UNIVERSIDADE DE SAO PAUILO

Instituto de Ciéncias Matematicas e de Computagao
ISSN 0103-2577

NON-AUTONOMOUS MORSE DECOMPOSITION AND LYAPUNOV
FUNCTIONS FOR GRADIENT-LIKE PROCESSES

E.R. ARAGAO-COSTA
T.CARABALLO
A.N. CARVALHO
J. A.LANGA

Ne 349

NOTAS DO ICMC

SERIE MATEMATICA

SAO CARLOS

ICMCE
(i1

Sao Carlos — SP
Mai./2011

sYSNO.oH 78445

DATA [

2
[

ICMC - SBAB




Resumo

Definimos decomposi¢des de Morse para processos de evolugao nao auténomos
¢ provamos que um processo de evolugdo néo-auténomo de tipo-gradiente possui
uma decomposicao de Morse para o atrator pullback associado. Também prova-
mos a existéncia de uma fungdo de Lyapunov associada que descreve o compor-
tamento gradiente do sistema. Finalmente, aplicamos estes resultados abstratos a
perturbagdes nao auténomas de semigrupos gradientes (ou processos de evolugao
auténomos).



NON-AUTONOMOUS MORSE DECOMPOSITION AND
LYAPUNOV FUNCTIONS FOR GRADIENT-LIKE PROCESSES

E. R. ARAGAO-COSTA!, T. CARABALLO?, A. N. CARVALHO3, AND J. A. LANGA*

ABSTRACT. We define Morse Decompositions (time dependent) for non-au-
tonomous evolution processes (non-autonomous dynamical systems) and prove
that a non-autonomous gradient-like evolution process possesses a Morse de-
composition on the associated pullback attractor. We also prove the existence
of an associated Lyapunov function which describes the gradient behavior of
the system. Finally, we apply these abstract results to non-autonomous per-
turbations of autonomous gradient-like evolution processes (semigroups or au-
tonomous dynamical systems).

1. INTRODUCTION

The Fundamental Theorem of Dynamical Systems (see [8]) describes the flow
of autonomous reversible dynamical systems (groups) in compact metric spaces as
a decomposition of an ordered family of isolated invariant sets and connections
between them which respects their ordering. In the terminology of [8], this is called
a Morse decomposition of a compact invariant set. The extension of this result to
general autonomous dynamical systems (semigroups) is done in [2] (see also [18] for
the Morse-Decomposition for semigroups in compact metric spaces). When trying
to understand the structure of attractors or, more generally, of invariant sets for
autonomous dynamical systems (or semigroups) the Morse-Decomposition plays a
fundamental role. It allows us to decompose the dynamics into a gradient part and
the dynamics in smaller isolated invariant sets reducing the study of the structure
of the attractors to the study of the structure of these isolated invariant sets.

The aim of this paper is to extend the notion of Morse-Decomposition to non-
autonomous dynamical systems (or non-autonomous evolution processes) and to
show the pullback attractors for these non-autonomous dynamical systems can
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be also decomposed as an ordered family of isolated invariant families and con-
nections between them respecting their ordering. In particular, under some mild
additional assumptions, we construct a non-autonomous Lyapunov function for the
non-autonomous evolution process with a Morse-Decomposition. We show that
this decomposition is observed for non-autonomous perturbations of gradient au-
tonomous dynamical systems (or gradient semigroups). Some practical examples
are also presented.

Our results contrast with those of [17] because, in our case, the definition of local
attractors takes into account only the usual notion of attraction instead of using past
and forwards notions. We also do not impose the reversibility required in [17]. Our
results can be applied (under mild assumptions) to perturbations of autonomous
dynamical systems (which cannot be said for the results in [17]). Furthermore,
in the case of perturbations of autonomous dynamical systems and under mild
assumptions, we prove some sort of continuity of the Morse-Decomposition.

To better describe the results in the paper we will need to introduce some termi-
nology and a few definitions. Let X be a metric space with metricd : X x X — R,
where R* := [0, 00), and denote by C(X) the set of continuous maps from X into
X. Given a subset A C X, the e-neighborhood of A is the set O (A4) :={z € X :
d(z,a) < € for some a € A}.

Now we introduce the notion of evolution process. An evolution process in a
metric space X is a two parameter family {T'(¢,s) : t > s} in C(X) such that
1) T(t,t) =1, for all t € R,

2) T(t,0)T(o,s) =T(t,s), fort > o > s, and
3) PxX>((t,s),z)—T(t s)x € X is continuous, where P:= {(¢,s) € R?: ¢t > s}.

An evolution process {T'(t, s) : t > s} is said to be autonomous if 7'(¢, s) = T(t—s, 0)
for all t > s, otherwise it is said to be non-autonomous. A semigroup is a family
{S(t) : t > 0} C C(X) such that

1) S(0) =1, for all t € R,

2) S(t+s) =S5(t)S(s), t,s >0, and

3) RT x X 3 (t,z) — S(t)z € X is continuous.
Note that {T°(t,s) : t > s} is an autonomous evolution process if and only if

{T'(t,0) : t > 0} is a semigroup. A continuous function £ : R — X is called a global
solution for the evolution process {T'(¢,s) : t > s} if it satisfies

T(t,s)&(s) = &(t), for all (¢,s) € P.

Next we define Hausdorff semi-distance and Hausdorff distance. Given A, B C
X, the Hausdorff semidistance from A to B is given by

dist(A, B) := sup inf d(a,b) = supd(a, B),
acAbEB ac€A

where d(a, B) = buelzfa d(a,b) is the usual distance from the point a to the set B,
and the Hausdorff distance between A and B is defined by

du(A, B) := dist(A, B) + dist(B, A).
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Definition 1.1. We say that a family Z := {E(t) : t € R} of subsets of X is an
invariant family for the evolution process {T'(t,s) : t > s} if T(t,s)=(s) = E(t)
whenever t > s. An invariant family {</(t) : t € R} is said to be a pullback
attractor if, for each t € R, &/ (t) is compact, pullback attracts bounded subsets of
X; that is,

lim dist(T'(t,s)B, #/(t)) =0, for each t € R and bounded subset B of X,

and {7 (t) : t € R} is minimal among all closed invariant families {4 (t) : t € R}
with the property that € (t) pullback attracts bounded subsets of X for each t € R.

The notion of unstable set of an invariant family is key to the concept of attractor-
repeller pair which, in turn, is key to the definition of Morse-Decomposition for
non-autonomous evolution processes.

Definition 1.2. Let {T'(t,s) : t > s} be an evolution process. The unstable set of
an invariant family Z = {E(t) : t € R} is the set
WHE) :={(t,z) e Rx X : there is a global solution £ : R — X
such that §(t) = z and SEIPOO dist(&(s), =(s)) = 0}.

Also, WH(E)(t) :={z€ X : (t,z) e W*(2)}.
We now define the notions of a local attractor and of an atractor-repeller pair.

Definition 1.3. Let {T'(¢,s) : t > s} be an evolution process in a metric space
X with a pullback attractor {</(t) : t € R}. We say that an invariant family
A= {A() : t € R}, with A(t) C &/ (t) for allt € R, is a (non-autonomous) local
attractor if W*(A)(t) = A(t) for all t € R.

If A is a local attractor, we define its associated repeller A* := {A*(t) : t € R}
by

A*(t) :=={z € H(t) : dist(T(r + t,t)z, A(r +t)) = 0 as r — oo}, for each t € R.
(1.1)

The pair (A, A™) is called an attractor-repeller pair.

Note that this definition extends the notion of local attractor for the autonomous
case. We will see that if {A(¢) : ¢ € R} is a local attractor, it may not be chain
recurrent and that A and A* are invariant.

In the autonomous case a repeller is automatically closed. In the non-autonomous
case that is not the case. However, if there exists ¢ > 0 such that O.(A(t)) N
O.(A*(t)) = @, for all t € R, then A*(t) is closed for each real t.

Now, we define the notion of Morse-Decomposition for non-autonomous evolution
processes.

Definition 1.4. Let {T'(t,s) : t > s} be an evolution process in X with a pullback
attractor {&/(t) : t € R} and let Ag = {Ao(t) : t € R}, Ay = {Ai(t):t €R}, -+,
A, = {A,(t) : t € R} be n+ 1 local attractors with @ = Ao(t) C A;(t) C -+ C
Ap(t) = (t) for each t € R.

Define E;(t) := A;(t) N Aj_,(¢) for eacht € R and j =1,2,--- ,n. The ordered
set of invariant families E := {21, 23, -+ ,E,} is called a Morse-Decomposition
for the pullback attractor {</(t) : t € R}.
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We prove in Section 2 that the pullback attractor of a gradient-like evolution pro-
cess has a Morse-Decomposition. In Section 3 we use this Morse-Decomposition to
obtain, under some mild additional assumption, a Lyapunov function for a gradient-
like (non-autonomous) evolution process in the pullback attractor. In Section 4 we
show that the results of Section 2 can be applied (under natural assumptions)
to non-autonomous perturbations of autonomous gradient-like evolution processes.
We show that the Lyapunov function can be defined and is continuous in R x X,
and state conditions under which the Lyapunov function behaves continuously un-
der perturbation. In Section 5 we present classes of concrete examples where the
theory developed here applies.

2. MORSE-DECOMPOSITION OF PULLBACK ATTRACTORS FOR GENERALIZED
GRADIENT-LIKE EVOLUTION PROCESSES

We first introduce the notion of gradient-like process (see [5]). To that end we
first need the definition of isolated invariant set.

Definition 2.1. Let = := {Z(¢) : t € R} be an invariant family for the evolution
process {T'(t,8) : t > s}. If there exists § > 0 such that, any global solution
£:R — X with £(t) € Os5(E(t)) must satisfy £(t) € Z(t) for all t € R, then we say
that = is an isolated invariant family. A set E = {=4,---,Z,,} is said a disjoint set
of isolated invariant families if each Z;, 1 < i < n, is an isolated invariant family
and there exists § > 0 such that Os5(Z;(t)) N Os(Z;(t)) = @, for allt € R and for
1<i<j<n.

Let {T'(t,s) : t > s} be an evolution process with a pullback attractor {7 (t) :
t € R} which contains a disjoint set of isolated invariant families & = {Z;, .-+ ,Z,},
that is, Z;(t) C /(t) for each ¢ and ¢t. We can now define (see [8, 13] for similar
concepts in the autonomous case):

Definition 2.2. Let 0 be as in Definition 2.1 and fiz ¢g € (0,8). For Z € E and
€ € (0,e0), an e—chain from E to E is a sequence &;, 1 < i < k in {1,--- ,n},
a sequence of real numbers t;,0;,7; with ; < 0; < t; , and a sequence of points
2i € X, 1 <1 <k such that z; € O (Z¢,(7:)), T(0:,7:)zi ¢ Oy (U1Zi(0:)) and
T(ti,Ti)Zi € OE(E£i+1(ti)), 1<i1<Ek, with= = Egk+l = Egl. We say that = € E
18 chain recurrent if there is an o € (0,0) and e—chain from Z to E for each
e € (0,¢e).

Remark 2.3. We note that the introduction of €y in the above definition is only
needed to account for the case k = 1. When k > 1, it is automatically true that
the solution must leave O, (U, Z;(t)), for some real t € R, while going from one
isolated invariant family to another.

Definition 2.4. Let X be a metric space and {T'(t,s) : t > s} be an evolution
process in X with a pullback attractor {</(t) : t € R} and a set & = {Z;,--+ ,=,}
of isolated invariant families in {</(t) : t € R}. We say that {T(t,s) : t > s}

1s a gradient-like evolution process with respect to Z if the following two
conditions are satisfied:



6 F. R. ARAGAO-COSTA, T. CARABALLO, A. N. CARVALHO, AND 1. A. LANGA

(H1) Any global solution £ : R — X in {</(t) : t € R} satisfies
lim dist(£(t),Z:(t)) =0 and tlim dist(£(t), E;(t)) =0,

for some 1 <1i,j7 <n.
(H2) E = {51, ,Z,} does not contain any chain recurrent invariant family.

Closely related to the concept of chain recurrent is the notion of homoclinic
structure.

Definition 2.5. Let {T(t,s) : t > s} be an evolution process which possesses
a disjoint set E = {E;, -+ ,Ep} of tsolated invariant families. A homoclinic-

structure associated to E is a finite subset {Z;,,--- ,Z;,} of E together with a set
of global solutions {&,--- ,&} such that

tlim dist(&k(t), 2 (1)) =0 and tlim dist (& (t), Zipy, (1) =0, 1 <k <p
L — — 00 —00
where Z; ., = Ej, .

Next we prove the invariance of the repeller A* of a local attractor A.

Proposition 2.6. Let {T(t,s) : t > s} be an evolution process, and A = {A(t) :
t € R} is a local attractor. Then, the repeller A* of A is invariant.

Proof. Let s € R, ¢t > s and w € A*(s). If T'(t, s)w ¢ A*(t) we have that
lim dist(T(7,t)T (¢, s)w, A(7)) =0,

T—00
that is,
lim dist(T(r, s)w, A(1)) =0,
T—00

which contradicts the fact that w € A*(s). This reasoning proves that T'(t, s)A*(s)
C A*(2).

Conversely, if z € A*(t) C (t) = T(t,8)F(s), let w € &/(s) be such that
z=T(t,s)w. It follows that w € A*(s) because, otherwise,

0= Tli_l'lgo dist (T'(7, s) w, A(T))
= Brolodist(T(T, )T (t, s)w, A(1)) = lim dist(T(7,t)z, A(T)),

T T—00

which is in contradiction with the fact that z € A*(¢). This shows that T'(¢, s)A*(s)
D A*(1). O

We note that, if Ag = {Ag(t) :t € R}, Ay = {A1(t) : t e R},--+, Ap = {Ax(1) :
t € R} are n + 1 local attractors with @ = Ag(t) C Ay (¢) C --- C A, (t) = @ (t) for
each t € R, we have that @ = A% (t) C A;_,(t) C --- C Aj(t) = #/(t), also for each
teR.

Next we describe the construction of a Morse-Decomposition for the pullback
attractor of a generalized gradient-like evolution process relative to the disjoint
set of isolated invariant families {Z;, -+ ,Z,}, and of the associated collection of
increasing local attractors starting from the collection of isolated invariant sets.
The following result plays a fundamental role on that.
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Lemma 2.7. Let {T'(t,s) : t > s} be a gradient-like evolution process with associ-
ated disjoint set of isolated invariant families = = {E;,--- ,E,}. Then, there exists
i € {1,---,n} such that Z; is a local attractor.

Proof. We first note that, each Z; is an invariant family which is not chain recurrent,
and we need to show that there is some 4 € {1, ,n} such that W*(Z;)(¢) = Z;(¢)
for each t € R.

Arguing by contradiction, if that is not the case, for each 1 < i < n, there
is a global solution &(t) € «/(t) (with &(s) & Z;(s) for some s € R) such that
t_l}r_noodist(fi(t),Ei(t)) = 0. Since & must converge to some element of =, this
necessarily produces a homoclinic-structure and provides a contradiction with (H2).

O

Let {T'(t,s) : t > s} be a gradient-like evolution process with the associated
disjoint set of isolated invariant families 2 = {Z,,--- ,Z,,}. If (after possible re-
ordering) Z; is a local attractor and we define =} as in Definition 1.3, then we have
that each Z;(s), for ¢ > 2 and s € R, is contained in Z}(s) (also if £ : R — X

t—oo

is a global bounded solution and dist(&(t),Z;(t)) — 0 with i > 1 we have that
&(s) € Ei(s) for all s € R) and then for any z ¢ &/ (¢)\(Z1(t) UZ}(t)) and global
solution £ : R — X with £(s) € &7(s), for each real s, and £(t) = z we have that

lim dist(£(s),=E](s)) =0 and lim dist(&(s),Z(s)) = 0.
8§— —00 8§—00
We can repeat the reasoning in Lemma 2.7 to conclude that there is ¢ > 2 such that
WY(E;)(t) NEL(t) = Z4(¢) for all .
We relabel this isolated invariant family as 2, and define
E5.1(t) :={z € E{(t) : dist(T(r + ¢, 1)z, Ea(r + t)) > 0 as r — co}. (2.1)

Then, we have that, for each ¢t € R and ¢ = 3,--- ,n, Z(t) C Z5,(t) (also if
§:R — X is a global bounded solution and dist(§(¢), Z;(t)) 2% 0 with i > 2 we
have that £(s) € Zj(s) for all s € R). As before, we can assume that W¥*(Z3)(t) N
E3,1(t) = Ea(2) for each t and define Z3 , in analogy to (2.1).

Proceeding in this way until all isolated invariant families are exhausted, we
obtain a reordering of & = {Z4,--+ ,E,} in such a form that, Z; is a local attractor
for {T'(¢,s) : t > s}, the set B} ; := Zf, and

WH(E;)(t) NE]_ ;_o(t) =Ei(t) forall t and t = 2,- -+, m,
where, fori =2,---,n

Elio1(t) ={z € By ; 5(t) : dist(T(r + ¢, t)z, Z;i(r +t)) > 0 as 7 — oo}.

Lemma 2.8. Let {T'(t,s) : t > s} be a gradient-like evolution process with associ-

ated (reordered) disjoint set of isolated invariant families 8 = {1, -+ ,Z,}. Then,
any global bounded solution £ : R — X satisfies
tlil}’l dist(£(¢),Z;(t)) = 0 and tlim dist(&(t), Z;(¢)), (2.2)

with i > j.
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Proof. Indeed, if 7 = 1 in (2.2) there is nothing to prove. If j = 2 and (2.2)
holds, we have that &(t) € ZE(¢) for all t € R so, if 1 = ¢ < j = 2, we have that
£(t) € W¥(Z;1)(¢) = E1(¢t) for each ¢, which contradicts that =3 (¢t) N Z(t) = @ for
every t. It follows that ¢ > j.

For the general case, we suppose that j > 3 and that (2.2) holds. Then £(t) €
Ei_1j-2(t) for all ¢, so if i < j, we have that Z5_, ; »(t) C Ej_;;_,(t) for all ¢
and £(t) € W*(E;)(t) NEj_; ;_o(t) = Zi(2) for every t. Thanks to the fact that the
invariant families in = are isolated, we must have 7 = j, which is a contradiction
and proves the lemma. O

We will prove that this reordering of {Z,-+,Z,} (which we denote the same)
is a Morse-Decomposition for {</(t) : t € R} with a suitably chosen sequence
Ap(t) € A1(t) C Az(t) C ... C Ap(t) of local attractors:

For ecach t € R, define Ao(t) := &, A1(¢) := E1(¢) and for j =2,3,--- ,n

A;(t) = A (O U E)O = U W E) 0. (2.3)

It is clear that A,(t) = &/ (t).

Theorem 2.9. Let {T(t,s) : t > s} be a gradient-like process with an associated
disjoint set of isolated invariant families 2 = {E;,--- ,E,} reordered as ezplained
above.

Assume that there exists § > 0 such that, for j =1,2,--- ,n—1 andt € R, it
holds that

os(4;m)n | |J =@ | =2 (2.4)
i=j+1
Then, for each j =0,1,--- ,n, the invariant family A; defined in (2.3) is a local
attractor for {T'(t,s) :t > s} and

i) =A;j(t)NAj_ (), forallt e Rand1 < j < n.

Consequently, E defines a Morse-Decomposition for the pullback attractor {</(t) :
t € R}.

Proof. Clearly {A;(t) : t € R} is invariant and A;(t) C W*(A;)(t) for cach t € R.

On the other hand, if 2 € W*(A,)(t), there is a global solution £ : R — X with
&(t) = z and lim,_, _ o dist(&(s), Aj(s)) = 0. Since {T'(t,s) : t > s} is gradient-like
and from (2.4), there exists k € {1,2, -+, 5}, such that lim,_, _ o dist(&(s),Zx(s)) =
0. Therefore, z € W*(Ey)(¢) with k < j. This implies that z € A; and W*(A4;)(t) C
A;(t). This proves that {A4;(t) : t € R} is a local attractor.

It is easy to see that Z;(t) C A;(t)NAj_,(t). For the reverse inclusion, note that,
if z € Aj(t)NAj_;(t), there exists a global solution { : R — X with §(¢) = z. Since
z € A;(t) we must have that lim,_, _ o dist(&(s), Ex(s)) for some k < j. As {T(t,s) :
t > s} is gradient-like, there is ¢ € {1,2,- -+ ,n} such that lims_, . dist(£(s), Z;(s))
and, due to the fact that z € A7_,(¢), it follows that i > j. Since from Lemma 2.8
we must have that 7 < k, it follows that k = 7 = 7, and taking again into account
that {T'(¢,s) : t > s} is gradient-like, we have that £(s) € E;(s) for cach s € R
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and, in particular, z = £(t) € E;(t). This proves that 4;(t) N A;_,(t) C E;(t) and
completes the proof. O

The following result plays a key role in the proof of the main results in this paper
concerned with the continuity of the Lyapunov function of a gradient-like evolution
process. It extends Lemma 2.11 in [2] to the non-autonomous case.

Lemma 2.10. Let {T(t,s) : t > s} be an evolution process and let A = {A(t) : t €
R} be a local attractor which is not chain recurrent. Suppose that there exists € > 0
with
A (t) N O (A(t)) N O(A*(t)) = @, forallt € R.
Then, for each 6 € (0,¢) there is &' € (0,6) such that
T(t,s)(e/(s) N Og (A(s))) C & (t) N Os(A(t)), whenevert > s.
Proof. We argue by contradiction. Assume that there is a § > 0, sequences (85)jen,
(t5)jen in R, and (z;);en in X with z; € & (s;) for each 7, and such that
s; < tj,
1
dist(z;, A(s;)) <3 but dist(T(t;,s;5)z;, A(t;)) > 6,
for all j € N. Choose jo € N with dist(z;, A(s;)) < % < e for all 7 > jp. By the
definition of repeller, for each j > jo, there is a 7; > t; such that
1
dist(T(7;, s5)z;, A(75)) < 7
This fact implies that A is chain recurrent which is a contradiction and the lemma
is proved. O
We can now show the following proposition:

Proposition 2.11. Let A = {A(t) : t € R} be an isolated invariant family for the
evolution process {T'(t,s) : t > s}, with pullback attractor {</(t) : t € R}, such that
A(t) C (), for all t, and for each § > O there is §' € (0,8) satisfying

T(t,s)((s) N Os(A(8))) C . (t)NOs(A(t)), whenevert > s.
Then, A = {A(t) : t € R} is a local attractor for {T'(t,s) : t > s} which is not chain

recurrent.

Proof. Since {A(t) : t € R} is an isolated invariant family, there exists § > 0
such that if { : R — X is a global solution with £(¢t) € Os(A(t)) for each t € R,
then £(t) € A(t) for each ¢t € R. Clearly A(t) C W¥(A)(t) for each t € R and,
if £: R — X is a global solution such that lim dist(&(s), A(s)) = 0, choose
=00
8’ € (0,4) with
T(t,s)((s) N Og(A(s))) C & (t) N Os(A(t)), whenever ¢t > s.

Choosing s; € R such that dist(£(s), A(s)) < ¢’ for all s < s45, we must have &£(t) €
Os(A(t)) for all t € R. Consequently, £(t) € A(t) for all t € R and W*(A)(t) C A(t)
for all t € R.
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Finally, if {A(t) : t € R} is chain recurrent, there are § > 0, sequences (s;);en,
(t;)jen and (75)jen of real numbers, a sequence (z;);en in X, with z; € o (s;) for
each j, and such that,

8; St <75,

dist(z;, A(s;)) < %, dist(T'(t;, ;)z;, A(t;)) =6 and dist(T(7j, s5)z5, A(T5)) < %
That is clearly in contradiction with the fact that there exists ¢’ € (0, ) with
T(t,8)((s) N Os (A(s))) C (t) N Os(A(t)), whenever t > s,
and the proof is complete. O
Our next result is a first consequence of Lemma 2.10.

Lemma 2.12. Let {T(t,s):t > s} be an evolution process and A = {A(t) : t € R}
be a local attractor which is not chain recurrent. Suppose that there exists € > 0
with

(1) NO(A(t)) N O (A*(t)) = @, for allt € R.
If K C /(t) is compact and K N A*(t) = @, then

lim dist(T(r,t)K, A(r)) = 0.

00
Proof. We prove the rgsult by contradiction. Assume that there are § > 0, sequence
{7j}jen in R with 7; "% o0 and a sequence {z;};en in K with z; X reK
such that
dist(T(5,t)xz;, A(75)) = 6, for all j. (2.5)
Thanks to Lemma 2.10, we can choose ¢’ € (0, ) such that
T(s,7)Os (A(r)) C Os5(A(s)) whenever s > .
Thus, it follows from (2.5) that
dist(T(s,t)z;, A(s)) > & for all s € [t,7;] and all . (2.6)
Since 7; — o0, using (2.6), we have that
dist(T'(s,t)z0, A(s)) > & for all s > t.

From the definition of A*(¢) we have that xy € A*(t) which is in contradiction with
K N A* (t) = @, and the proof is therefore complete. a

3. A LYAPUNOV FUNCTION FOR A GENERALIZED GRADIENT-LIKE PROCESS

We will prove in this section that gradient-like evolution processes are gradient
processes. A gradient evolution process is defined as follows

Definition 3.1. We say that an evolution process {T(t,s) : t > s} with a pullback
attractor {/(t) : t € R}, and a disjoint set of isolated invariant families E =
{Z1,+++,E,} is a gradient evolution process with respect to = if there is a
function V : R x X — R such that:

i) For each z € X andt € R, the real function [0,00) 3 7 — V(r+t,T(r+t,t)z) €
R is non-increasing.
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i1) Givent € R and z € (t), V(r+t,T(r+t,t)z) = V(t, 2) for all v > 0 if and
only if z € |J Ei(t) and V(t,Z;(t)) is a unitary set for each t € R.
i=1

iii) For each t € R, the function V; : &/ (t) — R, given by Vi(2) := V (¢, z) for
z € W (t), is continuous.

A function V : R x X — R with the properties above is called a Lyapunov
function for the generalized gradient process {T(t,s) : t > s} with respect to E.

Before proving our main result, we need to establish the continuity of the invari-
ant families (A, A*) of attractor—repeller pairs in the following sense:

Lemma 3.2. Let {T'(t,s) :t > s} be a gradient-like evolution process in a metric
space X with pullback attractor {</(t) : t € R} and let (A, A*) be an attractor-
repeller pair for {T'(t,s) : t > s}.

Then, for each tyg € R we have:

Jim di(A(1), A(t0)) = 0 and lim diz(A"(2), A" (to)) = 0, (3.1)

Proof. In fact, we know that A* is invariant and then, by Lemma 2.10 and the
proof of Theorem 2.9, both in [6], we obtain the conclusion (3.1). O

Now, we can prove the main result in this paper.

Theorem 3.3. Let {T'(t,s) :t > s} be an evolution process in a metric space X,
with pullback attractor {7 (t) : t € R}, and let (A, A*) be an attractor-repeller pair
for {T(t,s) :t > s}, and assume that (A, A*) is not chain recurrent. Suppose that
there exists € > 0 with

O.(A(t)) N O (A*(t)) = @, for all t € R. (3.2)

Then, there exists a function k : Rx X — R satisfying the following four properties:

i) For each z € X andt € R, the function [0,00) 3 r — k(r+t,T(r+t,t)z) € R
18 Mon-increasing.

i) If ky : X — R is defined by ki(z) := k(t,2), for eacht € R and z € X, then
k71(0) = A(t) and k7 (1) N (t) = A*(t).

i) Givent € R and z € /(t), if k(r +t,T(r + t,t)2) = k(t, z) for all r > 0,
then z € A(t) U A*(2).

iv) ky : (1) — R is continuous, in </ (t), for each t € R.

Proof. First, with the convention that dist(z,@) =1, let [ : R x X — [0,1] be the
Uryshon function associated to the attractor-repeller pair (A4, A*), that is, for each
teRand z € X,
Tt 2 1= dist(z, A(t))
0T dist(z, A(t)) + dist(z, A*(8))

We have that, ! is well defined, { (R x X) C [0, 1], is continuous in both variables
(t,z) and, for each ¢ € R, is uniformly continuous in X (that is, the family {/; :
X —[0,1] : t € R} is uniformly Lipschitz continuous where, I; : X — R is given by
lt(z) :=I(t, z), for each t € R and z € X). In fact, since, by (3.2),

dp := %Ielﬂf& {inf {d(z,y) :xz € A(t), y€ A*(t)}} > e >0, (3.3)
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it holds that |I(t, z) — I(t,w)| < d—id(z,w), for any z,w € X and t € R.

Now, from Lemma 3.2, it is not difficult to see that { : Rx X — [0, 1] is continuous
in both variables. Moreover, it is easy to sce that ;1 (0) = A(t) and ;1 (1) = A*(2).

We define k: R x X — R by

K(t,2) i= supl(r + &, T(r + £,1)2).
r>0
We now show that k : R x X — R has the properties 7) - iv) above.

Clearly k(R x X) C [0,1]. To prove that, given ¢t € R and z € X, the function
[0,00) 3 7 — k(r +t,T(r + t,t)z) € [0,1] is non-increasing, observe that, if 0 <
r1 < rq, we have

k(ro +t,T(ra +t,t)z) = supl(r+r2+t,T(r+7r2+t,t)z)
>0
= supl(r+¢,T(r+t,t)z)

r2>To

< supl(r+t,T(r+t,t)z)

T2T1

= supl(r+mr +t,T(r+r +t1t)z)
>0

= k(ry+t,T(r1 +t,t)2).

By the definition of k and from the invariance of A and A*, it is clear that
ki(A(t)) = {0} and k;(A*(t)) = {1}. Now, if z € X is such that k(¢,z) = 0, then
lr+t,T(r+t,t)z) =0 for all » > 0. In particular, 0 = I(t, z), and then, z € A(t),
that is, k; ' (0) C A(t) which shows that k; '(0) = A(t). On the other hand, if z €
&/ (t) is such that k;(z) = 1 and z ¢ A*(t), then lln;odist(T(r+t, t)z, A(r+t)) = 0.
From the definition of [ we obtain that rl_i_)m l(r+2, T(r+t,t)z) = 0. Therefore, there
exists 7o > 0 such that 1 = k(t,z) = ;ﬁp l(r +t,T(r + t,t)z). The continuity

0<r<ro
of [0,00) 3 7 = I(r + t,T(r + t,t)z) € [0,1] implies the existence of 7’ € [0,70]
such that I(»' + ¢, T(r" + t,t)2) = 1; that is, T'(r' + ¢,t)z € A*(r' + t) which
contradicts the fact that TIEI;CZ(T(T‘ +t,t)z, A(r +t)) = 0. Thus, if k(¢,2) = 1 for
some t € R and z € &/(t), we must have that z € A*(t). From this, we conclude
that k(1) N/ (t) C A*(t) and, consequently, k; (1) N o7 (t) = A*(t).

We now prove that, if z € & (t) and k(r + ¢, T(r +t,t)z) = k(t, z) for all r > 0,
then z € A(t)U A*(t). If z ¢ A(t) U A*(2), rlB&dist(T(r +t,t)z, A(r +1)) = 0 and,
from the definition of k, we have that k(¢,2) = rli_nolok(r +t,T(r+t,t)z) = 0. Since
k;71(0) = A(t), z must belong to A(t), which is a contradiction.

Next we prove the continuity of k; : &/ (t) — R. We split the proof into three
cases:

Case 1) Continuity of k; : /() — R in A*(¢t).

Since l(t,2) < k(t,2) < 1,for all t € R and z € X, given zp € A*(t) and z € X
we have

|k(t,z) — k(t,z0)| =1 — k(t,z) < 1- LUt z2).

This and the continuity of [ : Rx X — R in (¢, zo) imply the continuity of ki, : X — R
in zg.
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Case 2) Continuity of k; : &7(t) — R in A(t).

From the equicontinuity of the family of functions {l; : X - R:t € R}, given
€ > 0, there is § > 0 such that [,(Os5(A(s))) C [0,¢) for all s € R. Now, Lemma
2.10 implies that there exists ¢’ € (0,d) such that T(r + t,t)(2/(t) N Os (A(2))) C
A (r+1t) N Os(A(r +t)), for all » > 0, from which we can conclude that k; (<7 (¢) N
Os (A1) C [0,¢].

Case 3) Continuity of k; : o7/ (t) — R in &/ (t)\(A(t) U A*(1)).

Given z € & (t)\(A(t) U A*(1)), since z & A*(t), it follows that rlil&dist(T(r +
t,t)z, A(r +t)) = 0 and, since z € A(t), it holds that [(¢,2) > 0. Choose § > 0 such
that {(Os(A(s))) C [0, l_Lt2_21) for all s € R and, from Lemma 2.10, we can choose
d' € (0,0) such that T(r+t,t)((t) N Os (A(t))) C A (r+1) N Os(A(r +1)), for all
r > 0.

From I_Iil‘g)dist(T(r +t,t)z, A(r +t)) = 0, there exists o > 0 with the property
that T'(r +t,t)z € Og (A(r +t)), for all r > o. From the continuity of T'(c + ¢, 1) :
X — X, there is a neighborhood U, of z in X such that T(o+t,t)U; C O (A(o+1)).
Then, for all w € U; we have that (o +t,t)w € Oy (A(o+t)), so that T'(r+t, t)w €
Os(A(r +1)) for all r > 0 and w € Uy N.#(t).

Finally, from the continuity of ;, let U be a neighborhood of z in X such that
l(t,w) > ’('—251 for all w € Uy and write U := Uy NUsN.# (t), so that, for all w € U, it
holds that k(t,w) = Oitrxgal(r +t,T(r+1,t)w), from which we obtain the continuity

of k; in points of o7 (¢t)\(A(t) U A*(2)). O

The proof of our next result is very similar to the proof of Theorem 3.3 and
follows the ideas in [2]. It brings up a special case for which the continuity of the
“Lyapunov functions” in both variables holds. We observe that the last theorem
says that the “Lyapunov function” is continuous for each fixed ¢ and in the pullback
attractor only.

Proposition 3.4. Let {T(t,s) :t > s} be an evolution process in a metric space
X, with pullback attractor {<7(t) : t € R}, and let (A, A*) be an attractor-repeller
pair for {T'(t,s) : t > s} with

Oco(A(t)) N O,y (A*(t)) = @, for all t € R, (3.4)
for some €9 > 0. Also assume that the following two conditions hold:

(a) The conclusion of the Lemma 2.10 holds considering neighborhoods of A in
X, that is, for each 6 > 0 there is &' € (0,6) such that

T(r+1,t)(Os (A(t))) C Os(A(r +1t)), forallr >0 andt e R.
(b) For eacht € R and z € X\(A(t) U A*(t)) we have
lim dist(T(r +t,t)z, A(r +t)) =0 or lim dist(T(r +¢,t)z, A*(r +t)) = 0.

Then, the function k : R x X — R, defined in Theorem 3.3, is continuous (in both
variables (t,z) and for all (t,z) € R x X).

Proof. Let us prove the continuity of & in a point (to,20) € R x X. As in the proof
of Theorem 3.3, we consider three cases:
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Case 1) zg € A*(to).
Since (¢, 2) < k(t,2) <1, for all t € R and z € X we can write

|k(t,z) - k(t(),Z())| =1- k(t,z) < 1-— l(t,z).

This and the continuity (in both variables) of I : R x X — R in (o, z0) imply the
continuity of £ : R x X — R in (g, 20).
Case 2) zp € A(to). From

2
|i(t,z) = U(t,w)| < e—d(z,w), Vz,we X and t € R,
0

given € > 0, there is § > 0 such that {(s, O5(A(s))) C [0,¢) for all s € R.

On the other hand, from (a), there exists 6’ € (0, §) such that T'(r-+t,t)(Os (A(2)))
C Os(A(r +t)), for all » > 0 and ¢t € R, from which we can conclude that
k(t, 04 (A(t))) C [0,€] for each t € R .

Now, by Lemma 3.2, let 6 > 0 be such that O%(A(to)) C Og(A(t)) whenever
|t — to] < 6”. Hence, for |t —tg| < §” and d(z,z0) < % we have that k(¢,z2) < e.
This proves the continuity of k : R x X — R in (¢o, z0) with 29 € A(to).

Case 3) zp € X \(A(to) U A*(t0)).

By hypothesis (b) we have
lim dist(T(r+to,t0)z0, A(r+10)) =0 or rlLrgo dist(T(r+to,t0)20, A*(r+10)) = 0.

T—00
First, we suppose that lim dist(T(r + to, to)20, A(r +t0)) = 0, since zo &€ A*(to)
T—00

it holds that I(tg,z0) > 0. Choose § > 0 such that I(s,Os(A(s))) C [0, l—(t—%ﬂ)
for all s € R and, from hyphotesis (a), we choose §' € (0,d) such that T'(r +
t,1)(Os (A(t))) C Os(A(r + t)), for all » > 0.

From rlindeist(T(r +to,t0)z0, A(r+10)) = 0, there exists o > 0 with the property
that T'(o + to, t0)20 € O (A(o +tg)). From the continuity of the process {T'(t, s) :
t > s} and Lemma 3.2, tf'lerc is a neighborhood U; of zg in X and §” > 0 such that
T(o+t,t)Us C O%(A(a + 1)) C O (A(o + t)) whenever [t — to] < 6”. Then, for
all z € Uy and t € (g — 0", %o + 6”), we have that T'(o +t,t)z € Os (A(o + 1)), so
that T(r +t,t)z € Os(A(r +t)) forall 7 > o, z € Uy and t € (to — 6", t0 + ¢").

Now, from the continuity of I : R x X — R, let U, be a neighborhood of zg
in X and 0 < n < ¢” such that I(t,2) > m—"gﬂl for all z € Us and |t —to| < 7
and write U := U; N Uy, so that, for all z € U and |t — {p] < 7, it holds that

k(t,z) = sup l(r+t,T(r+t,t)z), from which we obtain the continuity of k in points
0<r<o

(to,2z0) with zg € X\(A(to) U A*(to)) and ran;Cdist(T(r + to,%0)20, A(T + t0)) = 0.

Finally, if TlBrolodist(T(r + to,t0)z0, A*(T + to)) = 0 we have that k(to,20) = 1
and, given € > 0, we can choose § > 0 such that (s, O5(A4*(s))) C (1 —¢€,1] for all
real s. We choose o > 0 with T'(o + to,%0)20 € (9%(14*(0 + to))-

From the continuity of the process {T'(¢,s) : t > s} and Lemma 3.2, there is a
neighborhood U of 29 in X and ¢’ > 0 such that T'(c +¢,t)U C (’)%(A*(a +19)) C
Os(A*(o + t)) whenever |t — to| < &', therefore, k(t,z) > I(t,z) > 1 — € whenever
z €U and |t — to| < &' and the proof of the proposition is complete. ]
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Lemma 3.5. Let {T'(¢,s) : t > s} be an evolution process in a metric space X, with
pullback attractor {&/(t) : t € R} satisfying that for each z € X we have

lim dist(T(r +t,t)z, & (r +1)) =0,
and for every 6 > 0 there is ¢’ € (0,8) such that

T(r+t,t)(Os (H (1)) C Os((r + 1)), for all?>0and t € R.
Then, the function h : R x X — R given by
h(t,z) :==supdist(T(r + t,t)z, & (r + 1)), (t,z) € Rx X,

r>0

is continuous (in both variables) and for each (t,z) € R x X, the function [0,00) 3

r — h(r+t,T(r+t,t)z) € R is non-increasing with h(t,z) = 0 if and only if
z € H(1).

Proof. Indeed, the proof of the fact that the function [0,00) 3 7 +— h(r +¢,T(r +
t,t)z) € R is non-increasing, for each z € X and t € R, is analogous to the proof
of the same property for the function & : R x X — R in Theorem 3.3. The proof
of the continuity can be done in the same way as in cases 2) and 3) in the proof of
the continuity of k£ in Proposition 3.4. a

In the conditions of the two last results, using some ideas from [2], we can
improve the conclusion of Theorem 3.3 by proving the following theorem.

Theorem 3.6. Let {T'(t,s):t> s} be an evolution process in a metric space X,
with pullback attractor {7 (t) : t € R} satisfying that for each z € X we have

TIBEO dist(T'(r + t,t)z, & (r +t)) =0,
and for every § > 0 there is &' € (0,0) such that
T(r+t,t)(Os((t))) C Os((r+1)), for all >0 and t € R.
Also, let (A, A*) be an attractor-repeller pair for {T'(t,s) :t > s} with
O (A()) N O(A*(t)) = @, forallt € R,

for some € > 0 and, furthermore, satisfying the following conditions:

(a) The conclusion of Lemma 2.10 holds considering neighborhoods of A in X,
that is, for each § > 0 there is 6’ € (0,6) such that

T(r+1t,t)(Os (A(2))) C Os(A(r +1t)), forallr>0andte€R.
(b) For eacht € R and z € X\(A(t) U A*(t)) we have
rlilv{olo dist(T(r +t,t)z, A(r +1t)) =0 or rl-l—»r{.lo dist(T(r + ¢, t)z, A*(r +t)) = 0.
Then, there exists a function f : Rx X — R satisfying the following four properties:
i) For each (t,z) € Rx X, the function [0,00) 3 r+— f(r+t,T(r+1t,t)z) € R
is non-increasing.

i) Ifte R and fy : X — R is defined by fi(z) := f(t,2), for each z € X, then
F710) = A(®) and £71(1) Ao (1) = A™(1).
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i1) Gwent € R and z € X, if f(r +t,T(r +1t,t)z) = f(t,2) for all r > 0, then
z € A(t)U A*(t).
iv) f:Rx X — R is continuous (in both variables).

Proof. In fact, let £k : R x X — R be the function given in Theorem 3.3 and
h:R x X — R be the function given in Lemma 3.5. We define f : R x X — R by
f(t,z) :=k(t,z) + h(t, 2), (t,z) eRx X.

It follows, immediately from the properties of A and k, that f is continuous
(in both variables) and that, for each (¢,z) € R x X, the function [0,00) 3 7 —
f(r+1t,T(r+t,t)z) € R is non-increasing.

Proof of 4i). First, let z € A(t) C #/(t), then h(t, z) = 0 and, by Theorem 3.3 we
have that k(¢,z) = 0. Hence f(t,2) = 0 and A(t) C f;*(0). Conversely, if z € X is
such that f;(z) = 0, we have that h(t,z) = 0 and k(t,z) = 0, therefore z € o/(t),
and by #i) in Theorem 3.3, z € A(t). This proves that f;"'(0) C A(t). On the
other hand, if z € A*(t) C o/(t) we have that h(¢,z) = 0 and, thus, f(t,2) =
k(t,z) + h(t,z) = k(t,z) =1 and z € A*(t). It follows that A*(¢) C f~1(1) N/ (¢).
Now, let z € &/(t) with f(¢,z) = 1. It follows that h(¢,z) = 0 and k(¢,z) = 1.
Therefore z € A*(t) and the proof of %) is complete.

Proof of i7i). Let (¢,2) € Rx X with f(r +¢,T(r +t¢,t)2) = f(t,2) for all » > 0,
if z € /(t) we have h(r+t,T(r+t,t)z) =0 for all r > 0 and k(r +¢,T(r+1t,t)z) =
k(t,z) for all » > 0 and, from 44i) in Theorem 3.3, the conclusion follows. On the
other hand, if z € X\.&(t) then rlirr;odist(T(r +t,t)z, A*(r +t)) = 0. Indeed, if
that was not the case, by assumption an dist(T(r +t,t)z, A(r +1)) = 0, and it is
easy to see that e

ft,2) = rlirgo flr+t,T(r+1tt)z)

3.5
= lim k(r +¢,T(r + t,t)z) + lim h(r +¢,T(r +t,t)z) = 0. {88)
T—00 T—00

Thus, k(¢,z) = 0 and z € A(t) which is in contradiction with the fact that z €
X\ (t). It follows that lim dist(T(r +¢,t)z, A*(r+1)) = 0. Now, using the same
r—00

reasoning as in (3.5), we obtain
flt,z) = lim f(r+¢,T(r+t,1t)z)
r—00
= lim k(r +¢,T(r+t,t)z) + lim h(r+t,T(r +¢,t)2) =14+0=1,
T—00 r—00
but this cannot be true since the fact that k(¢, z) > k(r+t,T(r+t,t)z) for all r > 0,
implies 1 > k(t,2) > lim k(r + t,T(r + t,t)z) = 1, that is, k(¢,z) = 1, therefore
r—oo
z € A*(t), contradicting z € X\&7(¢). This completes the proof. d
Remark 3.7. We note that the function h plays a fundamental role in the proof
of iii).
Finally, analogously to Theorem 3.4 in [2], joining all of the results in this section,
the following result holds.

Theorem 3.8. Let {T(t,s) : t > s} be a gradient-like evolution process with respect
to the isolated invariant families E = {Z1, -+ ,E,}, reordered in the way described
in Theorem 2.9, and with pullback attractor {</(t) :t € R} .
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Let A;(t) = U W¥(E;)(t), for 1< j<mnandteR.
=1
Assume that the following conditions hold:
(S1) There exists § > 0 such that Oc(A;(t)) N O(A}(t) = @, forall1 < j<n

and t € R,
(S2) Given § > 0, there is ' € (0,6) such that

T(r +t,8)((£) N Og (A;(2))) C (¢ +71) N O(A;(r +1)),

Jorallr>0,1<j<nandtelR.

Then, there exists a Lyapunov function V : R x X — R with properties i)-1ii) of

Definition 3.1, and such that V(t,Z,(t)) ={k—1}, forallt e Randk=1,--- ,n
Moreover, if (S2) holds for neighborhoods of the A;'s in X and given (t,z) €

RxX andl<j<n rlBdeist(T(r +t,t)z, Aj(r +t) U Aj(r +t)) = 0, then the

Lyapunov function V : R x X — R can be chosen continuous in both variables.

4. NON—AUTONOMOUS PERTURBATIONS OF AUTONOMOUS EVOLUTION
PROCESSES

Now, we will exhibit a class of examples to which our previous abstract theory can
be applied. This class consists of the non-autonomous perturbations of gradient-like
semigroups.

To begin with, we recall Theorem 3.9 in [5]:

Theorem 4.1. Let X be a metric space and, for eachn € [0,1], let {T) (¢, s) : t > s}
be an evolution process on X with a pullback attractor {<#,(t) : t € R}. Assume
that the following conditions hold:

a U U o (t) is compact.
(a) n€[0,1] teR n(®) P

(b) {To(t,s):t > s} is an autonomous evolution process and {Ty(t,0) = S(t) :
t > 0} is a gradient-like semigroup relatively to the set of equilibria £ =
{yf,Oa %o ’y;,o}-

(c) For each n € (0,1], {Ty(t,s) : t > s} possesses n isolated global solutions

&, R=>Xi=12,---,n,n€e(0,1], and hm sup supd({ 2 ¥50) =
’ —0+1<i<n teR i
0.

(d) For each compact set K C Rt x X,

lim sup sup d(T(t+ s,s)z,To(t+ s, s)z) = 0.
n—0% s€R (t,z)eK
(e) There exist u > 0 and my € (0,1] such that, if &, : R — X is a bounded solu-
tion of {T,(t,s) : t > s} withn < 771 so that there ezists to € R and some i €
{1,---,n} with sup dist(&,(2), &, (R)) < u (resp. sup dist(&,(1), &, (R))

), then lim (6 (0, < () =0 (resp. Jim d(& (0, €4,(2)) = 0).

Then, there exists 19 € (0,m] such that, for each n € (0,70], {Ty(¢,8) : t > s} is
a non-autonomous gradient-like evolution process with respect to the disjoint set of
isolated invariant families &, = {5{1", e ,5,"”]}.
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The following lemma will be crucial to establish our main results in this section,
(see Lemma 3.1 in [7] for the proof).

Lemma 4.2. Let X be a metric space and {T,)(t,s) : t = s}yepo,1] be a family of
evolution processes on X with pullback attractors {a(t) : t € R}, cp,1)- Assume
that conditions (a), (b) and (d) of Theorem 4.1 are satisfied.

Let {nk}ren be a sequence in (0,00) with ny =20, {tk}ren be a sequence in R
and {&}ren be a sequence in C(R, X) such that, for each k €N, § : R — X is a
bounded global solution for {Ty, (t,s) :t > s}.

Then, there is a subsequence of {& }ren, which we denote the same, and a global
solution & : R — ) for {To(t,0) = S(t) : t > 0}, such that

lim sup d(&(t+ tk),&(t)) =0, for each R > 0.
k=oo i<k

Let X be a metric space and, for each 7 € [0,1], {T5(t,s) : t > s} an evolution
process on X with a pullback attractor {.e#,(t) : t € R} which satisfies conditions
(a)-(€) in Theorem 4.1. We suppose that the set of equilibria, £ = {y7 ¢, ,¥no};
of {To(t,0) = S(¢) : t > 0}, is reordered so that it is a Morse-Decomposition of
the global attractor ., as in Theorem 2.9 (see also Theorem 2.17 in [2] for the
autonomous framework).

For 7 € [0,1], reordering the &, = {&f ,,- -+ , &} so that sup sup d(&;,(2),¥;0)
1<i<nteR

-0t
"Z800, let Ao,y (t) i= @, A1,(t) := {€],(t)} and

Ajn(t) == AjoayQ)UIWH(E)(R) =2, .7, (4.1)
for each ¢t € R. Also, for each n € [0,1],1 < j<nandt€R, let
Aj (1) == {z € (t) : dist(T;, (r + t,1)2, Ajn(r + 1))/ 0asr — oo} (4.2)
If we assume these constructions, we can prove the following results:

Lemma 4.3. Consider X a metric space and, for each n € [0,1], {T,(¢,s) : t > s}
an evolution process on X with a pullback attractor {7, (t) : t € R} which satisfies
conditions (a)-(e) in Theorem 4.1. Assume that &y = {yf g, -,y o} is reordered
in such a way that it is a Morse-Decomposition for {To(t,0) = S(¢) : ¢ > 0} and

that £, is reordered in such a way that lim sup sup d(§;,(¢),y; o) = 0.
n—=0+1<i<nteRk

Then, the families of Aj, and A}, defined by (4.1) and (4.2) behave upper
semicontinuously as n — 07, that is,

lim sup dist(A;,(t),Ajo0) =0 (4.3)
n—0% teR

and
li dist(A%, (t),A%,) =0 4.4
nl.rgl_*_ Stlélg 1s ( ],n( )1 ],0) ( )

for each j =1,2,-+- ,n.

Proof. Indeed, thanks to the fact that A;o and Aj, are disjoint compact sets (see
(2]) for all j, we can pick € > 0 such that, for all 5 =1,2,--- ,n

OE(Ajyo) O ( ;,0) = @, (4.5)
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First, we will prove that lim max supdist(A;,,(t), A;0) = 0. If this is not true,
n—0+1<j<neR

there exists § € (0,¢), j =1,2,--- ,n, a sequence {my }ren in (0, 1] with ny, koo 0+,
a sequence {7k }ren in R and a sequence {zy}ren in X such that, for each k € N,
zy € Aj . (Tk) and

dist(:vk,Aj_o) Z 0. (4())

Now, by the definition of A;,(t), we can assume that there is 4 < j, fixed, such

that for each natural k, there is a global solution & : R — X for {7}, (¢,s) : t > s}
with & (1) = o) and

lim d(&(2),&;,, (1) = 0. (4.7

t——o0
On the other hand, by hypothesis (¢), it follows the existence of 75 > 0 such
that, for all n < ns,

s g )
sup dist(&;, (2), Aj0) < 5"

Consequently, by (4.6) and (téle.ﬂ;), for each k there exists ¢, € R such that
dist (& (), Ajo) < d for all t < iy, (4.8)
and
dist(&k(tk), Aj0) = 0. (4.9)

Thus, we define & : R — X by Ek(t) = &(t + tk), t € R, and, by Lemma
4.2, we can assume that there is a global solution £ : R — X for the semigroup
{To(t,0) = S(t) : t > 0} such that, for each R >0

lim sup d(&(t),&(t)) = 0.
k=co <R

By (4.8), we have that dist(§(t), Aj ) < 4 for all ¢ < 0 so, by (4.5), we must
have £(0) € Ajo, but (4.9) means that dist(£(0), A,0) = 6. This contradiction
proves (4.3).

Now, we prove that lim max supdist(A},(t), A,) = 0. If it does not hold,

n—=0t1<j<nicr
there exist § € (0,¢), j = 1,2,--- ,n, a sequence {nx}xen in (0,1] with 7 B,
a sequence {7k }ren in R, and a sequence {xx}ren in X such that, for each k € N,
z € A.;Jlk(Tk) and
dist(zx, A} o) = 0. (4.10)

Now, by the definition of A7, (¢) (and Theorem 4.1), we can assume that there
is 2 > j + 1, fixed, such that for each k € N, there is a global solution & : R — X
for {75, (¢,s) : t > s} with & (7x) = z and

Jim d(6(1). £, (1)) = 0. (4.11)

On the other hand, hyphotesis (c) implies the existence of 7} > 0 such that, for
all n < n3,
. * * 5
supdist(&;,(2), 4] o) < 3
teR

whence, by (4.10) and (4.11), for each k € N, there exists ¢, € R such that
dist(&k(2), A} o) < 0 for all t > ty, (4.12)
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and

dist(fk(tk),A;,o) =4. (413)

Thus, we define & : R — X by gk(t) = & (t + tx), t € R, and, by Lemma
4.2, we can assume that there is a global solution £ : R — X for the semigroup
{To(t,0) = S(t) : t > 0} such that, for each R > 0,

lim sup d(&(t), () = 0.

k—oo |4 1<R

By (4.12) we have that dist(§(t), A} o) < ¢ for all £ > 0 and, as a consequence of
(4.5), we must have £(0) € A%,. But (4.13) implies that, and dist(£(0), A} o) = 0.
This contradiction proves (4.4) and completes the proof of the lemma. O

Lemma 4.4. Let X be a metric space and, for each n € [0,1], {T,(¢,s) : t > s}
an evolution process on X with a pullback attractor {7, (t) : t € R} which satisfies
conditions (a)-(e) in Theorem 4.1. Assume that &y = {y1 g, " ,Un o} s reordered
in such a way that it is a Morse-Decomposition for {To(t,0) = S(t) : t > 0} and

that £, is reordered in such a way that lim sup sup d(&;,(t),¥]o) = 0.
n—0+1<i<nteR

If the families of local unstable sets {Wy' ,(€5)(t)}nef0,1) behave lower semicon-
tinuously, then the families of Aj, behave lower semicontinuously as n — 0%, that
18,

lim supdist(A; o, Ajn(t)) =0.
n—0% teR

If the families of local stable sets {W; (£5)(t) N (t)}yeqo1) behave lower semi-

mp
continuously and T,(t,s) : A(s) — A(t) is injective for each t > s, n € (0,1],
then
lim supdist (4o, A, (t)") = 0.
n—0% teR
Proof. 1t follows analogously to the proof of Theorem 2.13 in [6]. O

Next we exhibit an example (pictorial) for which we have lower semicontinuity
of repellers but for which we do not have structural stability. The purpose of this
example is to show that the systems which satisfy the hypothesis imposed in the last
part of Lemma 4.4 are a larger class than that of the structurally stable systems.

Below, the figure labelled 0Oi.a corresponds to the perturbed attractor-repeller
pair (A, Af,) with A;, pictured in black and A, pictured in red, 0 < ¢ < 5.
The figure labelled 0i.b corresponds to the limiting attractor-repeller (A;, A}) pair
with A; pictured in black and A} pictured in red, 1 <7 < 5. Of course As ,, (Aa‘,,)
and As (Ag) correspond to the global attractor whereas A%, (Aoy) and A3 (Ao)
correspond to the empty set.
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Figure 00.a Figure 00.b

Figure 01.a Figure 01.b

Figure 02.a Figure 02.b
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Figure 03.a Figure 03.b
e LE €2 e e2
X@ Figure 04.a {» Figure 04.b
X@ Figure 05.a X@ Figure 05.b

Proposition 4.5. Consider X a metric space and, for each n € [0,1], {T,(t,s) :
t > s} an evolution process on X with a pullback attractor {<,(t) : t € R} which
satisfies conditions (a)-(e) in Theorem 4.1. Assume that & = {¥i0, un0} is
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reordered in such a way that it is a Morse-Decomposition for {To(t,0) = S(t) :t >

0} and that &, is reordered in such a way that lim sup sup d(&;, (t),v;0) = 0.
n—=0+1<i<nteR ' ’
Then, there ezists € > 0 and ng > 0 such that

O:(Ajn@) N0 | |J {&,0} ] =2

i=j+1
for each j=1,2,---,n—1,t€R and n € [0,no].

Proof. Indeed, by Theorem 2.17 in [2], we can take € > 0 such that, for cach
i=12,---,n—landteR

O2e(Aj0) N O | | {wio} | =2 (4.14)

i=j+1

We note that the proposition will be accomplished if we show the following
stronger conditions:
For each 6 € (0,¢] there is s > 0 such that

Ajn(t) € Os(Aj0) (4.15)
and
U {&,(1)} C Os U {vio} (4.16)
i=j+1 i=j+1

forallteR, j=1,2,--- ,n—1and n € [0,n;].
Clearly (4.16) follows from hyphotesis (c), and (4.15) is a direct consequence
from (4.3) in Lemma 4.3. This completes the proof of the proposition. O

Using Proposition 4.5 we can show that the sets A;,, defined above, are all local
attractors for all suitably 1. This is proved in the following proposition.

Proposition 4.6. Let X be a metric space and, for eachn € [0,1], {T,(¢,s) : t > s}
an evolution process on X with a pullback attractor {<#,(t) : t € R} which satisfies
conditions (a)-(e) from Theorem 4.1. Assume that o = {y5 o, "+ ,Yno} i reordered
in such a way that it is a Morse-Decomposition for {To(t,0) = S(t) : t > 0} and

that £, is reordered in such a way that lim sup sup d(f, (t),y;0) = 0.
n—0+1<i<nteR ’ '

Then, there exists 9 > 0 such that the invariant family A;, = {A;,(t) :
t € R} is a local atiractor for the evolution process {T,(t,s) : t > s}, for each
7=112, y andne (07770]'

Proof. Indeed, by Lemma 4.3 and the proof of Proposition 4.5, we can choose € > 0,
§ € (0,¢e] and 1y > 0 such that

Ajq(t) C Os(A;0)

and

U 1, cos | U fwo)

i=j+1 i=j+1
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for cach j = 1,2,---,n—1,t € R and n € [0, 7], where € > 0 satisfies

n
O2e(A50) N O | | {wio} | =22

i=j+1

Thus, if T, is the trace of the family Aj,, it follows that I'; , C O.(4;,) for
j=1,2,--- ,n—1andn € [0,m)], and therefore

OcTim)NO: | |J {&,00}] =2 (4.17)

i=j+1

for cach j =1,2,--- ,n—1,t € R and 5 € [0, 70].

Now, for a fixed n € [0,70], let &, : R — X be a global solution for {T,(t,s) :
t > s} with &,(t) € Oc(T,,) for all t € R and, recalling that {T}(¢,8) : t > s} is a
gradient-like evolution process with respect to &, = {&f - +&nnt for m € [0,m)]
(by Theorem 4.1), let i € {1,2,--- ,n} such that

By (4.17), we must have i < j, so &,(t) € W*(&},)(t) C Aj,(t) for all ¢ € R, which
tells us that the family A;, = {4;,(¢) : ¢ € R} is invariant and isolated for each
j=1,2,---,nand n € [0,n)].

On the other hand, let &, : R — X be a global solution for {T5(¢, s) : ¢t > s} with
n € [0,m0] and tlim dist(&, (), Aj,(t)) = 0. If to is such that dist(&,(2), 4;,(¢)) <
——00

€ for t < to, as O (A;,(t)) N O U {&,(®)} | = @ for all t € R, using the
i=j+1

above reasoning, we must have &,(t) € A;,(t) for all ¢ € R, which shows that

W (Ajn)(t) C Ajq(t) for each t € R. Now, the inclusion A;,(t) C W¥(4,,)(t),

for each ¢ € R, holds thanks to the invariance of the family A, . showing that

W*(Ajn)(t) = Aj,(t) for all t € R, and completing the proof of the proposition. O

The separation property between the local attractor and its repeller is also satis-
fied for the class of the non-autonomous perturbation of a gradient-like semigroup,
this is what we will show in the next proposition.

Proposition 4.7. Let X be a metric space and, for eachn € [0,1], {T}(¢,8) : t > s}
an evolution process on X with a pullback attractor {<#,(t) : t € R}, which satisfies
conditions (a)-(e) in Theorem 4.1. Assume that € = {y7 ¢, , Y} o} is reordered
in such a way that it is a Morse-Decomposition for {To(¢,0) : ¢ > 0} and that

&y is reordered in such a way that lim sup sup d(E{"n(t),y,;"’o) = 0. Consider the
n—0+1<i<nteRr

families of local attractors and corresponding repellers defined in (4.1) and in (4.2).
Then, there exist € > 0 and g > 0 such that, for allt e R, j =1,2,--- ,n and
n € [0,m0], we have

O:(4;,(1) N O: (4] (1)) = 2.
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Proof. Indeed, thanks to the fact that A;o and A;,O are disjoint compact sets (see
[2]) for all j, we can choose € > 0 such that, for all j =1,2,---,n

Ose(Aj0) N Ogc (4) = 2. (4.18)
By Lemma 4.3, for each § € (0,¢] , there is s > 0 such that
Ajn(t) € O5(Aj0)
and
Aj () C Os(4] ), (4.19)
for every n € [0,7m;], real t € R and j = 1,2,--- ,n and the result casily follows. O

Theorem 4.8. Let X be a metric space and, for each n € [0,1], {T(t,s) : t > s}
a nonlinear evolution process on X with a pullback attractor {<#,(t) : t € R}, which
satisfies conditions (a)-(e) of Theorem 4.1. Assume that & = {yi o, -+, Uno} 8
reordered in such a way that it is a Morse-Decomposition for {Tp(t,0) : t > 0} and

that &, is reordered in such a way that li%l sup sup d({;n(t),yzo) = 0. Consider
n—0+1<i<nteRr

also the families of local attractors Aj, = {A;n(t) : t € R} defined in (4.1), and
their associated repellers A}, = {A},(t) : t € R} given by (4.2).
Then, there exists ng > 0 such that for allm € (0,m], tER and j =1,2,---,n

Ajn(t) N Aj_1 (1) = {&, ()},

that is, the set &, = {&,, - ,§,,} determines a Morse decomposition of the
pullback attractor {<#,(t) : t € R} for {T,(t,s) : t > s} for each n € (0,m0]. In
particular, such Morse-Decomposition behaves continuously.

Proof. Indeed, it is clear that &5, (t) € W*(&},)(t) C Ajy(t) for each 1 < j < n,
t € R and n € [0,1]. Now, using Proposition 4.5, let € > 0 and 7o > 0 be such that,
forallt € R, 2 < j <mnandn e [0,1n)], we have

O (Aj—1,5(t)) N Og (U{ff,n(t)}> =0. (4.20)
i=j
From (4.20) dist(T,, (r+t,t)€5, (1), Aj—1,n(t+r)) = dist(&;, (¢+7), Aj_1,9(t+7)) 2 €
for all » > 0. Hence &, (t) € Aj_;,(t) for all ¢ € R. Therefore, {&,®} C
Ajm() N Aj_, ,(t) for every n € (0,m0), t € Rand 1 < j < m.

Conversely, we note that, by Lemma 4.3, given § € (0, €] there exists s > 0 such
that for all n € (0,7s], t € R and 1 < j < n we have that

Aj,n(t) n A;—l,n(t) C (9%(/1]-,0) n Og ( ;—1,0) -

Now, if the statement

Ajat) N A5, () C {&,@)} forallt € R, 1 < j <nandforaln>0

suitably small
does not hold, there are 1 < j < n, a sequence {n }ren in (0,1] with n, — 0", a
sequence {¢x }ken in R and a sequence {zx }ren in X with zx € Ajp, (t)NAT_; 5, (tk)
but z # (3 (tx) for all k € N. Hence, for each k € N, there exists a global solution
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& : R — X for {T,),(t,s) : t > s} with & (tx) = z) and, we can assume that, there
are ¢ < j and [ > 7, fixed, with

lim d(€x(t), &1, (1) = 0 and lim d(Ex(t), &7, (1)) = 0.

Moreover, & (t) € O%(Aj,o) N O% (A;—I,O) for each k € N and ¢ € R. Therefore,
if we choose, for suitably large k, 7, and o} with

d(&k(t),ui0) < g for t < 7 and d(&k(t),y/o) < g for t > oy,

we must have y7, 4o € Os(Aj0) N Os (A5_1 ). Then, by (4.20), i = | = j, that
is, yjo = Yo = '.U;,o, thus & = El*ﬂlk = &, Which means that the solution & :
R — X is a homoclinic solution (because zj. # €}, (tx) for every k), contradicting

the fact that {75, (t,s) : t > s} is gradient-like respect to &,, = R = kg By
completing the proof.

Definition 4.9. We say that the family {T;(t,s) : t > s}yejo,1) of evolution pro-
cesses in a metric space X is collectively asymptotically compact, if {T,, (L +
Ths Tk) Tk } keN 18 Telatively compact whenever {ny }ren is a sequence in (0,1], {@x} ren
is a bounded sequence in X, {tx}ren is a sequence in RY and {7} }ren is a sequence
in R with with g, "= 0 and t; "= co.

Lemma 4.10. Let {Ty(t,s) : t > S}nE[O,l] be a family of evolution processes in a
metric space X with a corresponding family of pullback attractors {.e#)},c(0,1] =
{a,(t) : t € R}, c0,1), which satisfies conditions (a) and (d) in Theorem 4.1. As-
sume that the family {T,(t,s) : t > s}pcpo,1) is collectively asymptotically compact
and that To(t,s) = S(t — s) for all t > s, where {S(t) : t > 0} is a semigroup.

Let {An}nepo,n) = {An(t) : t € R},epo,1) be such that A, (t) C o, (t) for every t €
R with Ao a local attractor for the semigroup {S (t) : t > 0} (that is, w(O(Ag)) =
Ag for some € > 0).

If {An}nelo,ll 18 continuous at n = 0, that is,

lim Sude(An(t),Ao) =0,
n—0% eR
then, given § € (0,¢), there ezist &' € (0,6) and ns > 0 such that, for all n € [0,n;],
it holds
T, (t,5)(Os (Ay(s))) C Os(A,(t)) whenevert > s.
Proof. If not, there are § > 0 and sequences {z;}jen in X, {n;} en in (0,1], {t;}jen
in R* and {7;}en in R such that n; "= 07, t; == oo, dist(z;, Ay, (15)) < % for
all 7,
dist(Ty, (t + 75,75)z2j, An,; (t +7;)) < for all t € [0,¢;) and all j € N
and
dist(T;; (t; + 75,75)25, Ay (t; +75)) = 6 for all j € N.

If, for each j, we now define &; : [~t;,00) — X by &;(t) := T, (t + ¢; + 75, 75)zj,
from the collective asymptotic compactness and the uniform convergence in com-
pact sets (hypothesis (d)), it is not difficult to see that there exists a bounded global
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solution & : R — X for {Tp(¢,0) = S(t) : t > 0} and a subsequence of {&;};en,
denoted the same, such that for all ¢, §(t) = lim &;(¢).
j—oo

On the other hand, given ¢ < 0, for all j big enough it holds
dist(&;(t), Ao) < dist(§;(2), Ay, (t + 7)) + dist(A,, (t + 75), Ao),
from where, by the upper-semicontinuity of {An}nE[O,l]u we obtain that for all t < 0
dist(&o(¢), Ao) <6,

and from § = dist(§;(0), Ay, (t; + 75)) < dist(;(0), Ao) + dist(Ao, Ay, (t; + 75)),

by the lower-semicontinuity of {A,},c0,1], it follows that dist(£o(0), Ao) = 4.
But, as § < g, then Ag attracts K = {&(t) : ¢ < 0}, which contradicts the fact

that diSt(Eo(O),Ag) =4. Od

Proposition 4.11. Let X be a metric space and, for each n € [0,1], {T,(¢,s) :
t > s} an evolution process on X with a pullback attractor {<7,(t) : t € R}, which
satisfies conditions (a)-(e) in Theorem 4.1. Assume that & = {yi g, s¥no} 18
reordered in such a way that it is a Morse-Decomposition for {Ty(t,0) : t > 0} and

that &, is reordered in such a way that lim sup sup d(&;,(t),y;o) = 0. Consider
1—=0+1<i<nteR '

the families of local attractors and corresponding repellers defined in (4.1) and in
(4.2) and assume that the families of local unstable sets {W}' (§7)(t)}neo,1) behave
lower semicontinuously.

Then, there exists ng > 0 such that for every n € [0,m0] and every j =1,2,--+ ,n
the local atractor Aj, = {A;,(t) : t € R} satisfies the conclusion of Lemma 2.10
for a neighborhood of Aj;, in X (see hypothesis (a) in Proposition 3.4).

Proof. Indeed, we fix ; € (0,¢), ;1 > 0 and ] € (0,d;) such that the conclusion
of Lemma 4.10 holds, that is, for every n € [0,7:] and each j =1,2,--- ,n, we have

T, (t, 8)(Os; (Ajn(8))) C Os,(Ajy(t)) whenever ¢ > s. (4.21)

On the other hand, from Lemma 4.4, there are 0 < 05 < 05 < 07 and 72 €
(0,7] such that Og(A;,(s)) C Og(Ajo) C Og;(Ajn(s)) for each n € [0,n2],
j=1,2,---,n and s € R. Hence, by (4.21), w,,(OJ/Z(Aj,g),s)l C Os,(A4;4(s)) for
all real s, 7 € [0,7m2] and j =1,2,--+ ,n

It is clear that w;,(Os;(4;0),s) is contained in A;,(s) for all s € R, otherwise,
there would be a global solution & : R — X with £(¢) € Os,(Aj,(2)) for all t € R
and such that £(to) € Aj,(to) for some ¢y € R, but that contradicts the result of
Proposition 4.7.

Now wy(Os;,(A;5,0),t) attracts pullback O (Aj0) and, given § > 0 and ¢ € R,
there exists 7; > 0 such that

T, (t,t = )04 (A;(t = 7)) C Os5(Aj5(1))
for all 7 > 7.
u,n(O(;/ (Aj.0); 8) indicates the w-limit set of 05/ (Aj,0) in pullback sense and at time s respect

to the process {T}(t,s) : t > s}. We have that the sct w,,((’),,/( 7,0); 8) attracts the set Or; (Aj.0)

in pullback sense and at time s (see [4]).
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From the continuity of the evolution process, choose ¢’ € (0, min{d,d}}) such
that
Ty(t,t = 7)O0s(Aj(t = 7)) C O5(A;z4(2))
for all 7 € [0, 7).
This completes the proof of the proposition. a

We now conclude that the class of non-autonomous perturbation of a gradient-
like semigroup satisfies all the hypothesis that we have used to develop the abstract
framework in the previous section. We can therefore state the following:

Theorem 4.12. Let X be a metric space and, for each n € [0,1], {T)(t,s) : t >
s} an evolution process on X with a pullback attractor {a#(t) : t € R}, which
satisfies conditions (a)-(e) in Theorem 4.1. Assume that & = {y} 010 ’UnO} is
reordered in such a way that it is a Morse-Decomposition for {Tg(t 0) : 0}

and that £, is reordered in such a way that lim sup sup d(&; (), ylo) = 0
n1—0+1<i<nteR

Then, there exists no > 0 such that for all n € [0,m0] the n-upla (& T
determines a Morse-Decomposition for the pullback attractor of {T,(t, .s) t > s}.
Furthermore, {T,)(t,s) : t > s} is a gradient evolution process with respect to the
set &y ={& .+ &n y )y of isolated global solutions, in the sense of Definition 3.1,
with Lyapunov function V;, : Rx X — R continuous in both variables and satisfying
Vo(t,&,(1) =i-1, forallteRandi=1,---,n

IV

4.1. Convergence of the Lyapunov functions. Now, following [3], we are going
to study the problem of continuity of the Lyapunov functions V, as 1 tends to zero.

Theorem 4.13. Let {Ty(t,s) : t > s}yco) be a family of evolution processes in
a metric space X with a corresponding family of pullback attractors {Z tnepo) =
{,)(t) : t € R}, cj0,1), which satisfies conditions (a) and (d) in Theorem 4.1. As-
sume that To(t,s) = S(t — s) for all t > s, where {S(t) : t > 0} is a semigroup.

For each n € [0,1], let {A,} := {A,(t) : t € R} be a local attractor for {Ty(t,s) :
t > s} with associated repeller {A;} := {A5(?) : t € R} and such that Ao(t) = Ao
where Ao is a local attractor for {To(t,0) = S(t) : t > 0}.

Suppose that {Ay}ycpo0,1), {Ar}nepo,), and {9} nelo,1) are continuous at n = 0,
that 1s,

lim sude(A (t),Ao) =0

n—0% teR

lim supdp(A;(t), Ag) =0
n—0%t teR

lim supdpg(e,(t), ) = 0.
n—0% teR

Finally, for each n € [0,1], let f, : R x X — R be the Lyapunov function
associated to the attractor repeller pair (An, Ay) defined by

Io(t, 2) := ky(t, 2) + hy(t,2), (¢,2) € Rx X,

where

hy(t, ) := sup dist(T,)(r + ¢, 1)z, &, (L + 7)), (¢,2) € R x X,
720
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" dist(z, A,(t))
750 dist(z, A, (1)) + dist(z, A5 (1))

Then, for each compact subset K of X we have

, (t,z) e Rx X.

ky(t,2) :=

lim sup sup | fy (¢, 2) — fo(2)| = 0.
n—0% tecR ze K

Proof. We split the proof into three steps:

Step 1: We have the following convergence

lim sup sup |I,(¢, 2) — lo(2)| = 0.
n—0% teR zeX

Note that, for each n € [0,1], z€ X andt € R
|dist(z, A,(t)) — dist(z, Ao)| < dr(Ay(t), Ao) (4.22)
and
|dist(z, A} (t)) — dist(z, A5)| < du(4;(t), Ag). (4.23)
Now, given n € [0,1], t € R and z € X, we have
ly(2,8) — lo(2)
3 [dist(z,4, (t))—dist(z,Ao)]dist(z,A}) +dist(z,Ao) dist (z,A5) — dist (2,4, (t))]
[dist(z, A, (t)) + dist(z, A; (t))][dist(z, A) + dist(z, A¥)] '
Since d(Ag, Aj) > p for some p > 0, using that the families of local attractors
and their corresponding repellers are continuous, there exists 77 € (0,1] such that
d(A,(t), A;(t)) = u, for all n € [0, 7). From (4.22) and (4.23)

1
dist(z, A, (t)) + dist(z, 4;(t))

|l (2, 2) = lo(2)] [drr(An(t), Ao) + du(A;(2), Ag)]

1
i [d (Ay(2), Ao) + dr (A5 (1), Ag)],
for each z € X and 7 € [0,7]. Hence

[7A

|y (2, 2) = bo(2)] < i[dH(An(t),Ao) +du(4;(0); Ag)l,

forallt € R, z € X and n € [0,7]. From the continuity assumptions (on the local
attractors and corresponding repellers) the uniform convergence (in R x X) of
to g follows.
Step 2: For every compact K C X we have
lim sup sup |k, (¢, z) — ko(z)| = 0.
n—0%t teR zeK
Indeed, given z € X we know, by Lemma 2.13-(ii7) from [2], that S(t)z —
Ag U A}, then, consider the following three cases:
Case 1: S(t)z “29° Ap with lp(z) > 0.
Choose 0 < 8 < lo(2). Since lp : X — R is continuous, thereisa gy >0 such that
10(Os, (2)) C (4,1). From Step 1, there is a no € (0,1] such that ly(t,04,(2)) C
(6,1] for all n € [0,70] and ¢ € R.
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Using again the continuity of lp : X — R, given 0 < a < g, there is a 6 > 0
such that lo(Os(A4o)) C [0,a). Now, from Lemma 4.10, there is a &’ € (0, %) and

m € (0,m0] such that
T, (t,8)(05 (Ay(s))) C O3 (Ay(t)) whenever t > s, Vi € [0,m,]. (4.24)

From the lower semicontinuity of {A,},c(0,1] at 7 = 0, there is 72 € (0,7] such
that
Ap C O%(A,,(t)) for all t € R Vn € [0, 73]. (4.25)

From the fact that To(t)z “=5° Ao, choose to > 0 such that To(to)z € O 4 (Ap), and
from the continuity of To(tp) : X — X choose o7 € (0, 0] such that To(z?g)(oaz(z))
C Og (Ao). From hypothesis (d), we can find o3 € (0, 09] and 73 € (0, 772] such that
for all n € [0,7m3] we have T} (to + s, )(Oqy(2)) C O (Ap) for all s € R. From this
and (4.25), we obtain that T, (to + s, 8)(Og,(2)) C2(9,5r (Ay(t)) for all s € R and
t € R when n € [0,73], and from (4.24), in particular, we conclude that

Ty(t +5,9)((0g,(2)) C Os(Ay(t + s)) for all t > to, n € [0,73] and s € R. (4.26)

On the other hand, observe that, from the uniform convergence of by 7'_-'—(»)+ lp in
R x X, we obtain nq € (0,73] so that, for each n € [0,74], it holds ,(t, O5(A4¢)) C
[0,2a) for all ¢ € R. From the upper semicontinuity of {An}nefo,1 at n = 0, there
exists 75 € (0,74] such that, if n € [0,75], then A,(t) C Oy (Ao) for all ¢t € R.
Therefore, O%(An(t)) C Os(Ao) for all n € [0,75] and ¢ € R. So 1,,(¢, 04 (Ay(7))) C
[0,2a) for all n € [0,75] and ¢,7 in R. From (4.26), we have that

sup by (t + 8, Ty (t + 5, 8)w) < 2a < 0 < L, (s,w) < ky(s,w),
t>to

for each 7 € [0,75], s € R and w € Ogy(2) C Og,(z). Consequently ky(s,w) =

sup ly(t + s, Ty(t + s, 8)w) for all n € [0,75], s € R and w € O, (2).
0<t<to

Finally, given € > 0, from Step 1, there exists ng € (0, 7s] such that
|6y (t, ) — lo(2)]| < g for all n € [0,7m6], * € X and ¢t € R.

From the uniform continuity of the function /o : X — R, consider 8 > 0 such that if
z, &’ € X satisfy d(z,z’) < B then |lo(z) — lo(2')| < 5 so that, by the convergence
in (d), we can choose 77 € (0,7] and o4 € (0, 03] such that

sup sup  sup d(Ty(t+s,s)w,S(t)w) < 8 for all n € [0, 7).

SER weO,, (z) 0<t<to

Thus
|y (t+ 5, T (t + s, s)w) — lo(S(t)w)| <
|l (2 + 8, Ty (t + 8, 8)w) — lo(Ty(t + 5, s)w)| + lo(T,(t + 5, 8)w) — lo(To(t)w)| < ¢,

for all w € Og,(2), t € [0,%0], s € R and 5 € [0,77]. This implies that

sup sup |ky(s,w) — ko(w)| < e for all n € [0, 7], (4.27)
SER weO,, (2)

where 04 > 0 and 7n; only depends on z € X and € > 0.
Case 2: lp(z) = 0.
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Under these conditions, note that z € Ag and, consequently, ko(2) = 0.

Given ¢ > 0, by the continuity of lp : X — R, take § > 0 such that lo(Os(Ao)) C
[0,%).

Now, the uniform convergence of (I,)yef0,1) to lo in R x X implies the existence
of no € (0,1] such that

l,(t,05(Ao)) C [0, %) for each n € [0,7] and each t € R. (4.28)

By the upper semicontinuity of {A,},ej0,1) 2t 7 = 0, we have the existence of
m € (0,70] such that for all n € [0,7:] and all ¢ € R we have A,(t) C O%(Ao), from
which O%(A,,(t)) C Os(Ap) if n € [0,m] and ¢t € R. And from (4.28) we conclude
that for all n € [0, 7]

(8, O3 (A, (s))) € [0, %) for all 5, € R. (4.29)

Choose 12 € (0,m1] and ¢’ € (0, %), by Lemma 4.10, such that
T, (t, 8)(Os (An(s))) C Os (A,(t)) whenever t > s and for all n € [0,70].  (4.30)

Finally, from the lower semicontinuity of {Ay},ep,1) at n = 0, there is a 73 €
(0,72] such that

Ay C (’)%(An(t)) for all n € [0,73] and t € R. (4.31)

Thus, from (4.31) and (4.30), for n € [0,n3], for s € R and w € O%(A(]) C
0,,(Ay(s)), we have that T,,(t + s, s)w € O%(A,,(t + s)) for all ¢ > 0. From (4.29)
it follows that

krl(s’ w) = sup lT)(t + SaTn(t + S, S)U}) S E,
t>0 2

for all n € [0,7m3], s€ Rand w € O%(Ao). In particular,
sup  sup  |ky(s,w) — ko(w)| < € for all n € [0,n3], (4.32)
SERWEO g (Ao)
where §’ > 0 and 73 only depend on € > 0 and Ay.
Case 3: To(t)z "=5° AL
In this case ko(z) = 1. By the continuity of lp : X — R, given € > 0, let § > 0
such that
€
lo(O5(Ap)) € (1 = 1,1]

N
and, by the uniform convergence [, ma loin R x X, take ng € (0,1] such that
1,(t, 05(A3)) € (1 - % 1] for all n € [0,70] and ¢ € R. (4.33)

On the other hand, consider ¢y > 0 such that Tp(to)z € O%(A(‘;) and, from the
continuity of To(to) : X — X, take g1 > 0 such that To(t0)(Os, (2)) C O (A5)- By
hypothesis (d), let 71 € (0,7m0] and a2 € (0,01] such that T, (to + s,5)(Os,(2)) C
Os(Ap) for all n € [0,m1] and all s € R.

Finally, from (4.33) we deduce that I, (to+s, Ty(to+5, $)(Os,(2))) C (1—5,1] for
all p € [0,m]) and all s € R. Thus, 1 — § < l(to + 5, Ty(to + 8, 5)w) < kn(s,w) <1
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for all w € O,,(z), s € R and n € [0,7;]. This implies that [ky (s, w) — ko(w)| < &
for n € [0,m], s € R and w € O,,(2) and

sup sup |k, (s,w) — ko(w)| < € for n € [0,m], (4.34)
SER weO,, (2)
where o2 > 0 and 7, only depends on Aj and € > 0.
Now, joining the cases 1, 2 and 3, we have that:
Given a compact subset K C X and € > 0, by (4.27), (4.32) and (4.34), there
exist an open subset U = U(e, K) C X with X C U, and an index 7 =n'(e,K)>0
such that

sup sup |ky (s, w) — ko(w)| < € for all n € [0,7/],
SER welU

from which we can conclude that lim sup sup [ky (s, w) = ko(w)| = 0.
=0t seRwe K
Step 8: for every compact K C X we have

lim sup sup |hy (¢, z) — ho(z)| = 0.
n—0% t€R 2K
Indeced, given z € X consider now two cases:
Case 1: dist(z, %) > 0.
Given a > 0 with 0 < a < dist(z, @), let, by Lemma 4.10, o/ € (0,a) and
no € (0, 1] such that

Ty (t, ) (O (y(s))) C Ou(e(t)) whenever ¢ > s, for all n € [0,m0].  (4.35)

Choose o > 0 such that Ty(tg)z € O‘:_/(.a/o) and, by the continuity of Tp(to) :
X — X, let 01 > 0 such that Ty(t0)(Og, (2)) C Our ().

Now, by hypothesis of convergence (d), let 7)146 (0,m0] and o € (0,04] such
that T, (to + s,5)(O4,(2)) C (9%(42{0) for each n € [0,71] and each s € R, and,
by the lower semicontinuity of {“}nejo,1) at m = 0, choose 7, € (0,71] such that
Ay C Oy (#)(t)) for all n € [0,70] and t € R. Hence, Ou (o) C O ((t))
forn e [6,772] and ¢ € R. In particular, T, (to + s,s)(O(,E(z)I) C Our (o (to + 5))
for all 7 € [0,7,] and s € R. From (4.35) we obtain that Ty(t + 8,8)(0,4,(2)) C
Oa(,(t + s)) for all € [0,7], all s € R and ¢ > to. Consequently,

sup dist(T;, (L +s, s)w, o, (t+5s)) < aforall n € [0,7,], s € R, w € Og,(2). (4.36)

t>to

On the other hand, for all w € X, all ¢ € R and all 7 € [0, 1] we have
|dist(w, () — dist(w, )| < dpu(,(t), ). (4.37)

Then, we can choose 73 € (0,7,] and o3 € (0, 09] such that dist(w, &, (t)) > « for
all n € [0,7m3], t € R and w € Oy, (z). This and (4.36) implies that

sup dist(T, (¢ + s, s)w, 7, (t + 5)) < a < dist(w, o (s)),
t>to

for all n € [0,m3], s € R and w € O,,(z). So, hy(s,w) = sup dist(T, (¢t +
0<t<tg

8, 8)w, oy (t + s)) for n € [0,n3), s € R and w € O, (2).
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Note that, for all w € X, n € [0,1], s € R and ¢ > 0 we have that
|dist (T, (t + s, s)w, o (t + 5)) —dist(S(t)w, )| < A (y(t + s), )
+d(Ty(t + s, 8)w, S(t)w),
so that, for all n € [0, 73]

sup sup |hy(s,w) — ho(w)| < supdu(y(s), %)
SERWED4(2) sER

Fsup sup  sup d(Ty(t+s,s)w, S(w),
s€R1uEO,,3(z)OStSt0

and so, it is easy to see that, given e > 0 there exist o € (0,03] and 74 € (0,m3]

such that

sup sup |hy(s,w) — ho(w)| < € for all 7 € [0, 74].
sER weO,(z)

Case 2: dist(z,#) = 0; that is, z € 4.
From Lemma 4.10, given € > 0, there are ¢’ € (0, %) and 7o € (0,1] such that
Ty (t, 8)(Ocr (,(5))) C Og(97(t)) for each ¢ > s and n € [0, 7o) (4.38)

Also, since {&},¢(0,1) is lower semicontinuous at 7 = 0, we can choose n; €
(0,m0] such that o C OT/(LQV,,(S)) whenever n € [0,m1] and s € R. It follows that
(9%(9/0) C Ou (e (s)) for all n € [0,m1] and s € R. From this and (4.38) we have
that

T, (t, s)(O:’_;(dg)) C O (e, (t))if ne(0,m]andt>s.

Consequently, hy(s,w) = supdist(Ty(t + s, 8)w, dp(t+s)) < § foralne [0,m]
>0

and w € O (&), so that

sup  sup  |hy(s,w) — ho(w)| < € for all 7 € [0,m].
seR weo%(do)

In these conditions, given € > 0 and z € X, there are 0 = o(e,z) > 0 and
17 = n'(g,z) > 0 such that

sup sup |hy(s,w) — ho(w)| < ¢ for all n € [0,7].
sER weO,(z)

We now conclude the convergence lim sup sup |k, (¢, z) — ho(z)| = 0 by an argu-

n—0% teR zeK
ment similar to that of Step 2. This completes the proof. O

5. APPLICATIONS

In this section we consider some applications of the abstract results in the previ-
ous sections, and conclude that some non-autonomous evolutions processes possess
a Morse-Decomposition and, therefore, a Lyapunov function.

Example 5.1. Consider the the initial boundary value problem
Up = Ugz + A (tu), z € (0,7), t>7T
uz(0,1) = ug(m,t) =0, t>7 (5.1)
u(-,7) = ¢o € H} (0, 7)
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Where A € [0,00), n € [0,1], f,, € C*(R?,R) with fu satisfying:

1) There exists M > 0 such that fn : R? = R is such that fo(t,u)u < 0 for all
(t,u) € R?* with |u| > M. Suppose also that fo(t,u) = fo(u) for all t € R.
2) For eachr >0

lim sup sup {|.fy (2, u) = fo(w)|+|(fa)u(t, u) = fo ()| +|(fy)uu(t,v) — f5/(w)]} = 0.
104 1eR |u|<r

It is not difficult to see that, under these assumptions, problem (5.1) possesses a
pullback attractor {o7,(t) : t € R}.

If (5.1) with n =0 has a finite number of equilibria, all of them hyperbolic. The
hypotheses of Theorem 4.12 are clearly satisfied and there ezists Mo > 0 such that
{e,(t) : t € R} has a Morse-Decomposition, and a continuous (uniformly in R x K
Jor each compact subset K of H§(0,m)) Lyapunov function V;, : R x HL(0, ) — R
(in the sense of Definition 3.1).

Example 5.2. Consider a general cascade system of the form

= fi(w)
Uz = fa(ug,ug)

. (5.2)
'an = fn(ula"' 7un):

where f; : RY — R, 1 < j < n, are C! functions. Assume that there is E>0
such that fj(uy,- -, u;)u; < 0 for all (uy,--- ,uj) € RY such that |uj| > € and for
all 1 < j < n. Assume that all equilibria of (5.2) are hyperbolic. It follows from
the results in [2] that the semigroup associated to (5.2) is gradient-like (therefore
gradient). Now we consider a small non-autonomous perturbation of the above
problem, that is,

ul = fl(ul)'*_gl(tsul)"' aun)
Uz = fo(ur,uz) + g2(t,ur, -+ ,un)

. . ’ " (5.3)
Un = falwg, + un) + gn(tiur, -+, un).

If g;(t,-) : R* — R is a C}(R", R) function with the property that

n
9g;

sup  sup {lgj(t,ul,--.,un)uzaﬁ%(t,ul,---,un)
i=1 :

teR (uy,- ,u,)ER"

}

is suitably small, it follows from the results in [5] that the evolution process {T,(t, s)
it > s} associated to (5.3) is gradient-like and, as a consequence of the results in
Section 4 that the pullback attractor of {T} (¢, s) : ¢ > s} has a Morse-Decomposition
and that there is a Lyapunov function for it.

One can easily see that, cascade systems of semilinear parabolic problems can
also be considered.
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