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NONLINEAR PARABOLIC PROBLEMS IN THIN DOMAINS
WITH A HIGHLY OSCILLATORY BOUNDARY

JOSE M. ARRIETA!, ALEXANDRE N. CARVALHO?, MARCONE C. PEREIRA?,
AND RICARDO P. SILVA*

ABSTRACT. In this paper we study the behavior of the solutions of nonlinear parabolic
problems posed in a domain that degenerates into a line segment (thin domain) which
has an oscillating boundary. We combine methods from linear homogenization theory for
reticulated structures and from the theory on nonlinear dynamics of dissipative systems to
obtain the limit problem for the elliptic and parabolic problem and analyze the convergence
properties of the solutions and of the attractors of the evolutionary cquations.

1. INTRODUCTION

In this paper we are interested in analyzing the asymptotic behavior of solutions of para-
bolic PDEs in a thin domain with a highly oscillatory behavior in its boundary, as depicted
in Figure 1.

'
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FicURE 1. Thin domain with a highly oscillatory boundary.

To state the problem, let g : R — R be a C!, L-periodic positive function (see FIGURE 1)
with 0 < go < g(z) < g1 for all z € R where g1 = max,ecr{g(z)} and consider the following
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bounded open set
Ré={(z,y) €ER* |z € and 0 <y < eg(z/e)} (1.1)

where € > 0 is arbitrary and I = (0,1). For sake of notation, let us denote the oscillatory
part of the boundary by 9,R® = {(z,e9(z/e)) : 0 < & < 1} the fived part of the boundary
by ;R = {(2,0)) : 0 < z < 1} and the lateral part of the boundary as 6,R® = {(0,y)) : 0 <
y < eg(0)}U{(1,y)):0 <y <eg(l/e)}. If we need to distinguish between the two parts of
the lateral boundary (left and right) we will write 9y R® and 0y, R°.

In the thin domain R¢ we consider the following semilinear parabolic evolution equation

wi — Aw +w = f(w) inR, t>0

ow* 1.2)

=0 ondR" (
ove

where v is the unit outward normal to JRS, ai is the outside normal derivative and the

function f : R — R is a C?-function with bounded derivatives. Moreover, since we are
interested in the behavior of solutions as ¢t — oo and its behavior with respect to the small
parameter €, we will require that the solutions of (1.2) be bounded for large values of time. A
natural assumption to obtain this boundedness of the solutions is expressed in the following
dissipative condition

lim sup fls) < 0. (1.3)

ls|oo0 8

Obscrve that the domain R¢ shrinks in the vertical direction and it also has a very highly
oscillatory behavior at the top boundary. Moreover, the amplitude and period of the oscil-
lations are of the same order €, which also coincides with the order of thickness of the thin
domain. This scaling makes the problem very resonant and the determination of the limiting
problem not straight forward.

In order to analyze problem (1.2) and its related linear elliptic and parabolic problem we
first perform a simple change of variables which consists in stretching in the y-direction by
a factor of 1/e (that is, z; = 2, z9 = y/e), transforming the domain R¢ into the domain

Q= {(x1,22) € R? |21 € T and 0 < 2y < g(z1/€)}.

By doing so, we obtain a domain which is not thin anymore although it presents very
highly oscillatory behavior (given by the fact that the upper boundary is the graph of the
function z; — g(x1/€). Under this change of variables, equation (1.2) is transformed into

20,6 1 2,,€
ug_a_u_z__a_u_c_kué:f(uﬁ) in Q¢ ¢t>0
8m1 €2 0wy~
o o (1.4)
© Nf+52—N5=0 ondQ*

€2 81‘2
where N¢ = (Ng, N§) is the outward normal to the boundary of Q. Observe the factor 1/e?
in front of the derivative in the z» direction which means a very fast diffusion in the vertical
direction. In some sense, we have sustituted the thin domain R with a non-thin domain ©°
but with a very strong diffusion mechanism in the xs-direction.
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Notice also that domain Q° “converges” in certain sense to the rectangule Q = (0,1) x
(0,91) (where g; = max,er{g(z)}). Hence, we expect that equation (1.4) will converge in
certain sense to an equation posed in . But because of the presence of a very strong diffusion
mechanism in the zo-direction we expect the solutions of (1.4) to become homogeneous in the
zo-direction so that the limiting solution will not have a dependence in the zy direction and
therefore the limitting problem will be a one dimensional problem. This fact is in agreement
with the intuitive idea that an equation in a thin domain should approach an equation in a
line segment.

We start analyzing the behavior of the solutions of the linear elliptic problem associated
to (1.4), that is

2, € 1 82 €
—6—u2———u2+u€=f5 in °
oz €2 Oz, (1.5)
ou¢ 1 Ous '

€ € €
e 6—28_172N2 =0 ondQ
where we assume that f& € L?(Q°) and ||f¢|r2@:) < C, with C independent of €. As
mentioned above, we expect that the limiting problem is posed in €.

Since we need to compare functions in QF with functions in € we will need some extension
operators which will transform a function defined in ©° to functions defined in 2. We will
be able to construct an extension operator P. : H'(Qf) — H'(Q), see Section 3, and by
doing so, we show that the solution u¢ € H*(2) of the linear clliptic problem associated to
equation (1.4) satifies

Puf —uy w— HY(Q)

where ug(z1, 22) = ug(21) is the unique solution of
— Qo Uozy +uo = fo in (0,1) (1.6)
ug(0) = up(1) =0 '

go > 0 is the homogenization coefficient, which is obtained in a nontrivial way (see (4.38))
and fo is an appropriate limit of the sequence f¢ (sce (4.46)). We refer to Theorem 4.3 for
a complete statement on this result.

To pass to the limit from (1.5) to (1.6) we will use homogenization theory. First we
will formally obtain the equation through the multiple scale method (see Section 2), and
then, using the oscillating test function method of L. Tartar, we will rigorously prove the
convergence result, see Section 4

Let us remark that in our results we also obtain the convergence of resolvent operators
associated to problems (1.5) and (1.6), that is, looking at problem (1.5) as Acu = f¢ and
(1.6) as Agu = f 0 with an appropriate functional setting we also show the convergence of A7?
to Ag' as operators, see Section 5. This in turn show that, among other things, the spectral
properties of A, converge to the spectral properties of Ap and in particular, the eigenvalues
and eigenfunctions of the operator A, converge to the cigenvalues and eigenfunctions of Ag.
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Once we have identified the homogenized operator we will consider the nonlinear evolution
problem associated to the homogenized linear elliptic operator,

Uy — Qolge +u = f(u) 2z €(0,1), t>0 o
u(0) = (1) = 0 L0
and we will show that this problem is the homogenized nonlinear evolution problem. Actu-
ally, we will show that if C' > 0 is a positive constant and ¢, € L*(QF) with [|¢f||2(es) < C,
and if we denote by ¢° € L?(0,1), the averaged function of ¢° in the xp-direction, then if
uf(z1, T2, t) is the solution of (1.5) with initial condition ¢° and u(z1,t) is the solution of
(1.7) with initial condition ¢, then for each 8 < 1, we have

HPEUE('at) - u('at)HHﬁ(Q) < V(a)t—'ye—wt7 t>0,

where the function v(g) — 0 as € — 0+, (recall that P* is the extension operator mentioned
above). This shows the convergence of the nonlinear parabolic problems, see Section 6 for
an analysis on the lincar evolution problem and Section 7 for the nonlinear problem

Moreover we will show that the function v(g) depends only on C, that is, the convergence
is uniform for all ¢* € L?(9°) with ||¢°||r2(qs) < C. This uniformity will allow us to analyze
the behavior of the asymptotic dynamics of equation (1.4) as the parameter € — 0. Hence, if
the nonlinearity f satisfies appropriate dissipative conditions, like (1.3), then both equations
(1.4) and (1.7) have attracrors A. C H'(Q) Ay C H'(0,1) respectively. Recall that an
attractor is a compact invariant set which attracts all bounded sets of the phase space. It
contains all the assymptotic dynamics of the system and all global bounded solution will lie
in the attractor. We will show that the attractors are upper semicontinuous, in the sense
that the union of all the attractors is bounded and for each sequence w® € A, there exists
a subsequence and an element w° € Ay such that w® — w® in an appropriate way. As a
matter of fact we will show (sce also Section 7), that for any 3 < 1,

su inf {||P.o¢ — ] 0, ase — 0.
saeegf {cpEAo{H = (’DHHB(Q)} - -

In this paper we combine two different theories to be able to say something meaningful
about thc behavior of a nonlinear parabolic equation and its asymptotic states in a thin
domain which presents a highly oscillatory behavior. On one hand homogenization theory,
specially the part related to reticulated structures, is needed to obtain the linear elliptic
limiting (homogenized) problem. We refer to [5, 25, 33] for a general introduction to the
theory of homogenization and to [10] for a general treatise on reticulated structures. On the
other hand we need to use concepts and techniques from the theory of dissipative systems
and attractors to be able to conclude the continuity of the attractors of the systems involved.
We refer to [16] for a general introduction and to [17, 23, 9, 12, 13, 22, 24] for more concrete
developments of nonlinear dynamics in thin domains (with no oscillating behavior). There
are not many results on the behavior of global attractors of dissipative evolutionary equations
under a perturbation related to homogenization. We would like to cite some of them: [6, 7,
14, 15].
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One of the key ingredients that will allow us to combine both theories in an effective way is
the fact that the convergence of the lincar problems obtained in the theory of homogenization
is interpreted in terms of convergence of the resolvents of the lincar operators involved, (see
[26, 27, 28, 29, 30, 8] for a theory of convergence of operators and resolvent of operators and
its applications to elliptic and parabolic problems). This is translated to analyze the conver-
gence of the corresponding linear semigroups through the well known expresion of the lincar
semigroup as an appropriate integral of the resolvent operators. Finally this information is
trasferred to the nonlinear dynamics trough the variation of constant formula. This method
has been applied to other situations (different from homogenization type problems) and it
has been proved to be succesful to study perturbation problems for nonlinear evolutionary
equations (see [1, 2, 3, 4, 8, 21] etc.). In this paper, this technique is also proved to be valid
for perturbation problems related to homogenization.

2. THE MULTIPLE-SCALE METHOD

In this section we want to apply the method of multiple scales to obtain formally the limit
homogenized problem of
—Aw+w=f° in R"
S 2.1
8%6 =0 onJdR" 21)
on the oscillating thin domain R¢ given by (1.1) with f¢ € L?(R) satisfying

| fellL2rey < C,

for some C' > 0 independent of e. Assume to simplify that the nonhomogencous term f€ is
given by

fe = f satisfying f(z1,22) = f(21)
for all z; € I and € > 0.
We look for a formal asymptotic expansion of the form
T, T Ty X 1 T2

02
w(z1, T2) = wo(21, T2, P ?) + ewr(x1, T2, P ?) + Ewq(1, T2, Py ‘6—)

But observe that the thin domain R¢ degenerates to a line segment when € — 0. This
suggests that w® tends not to depend on the “macroscopic” variable 5. Hence, we are
assuming that w; is an independent function of 2, and therefore we assume the asymptotics

T, X 1 X 1 9
we(asl, 1,'2) = ’LU()(.’El, ?1, ?2) =+ ewl(ml, ?1, ?2) + 62IUQ(£L’1, ?, _6—) T s (22)

We denote z = z1, y = x1/€, 2 = z2/€, and we observe that

3} 1 0 1
e O + ;&J, -0,.

dry €
Let us denote by Y* the representative cell

YV*={(y,2) €R? : 0<y<Land0<z<gQy)} (2.3)
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and we call By the lateral boundary, By the upper boundary and Bj the lower boundary of
Y*. So that, 0Y* = By U B; U B,. Also, we suppose w;(z,y, z) defined for z € I = (0,1)
and (y, z) € Y*, L-periodic in the variable y.

Introducing the formal expansion (2.2) in the problem (2.1), we can obtain after some
calculations the following problems for the functions wy, wi, ws.

Ay wo(z,y,2) =0 inY”
8’(1]0

a—NZO 011B1U32

wo(z,0,2) = we(z,L,z) 2z € By.

where N is the unit outward normal to 0Y™.
Consequently, we have that wo(z,y, z) = wo(x).

Ay wi(z,y,2) = 20,0,wp  inY”"
Ow, g(y)  duwg

W(x,y,g(y)) = mg

ow
gﬁl(m,y, 0)=0 on B,
wy(z,0,2) = wi(z,L,2) z€ By.

nBl

\

Thus, taking into account 9,0,wo = 0 and denoting for X (y, z) the solution of
A, X(y,z)=0 inY"

09X _ 9' ()

— = —— n B
an Y 9W) = GoE

g—])\i(y,O) =0 on B
\ X(O,Z)ZX(L,Z) z € By,
dwo
we have that wi(z,y, z) = —X(y,z)E(a:).

As for ws, it should satisfy

—A, wa(z,y, 2) = fz) — wo(x) + 20:0,w1(,y, 2) + O*wp(z) in Y™
0wy 9'(y) dw;
LY, = r, Y, 9\y on B
0
8—,‘;}\/,2-(13,3/,0) =0 on B,
L wa(x,0,2) = we(z,L,2) 2z € By
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or equivalently
( v d2w0 . %
_Ay,zw2(xay’ Z) = f(fL') E wo(l’) s (]‘ - ZayX(ya )) Ao (IL‘) inY
dw, 9'(y) d*wo
7 (@4, 9() = —————== X, 9y) 7 ( ) on B
N V1+(g®)? (24)
awz
Sy (@v,0=0 onB
\ wy(z,0,2) = we(z,L,2) 2 € By.
Since ws is a solution of (2.4), it follows from the Fredholm Alternative that
d2w0
0 = | o) { £(z) - wo(a) + (1 - 20,X(y, 2) 5 (2) payd
8w2
+ / o(x)—=—=dS. 2.5
R (25)
for all test function ¢(z,y,z) = ¢(z). On the other hand,
d wWo 1
gb( ) ( z)0, X (y, z)dydz = / o(x )V g 55y, 2) 0 dydz
d2w0
= X Ny d
e ¢ dx? (@) 1dS
5w2
= —d
[,.oam s
Replacing this expression in (2.5), we get
d*wy
0= [ é(e) { () — wolx) + (1 - 8,X(y,2) T () }dydz (2.6)
’/*

for any function ¢ defined in /.
Thus, since X depends only on the variables y and z, we can conclude that wo must satisfy

—7~dd;1;0 () + wo(z) = f(2), €(0,1) (2.7)
wh(0) = wh(1) = 0
where
1= 7 . {1 e

This second-order differential equation in wy defined on the interval I is called the homog-
enized equation of the problem (2.1).
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3. EXTENSION OPERATOR

In this section we are going to construct an extension operator that will be very important
in the proof of the general result in the following sections. Hence, let us consider the following
open sets:

0 = {(11,'1,1,'2) € R2 | x, €1 and 0 < 29 < Gl}
O = {(z1,25) € R? | 3 € I and 0 < 25 < G(1)}
where I C R is an open interval, G, : I — R is a C*-function satisfying 0 < Go < G (z1) £ Gy
for all € I and € > 0. Notice that O° C O.

Lemma 3.1. With the notation above, there exists an extension operator
P. € L(LP(O%), LP(0)) N LIWP(0°), WHP(0)) N LWy (O%), Wy (0))

(where Wa is the set of functions in WP which are zero in the lateral boundary 9;) and a
constant K independent of € and p such that

[Pl Lr(o) < K [l ooy

|5t
oz,

LP(0) {Haml Lr(0 H&Lg Lp(oe} (3.1)

Haéff e Hagﬂ

for all p € WHP(O¢) where 1 < p < 0o and
n(e) = sup{|Gc(2)]}-
zel

Proof. Observe first that the set O° = (0,1) x (0, Gp) C O° for all €. Hence, if we have that
G, < 2Gy, which implies that G.(z1) < 2Gy, we can define the operator:

(Pep)(z1,2) = { (21, 22) (z1,32) € O°

LP(0F)

o(z1,2G(z1) — 22) (21,22) € O/O°.

Observe that this operator is obtained through a “reflection” procedure in the o direction
along the oscillating boundary. It is straigth forward to check that this operator satisfies
(3.1).

If we are in the case where G; > 2Go, we will need to extend first the function ¢|po in
the direction of negative xo, with a finite number of successive reflections. That is, if @g is
defined in @€ then we extend ¢ to the set (0,1) x (—Go, 0) with the reflecting along the line
29 = 0. This produces the function

wo(z1,22),  (21,T2) with 0 < 3 < Ge(21)
p1(21,22) = { wo(z1, —12), (21,22) With — Go <22 <0.
We can continue producing these reflections inductively as follows
on_1(x1,T2), (@1,22) with — (n — 1)Go < 22 < Ge(21)
on(@1,%2) = {apn_l(xl, —z3 —2(n—1)Go), (@1,22) with —nGo <22 < —(n—1)Go
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Choosing n large enough so that nG, > G, constructing ¢, and applying to ¢, the
procedure by reflection in the zo direction along the oscillating boundary, we obtain the
extension operator P. which satisfies (3.1). O

Remark 3.2. 1) This operator preserves periodicity in the x; variable. That is, if the
function . is periodic in x1, then the extended function P.p. is also periodic in xy.

2) This result can be applied to the case G.(x) = G(x) independent of €. In particular, we
can apply the extension operator to the basic cell.

Remark 3.3. If we denote by ||| - ||| the norm

1+9(0)] 5|
Lp(0F) (L +nle 0w

el oy = ollzsion + | -

for all u € WP(O°), then we obtain that the extension operator P, must satisfy
| Peulllwroo) < Klllulllwreo

with K a constant independent of €. Note that the norm ||| - |||wiroe) is equivalent to the
usual one.

4. CONVERGENCE THEOREM FOR THE HOMOGENIZED LIMIT

In this section we use the technique of oscillating test functions of L. Tartar, sece Tartar
[31] [32] and Cioranescu & Saint Jean Paulin [10] to prove a convergence theorem for the
solutions w® of the problem (2.1). We will consider the case where the whole boundary has
a Neumann type condition. We will also indicate how to proceed under other boundary
conditions.

To study the convergence of (2.1) on the thin oscillating domain R, with Neumann bound-
ary conditions in the lateral boundary, we consider the change of variables stated in the
introduction which transforms problem (2.1)into the equivalent linear elliptic problem

82 € 1 82 €
P 1 g
0z €* 0xy (4.1)
dus 1 Jus '
—N; = QF
B + = = a3 —N;=0 ond
on the open bounded oscillating domain 2¢ C ) given by
Qf = {(z1,22) €ER? |z, €T and 0 < z9 < g(1/€)} (4.2)

with
Q= {(z1,z2) € R?*|z;€land 0 <29 < g1}

and f¢ € L*(Q°) with || f*||12(qs) < C, with C independent of e.
The variational formulation of (4.1) is the following: find u¢ € H'(Q¢) such that

/ {8u 890 1 Ou® Oy }dxldﬂm _ fepdxidxs, Y € HY(QF). (4.3)

81‘1 ail?l 62 812 81‘2 Qe
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Taking ¢ = u® in (4.3), we gct the following apriori estimates for u®

|ul| 220y (4.4)

+ HUGHL" y SN e

“5& L2(Qe) Hax2 L2(Qe)

Now, consider the representative cell Y* defined in (2.3)
V" = {(y1,%2) € R* : 0<y <Land 0 <y <g(y)}

and let y be its characteristic function. We extend x periodically on the variable y; € R and
denote this extension again by x.
If we denote by x¢ the characteristic function of the set Q°, we casily see that

T
X (x1, 22) = X(-ﬁl,m), for (1, 22) € Q° (4.5)

Let us also consider the following families of isomorphisms T} : Aj, — Y given by

x1 —ekL
T (1, 22) = (———— - , T2) (4.6)
where
AS = {(21,29) €R? | kL <2y < eL(k+1) and 0 < 23 < g1}
Y = (OaL) X (0791)
with k € N satisfying 0 < k < |I|/(eL).
Let us consider the following auxiliary problem given by

-AX=0inY"

0X

N =0on By
oxX g'(y1)

— = 0on kB
N~ T VEgwr 0

X(O,’yz) = X(L,yz) on By

L X dyld’yg = 0.
’/)«

where By is the lateral boundary, B; is the upper boundary and Bs is the lower boundary
of 9Y'™*.
Taking the isomorphism (4.6) and the extension operator
P e L(HNY™),H'(Y)) N L(L*(Y™), L*(Y))

defined by Lemma 3.1 with G.(z,) = g(z1) independent of e and Y = (0, L) x (0, g1), see
Remark 3.2, we define wf in (21, 22) € Aj, by

wi(z1,22) = T1— e(PX o Tg(ajl,xg))

= o= e(PX(i_—eL—k,:cg)).

€
Observe that for any (21, 29) € Q¢ there exists k such that (1, a:o) € Aj5,. Therefore, the
function w® defined by w(z1, z2) = wi (21, 2) is well defined and w* € Hl(Q)
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We introduce now the vector ¢ = (1§, 7n5) defined by

ow©
n;(z1,29) = oz (z1,22), (z1,72) € Q° (4.8)
Since 0%1 — %% and di — ai)— we have that
0X ,x1 —¢€kL 0X x
ni(z1, @) =1— 8_1/1(—1——6—,332) =1- %(?1,962) = (Y1, y2),
0X x1 —ekL 0X =z
N3 (1, 22) = —fa—y;(l—ﬁ—a@) = *Ea—yg(—1 T2) = n2(Y1, Yo)

for (y1,y2) = (B=%E 25) € Y™ and (21, 22) € Q°. We note that n; is a periodic function on
the variable y; and 7§ (1, z2) = (2, v2) for i = 1,2.
It follows from definition of X that the functions 7] and 75 satisfy
Oni 1 9
Oxr, €0z

1 z
NG + 515 Ns = O on (o1, 9(2))

=01in Q°

(4.9)
1
niNT + §77§N2E =0 on (z1,0)
n°(0, x9) = n°(1, o) for 0 < @2 < g(0)

where

(NI

€ N glr o € !
Vo= <—< gEDT (@ +gE@P) ) on o)
N¢=(0,-1) on (z,0)
with z; € I. In fact, by (4.7) we have
ons  10ons __(82X T, PX zl

- = — €T — g QG
O0x, €20z, oy, ( - ) o s> ( )) U

g(2)(1- B (20)) + BE(2,20)
e+ g(%)
gl(%) + (%(%7$2)a g;\Q(?lax2)) ' (_g,(%)a 1)
e +g(%)°

_l
§(2) - AL TFTET

1
WS + iENS =

= - —0
Nekrico:
on (xl,g(f)) and
1 . 0X x 10X x
MNG -+ SsNg = (1= () - 0+ S5 m) = 0 on (21,0)
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Therefore, multiplying (4.9) by a test function ¢ € H'(Q2) with ¢ = 0 in neighborhood of
the lateral boundaries and integrating by parts, we obtain

B ons 1 0ns R
0 = /QE %2 <8.ZL'1 + 2 8$2 d.’le.’LQ
1 Oy 1 Jp
= TNT + ds — —n] + =5 | dzidx
/89690<771 1T 2772 > /;<8x1n1+623x2n2> r1dT2
1 %) 1 0y
= INT+ =nsNg | dS — — 1+ 5 =—"n5 | deidz
/M (%))w <771 2k ) /Q <8$1771 T3 8:102772) T1dTs
(94,0 s ———772> dzydxs.

Oy 1 0p
/QE <?7181' +n 2628 ) dl’ldl‘g =0 (410)

Let ¢ = ¢(z1) € C°(0,1) and considering the test function ¢ = ¢ w* in (4.3) and in (4.10),
we obtain

QE

That is

f5(¢ we)d-rld$2
Qe
duc 0 1 0u @ .
B /Qs {8m18—a:1(¢ Wt 3 2 924 024 S (pw)+u(ow )}dmldxg
duc 9 1 Ou @
= /QE {81‘15.’13'_1(¢ we) + 6_2333 8_2(¢ wf) +ue(¢ we)}dstld:@

—/5{”18 1(cbw) 127728 (¢1,U)}dmldg;2

B / {8u 8¢w€ Oou‘ w* +l@£%,+ ot
N Oz 0xq Oz 0xq €2 0y O T
8d> « B 1, ouf
7718 nlgazqﬁ - 172a }dxldmg. (4.11)
Using that nf = % we cancel the appropriate terms and obtain
ou¢ 8@25 o 8¢ € € ol
/QE {8:618—931 18 . uf + ufpwe }dzldaQ N fepwidridzs, Vo € C5°(0,1)  (4.12)

On the other hand, we have obtained before the weak formulation of the problem (4.3),
that is

/ {E)u 8(,0 1 Ou B¢

0z, (%1 62 0xs 8m2

Now we need to pass to the limit in (4.12) and (4.13). In order to accomplish this we
need to write both expressions as integrals in the same domain. For this, we will use the
extension P. constructed in Lemma 3.1, the standard extension by zero, that we denote by
~ and the characteristic function x° of ¢ as follows:

Ty @}dmldarg Feoduides, Yo € HY(QF).  (4.13)
Qe
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/{8u 8¢ Wt _7’7‘2_8_(]5 PEue+XEP6(u5)¢we}dI1d$2

0z, 83:1 Loz,
(4.14)
= / X [fouwidrids, Vo € C5°(0,1)
Q
/{%a_‘?”epuw}dx dv =/Xff€ dvydza, Y € H'(0,1) (4.15)
o L0z 02y ‘ 12 g \POTL0dig, ¥P 1) :

Observe that in this last equality we have taken ¢ € H'(0,1) and the term including partial
derivatives with respect to 25 do not appear.

We want to pass to the limit in the expressions above, (4.14) and (4.15) . In order to
accomplish this, we pass to the limit in the different functions that form the integrands.

(a). Limit of x..
From (4.5), we have

L

Observe that the limit 6 does not dependent on the variable 27 and we can get the arca
of the open set Y* with the formula

E— 1 L * o0
XE(',$2) =0 9(352) = —/ X(S,Z‘Q)ds w* — L>(I), Vzs€ (0,91)- (4-16)
0

L/Ogl O(as)dza = |Y*|. (4.17)
Also, from (4.16) we have that
He(zp) = /Itp(a:l,:vQ) {Xf(xl,xz) - e(m)} dz; — 0ase— 0
a.c. T € (0,g1) and for all p € L'(Q). So, due to

/ng(xl,xg) {XE(ZEl,l“Q) - H(xz)} doidxs = /091 H¢(xq)dzs

and |H(22)| < /@(ml,wz)dwl,
I

we can get by Lebesgue’s Dominated Convergence Theorem that

v 2w — L=(Q). (4.18)

(b). Limit in the tilde functions
Since || f¢||z2(q) is uniformly bounded, we get from (4.4) that there exists M independent
of € such that
due

€ -
v |22

1‘\/82;

e < M for all € > 0. (4.19)
Oxs Il L2(0)

an
L2(Q)
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Then, we can extract a subsequence, still denoted by ue, g—;‘; and g—zz, such that

ue = vt w— L*(Q)

/8—;1; * 2
B & w— L*(Q) and (4.20)
v —0 s—L(Q)

as € — 0 for some u* and £* € L*(Q).
Moreover, since || f¢||rze) < C independent of €, we have || f¢||z2) < C and therefore,
the function f¢ defined by
91

A - g(z1/e)
fE(:I,‘l) = fE(LL’l,.I'Q)dLL‘Q = / fE(Z'l,l‘Q)dﬂfg (421)
J0O

0

satisfies that fs € L%*(0,1). Hence, via subsequences, we have the existence of a function
f = f(x1) € L*(0,1) such that
fo—=f w-IL*0,1) (4.22)
Remark 4.1. Observe that in the case where f¢(x1,22) = f(z1) then
. 91 |Y™|
fay= (] 8@de) flar) = = ()
0

where we have used (4.17).

(c). Limit in the extended functions
Using priori estimate (4.4), the fact that u® € H'(Q¢) and using the results from Lemma
3.1 on the extension operator P. we get that
OP.u¢
8.231

OP.uf
81‘2
where M is a positive constant independent of € given by estimate (4.19) and Lemma 3.1.

Then, we can extract a subsequence, still denoted by P.u¢ and a function ug € H 1(Q), such
that

< M for all e >0 (4.23)
L2(Q)

1
and —H
) €

Palza |
[ Peu| 2@ -

Puf —uy w— HY(Q)
Put —uy s—L*Q)

: (4.24)
P
and e —s0] 5 —FR(@),
T2
A consequence of the limits (4.24) is that ug(z1, 22) = ug(z1) on Q. More precisely,
i P P (4.25)

a$2
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In fact, for all ¢ € C5°(£2), we have by (4.24) that
0p
/uoa—wdmlda@ — hm/ P —da:ldxg
0o e— 0xo
. OP.uf
= —lim
e—0 Q awtz

wdzidzs = 0.

In particular, we may consider that the function uy € H 10, 1).
Also, we note that u¢ = x*P.uf a.c. . Thus, it follows from (4.18), (4.20) and (4.24) that
we have the following relationship between u* and ug

u* (@, 22) = O(x2) up(z1) a.e. Q. (4.26)

(d). Limit in w®.
With the definition of w®, we have

/ |w® — $1|2d$1d$2 = / e3|(PX)(y1,y2)|2dy1dy2 < C€3|X(y1,y2)|2dy1dy2
€ Y
o

Y*
and so,
A
el g
/ |w® — 21 |*dz1das ~ Z/ CEX (g, y2) Pdyrdys
Q k=1vY"
~ €2 C[X(yl,y2)|2dy1dy2 —0ase— 0.
Y*
Similarly,
0 ‘2 / I(PX) 2
— (W — 2 dxqdx — ‘ ) edyrd
/; 81’1( 1) 1dx | " om (Y1, Y2) Yy1dys
0X 2
< c‘— , ‘ dyrd
= G/Y* E (1 Ya2)| dyrdys
and
) 2 I(PX) 2
/ _(We—iﬂl)‘ dridry = /' ( yl:yZ) edy,dys
¢ 0xs ys

IN

. 2
6“/ Cla—(yl,yz)‘ dyrdys.
)/* yQ

Also, we have
0 . 2: X
=— (" — dzidzs ~ Ce| =2 2 g d
/Q‘axl (w ﬂtl)l T10T2 ;/y* Elayl (y1, y2)| dy1dys

18X 2
%/ C.—a (2/1792)~ dy1dya
Y* n
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for all € > 0 and
0 2 ~10X 2
/ \— (W — 1) | dzidzs < 52/ C‘—(yl,yz)‘ diyrdy, — 0 as € — 0.
9] an Y * 5y2

Then, we can conclude

wt =z s—L*(Q) and w — HY(Q) (4.27)
with 9
e . 2
9, 0 s—L*(Q).

(e). Limit of 7]

Let 7€ = n°x¢ be the extension by zero of the vector 7¢ to the whole Q. Clearly, we may
extend 7€ = n°x¢ periodically on R x (0,¢1). So, 75(x1,2) = (%, z2) and we can obtain
by the Average Theorem that

~ 1 (h 0X 5 e
B = 3 [ (1 T aa) sl o= alan) W' = L20). (429
0 Y1

where y is the characteristic function of Y.
Hence, arguing as (4.18) we can prove

M= q w'—L*(Q). (4.29)

Now, by the convergences shown in (a)-(e) above, we can pass to the limit in (4.14) and
in (4.15). We obtain

)
8' 1.
/ {§ o Uo + 9u0¢x1}da:1da:2 / f(@1)d(21) 21dan, Vo € C°(0,1)
Observe that §*a—$l(¢ ml) x5 3“ + &*¢. Consequently, we have
0 (502) — 66 — 028 g+ bupga Vmdze = | F@)be)mdem  (4.30)
QO 6.’171 811 0
for all ¢ € C3°(0,1). From (4.15), we get
1
/ {5*0_@ + Guocp}dajldmz = / foday, Yo € H'(0,1). (4.31)
Q Oy 0
In particular, via iterated integration and (4.17), we get
4 o Op(z Y+
A el 580 Bt

Z/o f@)p(z)dz, Vo€ HY(0,1)

(4.32)

Taking ¢ = ¢z; in (4.31), we get

/{é —a——(¢x1)+9uO¢x1}da:1daf2 / foxidz. (4.33)
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Hence, it follows from (4.30) and (4.33) that, for all ¢ € C3°(0, 1),

0= [ {66 + oz wbdudn = [ {06 - a2 fanan (434

where we have performed an integration by parts to obtain the last integral. Hence, if we
define
1

. g1 B 8X
i= /0 q(s)ds = I / {1 = a—y—l(yl,yg)} dy1dys (4.35)

and performing an iterated integration in (4.34) we obtain

1 91 .
/0 </)(171)(/0 £ (1, x2)dzs — @augi:fl)>dw1 =0, V¢e(5(0,1)

which implies that

8
/ £ (z1, z2)dzy = to 1 >, a.c. 1 € (0,1) (4.36)
83,1
Plugging this last Cquahty in (4.32) we get
Oug Op Y| /1 A 1
dai = d N H*(0,1 4.
8m183,1+ k! OfSD z1, V€ H(0,1) (4.37)
Hence, if we define qo = Wq, that is,
1 0X
- Jlea d .
do Y7 Y‘{ By (ylayZ)} Yy1dys (4.38)
and also Z
fo(z1) = ”—*f(ﬂfl) (4.39)
Y+
we get from (4.37)
! 0
/ ( Dug 0P | uo(p dz, = / fopdr, o€ HY(0,1) (4.40)
0 8551 3 T

which is the weak formulation of

—q0 Uogx + o = fo in (0,1)
Y : (4.41)
ug(0) = up(1) =0
Remark 4.2. Observe that, in relation with Remark (4.1), we have that if originally the
nonhomogeneous term f does not deppend on xs, that is, f(x1,22) = f(z1) then with the
definition of fo, see (4.39), and with (4.17), we have
L L |Y¥
fo(z1) = g flar) = iz / f(z1)ds = v L f(x1) = f(@1).

Hence, equation (4.41) is in agreement with the one found via the method of Multiple Scales
in Section 2.
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We show now that as a matter of fact, problem (4.41) is well posed in the sense that the
diffusion coefficient gy > 0. For this, we use the variational formulation of the auxiliary
problem (4.7), that is, the elliptic bilincar form

b:H, x H.—R:(p,p) — Vo - Vody dys
. )/*
where

H,={pe H'(Y")| / ¢ dyrdy, = 0 and ¢(0,y2) = d(L, ya) with 0 < y2 < g(0)}.
Y*

So, for all ¢ € H, we obtain that X satisfics

¢dS.

g/
Wx) = - [ —A=
By 1+ g/2
Recall that B, is the upper boundary of the basic, cell, that is, By = {(y1,72) € R*|0 <
y1 < L and yo = g(y1)} € 9Y™. Consequently, y; — X satisfies

gl
by, — X, d) = N¢ds+/ —2L_ _$dS=0 4.42
h-X.9)= [ M = (4.42)

for all ¢ € H, where the normal vector N on Bj is given by N = (N, Np) = L9 - Also,

we have by (4.38)
* 8 ayl
Q@Y = —(y1 — X) z—dyidys = | V(y1 — X) - Vy1 dyrdys
y- 01 oy Y+
Hence, due to relation (4.42) with ¢ = —X and identity (4.43), we get
g |Y*| = by — X, y1) +b(y1 — X, —X) =b(y1 — X,9n — X) > 0. (4.44)

Thus, since |Y*| > 0 we have that gy > 0 and the problem above is well posed. In particular
up is the unique solution of problem (4.41).
So, we may summarize in the following theorem the results from this section:

Theorem 4.3. Let u¢ be the solution of (4.1) with f € L*(Q°) and || f*||r2qs) < C with C
independent of the parameter €. Then,

i) If we have a sequence € — 0 such that

g(z1/e) R
FO= [ rtad = 0, w-1200
then
Put—uy w— HYQ) (4.45)
where P. € L(L*(Q°), L*(Q)) N L(H (), H(Q)) is the extension operator constructed in
Lemma 8.1 (with O. = Q. and O = Q) and uo(21, T2) = ug(z1) for all (z1,22) € 2 is the
unique solution of

—qo Upge + Up = i (0,1
{ qo U o= fo (0,1) (4.46)

up(0) = up(1) =0
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with qo > 0 is given by (4.38) and fo(-) = D,L'f()

i) For any sequence € — 0, we have another subsequence, still denoted by e — 0, such that
the functions f¢(-) — f(-) w-L*(0,1) for some function f. In particular, for this subsequence
we have the results from i).

Remark 4.4. i) The extension operator P. in (4.45) does not need to be exactly the one
constructed in Lemma 3.1. We just need that P, satisfies (3.1) with O, = Q. and O = Q.
i) The convergence in (4.45) implies that Pou. — ug s-H*(Q) for all0 < a < 1.

5. CONVERGENCE OF RESOLVENT

In this section we consider the problems (4.1) and (4.41) in its abstract form and showed
that under a proper notion of convergence, solution of (4.1) converges to solution of (4.41)
as ¢ — 0. This brings us to the concept of compact convergence developed in the works
(26, 27, 28, 29, 30]. Sce also [1, 2, 3, 4, 8, 24] for applications to concrete perturbation
problems. For this, let {L}e>o be a family of Hilbert spaces defined by L. = L%(QF) with
the canonical inner product

(1, W) = / u(z)v(z) de
and let Lo = L2(I) be the limiting Hilbert space with the inner product (-, -)o given by
1
(w0)ts = lg) [ ulo)o(o) o
0
where

uo) = 1 / sl

We can write (4.1) as an abstract equation A.u = f¢, where A, : D(A.) C L*(Q°) — L2(9)
is the self adjoint, positive linear operator with compact resolvent defined by

1
DAL = {u e B0 | ZEng + L 2% Ne = g on 60}
0z, €2 0xy
u 1 du (5.1)
Au=— +u u€DA).

81'12 B 5_28.'1]22
Similarly, we associate the limit problem (4.41) to the limit linear operator Ay : D(Ao) C

Lo — L) defined by
D(Ao) = {u € H*(I)|w'(0) = /(1) = 0}

52
Aol = —QoUg,z, +u u € D(Ap) {3:2)

where g is the positive constant given in (4.38). Clearly, Ao is a positive self adjoint operator
with compact resolvent.

In order to simplify the writing, we denote by L& the fractional power scale associated to
operators A, with 0 < a<land 0 <e< 1. We also will write L, := LY for all 0 < e < 1.
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1
Observe that L2 is the Sobolev Space H'(Q2¢) with equivalent norm
du 11| Ou

.. € afEQ + Hu|ng '

Le

el 3 = 32 N
Remark 5.1. It follows from Remark 3.3 that the extension operators P. € [,(LE%, H())

N L(Le, L*(Q)) are uniform bounded in €. Therefore we obtain by interpolation

sup || Pellzre,m2e) <00, 0<a< .

0<e<1 2
In the previous section we have passed to limit in the variational formulation of the
problem (4.1) as ¢ — 0 getting the limit equation (4.41). Here, we apply the concept of
compact convergence to obtain convergence properties of the cigenvalues and eigenfunctions
when the oscillating domain degencrates to a line segment. See [1], [4] and [8] for others

examples.
To this end, let E, : Ly — L, be a family of linear continuous operator given by
(Bau)(z1,22) = u(zy) on Q° (5.3)
for u € Ly. Since
| Ecul % = / u?(z1) doidzs
Qe

1 pg(zi/e)
= // u?(z1) doodxy
o Jo
1

= /o g(z1/e)u?(z1) day

— (% /OL g(s)ds> </Olu2(x1)dl’l> = [lullZ,,

||E€u|
Similarly, we can consider E. : Lé — Li. Considering in Lé the equivalent norm ||ul] L=
| — qotqya; + ||y, We obtain that

we have that

L. — |lullz, as e — 0.

|Eeully = llullcy- (5.4)

Also
sup {I1Eel ez 2o | Eellecg.cn} < oo (55

0<Leg

Also, we can obtain by interpolation that
C = C(a) =sup||Eclcrge) <oo for 0 <a <1
For more details see [24].

Let us consider the following concepts of convergence, compactness and compact conver-
gence of operators associated to the family of operators {Ee}es0-
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Definition 5.2. We say that a sequence of elements {u‘} o with u® € L, is E-convergent
tou € Lo if ||u¢ — Euf||lL. — 0 as e = 0. We write uf £

Definition 5.3. A sequence {uy,}nen with u, € L, is said to be E-precompact if for any
subsequence {u,} there exist a subsequence {u,»} andu € Lo such that un» E wasn” — .
A family {u¢}eso is said pre-compact if each sequence {ue, }, with €, — 0, is pre-compact.
Definition 5.4. We say that a family of operators {B. € L(L.)|e > 0} E-converges to
B € L(Ly) ase — 0, if B.f€ = Bf whenever f€ £ f € Ly. We write B, 2 B.

Definition 5.5. We say that a family of compact operators {B, € L(L.)|e > 0} converges
compactly to a compact operator B € L(Lo) if for any family {f}eso with || f|l. < 1, we
have that the family {B.f} is E-precompact and B, B8 B. We write B. %S B.

The following corollary is a key result to prove that the spectrum of A. approaches the
spectrum of Ay as € goes to zero.

Corollary 5.6. The family of compact operators {A-* € L(L¢)}eso converges compactly to
the compact operator Ay' € L(Lg) as e — 0.

Proof. Take {f¢}eso with ||f€|l.. < 1 and define v = A7'f¢. Thus A = f¢ and u
satisfies the problem (4.1). Hence, it follows from Theorem 4.3 that there exist fo € Lo
and ug € H*(Q) such that Pu® — ug in H'(Q) with ug(z1,z2) = uo(z1) a.e. Q satisfying
Aoug = fo, where P, is the extension operator given by Lemma 3.1 . So, we can conclude
from the inequality

||u6 — EE'LL()|

Le = Il (Pew’ = uo)

aclln. < ||Peu’ — ol L2

that u¢ = ug proving that the family {u¢ = AZ!f}so is E-precompact.
Now, let us show that AZ* 28 Ag'. To do this, we will assume

5 fo (5.6)
Therefore there exists a positive constant C, independent of €, such that ||ﬁ|| ) < C.

Following (4.21) and (4.22) we conclude by Theorem 4.3 that AZ'f¢ — Ay ! £y, which proves
the result. O

Let us consider the operator M, : LP(Q€) — LP(0,1), 1 < p < oo, given by

g(x1/€)
(]\/Iefe)(xl) = |—Y€*—I/O fe(l'l.,.’lfg) dCL’Q T € (O, 1) (57)

It is easy to see, from Fubini-Tonelli Theorem and Holder Inequality, that Me is a well-
defined bounded linear operator with || M f¢||r0,1) < TL| AP £el Lo (). In particular we

have that

Ly~

L .
| MeféllLo < i N

A similar operator was considered in [2, 3]. Observe that M. is a multiple of operator f
defined by (4.21).
In this setting we point out to the Theorem 4.3 to prove:
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Lemma 5.7. Let {f} C L. a sequence and suppose || f||z, < C, for some C independent
of €. Then there exists a subsequence such that

AT f€ — ELAG M f€||l. — 0 as e — 0.

Proof. We have M.f¢ — fo w-L?(0,1), where fo is like in the Theorem 4.3. Again from
Theorem 4.3, P.AZ'f¢ — A5 fo s-L*(Q). The continuity of Ay* implics the result. O

Now, we cstimate the difference of the resolvent operators in the following way.

Corollary 5.8. There exist ¢g > 0 and a function v : (0,¢€) — R with v(e) — 0 ase — 0
such that
A7 - EeAalfweHL(LE) <v(e) Vee (0,¢).

Proof. We prove this result by contradiction. For this, suppose there exist a § > 0 and
sequences {€, }nen C RT and {f"}nen C L, with || f*||z,, = 1 with €, — 0 and

|AZMf™ — Ee, Ay M, f™

Le, =0

as n — o0o. From the Lemma 5.7 there exists a subsequence satisfying that ||AZ'f" —
E. A" M., ™., "Z% 0 which give us a contradiction and completes the proof. (]

Due to Corollary 5.6, we have that the operators A satisfy the following hypotheses

(H1) A, is closed, has compact resolvent, 0 € p(A.), € € [0,1] and AZ* <« Al
We already know that the spectrum of A, or Ay consists of isolated eigenvalues only. Let us
consider an isolated point \g € o(Ay) and associate its generalized cigenspace W (o, Ao) =
Q(\, Ag) Lo, where
1

Q0. Ao) = o [ (67— A0yt

S5 = {&€ € C||€ = Xo| = 0} and 4 is chosen so small that there is not other point o(Ao) in the
disc {€ € C||€=Xo| < &}. By hypotheses (H1) and [2, Lemma 4.9] we have there exists e > 0
such that p(A.) D Ss for all € € (0,¢). Thus, we can denote by W (A, Ac) = Q(Xo, Ac)Le

where
1
Q0% A) = —— / (61— A)~\d.
Ss

271

Consequently, we obtain from [2, Lemma 4.10] the next result about the spectrum conver-
gence of the operator A..

Theorem 5.9. Let A, and Ay as above. Then, the following statements holds:

(i) For any \o € 0(Ay), there is a sequence e € 0(A,), such that A\c = Ao as € — 0.

(ii) If Ae — Xo, with e € 0(A), then Ao € 0(Ao).

(iii) There is €p > 0 such that dim W (Ao, Ac) = dim W (o, Ao) for all 0 < € < €.

(iv) For any u € W (X, Ao), there is a sequence u® € W (o, Ac), such that u £

(v) If uc € W(ho, Ac) satisfies ||ufl|,, = 1, then {u} has an E-convergent subsequence
and any limit point of this sequence belongs to W (Ao, Ap).
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6. CONVERGENCE OF LINEAR SEMIGROUPS

In this section we study the convergence properties of the linear semigroups generated by
the operators A, and Ay considered in the last section.

Using standard arguments, we can sce that there exists ¢g > 0 such that the numerical
range of the operators —A, are contained in (—oco, —1] C C for all € € (0, ¢). So, it follows
from [20, Theorem 3.9 p.12] that there exists constants M and § < ¢ < 7, independent of €,
such that

i+ A lewn < | Vi€ X1 (6.1)

p+ 1
where ¥_1 4 = {u € C: 0 < |arg(p + 1)| < ¢}. Here, we are replacing L by Lo as € = 0.
Consequently the operators A, € € [0, €], are sectorial operators with uniform estimates in
¢ of the resolvent (1 — A.)™" on the sector _; r_4.

We recall that if A € p(Ag), we can choose € > 0 such that A € p(A) for all 0 < € < €.
So, we can apply [4, Lemma 3.5] with V. = A to obtain the relationship

(A=A) = E(\— Ao) "M, =
= [T = A = A) " Y[BAFT M, — ATV = AE(A — Ag) ™1 M.).
It follows from (6.1) that
1T —AA = A) ey S 1+ M
H[ - )‘Ee(/\ - AO)_lj\{[eHE(Le) S 1 I|EEH “./‘/[€|| M.

Consequently, due to Corollary 5.8, we have there exists a function v : (0, &) — R¥, v(e) — 0
as € — 0, such that

1O = A)™Y = E.(A — Ag) M| iy < v(e). (6.2)

Also if {74! : t > 0} denote the exponentially decaying analytic semigroup in L. generated
by A., then we obtain from [18, Theorem 1.3.4] that for any 0 < w < 1, there exists a
constant p = p(w), independent of €, such that

IIC—A‘tHE(Lng) <pt e forallt >0, 0<a<land 0 <e< 6. (6.3)
The continuity of resolvent operators allow us to obtain the continuity of linear semigroups.

Theorem 6.1. Suppose 0 < a < 3. Then there ezists a function v : (0,60) — RT,

Vo (€) = 0, such that
e~ — Ece™ ™ M|l c(r.,Le) < Vo(€)e ™ ! for all t > 0.
Consequently there exists a constant K independent of € such that

“Pe@_Aﬁt — C—Aotj\/f€“L(Lz(Qe)’HZa(Q)) S KI/a(E)G_wtta—l fO’I" all t > 0.

Proof. Since the operators A, are sectorial, we have for w <1,

—1—,/6(“+a’)t(u + @+ A — @) tdp
271
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where T' is the boundary of $_; 4 = {u € C: |arg(u + 1)| < ¢} with I > ¢ > 7 oriented in
such a way that the imaginary part of p increases as p runs r.

We change variables p + @ — p and we denote B, := A, — w. Our aim is to estimate the
difference

or||e” Bt — E.e™ B Mouf|| o = /e“t[(u + B) ' — E.(u + By) ' Muf|dp (6.4)
Ty 5B
where Iy is the boundary of g 4.
It follows from (6.1) that ||(4 + Be) ™ ||z < ] for all u € T'p and € € [0, €]. Therefore

|1l
o _ . M+ ||E.|| || M.
o+ B — B+ By Moy, < AL,
M,
< el (6.5)
|l '
Also we have

| Be(p+ B) "' ulln. = (I — p(p+ Bo)™Hu|,

< wfllze + Il (e + Bo) ™t
S (1 + ]\/[)”UE Tes
Consequently, we obtain from moment’s inequality
1 1ok
(e + Be) ™|y < M+ Be)~MullE, (s + Be) Ml
Mz
< (1 + M7,
1l
Let us observe that for u€ € L,
> - €

| Bé Ee(p + BO_I)A/[GUE| L. = | Ee(p + By 1)Meu HL%

< (s + By )Ml 101y
1
= 1 |1BG (1 + By™) Mew| o
ek E
<g’ WHMeH [Juf]l ..
So we can conclude that
- € M. €
1Ge+ B = B+ Bo) ™ Moy < ol (6.6)

Let us call = (u + B.)"tu¢ — Eo(pu + By) ™' Muf. Using the moment’s inequality again,
we obtain

lzllzg < Ml Il (6.7)

1
2
€
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Hence, due to estimates (6.6), (6.5) and (6.2) we get
My ()12

|l
With the change of variables § = ut in (6.4) we have the equivalent integral

(4 + B~ = Eclp+ Bo) ™ Mol c(zsy < (6.8)

/eﬁ (57 + B) ™ Bau— B (87 + Bo) ] #
To Lo

Now, it follows from (6.8) that

_ _ M (1-2a)
(617 4 B o= B (37 + )™ Mol < MM

Thus

Ht-l/eﬁ[ (8t + B) " u — B (8t + Bo) ™ MaJdg|

o ‘
a—1 (1-2a) |eﬁ|
< Myt v(e) [lu]l L. !madw’l
o

That is,

||(3_Bﬁtu6 - Eee_B"t]\/Lu‘HLn < Mst* w(e)A=29||uf||, for t > 0.
Therefore, for any a € [0,3) and w € (0,1), there exists a function denoted by v :
(0, €0) — RT with v4(€) 8 0, such that
et — Ece ' M| (L. 10y < Va(€)e ™% for all t > 0.

To conclude the proof, observe that Remark 5.1, implies the existence of a constant K such
that

| Pee™<t — e™ "M, || (e mrzaqq)) = ||Pee™ — PeBee™ 0 M| 21,120 ()
< 1Pl geze, m2e oy lle™ " — Bee™ " M| (L. Le) (6.9)
< K|le™<t — Ece ™' M|l ¢(L.12)-
O

1

Corollary 6.2. Suppose 0 < a < 5 and uf L, w. Then there is a function v : (0, €] —

R, v(e) 90, such that
e 4u — Ece™""ul|,,, < v(e)e™™® for allt > 0. (6.10)
Proof. Adding an appropriate term we have

e 4<tu — Ece™ || o < |le™us — Eee™ " Muf|| Lo + || Ece™ " (Meu® — u) || e
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Let us observe that M.u¢ — u = M, (u¢ — E.u). Hence, we have

Le-

| M = ullzy < (/22 |luf = Eeal
9o
Consequently, the result follows from Theorem 6.1 and u* . O

7. UPPER SEMICONTINUITY OF ATTRACTORS

Let f : R — R be a C*function with bounded derivatives satisfying the dissipative
property (1.3) and let Q¢ be the perturbed domain defined in (4.2).

In the previous section, we have studied the asymptotic behavior of the linear parts of the
problem

82 € 1 2,,€
ui——uf——Qa—uQ—l—ue:f(ué) in Q°
Ouy” € O, >0 (7.1)
ous 1 ouf '
- Ni + i N;=0 on90Q°

&rl €2 8:132
under the degenerated perturbation Q¢ and we have proved a result on the continuity of
the linear semigroups, Theorem 6.1 and Corollary 6.2. In this section, we show that the
attractors A, of the nonlinear elliptic problem are upper semicontinuous with respect to
this perturbations. To this end, we relate the continuity of the linear semigroups with
the continuity of the nonlinear semigroups for dissipative parabolic equations by using the
variation of constants formula. This in turn will imply the upper semicontinuity of the
attractors. See also [1], [4], [8] and [19] for other examples that use a similar technique.

1

5, and let u® € L satisfying

|ulle, < C (7.2)

Theorem 7.1. Suppose 0 < a <

for some positive constant C independent of €.
Then, for each T > 0, there ezists a function Uy : (0, €] — RT, 7y(e) = 0, such that

IT.(t)u¢ — ETo(t) Mouf|| o < Dgle)e™ (7.3)

for allt € (0,7).
Moreover, the family of attractors {A. : € € [0,€]} of the problem (7.1) is upper semi-
continuous at € =0 in L2 for 0 < a < 1/2, in the sense that

S inf ¢ — E.0l|Le } — 0, as e — 0. 7.4
s [ jnt {lle" = Eeples) (7.4)

Consequently there ezists a constant K independent of € such that
| P.T.(t)uf — To(t) Muf|| gae () < K, (e)e >t (7.5)

forallt € (0,7) and all 0 < a < 5. Also,

sup [ inf {|| Py — @[]Hza(g)}] — 0, as e — 0. (7.6)
LPEGAE (PEAU



NONLINEAR PROBLEMS IN OSCILLATORY THIN DOMAINS 27
Proof. We use the variation of constants formula on the integral formulation
1
T.(t)us = e~ A<tus + / e~ A=) £(T.(s)uf) ds for all € € [0, 1].
0

Consequently
| Te(t)ue — ETo(t) M| Lo < ||e“A‘tu6 - Eée—AotMeusnLg

i
+ / e A<= f(T.(s)us) — Ece™ ) f(Ty(s) Meus)|| Lo ds.
0

It follows from (6.10) that there exist €9 > 0 and v : (0, o] — R*, v =0, such that
le=4" — BEe™ " M,|| £(ro.1ey < v(€)e ™t for t > 0.

Furthermore, we have

i
/ le=A<4=9) £(T.(s)uc) — E.e™0=9) f(Tp(s) Meus) || ods
0
t
S / | (e=At=9) — B e~ 405 A1) f(To(s)us)|| o ds
0

t
+ / HEEB—AO(t_S) (]\/[ef(Te(S)ue) - f(TO(S)A45u€)> HL?dS-
0
Since u¢ satisfies (7.2) for € > 0, we have that {f(T.(s)u) € L. : s € [0,t]} is uniformly

bounded. Hence, we obtain by Theorem 6.1 that there exists a constant M = M (7, C') such
that

t
/ | (C_Ae(t_s) _ Eee‘AU(t‘S)Me>f(Te(S)UE)HL:'dS
0

f
< / V(€)= (¢ — 5) N F(Tu(s)u) | .
0
< Muyg(e)t* ! for all ¢ € (0,7).

Also, if L denotes the uniform Lipschitz constant of the Niemitskii operator defined by
C?function f, we use E.f = fE. and M.E. = I to get

/ || B e (Mcf(Ts)u) = F(To(s) M) ) | o ds

0

= [ 1B (M) = MES o)) Iz
0

— / | BuemA =, (F(T()u) = F(BTo(s)M)) 1o ds
0

= / PIEN Ml ™) (¢ — ) LI|Te(s)u’ — EcTo(s)Meuc -
0

Hence, we obtain
e T.(t)u — ETo(t) Muf||pe < (1 + M)va(e)t®!
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t
+ | Eel| || M| L/ (t = s) e’ | Te(s)u” — ETo(s)Meuf)|| o ds.
0

If we put @(t) := et || T.(t)u — ETy(t) Meus|| o, we have

o(t) < (14 M)va(e)t* " + p||Ee|l | M|l L/OI (t—8)"%p(s)ds on (0,7).

Thus, due to Gronwall’s Inequality from [18, Exercise 4* of the Section 7.1], we get the
inequality (7.3) from
o(t) < Kug(e)t*™?
where K = K(M,C, p, L, 7, || Ec||, | Mc||) is a constant.
To obtain the upper semicontinuity of the attractors A, we observe first that by the
uniform L*°(92€) bounds of the attractors, proved in [?, Theorem 2.6], we have

U M. A,

0<e<ep

is a bounded set in L>(0,1). It follows from attractivity properties of Ag that, for a fixed
n > 0, there exists a 7 > 0 such that

distrg (T(7) M, Ao) = iél}f1 | T(T)Mep —@llze < Vo€ Acand 0 < e <€
£4 0

that is,
distze (BT (7)Mo, EcAy) <n Vo € A, and 0 < e < ¢.
Hence, due to (7.1) with ¢ = 7, we have that there exists ¢; > 0 such that
|Te(7)¢ — ET(T)Mof|le <n Vo€ Acand 0 < € < ey

Therefore
distpe (Te(7)9%, EcAo) <n Vo € Acand 0 < e < €.
Since A, is invariant, we get

distre (¢, EcAo) <n Vo € Acand 0 < € < €.
Now we can argue as (6.9) to obtain (7.5) and (7.6).

REFERENCES

[1] J. M. Arricta and A. N. Carvalho; Spectral Convergence and nonlinear dynamics of reaction-diffusion
equations under perturbations of the domain, Journal of Diff. Equations, 199, 143-178 (2004).

[2] J. M. Arrieta, A. N. Carvalho and G. Lozada-Cruz; Dynamics in dumbbell domains I. Continuity of the
set of equilibria, Journal of Diff. Equations 231, 551-597 (2006).

[3] J. M. Arrieta, A. N. Carvalho and G. Lozada-Cruz; Dynamics in dumbbell domains II. The limiting
problem, Journal of Diff. Equations 247, 174-202 (2009).

[4] J. M. Arrieta, A. N. Carvalho and G. Lozada-Cruz; Dynamics in dumbbell domains III. Continuity of
attractors, Journal of Diff. Equations 247, 225-259 (2009).

[5] A. Bensoussan, J. L. Lions and G. Papanicolaou, Asymptotic Analysis for Periodic Structures, North-
Holland Publishing Company (1978).

[6] A. Bourgeat, I. Chuesov, L. Pankratov, Homogenization of attractors for semilinear parabolic equations
in domains with spherical traps, C. R. Acad. Sci. Paris t. 329, Serie I, p. 581-586, (1999)



[7]

NONLINEAR PROBLEMS IN OSCILLATORY THIN DOMAINS 29

L. Boutet de Monvel, I.D. Chuesov, E.Ya. Khruslov , Homogenization of Attractors for Semilinear
Parabolic Equations on Manifolds with Complicated Microstructure, Annali di Matematica pura ed
applicata (IV), Vol. CLXXII, pp. 297-322 (1997)

A. N. Carvalho and S. Piskarev; 1 A general approzimation scheme for attractors of abstract parabolic
problems, Numerical Functional Analysis and Optimization 27(7-8) 785 - 829 (2006).

I. D. Chueshov and A. M. Rekalo; Global attractor of a contact parabolic problem in a thin two-layer
domain, Sbornik : Mathematics 195(1), 97-119, (2004).

D. Cioranescu and J. Saint J. Paulin; Homogenization of Reticulated Structures, Springer Verlag, (1980).
H. Brézis; Analisis funcional. Teoria y aplicaciones, Alianza Editorial (1983).

I. Ciuperca; Reaction-diffusion equations on thin domains with varying order of thinness, Journal of
Diff. Equations, 126(2), 244-291, (1996).

T. Elsken; Continuity of attractors for net-shaped thin domain, Topologicl Methods in Nonlinear Anal-
ysis, 26, 315-354, (2005).

B. Fiedler, M. Vishik, Quantitative homogenization of analytic semigroups and reaction-diffusion equa-
tions with diophantine spatial frequencies, Advances in Differential Equations 6, pp. 1377-1408 (2001)
B. Fiedler, M. Vishik, Quantitative homogenization of global attractors for reactiondiffusion systems
with rapidly oscillating terms, Asymptotic Analysis 34, pp 159185 (2003)

J. K. Hale; Asymptotic Behavior of Dissipative Systems, Mathematical Surveys and Monographs, 25,
AMS (1988).

J. K. Hale and G. Raugel; Reaction-diffusion equation on thin domains, Journal Math. Pures and Appl.
(9) 71, no. 1, 33-95 (1992).

D. B. Henry; Geometric Theory of Semilinear Parabolic Equations, Lecture Notes in Math., 840,
Springer-Verlag, (1981).

A. L. Pereira and M. C. Pereira; Continuity of attractors for a reaction-diffusion problem with nonlinear
boundary conditions with respect to variations of the domain, Journal of Diff. Equations 239, 343-370
(2007).

Pazzy, A., Semigroups of Linear Operators and Applications to Partial Differential Equations, Applied
Mathematical Sciences, Springer-Verlag, (1992).

M. Prizzi and K. P. Rybakowski; The effect of domain squeezing upon the dynamics of reaction-diffusion
equations, Journal of Diff. Equations, 173(2), 271-320, (2001).

M. Prizzi and M. Rinaldi and K. P. Rybakowski; Curved thin domains and parabolic equations, Studia
mathematica, 151(2), 109-140, (2002).

G. Raugel; Dynamics of partial differential equations on thin domains, Lecture Notes in Math., 1609,
Springer Verlag, (1995).

R. P. Silva, Semicontinuidade inferior de atratores para problemas parabdlicos em dominios finos, Phd
Thesis, ICMC - USP, (2007).

E. Sanchez-Palencia, Non-Homogeneous Media and Vibration Theory, Lecture Notes in Physics 127,
Springer Verlag (1980)

F. Stummel, Diskrete Konvergenz linearer Operatoren I, Math. Ann. 190 (1970), 45-92.

F. Stummel, Diskrete Konvergenz linearer Operatoren II, Math. Z. 120 (1971), 231-264.

F. Stummel, Diskrete Konvergenz linearer Operatoren III, Linear Operators and Approximation (Proc.
Conf., Oberwolfach, 1971), 196-216, Internat. Ser. Numer. Math., Vol. 20, Birkhuser, Basel, 1972.

G. Vainikko, Approzimative methods for nonlinear equations (two approaches to the convergence prob-
lem), Nonlincar Analysis, Theory, Methods & Applications, 2 (1978), 647-687.

G. Vainikko, Funktionalanalysis der Diskretisierungsmethoden, Teubner-Texte zur Mathematik. B. G.
Teubner Verlag, Leipzig, (1976).

L. Tartar; Problémmes d’homogénéisation dans les équations auz dérivées partielles, Cours Peccot,
College de France (1977).

L. Tartar; Quelques remarques sur lhomegénéisation, Function Analysis and Numerical Analysis, Proc.
Japan-France Seminar 1976, ed. H. Fujita, Japanese Society for the Promotion of Science, 468-482
(1978).



30 J.M. ARRIETA, A. N. CARVALHO, M. C. PEREIRA, AND R. P. SILVA

[33] L. Tartar, The General Theory of Homogenization. A personalized introduction, Lecture Notes of the
Unione Matematica Italiana, 7. Springer-Verlag, Berlin; UMI, Bologna, 2009.

(J. M. Arrieta) DEPARTAMENTO DE MATEMATICA APLICADA, FACULTAD DE MATEMATICAS, UNIVER-
SIDAD COMPLUTENSE DE MADRID
E-mail address: arrieta@mat.ucm.es

(A. N. Carvalho) INSTITUTO DE CIENCIAS MATEMATICAS E DE COMPUTAGAO, UNIVERSIDADE DE SAO
PAULO-CAMPUS DE SA0 CARLOS, CAIXA PosTAL 668, 13560-970 SA0 CARLOS SP, BRAZIL
E-mail address: andcarva@icmc.usp.br

(Marcone C. Percira) ESCOLA DE ARTES, CIENCIAS E HUMANIDADES, UNIVERSIDADE DE SAO PAULO,
RuAa ARLINDO BETTIO, 03828-000 SA0 PAuLO SP, BRAZIL
E-mail address: marcone@usp.br

(R. P. Silva) INSTITUTO DE GEOCIENCIAS E CIENCIAS EXATAS, UNIVERSIDADE ESTADUAL PAULISTA,
13506-900 R10 CLARO SP, BRAZIL

E-mail address: rpsilva@rc.unesp.br



339/10

338/10

337110

336/10

335/10

334/10

333/10

332/10

331/10

330/10

NOTAS DO ICMC

SERIE MATEMATICA

CARVALHO, A. N.; CHOLEWA, J. W.; LOZADA-CRUZ, G.; PRIMO, M.R.T. -
Reduction of infinite dimensional systems to finite dimensions: compact convergence
approach.

HARTMANN, L.: SPREAFICO, M. - The analitic torsion of the cone over na Odd
dimensional manifold.

AFONSO, S.; BONOTTO, E.; FEDERSON, M.; GIMENES, L. - Stability of
functional differential equations  with variable impulse perturbations via
generalized ordinary differential equations.

AFONSO, S.; BONOTTO, E.; FEDERSON, M.; GIMENES, L. — Boundedness of
solutions of retarded functional differential equations with variable impulses via
generalized ordinary differential equations.

ARAGAO-COSTA, E. R.; CARABALLO, T.; CARVALHO, A. N.; LANGA, J. A. -
Continuity of Lyapunov functions ando f energy level for a generalized gradient
semigroup.

ARAGAO-COSTA, E. R.; CARABALLO, T.; CARVALHO, A. N.; LANGA, J. A. -
Stability of gradient semigroups under perturbations.

MA, T. F.; NARCISO, V. — Global attractor for a model of extensible beam with
nonlinear damping and source terms.

CARVALHO, A. N.; CHOLEWA, J. W.; DLOTKO, T. - Equi - exponential attraction
and Rate of convergence of attractors for singularly perturbed evolution equations.

FEDERSON, M.; GODOY, J.B. - Averaging for impulsive functional differential
equations: a new approach.

MORGADO, M. F. Z.; SAIA, M. J. — L& numbers of pham-Brieskorn arrangements.



