; and m; = L-_1 fz?'“ g,7=0,1,...,n—1, we get
- n—1
. 1 a;
ltimiupud 525— (kj — kj-1) +Z JAZ ZL m;k; (3.14)
— 400 —

This ensures that lim supy_ . ftd < oo and we will show below that liminfy . fta > oo, for
which we first write

1 1 5 1
Pd = 5/ [a%u +u?] — / gu
0 0

[ /

n—1 :1:]+—['1L i fB1—l—dl ) 1 n—1 Ij_*_l_il%*-l_ \
/ a U+ = ’ u
Z/ £ 2/0 QZ/MgZ (3.15)

i=1

A

Il—% n—1 mJ+1——; z]+
SUARES M SRS o) S|
0 zi+4 -

Jj=1

e

Note that for j = 1,...,n — 1 we have

’ ’ ’
[ lj

w4 Titg o . Tj+p 2 . I I

d, 2 $aj g2y G _ 4 j 3\ 2

/ i O u” > / g U 2 7(/ v ”u/) = _T(u(xj + =) — ey —~ _)) ‘
- -4 d 25 \J ;-2 2l d d

&L= 5

; : : v U . ; :
Next, since in each of the intervals [z; + <, z;1 — 2] the diffusion coefficient a? becomes
A
1 2 ; zjp1—2FL
larger than e;d and we know that [ a%w/* remains bounded as d — oo, then de; [, © ?
i+
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is bounded for all d sufficiently large and hence

d—oo
190ty O (3.16)
Furthermore boundedness of the L?(0,1)-norm of u as d — oo implies boundedness of the

average [ u as d — oo.

Consequently, using Poincaré inequality, from any sequence d,, — oo we can choose a
subsequence (denoted the same) such that u = u" converges almost everywhere on (z;, Zj11)
to a certain constant, which we denote by 7;, 7 =0,1,...,n—1. Actually, choosing a certain
z € (z;,T;41) such that |u(z) — r;| — 0 as d,, — oo, we infer that

u(z; + di ') — 5] < (@) — 5] + lu(z) = ulz; + d7 ')
@ zjp1—-GtL e (3.17)
=) —nl+] [ Wl sl@-nl+ [, T RS
:L'j-{--a'%
Similarly, choosing a certain = € (z;_1, z;) such that |u(z) —7;_1| — 0 as d, — co we obtain
g J J J

lu(@; — d 1) — 11| < |U( ) = i1l + Ju(z; — di ') — u(z))]

mj—arLL , o=k P (3.18)
= fu(e) = ry-il +1 [ WIS fute) = rial + [ WP S0
’E]_l—ﬂdL;-I-
We also remark that
@-i-é%
/ , gu— 0 as d, — oo. (3.19)
zj~g7%

Combining now (3.15)-(3.19) and choosing a subsequence of {d,} if necessary (denoted
the same) we infer that

n—1 n—1 n—1

(3 By =y + 3 1] = 3 Lyt 2

17 j=0 j=0

|

liminf piq, 2>

o,
Il

Thus (3.13) is proved and we infer that r obtained above is a unique minimizer of the
functional R* 3 s — %?)oo(s,s) — (m,s)x,, € R so that r = B'm where m is as in (3.13).
In particular, recalling from (3.8) that Er is a ‘step function’ such that Er(z) = r; for
z € (zj_1,;) we conclude from what was said above that

B B n T] d—’oo
HBd bg — EBoolMgHLg(O’l) =||lu— E'rHQLz(O,l) = Z/ lu(z) — r;?dz “=° 0. (3.20)
j=1“%i-1

Next we suppose that hq € L%(0,1), d > 1, hoo € X and hy --+ heo; that is

d—oo

”hd o Ehoo“L2(0 1) —_ 0

Since || B;* | zz20,1)) < C, where C' is a constant which does not depend on d, then

d—+o0

“Bd_l(hd = Ehoo)”Lz(O,l) < C“hd — Ehoo”L2(0,1) —_— 0 (321)
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On the other hand letting Fhy =: g we obtain from (3.20):

HBd_lEhoo - EBO—OIM(E]IOO)“LQ(OJ) = ”Bd—lg — EBo_olMg||L2(0,l) d—»_-f—)oo 0. (322)
Thus from the relations (3.21)-(3.22) and from the fact that MEh, = he we infer that
| By ha — EB hool|r2() — 0 as d — oo; that is

Bd_lhd --> B;)lhoo.

Condition (ccl) required in the Definition 2.3 can be now obtained with the similar argu-
ment as above because ||gn || z2(0,1) = 1 implies for u, = By Ll gn With d,, — oo that

1 1
2
/ atl? / 22 = by (s ) = |9l = 1
0 0

consequently, the average fol U, is bounded and (3.16) holds with d = d,,. O
Having proved Theorem 3.1 we now turn our attention to the nonlinear problem (3.1).

Lemma 3.3. Suppose that the conditions (a1) — (a3) are satisfied.

Then, there is a C° semigroup {Sy(t)} of global solutions corresponding to (3.1) in H*(0,1)
which possesses a global attractor Ag. Furthermore, the union Ugep,oo)Aq is bounded in
L2210, 1,

Proof. Since H*(0,1) — L*(0,1), then (3.1) is locally well posed in H'(0,1). Note also that
the linear semigroup {e®¢} is monotone and the solutions of the ODE

U=fU), U®O)=U, €R, (3.23)

are the solutions of (3.1) through w(0) = U(0). Using comparison, if ¢ = wu(t, 1) is a solution
of (3.1) with initial condition ug, ||uo||Le(0,1) < Up, we obtain that

|u(t, uo)(2)| < U(t, Uo)

as long as this solution exists. Since, by the dissipativeness assumption, (3.23) has a global
attractor, there is also a global attractor Ay for (3.1). Finally, if ¢4 € Ag, then ry, <

ba(2) < Tmax, Where 7min, Tmax are the extremal equilibria for (3.23) (see [17]). O
We consider next in L2(0, 1) subspaces

Yd = Span[d)llia (bg, e >¢;iz]’ (3'24)

where ¢¢, ¢¢, -+, @2 are the first n eigenfunctions of By, and denote by Y; the orthogonal

complement of Y in L?(0,1). Then x € L*(0,1) can be decomposed as
x = vt +w? =vdgd + .. +uled +w?, d > 1,
where
U;-i = <Xa¢?)L2(0,1) for 1=23,2,...:%,
and
wt = x —vigd — ... —vlgd.

Combining the results already proved in this subsection with Theorem 2.19 we obtain the

following conclusion.
23



Corollary 3.4. Let f(s) be a bounded, globally Lipschitz function such that f(s) = f(s)+s

fOT‘ T € [ Tmmﬂmal] f(s) = Tmax fOT 8 > Timaz Cl’l?,d f(S) = Tmin fOT s < Tmin, where Tminy "'max
are the extremal equilibria for (3.23). Then,

i) the Nemitskii operator F associated with f is of the class F(L*(0,1),C), whereas
{=Ba}aep,c0) s of the class CC(L2(0 1)) NH(L*(0,1), M, 8),
i1) there is a global attractor A, for the problem
=— ¢
U Bd2u+f(u), >0 (3.25)
u(0) € L*(0,1),
and Ay = Ay; in particular for any solution uq(t) of (3.1) ‘lying’ on the global attractor Ag
we have that
u(t)(z) € [Pmin, Tmax)s € € [0,1], t ER,
i1) the problem (3.25) can be viewed as

¢ = Agv? + H (v, w?),

3.26
w? = —Bgw® + G(v?, w?), (9:26)
where i ) ~
vi= (..., vd), Ag=diag(=)%,...,=)\Y), HY=(H{,...,H}), (3.27)
A, wh) = (F(oded + ... + vigh +w?), qs@)m(m) =12, m,
~de,d o, d Frod id d id - (3.28)
G(’U,w)=f(vl(/>1+...+vn¢>n+w ZH’U w? J,j 1,2,---,n,
and there exist Lipschitz maps 5 : Yg — Y-, d 2 dg, such that
125 (Wa)llz20,1) — 0 as d — oo uniformly for yq € Yq (3.29)

and
A=A, CSy={yeL?0,1): x =ya+Z3(¥a) va € Yal},
where Sy is an exponentially attracting invariant manifold for (3.25) and Yy is as in (3.24).

Using the decomposition L?(0,1) = Yz @ Y;- and Corollary 3.4 we obtain the following
two lemmas.

Lemma 3.5. Ifd > do and u(t) is a solution of (3.1) ‘lymg on Ay, then
d

i) ul(t) = vi(t)gt + ... + vd(t)gd + wi(t), where v(t), w(t) satisfy

@?(t) = —Mu;(t) + (f(u'(®), ) xe, 5=1,...,n

(1) = ~Ba(9) + Fu(0) = D), 6 30
ii) for each j = 1,...,n functions vi(t) : R — R, d € [1,00), are equicontinuous and
equibounded,

i) wi(t) has the property that

1w (®)]l z20.0) “=° 0 uniformly for t € R. (3.31)
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Proof. Part i) is straightforward. From Theorem 3.1 we know that {)\{} and {64l 20,1 }
are bounded uniformly with respect to d > 1 for every j = 1,...,n. From Corollary 3.4 we
also know that ||u?]| (1) < 7. Hence both vd(t) = (ud(t), ¢%) r2(0,1) and v§(t) are bounded
uniformly with respect to the parameter d > 1, which proves ii). Finally, from Corollary 3.4
iii) we have

w(t) = Siuf)g] + .. +un(t)en),
so that part iii) is a consequence of (3.29). O

Lemma 3.6. If d, — oo and u® is a solution of (3.1) ‘lying’ on Ay, , then
i) there is a subsequence, denoted the same, and functions v5° : R—R,j=1,...,n, such
that uniformly for t in bounded time intervals

d d—
v () =7 v (),

oo 00 [eS] oo dr—00
[u(t) = E@P )¢ + ... + v ()47 220y = O (3.32)
and, by Lipschitz continuity of f,

1F () = FEQPEOHR + ... + o 06 e “S7 0.

Also
it) defining
Pi(s1,...,80) = 8; for (s1,...8,) €R?, j=1,...,n, (3.33)
and ~ 3 :
fp:=(foP,...,foP,) :R" = R", (3.34)
we have
FEE@P@)¢R + ... +v2(1)67)) = Efp (v ()¢5 + ... + v (t)¢7)),
Flu®(t)) --» £ (v ()87 + ... + v (H)87),
and
[(F(ud(8)), 63*) 1201y — (BEP (P (D)7 + .. + v (1)), ES5° ) 120,)] “20.
Furthermore,
i) for each j =1,2,...n the limit function v§°® solves
0 () = = APV () + Ep (P ()T + - + U (0)97): 857) Xeo- (3.35)

Proof. Part i) follows from Lemma 3.5. Part ii) is a consequence of i). For the proof of iii)
we first remark that

<E¢007E¢00>L2(0,1) = <¢oo/¢oo>Xm for d>1, ¢oos Vo € Xeo-
Then writing the first equations in (3.30) in the integral form
t t
1) = o0 = [ uy(s)ds+ [ (Fut(s), 6 mands
0 0
and passing to the limit we obtain
t t
v3°(t) = v$5°(0) — )\J°°/ v5°(s)ds + / Ep(vP(8)PP + ... +v2(8)9Y), 95°) x=ds,
0 0

for every j =1,...,n. Thus each v}° (t) is differentiable and we get the result. O
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Remark 3.7. Recall from Corollary 8.4 that for u®(t) ‘lying’ on the attractor Ay, we have
that u (t)(x) € [Fmin, Tmax) for allt € R and x € [0,1]. Also note that (3.32) implies that
for each fized t € R a certain subsequence exists, denoted the same, such that

uw (t)(z) = EP)¢P + ... + v (t)gy) for a.e. z € (0,1).
Letting v (t) = v ()5 + ... + v (£)9 this ensures that Ev®(t) € [Fimin, Tmax] and hence
v (t) € [PuitmsTmex]” Jor every tE€R.
We now obtain the following conclusion.

Corollary 3.8. If diy — oo and u® is a solution of (3.1) ‘lying’ on Ag,, for a certain
subsequence which we denote the same, we have that

. x dj— o .
Z) <udk (t)y ¢_];>L2(0,1) k_)oo <E,Uoo, E¢w>L2(0,1) = <Uoo(t)3 qu >Xoo’ J= 17 sy T
i) v*° : R — R"™ is a solution of the system of ordinary differential equations in R™

9° = —Bov™® + fp(v™°) +v*° (3.36)
with fp = (fo Py,...,fo P,) : R* = R",
iii) v°(t) € Ao for every t € R where A is the global attractor for (3.36).

Proof. Parts i) follows from Lemma 3.6 and Remark 3.7. Concerning part ii) note that, if
(,")rn denotes the standard scalar product in R" and Dy, Be are as in (3.12), then
<wooa Zoo)Xoo = <wOOaDLzOO>R” = (DLwooa Zoo>IR" for we, 200 € p. 490 (337)
Then from (3.35) and Remark 3.7 we infer that
(0%, 93) xo — (Ep(v7°(5)) +v°°(8), 87 ) xee = (V77 = Boo ) Xeo
= (v, =D Boot]*)rn = (v°, =Bt )rn = (—Boct™, ¢5°)rn
= (=D Boov™, D¢ )re = (—Boo¥™, D1#5°)rn = (—Boot™, ¢77) xe0
for each j = 0,...,n, which gives the result.
For the proof of iii) we recall that for each j = 1,...,n condition (3.3) reads sf(s) <
0s* + Cy (recall that ¢ < 0) whenever |s| > sp and constants so > 0, Cy > 0 are suitably

chosen. Consequently, using (3.37) and bilinear form beo defined in (3.11) we observe that,
as long as the solution u of (3.39) exists,
ld

535““”3‘“’ = (—Boott, W x.. + (Ep(u) + U, u)x,, = (=DrBoot, u)rn + (£p(u) + u, U) x

= —boo(u,w) + Y Lisatij f(uy) + [[ullk, < Ollu

Jj=1

% + Co.

The existence of the global attractor is now straightforward and {v>(t) : t € R} is contained
in the attractor as this latter set is bounded and invariant. 0

Summarizing the consideration of this subsection we have proved that the following the-
orem holds.

Theorem 3.9. Suppose that the conditions (a1) — (a3) are satisfied.
Then,

i) there are the global attractors Ag for (3.1) in H'(0,1),
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i) there exist functions T3 : Yq — Y-, d > do, such that
Aa C{xX =ya+Z4(Ya), Ya € Ya},

and
125 (ya) |l 20,1y — 0 as d — oo uniformly foryq € Yy,
where Yy = span|¢?, ¢, - -+, ¢d] and ¢3, ¢4, -+ , ¢ are the eigenfunctions corresponding to

the first eigenvalues of By in L*(0,1).
iii) the flow on Ag is given by

wl(t, ) = vi(t) + SEi(t) (@), t R, z € (0,1),

where
vl(t) = Aqv(t) + H(v(t), Z3(v*(2))), (3.38)
Ag is as in (3.27), H* = (HE,--+ ,HY) and

HE(w'(t), S50 (1)) = (f(o*(), Zaw' (1)), ) r20ys § = 1,2, s

w) the family of attractors {Aq}asa, is upper semicontinuous at infinity relatively to E; that
18,

sup inf ||%g — E¥llr2(00) — 0 as d — oo,

wdEAd wooEAco
where A, is the attractor for the semigroup defined in R™ by the system of ordinary differ-
ential equations of the form

w1 uy fur)4us
ARNER

tUn Un flun)+un

Remark 3.10. Recall that the flow of (3.39) is structurally stable in A if for any suitably

small C* perturbation of the vector field the resulting equation has a global attractor A and

the flow in A is topologically equivalent to the flow in As. Note that if the flow in Ay is

structurally stable, applying Proposition 2.27 instead of Theorem 2.19, then the flow in Aq
is topologically equivalent to the flow in A.

, teR, (3.39)

3.2. Spatial homogeneity in atmospherics’ type problem. We will consider a bounded
domain which decomposes into finitely many regions in which diffusivity is very large and
the mass transfer is appropriately balanced at the boundaries.

This occurs in the air pollution modeling (see [31]), where the domain can be viewed as
an interstitial air, including subregions; the droplets.

We thus assume that Q C R® is a bounded domain with smooth boundary I' and that €2,
1 < i < n, are the subdomains of Q with smooth boundaries I'; satisfying Q ﬂﬁj = () for all
1<i<j<mn. Wealso let Q= Q\ UL, Q; and denote by ¥ the outward normal vector to
I and by 7 the inward normal vector to I'; (1 = 1,2,...,n). For simplicity of the notation
we assume from now on that |€;] = 1 for every ¢ = 1,2, -+ ,n, which will not lower in any

essential way generality of the consideration.
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Our primary concern will be the eigenvalue problem of the form

—d;Au; +u; = My in Q, 1=0,1,---,n

a’u,g
g on I, (3.40)
8710 da( yl):(ui_uo) ot Ty d=1,7-~,n.

Since the diffusivities become very large one expect to exhibit in the analysis that the solu-
tions will become homogeneous in each of the subregions.
Letting for dy, ..., d, € [1,00)
d := min{dp,d1,...,dn}
we will show that the compact convergence approach of Section 2 lead to the following result.
Theorem 3.11. Denote by {\¢}52, the ordered set of eigenvalues for (3.40) (counting its al-

gebraic multiplicity) and let {¢ 12, be the corresponding set of orthonormal eigenfunctions.
Also denote by {52, the ordered set of ezgenvalues for

1+|Qo| ™ Tiy 1Tl —I0] 7] —|90|"1|F2| —[Q0|71Tn|
=] 1+ 0 : 0 So So
—|T2| 0 140 - g sl =Al=], (3.41)
: - : . 0 Sn Sn
—|Tx| 0 0 1+|Tn|

and let {¢°}52, be the corresponding set of orthonormal eigenfunctions.

Then we have
Mo AP asd—o00, k=12, ,n+1
ii) A — oo for allk >n+1.
i1) ||¢f — ¢ || L2(0)x--xL2(@) — 0 as d — oo for every k =1,2,--- ,n+ 1.

The proof of Theorem 3.11 will follow from the abstract results of Corollary 2.11 and from
Lemma 3.15 below.

Throughout the rest of this subsection we consider the Hilbert space

L2 := L*(Q) x - -+ x L*(,), d € [1,00),

with the inner product

n
<u,V>=Z/ UiVi, u:(UO,"',Un>,V:(’Uo,"','Un)EL2,
1=0 Qi

and let
X, =12 de[l,00).
We also define
H! = HY(Q) X ... x H'(Q)
and consider bilinear forms ay : H* x H! — R, d > 1, given by the formula

aq(w,z) = 2 /Q (d;Vw;Vz; +w;z;) + Z/r (w; — wo)(2 — 20), W,z € H". (3.42)
i=0 /S i=1 /T

We remark that

aa(u,u) > ||ull}n, we HY, d>1, (3.43)
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and that the estimate known from from trace theorem,

9] 2y < cll¥llme@y ¥ € H(Q)), i=0,...,n,
implies the relation
laa(u,v)| < c|uflm lv)m, u,v e H.
The form ag : H' x H* — R given by (3.42) is thus symmetric, continuous and coercive.
and Riesz theorem together with Lax-Milgram lemma lead to the following conclusion.

Proposition 3.12. For all d > 1 the form aq defines a linear operator Aq which is an
isomorphism from H' to its dual (H')'. Aq considered with the domain

Xbi={ueH": A € Xy}

is then a linear selfadjoint positive definite operator in X4 which is an isomorphism from X3
(considered with the graph norm,) onto Xg.

In addition, since the embedding H' — X} is compact, we have that
Corollary 3.13. A;l, d > 1, is a compact operator.
Remark 3.14. The problem (3.40) can be viewed in the abstract form

Agu =, (3.44)
where Aq is given by Corollary 8.12. Also, one can observe that
Ay = diag(—doA, ..., —d,A) + Id (3.45)
on the domain
v v ov;
— 3 i 2000y, — 2 = - Py g VR b
D(Ay) ={veXs:v;e H (%), o5 0, Yi=1,..n o7, Ir; dz@(—ﬁi) r, = (v vo)|r: }-

In what follows we verify the compact convergence property that is needed to apply Corol-
lary 2.11 of Section 2.

Lemma 3.15. With the notation as in this subsection we have that {Aa}aeq,00) 8 of the
class CC(L?). In fact

Ad "(i‘c') Aoo>
where the operator Ay, =: Xoo — Xoo 18 given by
14+Q0| "t 1y ITil —1Q0|7H1] —[Q0]7HT2| = —[Q0]7}Tal
—I4] LT o - 0
As = ~|15) 0 1#[Fz] : (3.46)
] : : 0
—|Tx| 0 0 14T

on a Hilbert space Xoo = R™™ equipped with the inner product

n
(r,s),, = [Qolroso + Znsi, r=(rg '+ Tn), S=(S0 '+ Sn) € Xoos

i=1
and the connecting map E : Xo — L? is given by
E(ho,...,hn) = (ho,...,hn) € L2, (ho,. ., hn) € Xoo,
(thus the connecting maps are independent of d € [1,00)).
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Proof. Let aq : H! x H' — R be given by (3.42). Let us also introduce the operator
As : Xoo = Xoo, }
Agy i=diag(|%]; Ly + v 5 L)de, (3.47)

and a symmetric coercive bilinear form Ge : Xoo X Xoo — R defined by

(s, t lﬂolsot0+23t +Z|r| 5 — 5) (ks — t5).

The solution u € H! of the equation Aju = g with g € X is then characterized via Lax
Milgram Theorem as

1 . 1
Lop == aad(u, u) — (g,u) = Elelgll{i aq(v,v) — (g,v)}.
If
D =diag(|S%]; 15« .+, 1) (3.48)

then the solution of A, r = m is the solution of Aor = Dm and it can be characterized via
relation

loo = %&m(r, I‘) il <ma r>00 = m)i(n {}‘&OO(S’S) - <m’ S>°°}

=mm{ (|QOI+Z|P|30+21+|F| Z|F\3051 m, s)e }

We will make use of an auxiliary map P : L2 — X,

Pg:P(QOa""gn)z(ng--agn)7 (349)

where
= IQil_l/ gi for i=0,1,...,n. (3.50)

We will now prove that
if m=(go,...,gn) then dlim lg =l (3.51)
—00
Actually, since r = (79,71, -+ ,7,) can be viewed as an element of H', it is easy to see that
lg € loo-

This implies the relation lim sup,_,o la < loo. Below we show that liminfg_.o lg 2 l.
Note that for any s € X, we have

Z/ d|Vu1|2+u —i—Z/ ug — u;)> Z/ Gil;
5{;/ﬂi(uf~s?)—i—ZZ:;/B[(UQ—W (so — 85)° Z/ gi[ui — 8i] + loo-

Since Iy is bounded as d — oo then d; fQi |Vu;|? and fQi |ug|? are also bounded as d — oo.
In particular
@; is bounded as d — oo and |V |2 A2, (3.52)

Qi
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Writing now explicitly the dependence of u on d we thus infer via Poincaré inequality

that whenever d* “=% oo there is a subsequence (which we denote the same) and a certain
§ € X such that

il : k_,
Z [ud" ~ 8ill 2 bs=tag) (3.53)
i=0
’ koo
and consequently, since also > 7 [o. IV (u = 5)]2“ 570 then

. ~ dk— o0
Z g™ — Sill Loy — 0. (3.54)
i=1

Hence liminfy_co Ay > Moo and (3.51) is proved.
.From what we said above we infer that

%adk(u, o — i 18} g =3 %am(g,g) e

This implies that § coincides with the unique minimizer r of a. so that (3.53) actually reads

> / (ul — ;) = 0, (3.55)
i=0 YU

Consequently, recalling that P and m are as in (3.49) and (3.51),
i k_'oo
HA;klg — A;ongHL2 = ||A;k1g - A;OImHL2 — ||udk — 1|2 it o} (3.56)

We will now show the convergence A;l --» AZl. Consider hy € X, and hy, € X such
that hy --» hy. Since E; = E behaves like identity; that is EAZ'h,, is just a constant
function AZ'h,, we want to prove that

|A7 hy — A heolr2 — 0. (3.57)

Since || A7 xy < C, where C is a constant which does not depend on d, we have
147 g — A7 Eho|lze < Cllhg — Ehgllzz = 0. (3.58)
On the other hand PEh,, = h,, so that using (3.56) with g = Fh,
147" Bhoy — A hoo|le2 = [|A7'g — AZ Pell: = 0. (3.59)

Thus (3.57) follows from (3.58) and (3.59).

Condition (ccl) required in the Definition 2.3 can be now obtained with the similar argu-
ment as above because we obtain that ||gk[lrz = 1 implies for uy = A'g, where d* — oo
the estimate

> / (@Il + Jusal?) < e (,0) = [1gll22 = 1
i=0 Y
consequently, the relation (3.52) holds true. 0

1
Remark 3.16. The minimizer s* of the functional s — idoo(s, s)— (s, m) o 15 actually given

as
o 1Rl = 3L A T e L [ Tylsg+my

S = n _ 9 8; = 3
O Qo] 4+ Doy (1 Te]) YTy 31] L |5

j=1a21"' » 10,



whereas the eigenvalues of (3.40) (thus the eigenvalues of Aq) are given by

. di| Vil + ¢7 e i — ¢o)?
\l = min | Zim0 Jal VoL 4 )+ S Jr (i m o) v
D i Jo,

where Vj_; is the subspace generated by the first k — 1 eigenfunctions.

We will now proceed with the analysis of the nonlinear problem of the form

’Oui 3

e = d;Au; + fi(ug), t>0, z€Q;, i=0,1...,n,
W2 _0 t>0 geT,

guu 9u (3.60)

0 i .

— = O0i=—< = (U; — ,t>0, Fi, =1,..., ,
dy 97 d =) (u;i — up) T € ) n
(i(0,2) = xi(z), €, 1=0,...,n,

where d;, 4 = 0,1,...,n, are positive constants and

fi : R — R are bounded and globally Lipschitz functions
fi(s)

satisfying dissipativeness conditions lim sup ——= < 0; < 0.

|s|]—o0 S

(3.61)

With the notation as in this subsection the problem (3.60) can be viewed in the abstract
form as

1= —A F
U au+ F(u) +u, (3.62)
u(0) = x,
where F : L2 — L? is the Nemitskii operator associated to the map f : R™™ — R+,
F(s) = (fo(s0), ..+, fa(sn)) for s=(so,...,8n) € R*, (3.63)

and Ay, d > 1, is the operator defined in Proposition 3.12 (see also Remark 3.14) and
X = (XO>X17' LS 3Xn) € L>.
Remark 3.17. Note that (3.62) is globally well posed in L? as Ay is selfadjoint in L* and
F: L% — L2 is a globally Lipschitz function. Furthermore, multiplying the first equation in
(3.62) by u in L? and using (3.43) together with dissipativeness conditions (3.61) we obtain
d1
dt 2
where max;—o,.n0; < 0 < 0 and Cy is a certain positive constant that does not depend on
d > 1. Consequently, the solutions of (3.62) satisfy the estimate

lullfs = —aa(u, ) + (F(u) +u, u)r2 < Ollullfn + Co, (3.64)

Jullfs < lu(0)|If2e®* — ==, t 20, d>1. (3.65)
Since the resolvent of A, is compact Remark 3.17 leads to the following proposition.

Proposition 3.18. For each d > 1 the problem (3.62) defines a C° semigroup in L2 which
has a global attractor Ay. Furthermore, the union of attractors Ug>1A4 is contained in a ball
Og(0) in L? of radius R = —S¢ around zero.
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Defining F : L? — L2 by
F(y) + RI¥lz%, 1Wllee > R,
we will consider next the Cauchy problem
U= —Agqu+ F’(u),
u(0) = x.

Now both {—Ag}4eq,00) is of the class CC(L?) NH(L?, M, 0) and F is of the class F(L?, C).
Also, the solutions of (3.66) satisfy the estimate (3.65) so that there is a global attractor Ay
and Ay C Og(0); consequently,

(3.66)

Ag= Ay forevery d > 1. (3.67)

Applying to the problem (3.66) the abstract Theorem 2.19 of Section 2 and taking into
account Proposition 3.18 and (3.67) we obtain the following result.

Theorem 3.19. Given qb?, j=1,...,n+1 as in Theorem 3.11 define in Xq4, d > 1, the
projected spaces

Yy = span|df, ¢, - s i)y d 21,
and decompose x € L? as
x=vi+ut =gt +.. +ondh, el €Yo Y
where
v = (x, ¢ for j=1,...,n+1, wh=x —vied — ... =l gl

Then, for each d sufficiently large,
i) the problem (3.62) has a global attractor Ay and

Agc{x eL®:x=ya+Z5(Ya)s va € Ya},
where T3 : Yy — Y- is a certain Lipschitz continuous map satisfying

d—oo

sup 1Z3(ya)llz — 0, (3.68)
ii) the flow on A4 is given by
u(t) = Ul( )¢d -+ UZ+1(75)¢;11+1 + Z3(v(1)), (3.69)
where
03(t) = =Ml (t) + (Fu(t) + Ta(vh(1))) + v (1) + Za(v? (1), 45 ) (3.70)

for g =lise 30+ 1.

Proof. We merely remark that X} actually defines an exponentlally attracting invariant man-

ifold Sy for (3.66), which contains A, = A, and that F=F+1Idon Ay O
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We now show that the ‘limit’ problem can be viewed as the system of ordinary differential
equations:

tp = fo(uo) + Q0| ™ 2i_; ITil(ui — uo),

?11 = fl(ul? + \Fll(uo. — 1), (3.71)

un = fn(un) + IPn‘(uO - un)-

Remark 3.20. Note that there is a global attractor for (3.71) (denoted by A) as, multi-
plying the first equation in (3.71) by |Qluo, the others by u; fori=1,...,n respectively and
summing the results we get

n

Sl = (£ uhx = 3 Il = uo)?,

i=1

where f = (fo,..., fn). Using next dissipativeness condition from (3.61) we obtain
d
2l < Olul. +Co,
which is a counterpart of (3.64). Note also that (3.71) can be rewritten as
w=—Asxu+ f(u) +u. (3.72)

Lemma 3.21. If d* — oo and {u®(t)} is a sequence of the solutions of (3.62)),_, such

that ud" (t) ‘lies’ on the global attractor Ag, then there is a subsequence, denoted the same,
which converges in L*-topology to a certain bounded function u: R — R*+! ¢ L2 which is a
solution of (3.72).

Proof. jFrom Theorem 3.11 we know that {/\?} and {[|¢¢lle=}, j = 1,...,n + 1, remain

bounded as d — oco. From Proposition 3.18 we also know that ||u||2 < R. Hence both

v}i(t) and D?(t) are functions from R to R bounded uniformly with respect to the parameter

d>1.

Thus there is a subsequence of the sequence v¥* (t) = v&" (£)¢¢" + ... + v, (t)o% 1, k €N,

denoted the same, and there are certain bounded functions v$° : R — R, j =1,...,n+1,
such that if v*°(t) = v°(t)¢° + ... + v, (t)d5, then

v¥ (t) — v™®(t) in L? uniformly for ¢ in compact time intervals.
Since (3.68)-(3.69) hold we actually have that
u® (t) — v*®(t) in L? uniformly for ¢ in compact time intervals
and, due to the Lipschitz continuity of F': L? — L?,
F(v(t) + (v (t))) — F(v™>(¢)) in L* uniformly for ¢ in compact time intervals.

Writing now (3.70) in the integral form and passing to the limit we get for every j =
1,...,n+1

= -7 [ opds+ [0+ 0667 st
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that is vj" is differentiable and

B = =APU° 4+ (f(v°(8)) +v°(8), 5 )Xoy T =1,...,n+ 1.

Consequently we get
(1%, 65°) xoo = (V7°, —Acod]) X0 + (F(U7(5)) +07(s), 95" )%, 7 =1, ,n+ 1.
If (-, -)gnt1 denotes the standard scalar product in R"*! and D is as in (3.48), then
{(Woo, Zoo) Xeo = (Wooy DZoo) R+t = (DWeo, Zoo)rrn+1 fOI Weo, 200 € Xoo
so that recalling (3.47) we get
(0%, 03) xoo — (f(v7(5)) + v7(5), 957) Xeo = (v, —Aco") xos
= (1%, = DA )rntt = (v°, = Ao )Rnt1 = (—AxV™, ¢35 )pn1
= (=D A v, DPP)gur1 = (= Axo0™, DPP)pnt1 = (=A™, $5°) xoo
for each j =1,...,n + 1, which gives the result. g

Corollary 3.22. The family of attractors {Ag}asa, 1S upper semicontinuous at infinity rel-
atively to E, where A, is a global attractor for (3.72).

Remark 3.23. One can see that the Nemitskii operator F' associated to f defined in (3.63)
is also of class F(X$,C) and from the above results the vector field in (3.70) is a C' small
perturbation of the vector field in

93 = =AU + (f(7(8)) +07(8), 6V xey =1, 1,

which is a counterpart of (3.71). Thus, if the flow in A is structurally stable, then the flow
in Ag is topologically equivalent to the flow in Ax.

3.3. An example of compact convergence involving non self-adjoint operators.
Let us mention briefly that compact convergence property can also be established in the
analysis of equations involving non self-adjoint operators, for which we mention a sample
problem concerning a strongly damped wave equation of the form

wy + B2uy + Bau = f(u), O<z<l1,t>0,
u(z, 0) = uolz), w(z,0) = w(z), 0<z <1, (3.73)
’LLz(O) = uiﬂ(l) — Oa t> 07

where f : R — R is a globally bounded globally Lipschitz continuous function and By is the
operator defined in (3.9). Let X$ = D(B$) with the graph norm o € R* and X;* be the
completion of Xy = L?(0,1) with the norm ||B;® - ||x,, @ € RT. We remark that (3.73) can
be viewed as the abstract parabolic problem

{zt = L4,z + F(2),

0 = (3.74)

in a Banach space YV, := Xy x X, 2. Here z = [}], 20 = [w], F([¥]) = [fc(zu)], fe: Xy —

_1
X, C X, ? denotes the Nemitskii operator associated with f and the operator Lq_, is an
extension to ), of the operator

1 1
EdiD([’d)CXEXXdﬁX;XXd, d>1,
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1
given on the domain D(L£y) = X x X? in the matrix form

0o I
La= [—Bd —B(ﬂ '
We remark that £, has compact resolvent, generates a compact C° analytic semigroup in

1
X? x X4 and its spectrum consists of isolated eigenvalues ui’i given by

1 3
peE = (_E + \/T_i). /\{,  where\{ € o(By), (3.75)

(see [18, Lemma A.1] and [8, Lemma 1]). We also remark that the same holds true for £y_,
in Yy (see [7, Lemma 2 and Proposition 5]) as Lq_, can be viewed as the closure of L4 in the

1
extrapolated space generated by (L4, X7 % Xg) (see [1]).
Let us define the ‘limit’ operator Lo : Xoo X Xoo = Xoo X X0 85
o I
Eoo = [_Bm _Bi] )
where X, is the Hilbert space defined in Lemma 3.2 and By is as in (3.6). Then the
operators E;_ll : Yy — Ygand L Xoo X Xoo = Xoo X X can be viewed as

1 1
-1 -7 -1 =1 - -
Cd_l_ l:_BId _%d :|, d>1, L e |:—-B[7—B 1].

0
IfE;: Yoo — Yy is defined by

Eduoo

Eq([22]) = l:(Bd)%lEdUOO]

where Ey : Xoo — Xy is given by (3.8) then, due to Lemma 3.2, B;l -5 Bl

—1 (66} -1
d—1 == ‘coo )

which is the crucial property if one wishes to consider asymptotic properties of the perturbed
nonlinear problem (3.73) as d — co.
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