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RESUMO

O conceito de determinacéo Finita Relativa foi introduzido por Porto e Loibel [P-L] em
1978 e se ocupa com subespacos no R“. Neste trabalho, generalizamos este conceito a
alguns conjuntos algébricos e damos uma relacio com determinacao finita pela direita.
Terminamos com algumas observaooes sobre ideais de Lojasiewicz.
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Summary

The concept of finite relative determination was introduce by Porto and Loibel [P—L] in
1978 and works with subspaces of IR". In these notes, we generalize this concept to some
algebraic sets and give a relation with finite determination on the right. We finish with
some observations on Lojasiewicz ideals.

1 Introduction
In this work we generalize the concept of finite relative determination introduced by Porto-
Loibel in P—L to some algebraic sets. We introduce the concept of radical of an ideal and
give necessary and sufficient conditions for a germ being finitely determinated relative
to the set of common zeroes of an ideal which concides with its radical, in particular
for the algebraic set 1:2 — y3 = 0. These conditions are detected, as in the Mather and
Porto-Loibel cases, by the jacobian ideal of the germ and the ideal of zeroes. We relate
this concept with determination on the right and finish with Lojasiewicz ideals and give
sufficient conditions for the radical of an ideal being finitely generated.
We suppose in this work that S is a germ of a subset that contains the origin and we are
interested with the ideal of germs of E(n) that vanish at S. We denote by G, the germs
of diffeomorphisms of IR" that are the identity on S.

Definition 1

I) Let f be a germ with f((_)) = 0, we shall say that f is k-determined with respect to
G, if wheneverg is a germ such that j"f(0) = jkg(0) and g —- f vanishes at 5, there
exist h in G, with g = f o h.

2) Let I a ideal of Rh], the ring of polynomials in variables 1:1. . .. can and 5:2(1) the
common zeroes of I . We denoteAby I the ideal of germs of E(n) that vanish at S,
and we say that I is radical if 1 = lE'(n). .



3) In general if! Q E(n) , and z(1) the set of common zeroes of] contains the origin.
it has sense I = I(I radical).

Example 1

a) If 1 = (m1,...,mn), S = {G} and i=m(n) = IE(n)

b) If 1 = (xi,...,a:,) ,s < n,S = {6} x 111“ and i: IE(n)
c) If( x1x2,x1x3,m2m3),5 are the coordinate axis and l: lE(n).

For c) we use Hadamard ’s lemma, let f E l
f($1,$2,$3) = 151372912 + 931933913 + 502353923 + mfg“ + $3922 + 333933

Now f(:c1,0,0) E O <=> g11(:z:1,0,0) E 0. By Hadamard’s lema there exist germs hland
hz such that g11(x1,z2,x3) = z2h1(m1,x2,m3) + x3h2(.1:1,m2,x3) and mfg“ is an element of
IE(n). Similarly for 922 and 933. D

Theorem 2 (P) Let f€m(n)°°, then there exist germs g and h in m(n)°° with

g(x) >0Vm7é0 andf=gh.
Corollary 3 Let I ideal oflR[:c], the fm(n)°° = in m(n)°°.

Proof. One of the inclusions is obvious. For the other, let f E m(n)°° , by the previous
theorem L = gh with g,h E m(n)i°. Since f(:c) vanishes at 5, and g(:v) > 0 V a: 76 0.
then h E I and f is an element of Im(n)°°. [1

Lemma 4 (Artin-Rees) Let A be a commutative ring with unitary and noetherian. J]
an A-module finitely generated. If 1 is ideal of A and M' submodule of M, then there
exists k natural number such that I"M O M’ = I“‘"'°(I'°M n M’) Vn 2 k. D

In case A = lR[[z]] , the ring of formal power series M = A and I the maximal ideal M
of A, we have that for M' ideal of A (denoted by I), there exists k natural number such
that M" n 1 = M”~"(M’c n 1)Vn 2 k.

Remark. If I _>_ k, we have that M” H 1 = M"“(Ml fl 1)\7’n 21.

Notation. The least k with the above property is denoted by A(l).

Example 2

a) If I = ($1,..., 333), we have that AU) = 1.

b) If 1 = ($2 - y3), we have that A(l) = 2.



Let 7r : E'(n) —> lR[[a:]] be the canonical map that assigns to each germ its Taylor series.
I ideal of E(n), from the above lemma there exist k such that

1r(I)fl M" = Mm‘k(7r(I) fl Mk) Vm 2 k
then

I n m(n)m + m(n)°° = m(n)"‘"°(1 fl m(n)k) + m(n)°° Vm 2 k
and intersecting with I, we get

(1.1) I n m(n)"‘ = m(n)""k(1 fl m(n)’°) + I H m(n)°° V m _>_ k

In case I = I, we have that
I n m(n)°° = Im(n)°° = (Im(n)°°) m(n)°° g (I 0 m(n)") m(n)”“k

and (1.1) will remain
I n m(n)m = m(n)"‘"°(I n m(n)’°) V m 2 k

In the cases b) and c) of examples 1, we get that

b) Iflm(n)m = m(n)m‘1I

c) I 0 m(n)"1 = m(n)m'2I

Moreover, for case b) of examples 2, we can argue in the following way.
Let ¢(z,y) = (33,372 —— y3), we get that E(2)/¢*(m(2)) E IR(1, 5,172) and applying
Malgrange’s preparation theorem, we get that

f(:r,yA) = h0(:1:, x2 — ya) + yh1(:v, $2 — ya) + y2h2(z, 1:2 — y3).
Let f E I i.e. f(x,y) E 0 for m2 — y3 E 0, this is equivalent to

0 = f(m3,:1:2) = ho(m3,0) + x2h1(:c3,0) + m4h2(:v3,0)
then 7r(h0(:1:,0))= 1r(h1(x,0)) = 7r(h2(a',0)) = 0 and

f(a:,y) = (how 932 — 3/3) - ho(a7:,0)) + y (Mi/5,962 — 3/3) — h1($,0))
+ y2(h2(z,x2 — y31— haw» + no) with nu) e m<1>°°.

By Hadamard’s lemma, we obtain the equality f(:1:,y) = (a:2 — y3)g(a:,y) + 17(:1:)

Since f(:r,y) E 0 in x2 — y3 = 0, we get 17(a') E 0 and f E I, hence I C I.
The other inclusion is obvious. D

Proposition 5 Let I be an ideal ofIR[:z:], then IE(n)—— I if and only if7r(IE(n ))= 7r(I)
and I is finitely generated.

Proof. The necessity is obvious.
For the sufficiency, we have that

IE(n) +171.n( )°° ——I+m(n )°°
and intersecting with I, the equality that we obtainIS

IE(n) + I m(n )°° =I
Nakayama’ s lemma concludes the proof. Cl

Remark. The equality 7r(I) = 7r/(T) its not true in general. Let f(:z:) be defined by
_1 Af(:c)_— efiif .r 74 0 and f(0) = 0. We have thath if I = (f), z(I) = {0} and I = m(l),

but 7r(I) =(0 )= {0}.
Up to now we have been using a lemma of algebra that we shall now prove.

3



Lemma 6 Let A be a commutative ring with unitary, [J and K be ideals of A, and
I C K, then we have the following equality:

(I+J)r)K=I+(Jr)K).
Proof. Let 1: 6 (1+ J)fl K, we write a: = 31+ 2, y E I and z E J, but a: E K then:
2 = a: — y e K and z E J F] K. The other inclusion is obvius. [21

Remark. Let I be an a ideal of lR[x] and z(1) be a coherent subset, then f is finitely
generated.

Lemma 7 Let {ff}; be polynomials in E(n), 1 the ideal generated by them. .5' : :(l )

and I radical. Consider] = ( f1,...fn, t) in E~(n+1) with f;(m1,...,xn,t) = fi(.-r1,....r,1).
Then I is radical in E(n +1) and A(1) = A(1).

Proof. Clearly z(f) = S x {0} and we have a map
453 {g e E(n +1) lglsxio) z 0} —a {f e E<n>|f|. z o } x (t) E (n +1)
¢(g) = (g(x1, ...zn,0), g(z1,...,xn+1) — g(x1, ...xn0)).

and a map
1b = {f e 1P?(n)|f|»E 0 } x <t>E<n+1> —>{g e E<n+1> tum z o}
11)(f($1, "w (tn), th(z17 ..., mn+1ll = f($1’ “w 3711) + th(.771, "'3$n+1)'

its clear that ¢ow(f,th) = (f, th) and w o¢(g) = 9, then (1) is a bijection. Moreover. since
I =(f1, ...fn, t) we get that:

M): (f.- llR"x{o}> x (t) E'(n + 1) T ix (t) E(n +1) = 1 x (t) E(n +1).
Also M) = 1 x (t) E'(n + 1), then T = 7 and i is radical. o

Notation. If f is a germ of E(n), then (df) will denote the ideal generated by its partial
derivatives.

Theorem 8 Suppose that I is radical, 1 fl m(n)’c is finitely generated and Ir) m(n)k g
Im(n) (df), with k 2 A(I). Then f is k-determined relative to G5, where S = :(l).
Proof. Let to 6 IR, g be a fixed germ such that g — f E f and j"f(()) = jkg(0). Consider
the map F: (IR" x R,(fi,to)) ——> IR defined by F(:c,t) = (1 — t)f(:c) + tg(1:). We shall
show that F}($) E F(x,t) is G, equivalent to FLO for t close to to.
For this is sufficient to give h : UR" x IR, (6, to)) ——> IR", with the following properties

I) 21; §£(x,t)hi(z.t) + 2.51305 0

II) h;(:c,t) E 0 for z E S and t close to to.

We have that % = g — f 6 m(n)k+‘ H f = m(n)"l'1 F1 1. also % = gTF: + 1.15311.- — sir?)



Then, since (58—5? — egg?) 6 m(n)k Vi we get

(m(n)’° fl 1)E(n +1) 9 New >E<n +1)

g m(n)Imm?“F>E( n +1))+ m(n )I (m(n)kE(n +1))

m m(n)1<g—£> E(n + 1) + m(n)(I fl m(n)k )E (n +1)

Since 1 fl m(n )" is finitely generated Nakayama’s lemma implies (m(n)k fl I)E(n + l) <_:

m(n)I<g—F__> E(n +1) and %—F =2§L13Fa? (m,t)h,~(:1:,t) with h,- e m(n)I.
This equality gives conditioaiis I) and II). D

Remark

a) If I = m(n),we have m(n)" g m(n)2 (df).

b) If I = (x1, ...,m,) ,we have m(n)k‘1I C_Z Im(n) (df) .

Now we shall proof that finite determination implies an inclusion of the above kind.

Notation. Let z E j3(n, l), the space of q-jets that vanish at the origin and f representative
of 2. We shall denote by jg(f,5’,n) the set of q—jets j"g(0) in j3(n, 1) such that g E f in
S, and by

I

77!) f+1-—+Jo(f,5 n), and 7r. I'—*Jo(0 S ")=Js(n)
the restrictions of the canonical map 7rq. E(n) —-» j"(n,1).

Proposition 9 Let I be an ideal oflR[z]. [ff] 6 S = z(I), then G“; = {th((_)) l h G G3}
is a Lie group.

Proof. We shall show the following equality G3 = {j‘7(1d+(h1,...;h,,)) I h E 1} fl Gm} ,

then G“; is a closed subgroup of the Lie group G10} and in fact we have TMG‘; =
7rq(I ) x x 7rq(1).
If o=jq¢(0) 6 G3, we have that ¢=(¢1, ..., (bu) is adiffeomorphism with ¢(a:) = sz E S.
Then ¢ = 1d+(¢— Id) and if h = ¢_ 1d then h1(z)= 0,...,hn(z) = 0 Va: 6 S, i.e. h; ei
for 1 Si 3 n. D

Lemma 10 If zG’z denotes the orbit of z in jg(f,S,n), then 1~r;‘(TzzG§) = f(clf) +
if] m(n)"+‘.

Proof. Let [3 6 TM G3 tangent vector, then fl = j"fl'(0) with 5’ E f x... x f . Define
6(t) = [d + t/3’ and consider the curve m, o 6: (—e,e) ——> G16, then fi—— d—dt(7rq o 6)(O). We
also have that dit(z - (7r,, 0 5)(0)= :t(7rq(f o 6)(0)—— 1rq("'-_1 5xifl’). We have showed that
Tsng = 7”rq((df) i), thenr1m£3) = I(df) + ker'qu—_ I (df) + 1 n m(n )q+1 1:1



Lemma 11 Let q be a non negativAe integer, z = j"f(0) andl < q. Ifz is l-determined
relative to G2, then I n m(n)l+l C I (df) + I n m(n)"+1.

Proof. Let A = {z’ Ejj |1r;(z)=7rfl((z)}7r : (71,1) -——> j (n, 1) is the canonical

projection). Since A15 an affine space we have that T A—= irf,(I fl m(n )‘+‘). Also in
hypothesis we have that A C zG'S, then TA C T zG’. This15 equivalent to 7rq( I m

m(n)l+1)_ irq((df)1) and we conclude that I (1 m(n )"H C (df) I + I n m(n )"+1 D

Theorem 12 Let f be a k—determinated germ relative to G” S = z(I) and I radical.
Then I n m(n)’°+1 C I (df) + m(n)"+2 n 1.

Proof. Since f18 kdetermined relative to Guwe have that 1rk+1fIS also k-determinated.
From the previous lemma, for q—— k + 1 and l—— k, we get that I 0 m(n )k+1 C (df) I +
I H m(n )k“. Since I—-— I we get the inclusion we proposed. Cl

Remark. If f is a k-determinated germ relative to G,, S = z(I), with I radical, k 2 AU)
and m(n)’° H I is finitely generated, then I n m(n)’c+1 C I<df). We just have to observe
that m(n)’c+2 H I = m(n)(m(n)"+1 n I) and used Nakayama’s lemma.
Joining theorems 8 and 12, we get the following

Theorem 13 Let f be a germ, I a radical ideal in lR[a:], S = z(I). Suppose that the
ideal 1 fl m(n)’° is finitely generated for k 2 AU). Then f is finitely determined relative
to G3 if and only if there exist a natural number I greater or equal than k such that
m(n)l F] I _C_ I (df).

Remark. Let I ideal of E(n) and 7r(Ifl m(n)k) in lR[[:r]] generated by {h1,...,h,}. Let
f; germs such that 7r(f,-) = h;. If g,- in In m(n)’c is such that 7r(g,~) = h;, we will have that

(1.2) (g,, ...,g,) + I n m(n)°° = I n m(n)k.

Theorem 14 Consider the equality (1.2) with I radical, then the following assertions are
equivalent.

(1) I (“I m(n)’° is finitely generated

(2) I n m(n)k =(g17 '°°1g.9)

(3) (gnawed 2 In m(n)°°

Remark. In general, if I is an ideal of the algebra E(n), we have [m(n)°° =
(I n m(n)°°)m(n)°° and if I is radical 1 fl m(n)°° = (I flm(n)°°)m(n)°°.

Proof .

(1) => (2)

,1 fl m(n)k = (gl, ...,gs) + [m(n)°° 2 (gl,...,g,)+(1 fl m(n)’°)m(n)°° 2 (g1,...,g,)
+ (I H m(n)°°)m(n)°° = (g1,...,g,) + [m(n)°°



Then I H m(n)k = (g1,...,g,) + (I n m(n)")m(n)°°. Since I H m(n)k is finitely generated,
Nakayama’s lemma concludes this implication.

(2) => (3) it is obvious.
(3) => (1) from equality (1.2) we have that I D m(n)’c = (gl, ...,g,) G

Lemma 15 Let {pj} monomials of degree a of the form xi‘mxactrwwith 0 < if _<_ 1 for all
j. If I is the ideal of E(n) generated by these monomials, we have that

(1) 1 =i
(2) Iflm(n)m = m(n)"“°‘ I Vm Z a.

Theorem 16 Let f be a finitely determinated germ on the right, then f is finitely deter-
minated relative to G3, 5 = z(I), I as above.

Proof. Since m(n)! g (df), we have that m(n)” g (df) I and m(n)’+°‘ n I Q (df) 1.

Moreover, l+ a can be used for Artin-Rees, since a too. D

Theorem 17 Let I ideal as in lemma 14. Suppose that f germ is finitely determined
relative to Gs, S = z(I) and that the closure of Wi = flj=1d¢i z(pj) -z(p,~) contains z(I).
Then the germ f is finitely determined on the right.

Proof. We have m natural such that m(n)"‘fl I g (df) I. Let a: E m(n)2("“°‘),z = yy’
with y and y’ elements of m(n)m‘°‘.
Let i fixed, then we can write

llPi- Pi 221—1—655113 + Zk¢izy=1pk a—if-hkj-

If d)——- y— 21.1 61}—Lh,-J-, we have that (15IS zero in the closure of Wi= fif=1'#,-z(pj) — z(pi)
and by hypothesis (75 is zero in z(I), then (15 belongs to I—— I.
Write p; y—- pi7+pi¢ where 7: Zj_1—3-L

8:1: h,,-, and clearly we have that y = 7+¢, 7 6 (df).
Since (15 E I => dy' E I(m (n))”"‘ "' and by the hypothesis of this theorem, (by' e I(df).
Then we get

as = yy' = 73; + qSy' 6 (df) . m(n)"‘"" + (df) I, and then m(n)2(""°‘) g m(n) (df).
We conclude that f is 2(m —- a) + 1 determined on the right. D

For the case treated in [P], a = 1 and we will have that m(n)'"‘lI = m(n)” n I C (df) I
implies that f is 2m — 1 determined on the right. D

Definition 18 Let f be a germ finitely determined. Suppose there exists a natural k
such that (df) contains m(n)", but (df) m(n) does not contain m(n)'°. Then l(f) is the
smallest natural number with the above properties.

Remark. If f(:r,y) = m3 + mys, we have that (df) Q m(2)5, (df) m(2) 2 m(2)5 but
(df) Z m(2)4 (This will be an example where the cancellation of ideals is not true in our
algebra E(n).



Proposition 19 Let f be a analytic germ finitely determined, 1 be the ideal generated by

its partial derivaties and A(I) = s, then s = l(f).

Proof. If I = l(f) its easy to see that (df) F] m(n)’+’ = m(n)’( (df) fl m(n)'), and we get
I 2 s .

In case that l > 3 we have
m(n)’ Q (df) n m(n)’+1 = m(n)((df) fl m(n)“) Q m(n) (df), which is a contradiction. D

In case that the hypothesis of definition 18 are not satisfied, we look for a natural number
k such that m(n) (df) D m(n)k but m(n)2 (df) Z m(n)’°, the proof will run the same but
now the ideal is m(n) (df). Continuing the process up to infinity, we will have that for a
fixed kg m(n)“ (df) 2 m(n)’°o for every natural number 3, but this impossible, then there
exist I and lc such that m(n)‘ (df) D m(n)k and m(n)‘+1 (df) 25 m(n)k .

2 Ideals of Lojasiewicz
Definition 20 Let f : Q g IR" —4 IR a C°° function, X closed subset of IR". We say
that f satisfies the Lojasiewicz inequality in X iffor every compact subset K offl, there
exist constants C > 0 and a Z 0 depending on K, such that:
|f(x) [2 Cd(m,X)° Va: 6 K.

An ideal I in the space of de functions C°°(Q,IR) will be a Lojasiewicz ideal, iffor X,
the set of common zeroes of I, there exists f, in the ideal I, satisfying the Lojasiewics
inequality for X.

Notation. If I is an ideal of C°°( Q, IR), then Jk(1) is the ideal generated by I and by the
k x ls minors of the matriz (35) with l S i _<_ s, l Sj S n and f1,...,f, elements of the
ideal 1.

Proposition 21 (Tougeron) Let I the ideal generated by gol,...,<p,,, suppose that Jp(1)
is an ideal of Lojasiewicz, then we have that:

1) I is also an ideal of Lojasiewicz.

2) [ff is flat in z(J,,(I)), and f vanishes at z(1), then f belongs to 1.

Example 3 Let I = (a:2 +y2), we have that J1(I) = (x,y) and z(J1(I)) = {(0,0)} =
z([). Then the ideal 1 contains the flat functions at the origin, any of them factorizes by
$2 + y2. (Compare with theorem 2).

Corollary 22 If] is the ideal generated by gol,...,<p,,, and the ideal Jp(<p1,...,c,op) is of
Lojasiewicz with common zeroes the origin, then we have:

1) m(n)°° n f = m(n)°°l = m(n)”! = m(n)0° n I

2) f is finitely generated.



Proof.

1) Since m(n)°° fll C I we have that

m(n)°° n 1“ = m(n)°°I 5 m(n)°° (m(n)°°? ) = m(n)°‘1(m(n)°° n 1“) g m(n)°°] g
m(n)°° (1 I g m(n)°° O I , then m(n)°° n I = m(n)°°] = m(n)°°] = m(n)°° n I.

2) If I = (cp1,...,cpp), as in the observation following theorem 13, we will have that:
I = (g1,...,g,) + m(n)°° D I = (g1,...,g,,cp1,...,tp,,) + m(n)°° OI
but m(n)°° of c 1, then i = (g1,...,g,,cp1,...,cpp)

[3

Corollary 23 Let I be the ideal generated by (p1,...,<p,, analitic germs and suppose that
J,,(I) is an ideal of Lojasiewicz with common zeroes the origin. Then if k = A(7r(1)), we

have that

(1.3) I F] m(n)” = m(n)m_k(I fl m(n)k) V m 2 k.

Proof. From (1.1), we get
I n m(n)’" = m(n)’"""(1 fl m(n)") + I n m(n)°°, but from corollary 22
In m(n)°° = [m(n)°° =(1m(n)°°)m(n)°° g (I n m(n)")m(n)"‘"‘.

Finally we get I n m(n)m = m(n)"‘“'°(I fl m(n)") V m 2 lo [I

Remark. We got equallity (1.3) without requiring that the ideal I being radical.

Corollary 24 Let f be an analytic germ finitely determined, then the conditions of the
above corollary are satisfied and if I = (f), we have that I is finitely generated.

Proof. Since f is finitely determined on the right, we have that m(n)’ C (df) and there
exists k with (x? + ...+ ref1 )" 6 (df). From here, z(Jp(f)) = {0} and J1(f) is an ideal of
Lojasiewics. El
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