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ON THE STRUCTURAL STABILITY OF PLANAR
QUASI-HOMOGENEOUS POLYNOMIAL VECTOR FIELDS

REGILENE D. S. OLIVEIRA AND YULIN ZHAO

ABSTRACT. Let Hpqm be the space of planar (p, ¢)- quasi-homogeneous poly-
nomial vector fields of weight degree m endowed with the coeflicient topology.
In this paper we characterize the set (1,4, of the vector fields of H,,q., that are
structurally stable with respect to perturbations in H,q,, and determine the
exact number of the topological equivalence classes in {1,q,,. We apply it to
give an extension of Hartman-Grobmann Theorem for a kind of planar vector
fields.

1. INTRODUCTION AND THE MAIN RESULTS

A function F(z,y) is called a (p,q)- quasi-homogeneous function of weight
degree m if F(NPx, Ny) = A\"F(z,y) for all A € R. If P(z,y) and Q(z,y) are
(p, q)- quasi-homogeneous polynomials of weight degrees p —1+m and ¢—1+m,
respectively, we say X = (P,Q) a planar (p,q)-quasi-homogeneous polynomial
vector field of weight degree m. The system of differential equations associated to
X is

dzx c . dy o
(1) i Plz,y)= >  azz'y, = = Qlz,y)= > bya'y.
pi+qj=p—1+m pi+qj=q—14+m
In this paper we always suppose that p, g, m are positive integers and that
P(z,y) and Q(z, y) are coprime in the ring R[z, y], denoted by (P(z,y), Q(z,vy)) =
1 for short.

In order to study the behavior of the trajectories of a planar differential system
near infinity we use the Poincaré-Lyapunov compactification, see for instance [4].
In the Poincaré-Lyapunov compactification we prefer to work on a hemisphere,
calling it as Poincaré-Lyapunov disk. The singular points at infinity are spread
out along the equator of the sphere.

The extended vector field on Poincaré-Lyapunov sphere is called the Poincaré-
Lyapunov compactification of the vector field X, denoted by E(X).

Two vector field X,Y € Hy,, are said topologically equivalent if there exists a
homeomorphism h such that the orbits of the flow induced by E(X) are carried
onto orbits of the flow induced by E(Y), preserving sense but not necessarily
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parametrization and as usual regarding X is structurally stable with respect to
perturbations in H,,,, if it is topologically equivalent to every nearby vector field.

Note that a (1, 1)-quasi-homogeneous polynomial system of weight degree m
is a homogeneous polynomial differential systems. Llibre, Perez, and Rodriguez
[11] studied the structurally stability of planar homogeneous polynomial vector
field in [10]. Some results on planar homogeneous polynomial vector fields can be
found in [2, 3] and reference therein. Structurally stability for some vector fields
has been investigated by Andronov and Pontrjagin[1], Peixoto[12], Kotus et al.
[6], Jarque and Libre [7], Llibre, Perez, and Rodriguez [11], et al.

Let H,,m be the set of (p, ¢)-quasi-homogeneous polynomial vector fields of
weight degree m. Denote by a and b the number of the non-negative integer
solutions of the equations pi+qj = p—1+4+m and pi+qj = ¢— 1 +m respectively.
For given p, ¢, and m, every X € H,, is specified in some unique way by the a+b
coefficients of P(z,y) and Q(z,y), and hence it may be identified with a unique
point in R**®. Similarly as in the paper [10], we take in H,,, the topology induced
by the Euclidean norm of R**. Then we say that X € H,,, is structurally stable
with respect to perturbations in H,g, if there exists a neighborhood U of X
in Hpgm such that for all Y € U the vector fields X and Y are topologically
equivalent.

Denoted by €2, the set the vector fields in H,, which are structurally stable
with respect to perturbations in Hp,,. In this paper we characterize the vector
fields in 2,4, and and determine the exact number of the topological equivalence
classes in 2,4,. By using this characterization we give an extension of Hartman-
Grobman Theorem for a kind of planar vector fields.

To simplify the proof of this paper, firstly we give the following lemma before
stating the main results.

Lemma 1. Suppose (p,q) = k > 2 in (1), then there exists p’, ¢ and m’ such
that system (1) is a (p',q)—quasi-homogeneous vector field of weight degree m/,
provided that p' and q' are coprime.

We shall prove Lemma 1 in Section 2. Let

(2) n(z,y) = pzQ(z,y) — qyP(z,y).

It is proved in Lemma 9 (see Section 2 below) that, if n(x,y) = 0, then (P, Q) =
(px,qy). This degenerate case will not be considered in the present paper. We
give the following conventions.

Convention 2. For proof’s convenience, throughout this paper suppose that

(a) p is odd and (p,q) = 1 unless the opposite is claimed, and
(b) n(z,y) #0.
In Section 2 we shall study the phase portrait of the vector fields in H,,, and

give the following result.

Theorem 3. Let X € Hpyn. If n(1,y) has no zero, n(0,1) # 0, then n(z,y) # 0
for (z,y) # (0,0), and the origin of system (1) is
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(a) a global center if and only if Iy =0, where

(3) Ix = /_;OO 573((11:3)) du.

(b) a global stable (respectively, unstable) focus if and only if Ix < 0 (respec-
tiwely, Ix > 0).

In the paper [9], the authors gave the formula of Ix by the integral of (p, q)-
trigonometric functions. Here we give the expression Ix by the integral of the
rational function P(z,y)/n(z,v).

We will show in Section 2 that if either n(1,y) = 0 has a real zero, or n(0,1) = 0,
then system (1) has an invariant curve. Therefore, Theorem 3 implies that the
origin is a center if and only if n(z,y) # 0, Ix = 0, if and only if n(1,y) #
0, n(0,1) %0, Iy =0.

The structurally stable set €24, is characterized by the following theorem,which
will be proved in Section 3.

Theorem 4. Denoted by Qpgn the set the vector fields in Hygm which are struc-
turally stable with respect to perturbations in Hpem,. The vector field X € Qpgm if
and only if one of the following conditions holds:

(a) If n(1l,y) has no zero and n(0,1) # 0 then Ix #0;
(b) If the condition in (a) does not hold, then all the zeros of n(1,y) are simple
if there exist, and dn(0,1)/0z # 0 if n(0,1) =0 .

To compute the number of topological equivalence classes in 2,4, first of all
we give the normal form of the structural stable vector field X = (P, Q) by the
following proposition.

Proposition 5. Let X € Q.. Suppose that n(z,y) is defined in (2), thenn(z,y)
is a (p,q)- quasi-homogeneous polynomial of weight degree p + q +m — 1 having
the form

(4) n(z,y) = > egatyl.

pi+qj=p+q+m—1
Moreover, there exist an integer r such that
(a) ifn(0,1) #0,n(1,0) #0 thenp+qg+m —1= (r+ 1)pg withr > 0 and

n(z,y) = XX g er1-np(@?) (yP) 1,
(%) P(z,y) = Xi_o0ugs1-np-12'0yrti=0e-1,
Q(@,y) = Xioobir+1-tg—1,pT" 70Ty,

with ao,(r+1)p—1 # 0, b(r+1)q—1,0 # 0, Co,(r+1)p # 0, C(r+1)q,0 # 0;
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(b) 4 n(0,1) # 0, n(1,0) =0, then p+m — 1 = rpq with r > 0 and
n(@y) = (TioCur-npr (@) @) )y,
(6) P(z,y) = Xl r-np(@?)' (y")"
Q@,y) = Yicobr—ig-1psraT Tyt
with aoyp 7# 0, brg-1,1 # 0, Corpr1 # 0, Crg1 # 0;
(c) ifn(0,1) =0, n(1,0) #0, then ¢+ m — 1 = rpq with r > 0 and
n@y) = 2 (Theo Crsigenp(@)' @) ),
(7) P(z,y) = (Zz —0 O1+lg,(r—l)p— 1331‘72/(?_1)’3—1),
Q(x,y) = Yo br—t)gu(@?) " (y"),
with a1pp—1 7 0, brgo # 0, C1p 0, Ciirgo #0;
(d) ifn(0,1) =0, n(1,0) =0, then m — 1 = (r — 1)pq withr > 1 and
n(z,y) = oy (TI5 crage-1-npaa (29 (7)1,
(8) P(z,y) = @ (T2 Grsgiro1-np(a?) (?) 1)
Qz,y) = y(Ti5 bir-1-nasig(@?) 1 7yP))
with a1,—1yp # 0, br-1)g1 # 0 ¢1,¢—1)p # 0, Crar—1)g1 # 0.

Proposition 5 shows that, if X € 2,4, then there exists a non-negative integer
r such that one of the following equation holds:

() p+qg+m—1=(r+1)pg, p+m—1=rpg,
qg+m—1=rpgq, m—1=(r—1)pq.

Denoted by &;, i = 1,2,3,4, the i-th equation of (9). Let

(10) ©; = {(p, ¢, m)|there exist r, such that & holds}.

We classified (p, ¢, m) by ©;, i =1,2,3,4.

Here we give some remarks about ©;. Let r; be solution of &. By simple
calculation one gets that, if (p,q,m) € ©; N O;, i # j, then r;, = r; and p,q,m
have some restrictions. It is easy to prove that, if (p, ¢, m) satisfies three equations
of (9), then p = ¢ = 1, which means that system (1) is a homogeneous polynomial
vector fields. Since ©; N©; C ©;, we only need to consider ®; when compute the
number of topological equivalence classes in 2pg,.

Let Cpgm be the number of topological equivalence classes in €2,4,,. The value
Cpgm 1s given by the following theorem.

Theorem 6. Let r be an integer, defined in Proposition 5.
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(a) Suppose that both p and q s odd. If v is odd, then

14 = Z(T“ P2t (Pan + Ia), it (p,g,m) € ©1\(6,UB;UBO,),

Cpgm =
=luf = Z(TH & Cnt(Pon + Ion), if (p,g,m) € ©,U O3 U Oy;

If r 1s even, then

7/2
C(pqm =—-1+= Z Z Pgn + Ign
1 1 nf2l+1
where
1
Pon = — (22n - Z lle) y Loy = 2mtl — Z IQ!;
1 lIn,l#n ln,l#n

of v is odd, and

1
(11) Pon = — <2n - > ”’21) Iy = 20002 N,

L A ln,d#n

of 7 1s even, respectively.
(b) Suppose that p is odd and q is even.
(1> If (pa g, m) € @1\(62 U 63 U @4); then

1 » . .
(r +3+ Zl /2 Lol 732”) , if r is odd,

2
Cpqm = 1 )
3 (r +1+ ZZZI 2onj2it+1 Pgn) , if r is even;

if (p, ¢, m) € Oy, then

1 ’f‘ . .
3 ( -1+ Z( Rl Znupgn) , if »isodd,
Cpqm =

1
5 (7‘ + 1+ Zz 1 Zn|21+1 Pon> , if r is even;

where Po, is defined as in (11).
(ii) If (p,q,m) € @3 U Oy, then

(Zﬁ“ S i Pa), i 7 is odd,
Chgm =
1 r/2 .
2 (7" — 24 257 Znjats1 Pgn) , if r is even,
where
<2n+1 — Ll ltn lez) , ifn#k,
73271 =

1
n
(2" = SyigaPa), i n=,
n

with k # 0.

5
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We say that two analytic vector fields X and Y are locally topologically equiv-
alent at origin (resp. infinity) if there exists two neighborhoods U and V of the
origin (resp. the infinity) and a homeomorphism h : U — V that carries orbits
of the flow induced by X onto orbits of the flow induced by Y, preserving sense
but not necessarily parametrization (see for instance [10]).

Let X = 3 ;5 Xi, where X;, i =m,m+1,---, is an (p, ¢)-quasi-homogeneous
polynomial vector field of weighted degree i. The next theorem shows that X
and X,, are locally topologically equivalent at the origin, provided X,, € ) -
This is an extension of Hartman Grobman Theorem.

Theorem 7. Let Qpqm be the vector fields in Hyyy, that are structurally stable with
respect to perturbations in Hym and X = (Pr(z,y), @m(z,y)) € Qpgm. Then
Xin and X = (Zism Pi(2,Y), Dism Qi(2,y)) are locally topologically equivalent at
the origin, where Pi(x,y) and Qi(x,y) are (p, q)-quasi-homogeneous polynomials
of wetght degree p — 1414 and q — 1 + 1, respectively.

Now we can get the analogous of Theorem 7 at infinity.

Theorem 8. If X, = (Pn(z,v), Qm(z,Y)) € Qpgm, then the phase portraits of
X and X = (S Pz, y), S Qi(z, 1)) are locally topologically equivalent at
infinity, where Pi(z,y) and Q;(z,y) are are (p, q)-quasi-homogeneous polynomials
of weight degree p — 1+ 1 and q — 1 + 1, respectively.

The rest of this paper is organized as follows. In Section 2 we study the
phase portraits of (p, ¢)-quasi-homogeneous polynomials of degree m on Poincaré-
Lyapunov disk. In Section 3 we prove Theorem 4 that characterizes the vector
fields X € Q,,. In Section 4 we compute the number C,,,, of topological equiv-
alence classes of the structurally stable vector fields in H,,, with respect to
perturbation in H,,. Finally we prove Theorem 7 and Theorem 8 in Section 5.

2. PHASE PORTRAITS OF QUASI-HOMOGENEOUS VECTOR FIELDS

In this section we shall study the phase portraits of quasi-homogeneous vector
fields. Firstly we prove some preliminary results.

Proof of Lemma 1. Let
P(y)= > aya'y, Qley)= > b’y
pit+qj=p—1+m pi'+qj'=q—1+m

in (1) and p = kpy, ¢ = kg with (p1,¢q1) = 1. It follows from P(\Px, \%y) =
AP=+m Pz y) and Q(WPz, ANy) = A= Q(x, y) that kp; — 1 +m = kpyi + kg1 j
and kqy — 1 +m = kp;i’ + kqij’, which gives m — 1 = k(p1(i — 1) + q1j) =
k(pri' + qi(j' = 1)). Let mi =p1(i = 1)+ qj+1 =p17’ + q1(5' — 1) + 1. Then
P(z,y) and Q(z,y) are also (p1,¢1)-quasi-homogeneous polynomials of weight
degree p; — 1 4+ m; and ¢; — 1 + my respectively. The assertion follows. O

Lemma 9. Suppose that n(x,y) is defined as (2).
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(a) n(z,y) is a (p, q)-quasi-homogeneous polynomial of weight degree p + q +
m — 1.
(b) Ifn(z,y) =0, then (P,Q) = (pz, qy).

Proof. 1t is easy to verify that n(z,y) is a (p, ¢)-quasi-homogeneous polynomial
of weight degree p+¢+m —1. If n(z,y) =0, then pzQ(z,y) = qyP(z,y). Since
P(z,y) and Q(z,y) are coprime, one gets P(x,y)|z, Q(x,y)|y. This finishes
proof.

O

Proposition 10. Let X € Hpyp.

(a) Ifn(0,1) =0, then x = 0 is invariant under the flow induced by E(X);

(b) If n(1,A) = 0, A € R, then y? — \z? = 0 is invariant under the flow
induced by E(X);

(c) E(X) has no periodic orbit if one of the conditions in (a) and (b) holds.

Proof. 1f n(0,1) = 0, then P(0,1) = 0, which implies y?~*™P(0,1) = P(0,y?) =
0. Hence x = 0 is an invariant line of system (1). This proves (a)

If A\ = 0, then 7(1,0) = 0 implies Q(1,0) = 0. Since z971*™Q(1,0) =
Q(z?,0) =0, y = 0 is an invariant line of system (1).

Suppose A # 0. Recall that we always assume that p is odd. If z # 0, then it
follows from Lemma 9(a) that

— (1/p\p+q—1+m v
(12 n(e,y) = @y (1,20,
where 29/P := (z'/?)9. Let V(z,y) = y? — \’29. Then
% / — p/\p_lx’I(p_l)/pQ(m, )\xQ/P) _ q)\pxq—lp(x’ )\xq/p)
y=Az/P

= NPl (pQ(1,A) — gAP(1, \)
/\p—l(xl/P)PCH‘m—ln(L /\) = {l,

which proves (b).

The paper [9] has proved that system (1) has a unique singular point (0, 0).
If there exists an invariant curve passing through the unique singular point of
system (1), then no limit cycle can surround the origin. The assertion (c) is
proved. O

To study the singular point (0,0) of system (1), we introduce the (p, q)-tri-
gonometric functions z(¢) = Cs¢ and w(p) = Sng [8, 9] as the solution of the
following initial problem

p=—w?l =221 4(0) =p %, w(0)=0.
It is know that Cs¢ and Sn¢ are 7-periodic functions with

1 1
T = Zp_%qq_#————r(?)r(gl_q).
(5 + 3)



8 REGILENE D. S. OLIVEIRA AND YULIN ZHAO

and satisfies

pCs2‘1¢ + an2p¢ = 1

dCsd _ g o1, 4SO

de o
For (p,q) = (1,1), we have that Cs¢ = cos¢, Sng = sin¢, i.e. the (1,1)-
trigonometric functions are the classical ones.

In the (p, q)-polar coordinates (r, @)

(13) z =rPCs¢, y = riSneg,
the planar (p, g)-quasi-homogeneous system (1) of weight degree m becomes [9]

F=r"F(¢), ¢=1"""G(9),

= Cs%171¢.

where
F(¢) = £ (Cs,Sne) . G(¢) =n(Csp,Sng)

with
(14) E(z,y) =™ Pla,y) +y* 7' Q(z,y).
Taking the changes

ds 2m
(15) = o 9:%,
the above system goes over to
(16) r'=rf(0), ¢ =g(9).
where prime denotes derivative with respect to s,
a7) s0-r(2). a0-Zo ().

It is easy to check that f(#) and g(f) are 2w-periodic functions.
Proof of Theorem 3. Firstly we are going to prove n(x,y) # 0, which implies that

9(6) # 0.

Recall that we always suppose that p is odd. It follows from (12) that n(z,y) #
0 for x # 0. Suppose that there exists y* # 0 such that 0 = 7n(0,y*) =
—qy*P(0,y*), then

0=P(0,y") = (ly"[9)P~+™P(0,sgn(y")).
Hence P(0,sgn(y*)) = 0. If y* > 0, then P(0,1) = 0. If y* < 0 and y < 0, then
P(0,y) = (jy[/*)—*™P(0,~1) = 0.

Since P(0,y) is polynomial of y, P(0,y) is also identically equals to zero for
y > 0, which also gives P(0,1) = 0. We note that 1(0,1) = ¢P(0,1) = 0. This
contradicts the assumption. Therefore, 7(0,y) # 0 for y # 0. Summing the above
discussion one gets n(z,y) # 0 for (z,y) # (0,0).

Secondly we prove the assertions (a) and (b). If n(z,y) # 0, then g(6) # 0 (see
(17)). It follows from (16) that
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which implies that the return map is given by
r(0)elx, if f(6) #0
r(0), if f(0) =

Pl2n) =

where

i = wa()dﬁ

o g(6)
and (7(0),0) is the point of the positive z-axis. Hence we deduce from the return
map that, if [x = 0, then the origin is a center, and if [y < 0 (resp.Ix > 0) ,
then it is a stable (resp unstable) focus.
To end the proof we must show that the sign of Iy is equal to the sign I.
Let z = Cs¢, y = Sn¢. Then we have

=2 (T F(¢) 2m §(z,y) T
Ix = — —dp = — —————dy=—([,. - I_
X T 0 G(¢) T p2d4qy2P=1 5132(]—177(:1;" y) dy T ( + ))

where
_/ q~1/(p) a: y)
-1/ 229 1(z, y)
If p is odd and z # 0, then
- Yy
(18 £(e,3) = (@Hrymtimg (1,203,

2a/p
where £(z,y) is defined in (14). It follows from (12) and (18) that

j q—l/(2p) 6(1, ;.;%)

+ = —q—1/(2p) ;UQ/Pn(l’y/;EQ/P)

dy.

T=T4= j:p_l/()'”(] qy??’)l/(z(ﬂ

T=T4

Let # = z4 and u = y/z¥P. Then u® = y? /2% which gives y? = u®/(p+qu®).
Hence

i, = /°° £(1,u)

1 d u?P
—oo 2P (L, ) | gz, 2Py du (p T qugp> du
/°° pé(1,u)
(P + qu?)n(1, u)
If p is odd, then (12) and (18) also hold for x = x_. Using the same arguments

as above, we get I_ = —I, if p is odd, and hence [x = oL,
Since

o) [eo) P 1 o) 2p—1

/ pE(1, u) du_/ <’u)du:/ T T,
J=co (p + qu®P)n(1, u) o0 N(1,u) J—co p + quP

one obtains the assertions (a) and (b), provided p is odd. The proof is finished. [

By (p, q)-polar coordinates changes one gets the vector field (16) which is de-
fined on S* x R. The origin of system (1) is blown up to to a circle of system (16).
Although the cylinder S! x R is good surface for getting the phase portrait near
the origin, it is often less appropriate for making calculations, since we have to
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deal with expressions of (p, ¢)-trigonometric functions. Hence we prefer to make
the calculations in different charts.

We are going to use the method of quasi-homogeneous blow-up to study the
singular point (0, 0) of system (1). We first blow up the vector field in the positive
z-direction by

zmdt
=% y=g%, dr = ; @ >0,
p

yielding
(19) 5 =2P(L,7), §=n(1,9)

The points (0, \) satisfying n(1, ) = 0 are the isolated singular points of (19) on
the line {Z = 0}. The singular point has a linear part

(75 iy )

If P(1,A) = 0, then n(1,\) = pQ(1,A) = 0, which implies that P(z, \z¥/?) =
Q(z, Az?/P) = 0 for z > 0. Hence the algebraic curves P(z,y) = 0 and Q(z, y) = 0
have infinite intersection points. Since P(z,y) and Q(z,y) are coprime polynomi-
als, it follows from Bézout theorem [5] that P(z,y) = 0 and Q(x,y) = 0 have finite
intersection points on R?, which yields contradictions. Therefore, P(1, A) #0if
n(1,A) =0, n(1,\) # 0. Hence all singular points are elementary.

We will come back to discuss the singular points of system (19) in this section
when we study the singular points at infinity.

Next we blow up the vector field in the negative z-direction by

F=lt

p

g = —I% =4, dr = s & >0,

which gives
(20) j = _iP(_lag)) y = _77(—1:g)'

The points (0, A\) which satisfy n(—1,\) = 0 are the singular points of system
(20). By the same arguments as in system (19), we know that all singular points
of system (20) are elementary.
Finally we have to blow up the positive and negative y-direction by
—-m—1
1 dt
:E:jgpayzigqﬂd’r:J y §>0,
q

which gives
(21) Xe: o z=7Fn(&,%1), §=+JQ(z,+1).

We only need to determine whether the origin is a singular point of the vector
fields X:. Since 1(0,1) = 0 implies that = 0 is an invariant line of E(X)
(see Proposition 10), one gets P(0,y) = 0, which gives P(0,—1) = 0, and hence
7(0,—1) = 0. It can also be proved that n(0,—1) = 0 implies n(0, 1). This yields
that the origin is a singular point of system X, if and only if it is a singular point
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of system X_. We also have Q(0,%1) # 0 if (0, 1) = 0, and hence (0,0) is
elementary singular point of system X if n(0,41) = 0.

We have blown up the origin to the elementary singular points, which implies
that the singular point (0,0) of (1) has been desingularized. After blowing down
we get the phase portrait of system (1) near the origin.

To study the singularities at infinity, we use Poincaré-Lyapunov Compactifica-
tion, see for instance [4]. First we transfer system (1) in the positive z-direction
using the transformation

1-m
x=i,y=£,d7'=z dt,z>0.
2P 24 P
This yields the vector field
dz du
22 — = —2zP(1 — =n(1,u).
( ) d’]— z ( ) U), dT 77( ) U)

The singular points (0, A) that satisfy n(1, \) = 0 are the infinity singularity of
system (1). Each one of them has, as a linear part

(23) ( —P%M) @(?,A) ) .

ou
Since we have proved that P(1,)) # 0, all singular points of system (22) are
elementary.
Second we transfer system (1) in the negative z-direction using the transfor-
mation

1 1_mdt
x:——,yz—%,dT:Z , &2,
zP pAYd »
one gets
dz du
2 — =zP(-1 — = —n(—1,u).
(24) & =2P(=1u), — = -n(-1u)

The points (0, ) which satisfy n(—1,\) = 0 are the singular points of system
(24). Each one of them has, as a linear part

P(=1,)) 0
(25) ( RPN )

These points are studied in the same way as the ones of system (22).
Finally we consider the two transformations

Zl—m,dt
q

1
a:=£, y==x—,dr =
2P 29

;2 >0,
which yields two vector fields of the forms

- dz dv
(26) X = F2Q(v, £1), o= Fnle, £1)

For those two vector fields we only have to determine whether the point (0,0) is
a singular point. The origin is a singular point of X% (resp. X*) if and only if
n(0,1) = 0 (resp. n(0,—1) = 0). By the same way as in the study of system X,
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the origin is a singular point of system Xj_" if and only if it is a singular point of
system X°.

Lemma 11. Suppose that p is odd.

(a) (0,A) is a singular points of system (22) if and only if (0, (—1)9)\) is also
a singular point of system (24). Suppose that X is a zero of n(1,\) with
multiplicity k, then

(i) If k is even, then (0,A) and (0,(—1)7)\) are saddle-node of system
(22) and (24) respectively,

(ii) if k is odd and P(1, \)(8%n/0u*)(1, ) > 0, then (0, \) and (0, (—1)9))
are saddles of system (22) and (24) respectively;

(iil) ifk is odd and P(1,\)(8%n/0uk)(1,A) < 0, P(1,)) > 0 (resp. P(1,\) <
0), then (0, ) is a stable (resp. unstable) node of (22), and (0, (—=1)9)\)
is a unstable (resp. stable) node if m is even, a stable (resp. unstable)
node of system (24) if m is odd.

(b) System X has a singular point at (0,0), if and only if system X has
also a singular point at the origin, if and only if n(0,1) = 0. Moreover,
suppose 1(0,1) = 0, then there exists positive integers k, | such that m =
(k—Dp+(I—-1qg+1, and

(i) if k is even, then system X (resp. X°°) has a saddle-node at the
origin.

(ii) if k is odd and Q(0,1)(0%n/0x*)(0,1) < 0, then system X° (resp.
X ) has a saddle at the origin.

(iil) #f k is odd and Q(0,1)(0%n/02%)(0,1) > 0, Q(0,1) > 0 (resp. Q(0,1) <
0), then system Xﬁf’ has a stable (resp. unstable) node at the origin,
and X has a stable (resp. unstable) node at origin if | is odd, a
unstable (resp. stable) node at origin if | is even, respectively.

Proof. (a) Since p is odd, it follows from (12) that
(27) =1 (LX) = (1P, XY,

which implies that 7(1,A\) = 0 if and only if n(—1, (—1)?\) = 0, and hence (0, \)
is a singular point of system (22), if and only if (0, (—1)?)\) is a singular point of
system (24). The equality (27) also yields

akn(_L (_1)‘1)‘) — (_1)(k—1)q+mak77(17/\)
duk ouk

Since P(—1, (—1)9\) = (—1)™P(1, \), the assertions (i),(ii) and (iii) with £ > 2 in
(a) follow from Theorem 2.19 of [4],(23), (25) and (28). If k = 1,then all singular
points are hyperbolic and the assertion in (a) follows from Theorem 2.15 of the
same book [4].

(b) Using the same arguments as in the case for system X, we get that system
)_{_‘f’ has a singular point at (0,0), if and only if system X a singular point at
the origin, if and only if 7(0,1) = 0.

(28)
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Suppose that 7(z,y) has the form (4). If n(0,1) = 0, then there exist k, | such
that pk+ql =p+qg+m—1,cy #0and ¢;; =0fori < k—1, where k > 1, [ > 1.
This gives (0%n/0z%)(0, £1) = klcy (£1)".

If n(0,1) = 0, then P(0,1) = 0, which implies that P(x,y) has a divisor .
On the other hand, Q(0,1) = 0 also means that Q(z,y) has a divisor z. Since
P(z,y) and Q(z,y) are coprime, we have that Q(0,1) # 0 if 5(0,1) = 0. The
other assertions in (b) follows by the same arguments as in the proof of (a). [

To compare the finite singular point (0,0) and the singular points at infinity,
we give the following lemma.

Lemma 12. Suppose that A is a zero of n(1,u) with multiplicity k, k > 1.

(a) If k is even, then system (19) (resp. (22)) has a saddle-node at (0, \)
respectively.

(b) If k is odd and P(1,)(8%n/0u*)(1,)\) < 0 (resp. > 0), then (0,)) is a
saddle of system (19) (resp. (22));

(¢) If k is odd and P(1,\)8%n/0uk)(1,\) > 0 (resp.< 0) then (0, ) is node
of system (19) (resp. (22)). Moreover, it is a stable node of system (19)
(resp. (22)) if P(1,\) <0 (resp. > 0) and a unstable node if P(1,\) > 0
(resp. < 0) respectively.

The singular points of system (20) and (24), Xy and X can be studied in the
same way.

Proof. Suppose that A is a simple zero of (1, ), then P(1,\) # 0, 9n/0u)(1,\) #
0, which implies the linear part of the system (19) (resp. (22)) at the singular
point (0, \) has two real eigenvalue. This yields the assertion (b) and (c) for
k=1,

The other assertions of this lemma follows from Theorem 2.19 of [4]. O

Before the end of this part, we give some comments. If p is odd, then it
follows from (27) that (0, ) is a singular point of system (19) (resp. (22)), if
and only if, (0,(—1)?)) is also a singular point of system (20) (resp. (24)). In
fact, the information found in the positive z-direction (resp. z-direction) also
covers the one in the negative z-direction (resp. z-direction). However, to the
proof’s convenience we study the behavior of both the positive and the negative
z-direction (resp. z-direction) yet.

Proposition 13. (i) All singular points at infinity and those of system (19),
(20) and X< are elementary and they are nodes, saddles, or saddle-node.

(ii) The singular points at infinity are determined by the equation n(1,\) = 0
and whether n(0,1) = 0 hold.

(iii) Suppose that Ly, Ly,., are two consecutive invariant algebraic curve of
system (1), defined in Proposition 10, then they are characteristic orbits
at (0,0) and determine one sector at the origin:

(a) two consecutive parabolic sectors at infinity give a hyperbolic sector
at (0,0),
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(b) two consecutive hyperbolic sectors at infinity give a elliptic sector at
(0,0), and

(c) one parabolic and one hyperbolic sectors at infinity give a parabolic
sector at (0,0).

(iv) Assume that (0,0) is a a-limit set or w-limit set of the orbit .

(a) if (p,q) # (1,1), then v contacts either z-axis or y-azis at the origin;

(b) Ifp = q =1, then y contacts one of the invariant straight line, define
in Proposition 10, at the origin.

Proof. We have shown that all singular points are elementary in the above dis-
cussions. The other assertions follows from Proposition 10 and Lemma 11 and
Lemma 12. O

We describe the phase portrait of system (1) on Poincaré-Lyapunov disk by
Proposition 10 and Proposition 13. In fact, the phase portrait of system (1) is
determined by the zeros of equations 7(1, \) = 0 and whether 7(0,1) = 0 hold.

3. STRUCTURAL STABILITY

In this section we prove Theorem 4 which characterize the structurally stable
set {pgm. Recall that we used the Poincaré-Lyapunov compactification to study
the trajectories of system (1) and work on the Poincaré-Lyapunov sphere. The
extended vector field on Poincaré-Lyapunov sphere is denoted by E(X).

Proof of Theorem 4. Assume that X is structurally stable with respect to per-
turbations in Hpgmn. Let us prove that (a) and (b) holds. If n(1,y) has no zero
and 7(0,1) # 0, then it follows from Theorem 3 that the flow of the system (1)
is a global center if Iy = 0, and a global stable or unstable focus if Iy # 0,
respectively. When Iy = 0 there exists a vector field Y in any neighborhood of
X in Hpgm such that the phase portrait of Y is a global focus. Therefore X is
not a structural stable vector field with respect to perturbations in H,,, and (a)
holds.

Moreover, the origin is the unique singular point of system (1)[9], and the
phase portrait of X is completely determined by the zeros of n(1,y) and (0, 1)
(see Proposition 13, Lemma 11 and Lemma 12). If n(1, y) has a zero or n(0,1) = 0,
then it follows from Proposition 10(c) there is no periodic orbits in the set of all
solutions of the system (1).

If n(1,y) has a multiple zero, by Lemma 11 we conclude that there exist vector
field Y in a neighborhood of X in H,,,, such that X and Y have different number
of sectors. So X is not structural stable with respect to Hpgy,. If n(0,1) = 0 and
0n(0,1)/0z = 0 by Lemma 11 and 12 we can repeat the same argument, so (b)
holds.

Now, we assume that (a) or (b) holds and we shall prove that X is a struc-
tural stable vector field with respect to perturbations in H,g,. First we suppose
that (a) holds. Then there exists a neighborhood V' of y and a a neighborhood
W of X in Hpgy such that if yx € V then n(1,y%) # 0 and for all Y € W
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sign(lx) = sing(ly). From Theorem 3 X and Y are topologically equivalent and
X is structural stable with respect to perturbations in Hpgp,.

Now we are assuming that there exists s points (1,y;) such that n(1,7;) = 0
or 7(0,1) = 0 and that these zeros are simples. It follows from Lemma 11 and
Lemma 12 that there exist a neighborhood U of X in H,,, such that if Y € U then
there exists exactly s points such that 7(1, ;) = 0 or (0,1) = 0. We can choose
this neighborhood such that sign(Px0nx/0u)(1, ;) = sign(Pydny/0u)(1, \;)),
and sign(Qx0nx/0z)(0,1) = sign(Py(1,\)0ny/02)(0,1) if n(0,1) = 0. By
Proposition 13 each vector field Y € U has the same local sectors as the vector
field Y. So X is structurally stable with respect to perturbations in H,gp,. OJ

4. THE NUMBER OF TOPOLOGICAL EQUIVALENCE CLASSES IN (),

In this section we compute the number of topological equivalence classes in €24,
which is the set of all structurally stable vector fields with respect to perturbation
in H

pgm:

Proof of Proposition 5. It is easy to verify that n(z, y) is a (p, ¢)-quasi-homogeneous
polynomial of weight degree p+ g+ m — 1 having the form (4). Then (7, ) in (4)
is a solution of the equation

(29) pi+gi=p+qg+m-—1

(4,7) is called a integer (resp. non-negative integer) solution of (29) if ¢ and j are
integers (resp. non-negative integers). If (ig, jo) is a integer solution of (29), then
all the other integer solution are

{(Go + g, jo—1Ip):1l € Z}.

Ifn(0,1) # 0,n(1,0) # 0, then the equation (29) has two integer solutions (0, j)
and (7', 0) satisfying qj’ = p+q¢+m—1 and pi’ = p+q+m — 1 respectively. Since
(p,q) = 1, we have pq|(p+qg+m—1). Hence there exists r such that p+qg+m—1 =
(r+ 1)pg. Let (do,50) = (0,5) = (0,(p+g+m —1)/g) = (0, (r + 1)p). Then all
non-negative integer solution of (29) are {(lg, (r+1—10)p): 1 =0,1,2,--- ,r+1},
which yields n(z, y) has the form, defined in (5). On the other hand, if n(0, 1) # 0,
n(1,0) # 0, then P(0,1) # 0, Q(1,0) # 0. This gives that ¢|(p + m — 1) and
pl(¢g+m —1). Noting (p+m—1)/g=pP+qg+m—1)/g—1=(r+1)p—1and
(g+m-1)/p=pP+qg+m—-1)/p—1=(r+1)g— 1, we get that P(z,y) and
Q(z,y) has the form, defined in (5), by the same arguments as above.

Suppose that 1(0,1) # 0, n(1,0) = 0. Since X € Qpqm, it follows from Theorem
4 that y = 0 is a simple zero of n(1,y). By the assumption, the equation (29)
has two integer solutions (0, 5'), (¢/,1) respectively and ¢y ; # 0, c¢y1 # 0, which
implies that ¢lp+m—1 and pl/m—1. Let m—1 = k'p. Then p+m—1= (K'+1)p.
Since (p, q) = 1, we have ¢|(k'+1). Hence there exists r such that p+m—1 = rpq.
All non-negative integer solution of (29) are {lg,(r—)p+1: 1 =0,1,2,--- 7},
which yields that 7(z, y) has the form as in (6). On the other hand, if n(0,1) # 0,
n(1,0) = 0, then P(0,1) # 0, @(1,0) = 0. We get P(z,y) and Q(z,y), defined
in (6), by the same arguments as above.
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If n(0,1) = 0 and 7n(1,0) # 0, then (29) has two integer solutions (1, 5'), (i,0)
and = = 0 is a simple zero of n(z, 1). Using the same arguments as above, we get
(c).

If n(0,1) = 0 and n(1,0) = 0, then (29) has two integer solutions (1, 5), (i,1)
and z = 0 and y = 0 are simple zeros of n(z,1) and n(1,y) respectively. Using
the same arguments as above, one gets (d). O

Proposition 14. Let p, q, m, r be the integers defined in Proposition 5.

(a) Suppose that p and q are odd, then m 1is odd (resp. even) if and only if r
is odd (resp. even),
(b) Suppose that p is odd and q is even.
(i) If eitherp+q+m—1=(r+1)pq or p+m —1 = rpq, then m is
even,
(ii) if either g+m —1=1rpg or m — 1= (r — 1)pq, then m is odd.

Proof. Suppose p+qg+m — 1= (r+ 1)pg. If p and ¢ are odd, then p+ ¢ — 1 is
odd. Since m = (r+1)pg — (p+q — 1), we have that m is odd (resp. even) if and
only if r is odd (resp. even). If p is odd and ¢ is even, then p — 1 is even, which
implies that m = (r 4+ 1)pg —q¢ — (p — 1) is even.

The other assertions can be proved by the same arguments. 0

Proposition 15. If X € Q,qm, then there exists a number k such that X has
2k singular points at infinity with k < r+1 and k =r+ 1 (mod 2), where r is
defined in Proposition 5.

Proof. Consider the quasi-homogeneous polynomial n(z,y), defined in Proposi-
tion 5. Since p is odd, 7(1,y) has at most 7 + 1 real zeros if (0,1) # 0 and r
real zeros if 7(0,1) = 0. On the other hand, z = 0 is a simple zero of n(z, 1) if
n(0,1) = 0. We note (0, A) is a singular point of system (22) if n(1,\) = 0 and
(0,0) is a singular point of system X if 5(0,1) = 0. The assertion follows from
Lemma 11. O

Let
Q2% = {X € Qugm : B(X) has 2k singular point at infinity}

pgm
The following corollary follows from Proposition 15:

Corollary 16. Suppose thatr is defined in Proposition 5, then Qpgm = Ukes,., Vo
where

Jm,:{k———.?l: 0§l§r+1}.
if r is odd, and

Jm,r={/c=25+1: 0313%}.
if v is even, respectively.

If X and Y are two topological equivalent vector fields in €2, then they have
the same number singular points at infinity. Let C* be the number of topological
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2 - To simplify notation here we do not indicate the

dependence on p and ¢ and write C* for the number of topological equivalence
classes in Q2% .

It follows from Corollary 16 that C,, = 3¢ T Ck . If k = 0, then by Theorem
3 C), =2 (a global stable focus and a global unstable focus).

To convenience, we call A = +00 (resp. A = —o0) a simple zero of n(1,u)
(resp. n(—1,u)) if n(0,1) = 0 (resp. n(0,—1) = 0) and In(0,1)/0z # 0. Define
sgn(0n(£1, £00)/0u) = —sgn(on(0, £1)/0z) if n(0,41) = 0. In what follows we
suppose that Ay, Ag, -+, A\; are zeros of 7(1,u) and Agy1, Agyo, -+, Aok are zeros
of 77(—1,’&) with —co < A1 < Ay < -+- < A\, and +00 > )\k‘—l-l > /\;H_Q > > o
respectively, provided X = (P, Q) € Q*

pgm*

equivalence classes in €2

Proposition 17. Let X = (P,Q) € Q2 Then

(El) (877(1, )‘z)/au)(an(la )‘H—l)/au) = O) 1= 1a 2a e 7k —1; k > 2;‘

(b) (On(—1,X)/0uw)(On(—1, Niz1)/0u) <O fori =k+1,k+2, -+ ,2k—1, k>
27

() P(L,N) # 0,4 = 1,2, Kk, if My # +o0, and P(=1,)) # 0, i =
k+1a2a 72k; 7'f)‘st‘é -0y

(d) Q(0, 1) # 0 if (0, £1) = 0; and

(e) (On(1, M)/ Ou)(ON(—T, Aus)/8u) > 0, (3n(1L, M) /D) ({1, Aas) /) >
0.

Proof. Since X € Qpgm, all zeros of 7(£1,u) are simple. The assertions (a) and
(b) follow if Ay # +o0o0 and Mgy, # —o0.

Suppose A, = +oo, which yields 7(0,1) = 0 and 7(1,u) # 0 for u > A\j_1.
Proposition 5 shows that n(z,y) has the form defined in either (7) or (8). If
on(1, \g=1)/0u > 0, thenn(1,u) > 0, u € (Ay_1, +00). This implies either Clp >
0 in (7) or c1,(r—1)p, > 0 in (8). Since either dn(0,1)/0z = ¢, or 9n(0,1)/0x =
c1,(r—1)p holds and sgn(dn(%£1, £o00)/0u) = —sgn(dn(0, £1)/0x), one gets (a) for
i =k if On(1, \e=1)/Ou > 0. By the same arguments we get On(1, \)/0u > 0 if
Ak = 400, On(1, \k—1)/0u < 0. This proves (a).

If Ay = —o0, then n(—1,u) # 0 for u € (—00, Agx—1). Repeating the same
arguments as the proof of (a), one gets (b).

The assertion (c) and (d) have been proved in Section 2.

Finally we prove (e). Suppose 1(0,1) # 0, then n(z,y) has the form as either
(5) or (6). From the definition of Ay and A\zy; we have n(1,u) # 0 in the interval
(Ag; +00) and n(—1,u) # 0 in the interval (Ay41, +00) respectively. If n(z,y) has
the form (5), then

77(:|:1, u) = 607(r+1)pu(r+l)p -+ (:l:l)cly,‘pu”’ +- 4 crq,p(:bl)"]u” + C(r+1)q’0(:l:1)(r+1)q,

which gives sgnn(1,u) = sgnn(—1,u) as u — 4o0. Since \; and A1 are simple
Z€eros of n(1,u) and n(—1,u) respectively, one gets
(On(1, Ax)/0u)(On(—1, Ag41)/0u) > 0. On the other hand, sgun(1, u) = sgnn(—1, u)
as u — —oo, which implies (On(1, A\1)/0u)(On(—1, Aax)/Ou) > 0.

If n(z,y) is defined as (6), the assertion in (e) follows by the same arguments.
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Suppose 7(0,1) = 0, then n(z,y) has the form as either (7) or (8) and )\, =
+00, Aoy = —o0. If n(z,y) is defined in (7), then

n(z, £1) = 2(c1mp(EL)P + Crpg r1p(ED) P2l 4 e 02",
which yields sgn(dn(%1, £00)/0u) = —sgn(9n(0,+1)/0z) = —sgn(c1,,»(E£1)™P).
Since

77(:}:17 u) = (il)(cl,rpurp i Cl+q,(r—])p(i1)qu(rn1)p b bl o Cl+7‘q,0(i1)rq))
(

sgn(n(—1,u)) = —sgn(ci,rp) for u € (Agt1, +00) and sgn(n(1, u)) = sgn(cmp(—1)"7)
for v € (—o0, A1), which shows that sgn(dn(—1, Ag+1)/0u) = —sgn(ci,p) and
sgn(0n(1, A1)/0u) = —sgn(c1mp(—1)). The assertion in (e) follows if n(x,y) is
defined in (7).

If n(z,y) has the form as (8), then one gets (e) by the same arguments. O

Let S be the set of all sequence (o, v) = {(0y, ;) }sez such that o;,1; € {-1,1}
and ;0,41 < 0 for all ¢ € Z. For each k € N we denote

Sk — (o,v) € S: (04, V) = (Citor, Vivar), for all i € Z}.

A sequence (o, v) is periodic of period | (or l-periodic) if [ is the smallest natural
number such that (oy, ;) = (0441, Vi) for all i@ € Z. Obviously each sequence
(o,v) in S?* is periodic and is completely determined if the elements (o3, ;) are

given for ¢ = 1,2,--- ,l. Since 0;0;.1 = —1, the period [ is an even divisor of 2k.
The above notation has been used in the study of the homogeneous vector fields
in [10].

;From Proposition 17 we can associate a sequence of S?* to each vector field

X € Q2F by taking

(sen (2529) ,sgn(—P(1,\))), =12 k-1
(sen (2922) sgn(—P(1,\))),  if i =k, A # +o0;
(sen (=201, sgn(—Q(0,1))), i i =k, A = -+oo;
(sen
(sen

(

(30) (Uia I/’L') = —0n(=1,\)
=oilag ) ,sgn(P(—l,Ai))) , i=k+1 2k =1

=0uCAN)Y sgn(P(—1,M))), if i = 2k, g # —o00;

| (sgn (Z29=1) ,sgn(Q(0,-1))), i i =2k, Ao = —00,
where 7(v,u) is defined by (2).

Following the idea in [10], we say that (o,v) is m-admissible if there exists
X € Q%  satisfying (30). Denote by S2* the set of all sequence in S?* that are

pam
m-admissible.

Proposition 18. Let X = (P,Q) € Q2%  with 0 # k € J,,» and let (o,v) be the

sequence associated to X according to (30).
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(a) Suppose that both p and q are odd, then (oiri, Vier) = (—1)" Yo, v4) for
1= 1)2a"' ak;
(b) Suppose that p is odd and q is even.
(1) If n(0,1) # 0, then m is even and (oop_it1, Vog—is1) = —(o3,15) for
=1, 50 b,
(i) Ifn(0,1) =0, thenm is odd, (0og—i, Vor—i) = (04, v;) fori = 1,2, -+  k—
1, and (oo, var) = (=1)"" ok, 1), where v is defined in either (c)
or (d) of Proposition 5.

Proof. 1t follows from Lemma 11 (or (27)) that if n(1,\;) =0, ¢ = 1,2,--- |k
and Ay # +o0, then (-1, (=1)72\;) =0.

(a) Suppose that both p and g are odd. Since A\; < A < -+ < Ag, we
have (—=1)7A; > (=1)%Ag > -+ > (—1)%)\, which implies A1 = (=1)9N\;, ¢ =
1,2,---,k. Since P(—1, k) = P((-1)P,(=1)9\;) = (=1)"P(L, ), we get
(Oiaks Vir) = (=1)™ Yoy, 1) from (28) for ¢ = 1,2,--+ ,k — 1, and for i = k if
/\lc 7é +00 .

If A\, = +00, then it follows from Lemma 11 1(0,1) = (0, —1) = 0, which im-
plies that n(z, y) has the form as either (7) or (8). If n(z,y) is defined in (7), then
0n(0,£1)/0x = c1,p(£1)™® = c1,p(£1)" and ¢+ m — 1 = rpg. By Proposition 14
on(0,£1)/0z = c1p(£1)™. Since Q(0, —1) = (—1)"1*™Q(0,1) = (=1)™Q(0, 1),
one gets (oak, vag) = (—1)™ Y (ok, v), provided that n(z,y) has the form in (7).

If n(z,y) is defined in (8), then we get (oox, vox) = (—1)™ (o, 1) by the same
arguments.

(b)  Suppose that p is odd and g is even. If n(0,1) # 0, then \og_;.1 = A\;. By
the same arguments we get (oox—it1, Vor—ir1) = (—=1)" oy, ;) fori = 1,2, , k.
On the other hand, if (0, 1) # 0, then Proposition 5 and Proposition 14(i) imply
that that m is even. This proves (i).

If n(0,1) = 0 and ¢ is even, then it follows from Proposition 5 and Proposition
14(ii) that m is odd and Ay = —Agx = +00. By the same arguments as (a), we
have Agr_; = A\; and hence (o9—;; Vok—i) = (o4, ;) for i = 1,2,k — 1.

If n(xz,y) is defined in (7), then it follows from (7) that dn(0,+1)/0v =
c1p(—1)7, Q(0,£1) = borp(£1)", which gives (ook, vax) = (—1)"" "ok, vx). If
n(z,y) has the form (8), then we get (ii) by the same arguments. O

The next two proposition characterizes the sequences in S?* that are m-admissible.
It follows from Proposition 5 that, if X € 2,4, then it is only necessary to con-
sider the numbers p, ¢, m and r that satisfy one of the equations in (9).

Proposition 19. Suppose that r is defined as in Proposition 5. Denote by s the
number of changes of sign in the sequence {vy,va, -+ ,vk}. Let 0 # k € Jp, and
(0,v) = {(0i, 1) }iez verifying

(i) (Ui+ka Vi—Hc) = (—1)m—1(0u Vi) if both p and q are odd,

(i) (ook—it1, Vok—iv1) = — (04, 14) if p is odd and q, m are even,

(lll) (O‘Qk_i, I/gk_i) = (O’i, I/i) fOT‘i = 1, 2, i el k—1 and (O’gk, I/Qk) = (—1)r_1(0k, ’Uk)

if p, m are odd and q 1s even.

Then
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(a) If eitherk <r+1ork=r+1, s<r, then (o,v) is m-admissible.
(b) If k =r+1, s =r, then (o,v) is m-admissible if and only if there exists
J € Z such that o; = v;.

Proof. (a) To prove the assertion (a) it is sufficient to find X = (P(z,v), Q(z,v))
such that X € Q% and (30) holds for i = 1,2, -+ , k.

We note that k£ < r+ 1 implies s < 7.

Case 1. (p,q,m) € ©y.

Let Ay < Ay < --- < A; be the finite real number with \; #0, 7 =1,2,--- |k
and

k
n(z,y) = a(@® +y*) 02 T (1P — Na?)
j=1
with a € R, a # 0. Since k € Jp,,,, it follows from Proposition 15 that (r + 1 —
k)/2 € N, and hence n(z,y) is a (p, q) quasi-homogeneous polynomial of weight
degree p+¢+m —1 = (r+1)pg, which implies that 7(1,u) has simple real zeros
A1y Agy v o+, Ag. Furthermore,

on(1 /\z _ k
n(au ) _ apAZ (1 4 A2yl H-8)/2 lL (W= M) #£0, i=0,1,- k.
j=1,j#i

If we choose a = %1 in such way that sgndn(1, \1)/0u = oy, then n(z,y) satisfies
sgnon(1,\))/Ou =0y, i =1,2,-+ k.

To determine P(z,y) we choose j; € (A\;, \j+1) if v; # vj41. So we obtain s
real numbers 3 < pg < -+ < ps Where s is the number of changes of sign in the
sequence {vq, v, - ,Vx}. Let

h(z,y) = [1(v" — pfa?).

i=1

If sgn(ah(1, \1)) = —vy , then define

e (2% 4 y2P)r=s=D/2(yp 4 (1 — M))z9), if r — s is odd,
L Y) = (22 + y?2)(r—2)/2 if » — s is even,
If sgn(ah(1,\1)) = vy , then define

e (@ +prE)ir=e=0H ~ (1 + )F)as), if r — s is odd,
el (220 4+ y?P) o= D2(y2 (1 — AD)a?) (yP — (1 + AD)z9), if r — s is even.

Define P(z,y) and Q(z,y) as follows

P(z,y) = —ga(w,y)h(w,y)y”‘l, Qz,y) = pix(n(w,y) + qyP(z,y)).

Since 7(0,y) +qyP(0,y) = 0, Q(z,y) is also a polynomial. It is easy to prove that
X = (P,Q) is a (p, ¢)-quasi-homogeneous vector filed of weight degree m. From
Theorem 4 and Proposition 18 it follows that X & Q?)’;,m and (o, ) associated to
X verifies either (i) or (ii). Therefore (o, v) is m-admissible.

Case 2. (p,¢,m) € ©,.
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Let Ay < Ay < -+ < A be the finite real number with 0 € {\;, Ay, - - SO
Without loss of generality suppose \; = 0. Let

k
nz,y) = a(@® +y?)R2y T (4P — AP29),
1=1,i5#l

P(z,y) = —gau,y)h(:c,y),

with a € R, a # 0, where a(z,y), h(z,y) are defined in the same way as in Case
1. Define Q(z,y) by the equation (2). Using the same arguments as in Case 1,

= (P,Q) € Q2 and (0,v) associated to X verifies either (i) or (ii). Therefore
(o,v) is m-admissible.

Case 3. (p,q,m) € Os.

Let A1 < Ao < -++ < A4y be the finite real number with \; # 0, i =

1,2,--- k=1, Ay = +00, and

k-1
n(z,y) = az(z? +y*) B2 T (4P - Ma9).

=1

If sgn(ah(1, \1)) = —v; , then define

(z,y) = (220 + y2p)(r=s-D/2) if r — sis odd,
Pt (220 + y2)r=s=D/2(yp 4 (1 — N)z?), if r — s is even.

If sgn(ah(1, A\1)) = 11, then define

(z,y) = —z9(z? + y?P) =32 (yp (1 — ND)z?), if r — s is odd,
L —z9(z% 4 %) (r=5-2)/2 if r — s is even.

Let
P(z,y) = —gwy”‘la(m,y)h(w,y), Qz,y) = ]—)15(77(93, y) + quP(z,y)),

where h(z,y) is defined as in Case 1. Using the same arguments as in Case 1,

= (P,Q) € Q%  and (o, v) associated to X verifies either (i) or (iii). Therefore
(0,v) is m-admissible.

Case 4. (p,q,m) € Oy4.

Let A1 < A <+ < Ap_1 be the finite real number with 0 € {1, Ao, -+, M1},
and A\, = 4oc0. Without loss of generality suppose \; = 0. Let

k-1
n(z,y) = azy(e® +y*)UTR2 T (yP — Mat), P(z,y) = —gm(z, Yz, y),
i=1,il

where h(z,y) and a(z,y) are defined as in Case 1 and Case 3 respectively. Define
Q(z,y) by the equation (2). We get a a (p, q)-quasi-homogeneous vector filed
X = (P, Q) of weight degree m which is structurally stable. The sequence (o, /)
associated to X verifies either (i) or (iii). Therefore (o, v) is m-admissible.

(b) Let k =7+1, s=r. Suppose that (o, v) is m-admissible, then there exists

= (P,Q) € Q%  such that (o,v) associated to X verifies one of (i), (ii) and
(iii) and n(z,y), P(z,y), Q(z,y) have one of the forms listed in Proposition 5.
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If n(0,1) # 0, n(1,0) # 0, then n(z,y) has the form (5), which implies that
n(l,u) = al[2](wP — AP), where \; < Ay < -+- < Agq with A 5 0, i =
1,2,---,r+1and a € R, a#0. This gives

r+1
n(z,y) = (fvl/”)p““”m_l”( ‘) -4 H — Mzf)

q/p

Since s = r, P(1,y) has r real zeros which belongs to the interval [\, A\yi].. It
follows from (5) that P(xz,y) is necessarily of the form

T

P(z,y) =10 (H(yp _foq)> P M < m <A< <A, < pr < Apgi,
i=1
with b € R, b # 0. Q(z,y) is defined by the equation (2). Hence we have
n(0,1) = a = —qgb = —¢P(0,1). It follows easily that oy = sgn(dn(1, \;)/0u) =
sgn((—1)"a) = sgn((—=1)"*1b) = —sgn(P (1, \1)) = 1.
If n(0,1) = 0, n(1,0) # 0, then n(1,u) has 7+ 1 zeros Ay < Ay < -+ < A\, <
Ary1 = +oo with A\; # 0,4 =1,2,--- |r. By the same arguments as above, we
have

n(z,y) = az [ — Nea%), Pla,y) = ba (h W — i rff)) gl

i=1 i=1

with ab # 0, a,b € R, and A\; < pg < Ag <+ < pp_1 < A, < +00. This gives

g r—1
Q) = (o[ =2+ (Tl - a9 ).
i=1
Hence v, = sgn(—P(1,),)) = sgn(-b), vry1 = sgn(—Q(0,1)) = sgn(—a
gb). Since we suppose s = r, we have 1,141 = —1, which implies ab <
This yields o = = sgn(0n(1,\)/0v) = sgn(a(=1)""1), 1, = sgn(—P(1,\))
sgn(—=b(—1)""1). Finally, one gets oy = v;.
If either 7(0,1) # 0, n(1,0) = 0 or n(0,1) = n(1,0) = 0, one gets o; = v; by
the same arguments.
Conversely, if 09 = v; and k =7+ 1, s = r, then there exist the vector field
X = (P, Q) such that (o,v) verifies one of (i), (ii) and (iii), where P(z,y), Q(z,y)
are defined as above. This finishes proof. O

Proposition 20. Let0 # k € Jp,» and X, X' € Q;‘;’;m Denote by (o,v), (o',V') €

S2k the sequences associated to X and X' respectively. Then X and X' are
topologically equivalent if and only if there exists T € N (0 < 7 < 2k — 1) such
that one of the following conditions holds for all i € Z:

<

(Uia Vi) . (U£+r’ Vz{+7)a

(Ui; Vi) . (U’Zk—z’+1+-r’ Vék—i+1+7)-

Proof. The assertion is proved by following the arguments in the proof of Propo-
sition 11 of [10]. O
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Let w = (0,v) = {w; = (04,14), 1 € Z} € S?*. 1t follows from Proposition 19
that the sequence W = {W; = (0y41,V+1), ¢ € Z} also belongs S**. Define the
application

M. Sk, g2
such that if w = (o,v) € S2F, then R(w) is the sequence of S* verifying

(31) (R(w)); = wiyy for alli € Z.

Whenever f: A — Ais an arbitrary application then a € A is called a l-periodic
point of f if f'(a) = a and fi(a) # a for i = 1,2,--- ,1 — 1. The integer [ is
called the period of a. The set C' = {a, f(a), -+, f"*(a)} C A is a cycle of order
[ (I-cycle) of f if a € A is a [-periodic point of f. These notation can be found in
many papers, see for instance [10].

;From (31) w € S is a [-periodic point of R if and only if w is a [-periodic
sequence. Therefore C' C S?¥ is a l-cycle of R if there exists a [-periodic sequence
w € S2F such that C' = {w, R(w), - , R~} (w)}. Each sequence w € S belongs
to some cycle of order I of R where [ is an even division of 2k[10].

Define the application

U: Sk, g%
where if w € S?* then W(w) is given by
(¥(w)): = wap—is1.

By the definition we know that W is the application that reverses the order of the
elements (o1,11), (09,12), -, (Ook, Vak).

The following two propositions have been obtained in [10] for homogeneous
polynomial vector fields. They can be proved in the same way for (p, q)-quasi-
homogenous polynomial vector fields. Here we omit the details.

Proposition 21. Let 0 # k € J,,. The following statements hold:

(EL) VoW =Id;

(b) PoR=R"100.
Proposition 22. Let 0 # k € Jpn, and X, X' € Q2F . Denote by w and v’
the sequences of S2F associated X and X' respectively. Then X and X' are
topologically equivalent if and only if either w and W', or w and V(w') belong
to the same cycle of R.

Following the idea in [10], we define in S2* the equivalent relation: w ~ @ if and
only if one of the sequence w and ¥(w) belongs to the cycle {@, R(w), - - - , R~ (w)}.
According Proposition 22, the number of equivalence class of ~ in S%* coincide
with the number C% of topological equivalence classes in Qgé’m.

Consider the cycle C' of R such that w € C. From Proposition 21(b), ¥(R(w)) =
M~ (¥(w)), and hence the cycle of ¥(w) is C' = {¥(w) : w € C}. Therefore the
equivalence class of w is C'U C".



24 REGILENE D. S. OLIVEIRA AND YULIN ZHAO

A cycle C of R is called symmetric if C = C’. Denote by D% the number of
cycles of R in S2¥ and E* the number of symmetric cycles respectively. Then
Dk - B _ A+ Db

2 2
The above expression has been obtained in [10] for homogeneous polynomial
systems.

(32) Ckt =EF +

Proposition 23. Suppose that p and q are odd and 0 # k € Jp, .
(a) If r is odd and k < r + 1, then

Dy=3 Pony Pon = (22” - > l792z) .
2nlk lln,l#n

(b) If r is even and k <1+ 1, then

SEES

S|

D} = ZPzn, Pap, = <2n — Z ngz) )
nlk lInl#n
(c) Ifr is odd, then DiF = (Zonjri1 Pan) — 1 with Py, defined as in (a).
(d) Ifr is even, then D' = ()41 Pon) — 1 with Pay, defined as in (b).

Proof. 1t follows from Proposition 14 that m is odd (resp. even) if and only if r is
odd (resp. even). The proposition follows by the same arguments as in [10]. O

The sequences verifying Proposition 18(b) are not occurred in [10]. We study
DF for these sequences in the following proposition.

Proposition 24. Suppose that p is odd and q is even, 0 # k € Jy, ;.
(a) If (p,q,m) € ©1 U Oy, then

N

nlk lIn,l#n

fork <r+1, and DF' = (1 Pon) — 1 for k =1+ 1, respectively.

(b) If either (p,q,m) € ©3U Oy, then Df = ¥, Pan for 0 # k < r+1,
where P, is defined in Theorem 6(b)(ii), and DF, = (Znjr+1Pan) — 1 for
k =1r+ 1 respectively.

Proof. We note that each sequence w = (o, v) € S2¥ is periodic and its period is an
even divisor of 2k. Let w be the 2n-periodic sequence in S2* with 2n|2k. Then w is
completely determined if the elements (o, ;) is given for i = [+ 1,(4+2, -+ ,[+2n
for [ € Z. It is obvious that w belongs a 2n-cycle of R. If Py, denotes the number
of 2n-cycles of R in S, then Py, = Ny, /(2n), where Ny, is the number of 2n-
periodic sequences in ank.

(a) Suppose (p,q,m) € ©1 UBO,. If k < r+ 1, then it follows from Proposition
18(b)(i) that there exists 2""! ways of choosing the elements (0k_ni1, Yk—nt1),
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(Ok-nt2, Vkens2), 5 (Oks Vi), "+ + y (Okam, Vitn). Therefore
1
.A/Qn = 2n+1 = Z NQ[, and Pgn = — (2” e Z [Pg[) )
n
lIn,l#n ln,l#n

The assertion (a) for k& < 7+ 1 follows by adding Ps,, for all divisors 2n of 2k.
We note that the above computation are valid for the case k = r + 1, but, by
Proposition 19(b), we have to rule out the two sequences satisfying o; = v; for
all 7 € Z. Since these sequence belong to the same 2-cycle of R, the assertion for
k =r+ 1 follows.
(b). Suppose (p,g,m) € ©3UBO,. If kK <7+ 1 and n # k, then it follows
from Proposition 18(b)(ii) that there exists 2" ways of choosing the elements

(Uk—n—i-l, Vk:—n+l)) (ak—n—l—Z; Vk—'n+2)a oy (Ok‘, I/k!)a Tty (0k+n> Vk—i—”)‘ Therefore
1
J\fzn = 2n+2 = Z NQl, and Pgn = = <2n+1 == Z ZPQ[) .
I n
[n,l#n lIn,l#n

If £k <r+1andn =k, then it follows from Proposition 18(b)(ii) that there exists
2" ways of choosing the elements (o1, 11), (02, 12) -+ -, (0ak, var). Therefore

Ny =254 — 3™ Ny, and Py, = (Qk = lP?l) )
Uk,l#n Uk,l#k
which proves (b) for £ < r + 1.
If k =7+ 1, then one gets DF by the same arguments as in (a). g

==

Next we are going to calculate E¥ . The following two propositions have been
obtained in [10] for homogeneous polynomial vector fields. They can be proved
by the same arguments as in [10].

Proposition 25. Let k € J,,,. Then C is symmetrical if and only if there exists
w € C such that ¥(w) = R(w).

Proposition 26. Under the assumptions of Proposition 25, if C is a symmetrical
cycle, then there exists two elements of C' satisfying U(w) = R(w).
Proposition 27. Let 0 # k € Jp, . Suppose that both p and q are odd.

(a) Ifr is odd and k <+ 1, then

Et = Z L, where I, = 2" — > I
2n|k ln,l#n
(b) Ifr is even and k < r + 1, then
Ef =" Ly, where Ip, = 201/2 > Iy
nlk lIn,l#n
(c) If r is odd, then Ett = (Tonpr1 Ion) — 1 with I, defined as in (a).
(d) If r is even, then ETF' = (X 41 Jon) — 1 with I, defined as in (b).

Proof. 1t follows from Proposition 14 that r is odd (resp. even) if and only if m is
odd (resp. even). The proposition follows by the same arguments as in [10]. O
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Proposition 28. Let 0 # k € J,,,. Suppose that p is odd and q is even.

(a) If (p,g;m) € ©1U Oy, then Ef, = 2 for k < r+1, and B! = 1
respectively.
(b) If (p,q,m) € O3 U Oy, then

o 4 if risodd, k<r+1,
m ) 2 if riseven, k<r+4+1.

3 if r s odd,

and BTl = v
- 1 of ris even,

respectively.

Proof. We have known that the period of a symmetrical cycle of R is an even
divisor of 2k. From Proposition 25 and Proposition 26, the number of symmetrical
2n-cycles of R will be obtained if we divide by 2 the number of 2n-periodic
sequence w in S2F such that ¥(w) = R(w). Since the sequences w in a symmetric
cycle verify ¥(w) = R(w), we have

(33) Wak—i+1 = Wit1-

In the rest of proof we suppose that w belongs a symmetric cycle.

(a) If (p,q,;m) € ©1 U Oy, then w verifies Proposition 19(ii), which gives
Wok—i+1 = —w;. It follows from (33) that w;y; = —w;. This implies that
w; = (—1)"lw,. Hence w is a 2-periodic sequence. We can take 4 ways of
choosing the element w;. Therefore, E¥ = 2.

Since the sequences such that o; = v; for all j € Z verify U(w) = R(w) and
belong to 2-cycle of R, we get ElF! = 1.

(b) If (p,q,m) € ©3U Oy, then w verifies Proposition 19(iii), which gives
Wok—iy1 = Wi—1 for ¢ = 2,3,-++ ,k+ 1 and wy, = (—=1)""lwy,. Since w € S,
Wok—ir1 = Wi—1 holds for 7 € Z and Wa(l4+1)k = (—1)T‘1w(21+1)k, where [ € Z. It
follows from (33) that w;y1 = w;_; for i € Z.

If r is odd, then wy = wqy. It follows from Proposition 15 that k is even. The
equation w;41 = w;—; for ¢ € Z implies that wor = wok—o = -+ = wy = wy and
Wok—1 = Wok—3 = -+ - = w3 = wy. Therefore, w is a 2-periodic sequence. We can
take 8 ways of choosing the element wy, wy and hence E¥ = 4.

If r is even, then it follows from Proposition 15 that k is odd. The equation
Wit1 = w;—1 implies that wy, = Wop—2 = -+ = wy = wy and wop_1 = wWwop_3 =

© = Wet2 = Wk = Wg—2 = -+ = w3 = wj. Since 7 is even, from Proposition
19(iii) and (33) that wy = —wgr = —wy, which gives wy = —w;. Therefore, w is
a 2-periodic sequence. We can take 4 ways of choosing the element w; and hence
Bk =2

We get E7F! by the same arguments as in (a).

O

In the end of this section we prove Theorem 6.

Proof of Theorem 6. Form Corollary 16 it follows that
(34) Cpgm = Z Czlfqm'

k€ Jm r
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For k # 0 we obtain C’]ffqm from D¥ and E* by Proposition 23, Proposition 24,
Proposition 27 and Proposition 28. If (p,q,m) € ©, U O3 U ©,4, then system
(1) has at least one singular point at infinity, which implies that & > 1. If
(p,g,m) € ©1\(©2 U O3 U Oy), then CJ = 2. The assertions of Theorem 6

follows from (34). O

5. LOCAL PHASE PORTRAIT AT THE ORICGIN AND AT INFINITY

We shall prove Theorem 7 and Theorem 8 in this section.

5.1. At the origin. Consider the vector field X = (P, Q) with
>m i>m

where Pi(z,y) and Q;(z,y) are (p, q)- quasi-homogeneous polynomials of weight
degree p — 1 +14 and ¢ — 1 + ¢ in the variables z and y respectively. )

We would like to compare the local behavior at origin of the vector field X
given by (35) and the vector field X,,, = (P, Q). For this we apply the quasi-

homogeneous blow-up method as doing in Section 2. In the (p, g)-polar coordi-
nates (7, ¢) (see (13)) the system associated to X is

=3 r'F(), ¢=3 rIGi(9),

where ) i
(36) Fi(¢) = & (Csg, Sng), Gi(¢) =n; (Csg, Sno),
with

§i(z,y) = 2¥7'P(z,y) + ¥ Qi(=,y)
mi(z,y) = prQi(z,y) — qyPi(z,y)
Taking the changes (15), the above system goes over to
(37) r'= Y rT™ME0), 0= 7 "g(0).
i>m i>m

where prime denotes derivative with respect to s and
76 27 70
(39) #6)= 5 (52) wi0)= T, (12).

Doing the same transformations in the vector field X,, we obtain that it is
equivalent to the following differential system

(39) 'i'szm(g)’ ¢=gm<9)a
where f,,(0) and g,,(6) are defined in (38).

Proof of Theorem 7. We split the proof into two cases of Theorem 4.

Case 1. Xy € Qpgm and 0 (1,y) has no zeros, n,(0,1) # 0. Using Theorem 3
and Theorem 4 we conclude that the origin is a global focus (stable or unstable,
depending on the sign of Ix,, ) of Xy,. It follows from (36) and (38) that g,,(#) # 0
in this case.
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As the critical point of X on r = 0 are determined by the zeros of gy, ¢ =1
is a periodic orbit for (37). Furthermore, since the dominant terms of (37) in a
neighborhood of r = 0 are given by rf,, and g,,, the orbit r = 0 is a limit cycle
with the same type of stability for (37) and (39). Therefore the origin is a focus
with the same type of stability for X and X,, when 7,,(1,y) has no zeros and
1m (0, 1) # 0.

Case 2. X € Qpgm, and at least one of the following condition holds: (i)
Mm(1,y) has zeros, (i) nm(0,1) = 0. From Theorem 4 all the zeros of 5(1,y) are
simple if there exists, and 09, (0,1)/0z # 0 if 1,,(0,1) = 0, which implies that
all zeros of g,,(0) are simple zeros for € [0, 27] by (36) and (38).

Comparing (37) and (39) we observe that the critical point on 7 = 0 are the
same for both systems, and they are determined by the zeros of g,,(#). Further-
more the linear part of these systems in a critical point (0, 8*) are

(fmw*) 0 ) ; (fmw*) 0 )
Gm1(67) g(67) 0 g6 )

By the definition of f,(6) and g, (f) we have that if g,,(6*) = 0, then f,,(6*) # 0.
So all the critical points of (37) and (39) are hyperbolic and the local phase
portrait of (37) and (39) in (0,6*) are locally topologically equivalent, provided
that 6" is a simple zero of g, (). As the same happens in each singular point and
they determine the phase portrait of both systems in a neighborhood of r = 0,
we conclude that X and X, are locally topologically equivalent at the origin. [

5.2. At infinity. Now we can get the analogous of the Theorem 7 at infinity.
Consider the vector field X = (P, Q), with

i=0 i=0
where P;(z,y) and Q;(z,y) are (p,¢)-quasi-homogeneous polynomials of weight
degree p — 1+ and ¢ — 1 + 7 respectively. )
Applying the (p, g)-polar coordinates (r, ¢) to the vector field X given by (40)
the associated system is

r=3 r'F(), ¢=3 r'Gi(¢),
i=0 i=0
where F; and G; are given in (36).
Doing p = — the system (40) is written as
r
, L | o1
(41) P=—ZﬂFi(¢))> ¢=ZTIG¢(¢)~
i=0 P i=0 P

Reparametrizing the time by dt/ds = p™~! the system (41) becomes

P = —p(Fin(9) + pFrn1(@) + - + p™Fy(9)),

(42) ¢ = Gu(9) + pGm_1(d) + - - - + p™Go ().
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where the derivative is with respect to s.
After these changes of coordinates the proof of Theorem 8 is analogous to the
proof of Theorem 7.

Proof of Theorem 8. Applying the same changes of coordinates described before
to the vector field X = (P, Qm) € Qpgm we obtain

(43) ;0/ = _me(¢)a ¢I = Gm(¢)

The infinity of X,, and X corresponds to the invariant circle p = 0 of the
systems (43) and (42). As X,;, € Qpgm, p = 0 is a limit cycle or contains a finite
number of hyperbolic critical points. Comparing the system (43) and (42) we
observe that they have the same dominant terms. Therefore, it follows from the
same argument used in the proof of Theorem 7 that both systems are topologically
equivalent in a neighborhood of p = 0. So X, and X are topologically equivalent
in a neighborhood of the infinity. O

The converse of Theorems 7 and Theorem 8 are not true. In [10], Proposition
19 is proved that the converse of an analogous theorems to homogeneous vector
field are not true. As a homogeneous vector field is a (1,1)-quasi homogeneous
vector field of weight degree 1 follows the result.
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