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Resumo
Definimos decomposicdes de Morse para processos de evolugao nao autdnomos

€ provamos que um processo de evolugéo nao-auténomo de tipo-gradiente possui
uma decomposicao de Morse para o atrator pullback associado. Também prova-
mos a existéncia de uma funcdo de Lyapunov associada que descreve 0 compor-
tamento gradiente do sistema. Finalmente, aplicamos estes resultados abstratos a
perturbacdes nao auténomas de semigrupos gradientes (ou processos de evolugao
auténomos).



NON-AUTONOMOUS MORSE DECOMPOSITION AND
LYAPUNOV FUNCTIONS FOR GRADIENT-LIKE PROCESSES

E. R. ARAGAO-COSTA!, T. CARABALLO?, A. N. CARVALHO$, AND J. A. LANGA

ABSTRACT. We define Morse Decompositions (time dependent) for non-au-
tonomous evolution processes (non-autonomous dynamical systems) and prove
that a non-autonomous gradient-like evolution process possesses a Morse de-

composition on the associated pullback attractor. We also prove the existence
of an associated Lyapunov function which describes the gradient behavior of

the system. Finally, we apply these abstract results to non-autonomous per-
turbations of autonomous gradient-like evolution processes (semigroups or au-
tonomous dynamical systems).

1. INTRODUCTION

The Fundamental Theorem of Dynamical Systems (see [8]) describes the flow

of autonomous reversible dynamical systems (groups) in compact metric spaces as

a decomposition of an ordered family of isolated invariant sets and connections
between them which respects their ordering. In the terminology of [8], this is called

a Morse decomposition of a compact invariant set. The extension of this result to
general autonomous dynamical systems (semigroups) is done in[2] (see also [18] for
the Morse-Decomposition for semigroups in compact metric spaces). When trying
to understand the structure of attractors or, more generally, of invariant sets for
autonomous dynamical systems (or semigroups) the Morse-Decomposition plays a
fundamental role. It allows us to decompose the dynamics into a gradient part and
the dynamics in smaller isolated invariant sets reducing the study of the structure
of the attractors to the study of the structure of these isolated invariant sets.

The aim of this paper is to extend the notion of Morse-Decomposition to non-
autonomous dynamical systems (or non-autonomous evolution processes) and to

show the pullback attractors for these non-autonomous dynamical systems can
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be also decomposed as an ordered family of isolated invariant families and con-
nections between them respecting their ordering. In particular, under some mild
additional assumptions, we construct a non-autonomous Lyapunov function for the
non-autonomous evolution process with a Morse-Decomposition. We show that

this decomposition is observed for non-autonomous perturbations of gradient au-
tonomous dynamical systems (or gradient semigroups). Some practical examples
are also presented.

Our results contrast with those of [17] because, in our case, the definition of local
attractors takes into account only the usual notionof attraction instead of using past
and forwards notions. Wealso do not impose the reversibility required in [17]. Our
results can be applied (under mild assumptions) to perturbations of autonomous
dynamical systems (which cannot be said for the results in {17]). Furthermore,
in the case of perturbations of autonomous dynamical systems and under mild
assumptions, we prove some sort of continuity of the Morse-Decomposition.

To better describe the results in the paper we will need to introduce some termi-
nology and a few definitions. Let X be a metric space with metric d : X x X — Rt,
where R* := (0,00), and denote by C(X) the set of continuous maps from X into
X. Given a subset A C X, the eneighborhood of A is the set O.(A) := {zEX:
d(z,a) < € for some a € A}.

Now weintroduce the notion of evolution process. An evolution process in a
metric space X is a two parameter family {T(t,s) : t > s} in C(X) such that
1) T(t,t) =TJ, for allt ER,
2) T(t,c)T(o,s) =T(t,s), fort >a >, and

3) Px X 3((t,8),z) T(t, s)x € X is continuous, where P:= {(t,s) € R?:t > s}.
An evolution process {T(t, s) : t > s} is said to be autonomousif T(t, s) = T(t—s, 0)
for all t > s, otherwise it is said to be non-autonomous. A semigroup is a family
{S(t) :t > 0} C C(X) such that

1) S(0) =T, for allt ER,
2) S(t +s) = S(t)S(s), t,s > 0, and

3) R* x X 3 (t,z) + S(t)x € X is continuous.
Note that {T(t,s) : ¢ > s} is an autonomous evolution process if and onlyif
{T(t,0) :t > 0} is asemigroup. A continuous function € : R — X is called a global
solution for the evolution process {T(t,s) :t > s} if it satisfies

T(t, s)E(s) = €(t), for all (t,s) EP.
Next we define Hausdorff semi-distance and Hausdorff distance. Given A,B C

X, the Hausdorff semidistance from A toBis given by

dist(A, B) := sup inf d(a,b) = sup d(a,B),acAbeB acA
where d(a, B) := jaf d(a,b) is the usual distance from the point a to the set B,
and the Hausdorff distance between A and B is defined by

dy(A, B) := dist(A, B) + dist(B, A).
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Definition 1.1. We say that a family © := {E(t) : t € R} of subsets of X is an
invariant family for the evolution process {T(t,s) : t > s} if T(t,s)E(s) = E(t)
whenever t > s. An invariant family {o/(t) : t € R} is said to be a pullback
attractor if, for each t € R, &(t) is compact, pullback attracts bounded subsets of
X; that is,

lim dist(T(t, s)B, o(t)) =0, for each t € R and bounded subset B of X,

and {o/(t) : t € R} is minimal among all closed invariant families {@(t) : t € R}
with the property that @(t) pullback attracts bounded subsets of X for eacht ER.

The notionof unstable set of an invariant family is key to the concept of attractor-
repeller pair which, in turn, is key to the definition of Morse-Decomposition for

non-autonomous evolution processes.
Definition 1.2. Let {T(t,s) :t > s} be an evolution process. The unstable set of
an invariant family = = {E(t) : t € R} is the set

W*(E) := {(t,2) €Rx X : there is a global solution €: RX
such that €(t) = z and Jim dist (€(s),=(s)) = 0}.

Also, W“(E)(t) := {z EX: (t,z) Ee WX(S)}.
Wenow define the notions of a local attractor and of an atractor-repeller pair.

Definition 1.3. Let {T(t,s) : t > s} be an evolution process in a metric space
X with a pullback attractor {@(t) : t € R}. We say that an invariant family
A:= {A(t):t€ R}, with A(t) C &(t) for allt € R, is a (non-autonomous) local
attractor if W“(A)(t) = A(t) for allt ER.

If A is a local attractor, we define its associated repeller A* := {A*(t):t€ R}
by

A*(t) := {z € A(t): dist(T(r +t, t)z, A(r + t)) 4 0 as r — oo}, for eacht eR.
(1.1)

The pair (A, A*) is called an attractor-repeller pair.
Note that this definition extends the notion of local attractor for the autonomous

case. We will see that if {A(¢) : t € R} is a local attractor, it may not be chain
recurrent and that A and A®* are invariant.

In the autonomous case a repeller is automatically closed. In the non-autonomous
case that is not the case. However, if there exists « > 0 such that O.(A(t)) 9
O-(A*(t)) = , for all t € R, then A*(t) is closed for each realt.

Now, we define the notion of Morse-Decomposition for non-autonomous evolution
processes.
Definition 1.4. Let {T(t,s):t > s} be an evolution process in X with a pullback
attractor {W/(t):t € R} and let Ap = {Ao(t) :t € R}, Ay = {Ai(t) : t € R}, ---,
A, = {An(t) : t € R} be n +1 local attractors with @ = Ao(t) C Ai(t) C++ C
Ay(t) = A(t) for eacht ER.

Define =;(t) := Aj(t) 0 Aj_,(t) for eacht € R and j =1,2,---,n. The ordered
set of invariant families S := {]),&o,-++ ,E,} is called a Morse-Decomposition
for the pullback attractor {o@/(t) :t € R}.
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Weprove in Section 2 that the pullback attractor of a gradient-like evolution pro-
cess has a Morse-Decomposition. In Section 3 we use this Morse-Decomposition to
obtain, under some mild additional assumption, a Lyapunov function for a gradient-
like (non-autonomous) evolution process in the pullback attractor. In Section 4 we
show that the results of Section 2 can be applied (under natural assumptions)
to non-autonomous perturbations of autonomous gradient-like evolution processes.
We show that the Lyapunov function can be defined and is continuous in R x X,
and state conditions under which the Lyapunov function behaves continuously un-
der perturbation. In Section 5 we present classes of concrete examples where the
theory developed here applies.

2. MORSE-DECOMPOSITION OF PULLBACK ATTRACTORS FOR GENERALIZED
GRADIENT-LIKE EVOLUTION PROCESSES

Wefirst introduce the notion of gradient-like process (see [5]). To that end we
first need the definition of isolated invariant set.

Definition 2.1. Let = := {E(¢) : t € R} be an invariant family for the evolution
process {T(t,s) : t > s}. If there exists 6 > 0 such that, any global solution
€E:R—X with €(t) € Os(E(t)) must satisfy E(t) € E(t) for allt € R, then we say
that = is an isolated invariant family. A set & = {=,--- ,=,} is said a disjoint set
of isolated invariant families if each E;, 1 <i < n, is an isolated invariant family
and there exists 6 > 0 such that O5(E;,(t)) N Os(E;(t)) = 9, for allt € R and for
l<i<g<n.

Let {T(t,s) : ¢ > s} be an evolution process with a pullback attractor {/(t):t € R} which contains a disjoint set of isolated invariant families 2 = {=),--» ,E,},
that is, ;(t) C o/(t) for each i and ¢. We can now define (see [8, 13] for similar
concepts in the autonomouscase):
Definition 2.2. Let 5 be as in Definition 2.1 and fix eo € (0,5). For 2 € & and
€ € (0,€9), an e—chain from © to & is a sequence €;,1 <i < k in {1,:++ ,n},
a sequence of real numbers t;,0;,7; with T; < 0; < t; , and a sequence of points
a EX, 1<isk such that z% € O.(Ee,(%)), Toi, 7) zi € Ocy (UM Ei(ai)) and
T(ti,T)2i € Oc(Ee,,,(ti)), 1S i<k, witha = Eea. = =e,- We say thatlbe
is chain recurrent if there is an €9 € (0,6) and e—chain from = to = for each
€ € (0, €9).

Remark 2.3. We note that the introduction of €9 in the above definition is only
needed to account for the case k = 1. When k > 1, it is automatically true that
the solution must leave O.,(U%_,=i(t)), for some real t € R, while going from one
isolated invariant family to another.

Definition 2.4. Let X be a metric space and {T(t,s) : t > s} be an evolution
process in X with a pullback attractor {@(t):t € R} and a set E = {Ej,--- ,E,}
of isolated invariant families in {o/(t): t € R}. We say that {T(t,s):t > s}
is a gradient-like evolution process with respect to = if the following two
conditions are satisfied:
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(H1) Any global solution€: R— X in {@(t):t € R} satisfies

jim dist (€(t), =;(t)) =0 and jim dist (€(t), =; (¢)) = 0,

for some 1 <i,j <n.
(H2) B = {=),--- ,E,} does not contain any chain recurrent invariant family.

Closely related to the concept of chain recurrent is the notion of homoclinic
structure.

Definition 2.5. Let {T(t,s) : t > s} be an evolution process which possesses
a disjoint set = = {=1,--:,=n} of isolated invariant families. A homoclinic-
structure associated to & is a finite subset {5i,,--- ,5i,} of S together with a set
of global solutions {&,--- ,&)} such that

_jim dist (€;,(t), =i, (¢)) =0 and jim dist (€,(t),=i,,,(4)) =0, 1<k<p
where =i... = Fi.

Next we prove the invariance of the repeller A* of a local attractor A.

Proposition 2.6. Let {T(t,s) : t > s} be an evolution process, and A = {A(t) :

t € R} is a local attractor. Then, the repeller A* of A is invariant.

Proof. Let s € R, t > s and w € A*(s). If T(t, s)w ¢ A*(t) we have that

lim dist (T(r, t)T(t, s)w, A(r)) = 0,

thatis,
lim dist(T(r, s)w, A(7)) = 0,

TCO
which contradicts the fact that w € A*(s). This reasoning proves that T(t, s)A*(s)
c A*(t).

Conversely, if z € A*(t) C V(t) = T(t,s)P(s), let w € &(s) be such that
z=T(t,s)w. It follows that w € A*(s) because, otherwise,

0= jim dist (T(r, s) w, A(r))

= jim dist(T (7, t)T(t, s)w, A(r)) = lim dist(T(r, t)z, A(7)),
TCO

which is in contradiction with the fact that z € A*(t). This shows that T(t, s)A*(s)
D> A*(t). Oo

We note that, if Ag = {Ao(t) :t € R}, Ai = {Ai(t) : ¢ © R},---, An = {An(t):
t € R} are n +1 local attractors with @ = Ao(t) C A(t) C --- C An(t) = A(t) for
each ¢ € R, we have that @ = A*(t) C A*_,(t) C--- C AO(t) = #(t), also for each
teER.

Next we describe the construction of a Morse-Decomposition for the pullback
attractor of a generalized gradient-like evolution process relative to the disjoint
set of isolated invariant families {=,,--- ,=,}, and of the associated collection of
increasing local attractors starting from the collection of isolated invariant sets.
The following result plays a fundamental role on that.
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Lemma 2.7. Let {T(t,s):t > s} be a gradient-like evolution process with associ-
ated disjoint set of isolated invariant families 5 = {©,--- ,En}. Then, there exists
i € {1,--+ ,n} such that ©; is a local attractor.

Proof. Wefirst note that, each =; is an invariant family which is not chain recurrent,
and we need to show that there is some 7 € {1,-+- ,n} such that W%(;)(¢) = =;(t)
for each t € R.

Arguing by contradiction, if that is not the case, for each 1 < i < n, there
is a global solution €;(t) € o&(t) (with €;(s) ¢ =;(s) for some s € R) such that
jimdist (&(¢), =:(¢)) = 0. Since € must converge to some element of &, this
necessarily produces a homoclinic-structure and provides a contradiction with (H2).

Oo

Let {T(t,s) : t > s} be a gradient-like evolution process with the associated
disjoint set of isolated invariant families = = {&),---,=,}. If (after possible re-
ordering) = is a local attractor and we define &} as in Definition 1.3, then we have
that each =;(s), for i > 2 and s € R,is contained in E}(s) (also if € : R ~ X
is a global bounded solution and dist(&(t), =;(t)) ‘=? 0 with i > 1 we have that
&(s) € S}(s) for all s € R) and then for any z ¢ o(t)\(E1(t) UET(t)) and global
solution €: R > X with €(s) € (s), for each real s, and €(t) = z we have that

jim dist (€(s),=}(s)) = 0 and jim, dist (€(s),=(s)) =0.
Wecan repeat the reasoning in Lemma 2.7 to conclude that there is i > 2 such that

W*(S;)(t) NE} (t) = =; (t) for all ¢.

Werelabel this isolated invariant family as =_ and define

251 (t) = {z € Sf (t) : dist(T(r + t, t)z,So(r + t)) 4 0 as r = ov}. (2.1)

Then, we have that, for each ¢ € R and i = 3,--- ,n, Ei(t) C S34 (¢) (also if
t— oo€:R—Xis a global bounded solution and dist(&(t),=;(¢)) —> 0 with 7 > 2 we

have that €(s) € E}(s) for all s € R). As before, we can assume that W“(=3)(t)N
=3,1(t) = =s(t) for each t and define 334 in analogyto (2.1).

Proceeding in this way until all isolated invariant families are exhausted, we
obtain a reordering of & = {&,--- ,=,} in such a form that, =; is a local attractor
for {T(t,s):t> s}, the set 3}9 := 5}, and

W*(E;)(t) N Sj_1 4-2(t) = Si (2) for all t and i = 2,--+ ,n,
where, for i = 2,---,n

Ei i-1(t) = {z © Sf,o(t) : dist(T(r + t, t)z, Si(r + t)) 7 0 as r 5 ov}.

Lemma 2.8. Let {T(t,s):t > s} be a gradient-like evolution process with associ-
ated (reordered) disjoint set of isolated invariant families B = {E),-+- ,En}. Then,
any global bounded solution €:R— X satisfies

_jim dist (€(t),=;(¢)) =0 and Jim dist (€(t), =; (t)), (2.2)

with id j.
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Proof. Indeed, if 7 = 1 in (2.2) there is nothing to prove. If 7 = 2 and (2.2)
holds, we have that €(t) € Sj(¢) for all ¢ € R so, if 1 =7< j = 2, we have that
E(t) € W"(E,)(t) = =i (t) for each t, which contradicts that E}(¢t)=)(t) = @ for
every t. It follows that i > 7.

For the general case, we suppose that j > 3 and that (2.2) holds. Then €(t) €
S*_1 j-2(t) for all t, so if i < j, we have that 25_, ;o(t) C S}_14~2(t) for all t
and €(t) € W"(&,)(t)  S}_; ;_»(t) = S(t) for every t. Thanks to the fact that the
invariant families in © are isolated, we must have i = j, which is a contradiction
and proves the lemma. QO

We will prove that this reordering of {=),--- ,=,} (which we denote the same)
is a Morse-Decomposition for {/(t) : t € R} with a suitably chosen sequence
Ao(t) C Ai(t) C Ao(t) C ... C An(t) of local attractors:

For each t € R, define Ao(t) := @, Ai(t) := £1(t) and for j = 2,3,---,n

Aj(t) = Aj-1(t) UW"(8;)(t) = U W"(Ei)(t). (2.3)

It is clear that A,(t) = o/(t).

Theorem 2.9. Let {T(t,s) :t > s} be a gradient-like process with an associated
disjoint set of isolated invariant families = = {E1,---,&2n} reordered as explained
above.

Assume that there exists 5 > 0 such that, forj =1,2,---,n—1 andt eR, it
holds that

05(A;(t))|LJ Sle)|=. (2.4)
i=jtl

Then, for each j = 0,1,--+ ,n, the invariant family A; defined in (2.3) is a local

attractor for {T(t,s):t > s} and

j(t) = Aj(t)N Aj_,(¢), for alte Randl<j<n.(1]

Consequently, = defines a Morse-Decomposition for the pullback attractor {(t) :

te R}.

Proof. Clearly {A;(t) :¢ € R} is invariant and A;(t) C W%(A,;)(t) for cach t€ R.
On the other hand, if z € W“(A,)(t), there is a global solution € : R — X with

&(t) = z and lims_,_ 2. dist(€(s), A;(s)) = 0. Since {T(¢, s) : ¢ > s} is gradient-like
and from(2.4), there exists k € {1,2,--- , 7}, such that lim,._. dist(€(s),=,(s)) =
0. Therefore, z € W"(&,)(t) with k < j. This implies that z € A; and W"(A;)(t) C

A;(t). This proves that {A;(t) : ¢ € R} is a local attractor.
It is easy to see that 5; (t) C Aj(t)NAj_, (¢). For the reverse inclusion, note that,

if z € A;(t)M A¥_,(t), there exists a global solution €: R — X with (¢) = z. Since
z € A;(t) we must havethat lims_._.. dist (€(s), =;,(s)) forsome k < j. As {T(t, s):
t > s} is gradient-like, there is 7 € {1,2,--- ,m} such that lim,_... dist (€(s), =;(s))
and, due to the fact that z € Aj_,(t), it follows that 7 > 7. Since from Lemma 2.8

we must have that 7 < k, it follows that k = i = j, and taking again into account
that {T(t,s) : t > s} is gradient-like, we have that €(s) € &j(s) for each se R
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and, in particular, z = €(t) € &;(t). This proves that A;(t)M Aj_,(t) C S;(t) and
completes the proof. oO

The following result plays a key role in the proofof the mainresults in this paper
concerned with the continuity of the Lyapunov function of a gradient-like evolution
process. It extends Lemma 2.11 in[2] to the non-autonomous case.
Lemma 2.10. Let {T(t,s) :t > s} be an evolution process and let A= {A(t):t €
R} be a local attractor which is not chain recurrent. Suppose that there evists « > 0
with

WI (t)N O.(A(t))N O.(A*(t)) = 2, for allt € R.

Then, for each 5 € (0,€) there is 5’ € (0,6) such that

T(t, 8)(.(s) N Og-(A(s))) C A(t) NOs(A(t)), whenever t > s.

Proof. We argue by contradiction. Assumethat there is a 6 > 0, sequences (sj) jen,
(t;)jen in R, and (zj)jen in X with 2; € &(s;) for each j, and such that

85 < t;,
1

dist(x;, A(s;)) < ; but dist(T(t;,s;)x;, A(t;)) > 6,

for all j € N. Choose jo € N with dist(x;, A(s;)) < : < eé for all j > jp. By the
definition of repeller, for each 7 > jo, there is a 7; > t; such that

1
dist (T(7;, 85) 25, A(7;)) < qe

This fact implies that A is chain recurrent which is a contradiction and the lemma
is proved. O

Wecan now showthe following proposition:

Proposition 2.11. Let A= {A(t):t € R} be an isolated invariant family for the
evolution process {T(t,s):t > s}, with pullback attractor {./(t):t € R}, such that
A(t) C &(t), for all t, and for each 6 > 0 there is 5’ € (0,6) satisfying

T(t, 8)(W(s)N O5:(A(s))) C A(t) NO5(A(t)), whenever t> s.

Then, A = {A(t) : t € R} ts a local attractor for {T(t, s) :t > s} which is not chain
recurrent.

Proof. Since {A(t) : t € R} is an isolated invariant family, there exists 6 > 0
such that if € : R — X is a global solution with €(t) € Os(A(t)) for each t € R,
then €(t) € A(t) for each t € R. Clearly A(t) C W*%(A)(t) for each ¢ € R and,
if € : R — X is a global solution such that lim dist(€(s), A(s)) = 0, choose

s——0O
0’ € (0,5) with

T(t, 8)(@(s) N Os (A(s))) C A(t) N Os(A(t)), whenever t > s.

Choosing ss € R such that dist(€(s), A(s)) < 6’ forall s < ss, we must have €(t) €
O5(A(t)) for all t € R. Consequently, €(t) € A(é) for all t € R and W"(A)(t) C A(t)
for allt € R.
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Finally, if {A(¢) : t € R} is chain recurrent, there are 6 > 0, sequences (s;)jen,
(t;);en and (7;)j;en of real numbers, a sequence (x;)jen in X, with x; € I (s;) for
each 7, and such that,

eh = 7:
dist(x;, A(s;))< A dist(T(t;,s;)j, A(t;))>6 and dist(T(z7;,s;)2;, A(7;)) < .
That is clearly in contradiction with the fact that there exists 6’ € (0,6) with

T(t, s)(@(s) NOs (A(s))) C A(t) NO5(A(t)), whenever ¢ > s,

and the proof is complete. O

Our next result is a first consequence of Lemma 2.10.
Lemma 2.12. Let {T(t,s):t > s} be an evolution process and A = {A(t) : t € R}
be a local attractor which is not chain recurrent. Suppose that there exists « > 0

with
A(t) NO,(A(t)) N O,(A*(t)) = @, for allt ER.

If K C &(t) is compact and KN A*(t) = @, then

lim dist(T(7,t)K, A(r)) = 0.
T—00

Proof. We prove the result by contradiction. Assume that there are 6 > 0, sequence
{7;}j;en in R with 7; ’= oo and a sequence {2;}jen in K with 2; 9 rm EK
such that

dist(T(7;,t)x;, A(7;)) > 6, for all j. (2.5)
Thanks to Lemma 2.10, we can choose 6’ € (0,6) such that

T(s,r)Os5(A(r)) C Os(A(s)) whenever s > r.

Thus, it follows from (2.5) that

dist(T(s, t)z;,A(s)) > 6’ for all s € [t,7;] and all 7. (2.6)

Since 7; — oo, using (2.6), we have that

dist(T(s, t)xo, A(s)) > 6’ for all s > t.

From the definition of A*(t) we have that 29 € A*(t) whichis in contradiction with
K 2m A* (t) = @, and the proofis therefore complete. O

3. A LYAPUNOV FUNCTION FOR A GENERALIZED GRADIENT-LIKE PROCESS

Wewill prove in this section that gradient-like evolution processes are gradient
processes. A gradient evolution processis defined as follows

Definition 3.1. We say that an evolution process {T(t, 8) :t > s} with a pullback
attractor {o/(t) : t € R}, and a disjoint set of isolated invariant families = =
{E1,::+, En} is a gradient evolution process with respect to = if there is a

function V: Rx X —R such that:
i) For eachz € X andt € R, the real function (0,00) re V(r+t,T(r+t,t)z) €

R is non-increasing.
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ti) Givent € R andz € A(t), V(r+t,T(r+t,t)z) = V(t, z) for allr > 0 if and

only if z € U Ei(t) and V(t, =,(t)) is a unitary set for eacht € R.
i=1

iii) For each t € R, the function V, : o&(t) + R, given by Vi(z) := V(t,z) for
z€ W(t), is continuous.

A function V : Rx X — R with the properties above is called a Lyapunov
function for the generalized gradient process {T(t,s):t > s} with respect to &.

Before proving our main result, we need to establish the continuity of the invari-
ant families (A, A*) of attractor—repeller pairs in the following sense:

Lemma 3.2. Let {T(t,s):t> s} be a gradient-like evolution process in a metric
space X with pullback attractor {o/(t) : t € R} and let (A, A*) be an attractor-
repeller pair for {T(t,s):t> s}.

Then, for each to € R we have:

Jim diy(A(0), A(to)) = 0 and limdy(A*(t), A* (to) = 0. (3.1)

Proof. In fact, we know that A* is invariant and then, by Lemma 2.10 and the
proof of Theorem 2.9, both in [6], we obtain the conclusion (3.1). O

Now, we can prove the mainresult in this paper.

Theorem 3.3. Let {T(t,s):t > s} be an evolution process in a metric space X,
with pullback attractor {@(t):t € R}, and let (A, A*) be an attractor-repeller pair
for {T(t,s):t > s}, and assume that (A, A*) is not chain recurrent. Suppose that
there exists e > 0 with

O.(A(t)) N O.(A*(t)) = 2, for allt ER. (3.2)

Then, there exists a functionk: Rx X — R satisfying the following four properties:
1) For eachz € X andt € R, the function [0,00) sr k(r+t,T(r+t,t)z) ER

is non-increasing.
it) If k, : X — R is defined by ki(z) := k(t, z), for eacht € R and z € X, then

ky '(0) = A(t) and k,1(1)N &(t) = A*(t).
iti) Givent € R andz € A(t), if k(r+t,T(r+t,t)z) = k(t,z) for all r > 0,

then z € A(t) UA*(t).
iv) kt: &(t) > R is continuous, in o(t), for each t € R.

Proof. First, with the convention that dist(z,@) = 1, let |: R x X — [0,1] be the
Uryshon function associated to the attractor-repeller pair (A, A*), that is, for each
t€RandzeX,

dist(z, Aoedist(z, A(¢)) + dist(z, A*(t))
We have that, / is well defined, /(R x X) C [0,1], is continuous in both variables
(t,z) and, for each t € R, is uniformly continuous in X (that is, the family {l; :

X — [0,1]: t € R} is uniformly Lipschitz continuous where, l; : X — R is given by
i(z) := U(t,z), for each t € R and z € X). In fact, since, by (3.2),

do := inf {inf {d(v,y): a2 € A(t), ye A*(t)}} >e>0, (3.3)
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it holds that |l(t, z) — U(t,w)| < 7 d(z,w), for any z,w€ X andteER.
Now, from Lemma 3.2, it is not difficult to see that 1: Rx X — [0,1] is continuous

in both variables. Moreover, it is easy to see that 1; 1(0) = A(t) and I; 1(1) = A*(t).
We define k: R x X — R by

k(t, z) = sup U(r +t, 7(r + t,t)2).
r>0

We now show that k: R x X — R has the properties 2) - iv) above.
Clearly k(R x X) c [0,1]. To prove that, given t € R and z € X, the function

(0,00) Srv k(r +t, T(r + t,t)z) € [0,1] is non-increasing, observe that, if 0 <
T1 < 12, we have

k(ro +t,T(ro+t,t)z) = supl(rt+ro+t,T(r+re+t,t)z)
r>0

= supl(r+t,T(r+t,t)z)
r>r2

< supl(r+t,T(r+t,t)z)
r>T1

= supl(r+r+t,T(r+7 +t,t)z)
r>0

= k(ry +1, T(r +t, t)z).

By the definition of k and from the invariance of A and A%, it is clear that
ky(A(t)) = {0} and k,(A*(t)) = {1}. Now, if z € X is such that k(t, z) = 0, then
l(r +t, T(r +t, t)z) =0for all r > 0. In particular, 0 = I(¢, z), and then, z € A(t),
that is, ky '(0) C A(t) which shows that ky ‘(0) = A(t). On the other hand, if z €
f(t) is such that k,(z) = 1 and z ¢ A*(t), then jimdist (T(r +t, t)z, A(r+t)) = 0.

From the definition of / we obtain that iim|U(r+t,T(r+t,t)z) = 0. Therefore, there
exists r9 > O such that 1 = k(t,z) = sup U(r+t,T(r+t,t)z). The continuity

0<r<ro
of [0,c0) Srv Ur+t,T(r +t,t)z) € [0,1] implies the existence of r’ € [0,70]
such that l(r’ + ¢, T(r’ + ¢,t)z) = 1; that is, T(r’ + 4,t)z € A*(r’ + t) which
contradicts the fact that jim UT (r +t,t)z, A(r+t)) = 0. Thus, if k(t, z) = 1 for

some t € R and z € &(t), we must have that z € A*(t). From this, we conclude
that kp *(1)N.o&(t) C A*(t) and, consequently, k7'(1) No (t) = A*(t).

We now prove that, if z € &(t) and k(r+t,T(r+t,t)z) = k(t,z) for all r > 0,
then z € A(t) UA*(t). If z ¢ A(t) U A*(0), Jim dist (T(r +t,t)z,A(r+t)) = 0 and,
from the definition of k, we have that k(t,z) = jim k(r +t,T(r+t,t)z) =0. Since

k,}(0) = A(t), z must belong to A(t), whichis a contradiction.
Next we prove the continuity of k, : o&(t) + R. Wesplit the proof into three

cases:
Case 1) Continuity of k; : .o&(t) — Rin A*(t).
Since l(t, z) < k(t, z) <1, for allt € R and z € X, given z € A*(t) andzeX

we have
|k(t, z) — k(t, zo)| =1— k(t, z) <1—-U(t,z).

This and the continuity of: Rx X — Rin(¢, zo) imply the continuity of k, : X — R
in zo.
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Case 2) Continuity of k; : .o/(t) > R in A(t).
Fromthe equicontinuity of the family of functions { : X > R: t € R}, given

€ > 0, there is 6 > 0 such that 1,(O5(A(s))) C [0,¢) for all s € R. Now, Lemma
2.10 implies that there exists 6’ € (0,4) such that T(r + t,t)(W(t) N Os (A(t))) C
A(r+t)NOs(A(r + t)), for all r > 0, from which we can conclude that k,(./(t) M

O5(A(t))) C [0, €].

Case 3) Continuity of k; : o/(t) > R in o&(t)\(A(t) U A*(2)).
Given z € &(t)\(A(t) U A*(2)), since z ¢ A*(t), it follows that jimdist (T(r +

t,t)z, A(r +t)) =0and, since z ¢ A(t), it holds that I(t, z) > 0. Choose 5 > 0 such
that 1,(O5(A(s))) ¢ [0, Meh) for all s € R and, from Lemma 2.10, we can choose
6’ € (0,4) such that T(r +t, t)(.W(t) NO5(A(t))) C L(r +t)NOs(A(r +t)), for all
r>0.

From jim dist(T(r + t,t)z,A(r + t)) = 0, there exists o > 0 with the property
that T(r + t,t)z € Og-(A(r +1)), for all r > o. From the continuity of T(o + t,t) :

X — X, there is a neighborhood U; of z in X such that T(o+t, t)U, C Os:(A(o+t)).
Then, for all w € U, we have that T(o +t, t)w € Os (A(o+1)), so that T(r+t, t)w €
O;(A(r + t)) for all r > o and w EU, N A(t).

Finally, from the continuity of J, let U2 be a neighborhood of z in X such that
U(t,w) > or) for all w € U2 and write U := U;NU2N.A (t), so that, for all w € U, it
holds that k(t, w) =iaea t)w), from which we obtain the continuity
of k, in points of A (t)\(A(t) U A*(t)). O

The proof of our next result is very similar to the proof of Theorem 3.3 and
follows the ideas in [2]. It brings up a special case for which the continuity of the
“Lyapunov functions” in both variables holds. We observe that the last theorem
says that the “Lyapunov function” is continuous for each fixed ¢ and in the pullback
attractor only.

Proposition 3.4. Let {T(t,s):t > s} be an evolution process in a metric space
X, with pullback attractor {.o/(t) : t € R}, and let (A, A*) be an attractor-repeller
pair for {T(t,s):t > s} with

O.,(A(t)) N O.,(A*(t)) = @, for allt € R, (3.4)
for some €9 > 0. Also assume that the following two conditions hold:

(a) The conclusion of the Lemma 2.10 holds considering neighborhoods of A in
X, that is, for each 6 > 0 there is 5’ € (0,5) such that

T(r +t, t)(Os-(A(t))) C Os(A(r +t)), for allr >O0 andteR.
(b) For eacht € R and z € X\(A(t)U A*(t)) we have

lim dist(T(r +t,t)z, A(r+t)) =0 or lim dist(T(r +t, t)z, A*(r+t)) =0.
Then, the function k: Rx X — R, defined in Theorem 3.3, is continuous (in both
variables (t,x) and for all (t,x) € Rx X).

Proof. Let us prove the continuity of k in a point (to, zo) € R x X. As in the proof
of Theorem 3.3, we consider three cases:
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Case 1) z € A*(to).
Since l(t, z) < k(t, z) <1, for allt €¢ R and z € X we can write

|k(t, z) — k(to, 20)| =1— k(t, z) <1 —-U(t,z).

This and the continuity (in both variables) of 1: R x X — R in (to, 29) imply the
continuity of k: R x X —Rin (to, z).

Case 2) z9 € A(to). From

2
\(t, z) — U(t, w)| < ~dz); Vz,we X andteR,

0

given ¢ > 0, there is 6 > 0 such that 1(s,O5(A(s))) C [0,€) for alls € R.
Onthe other hand, from (a), there exists 6’ € (0, 5) such that T(r+t, t)(Os(A(t)))

C Os(A(r +t)), for all r > 0 and ¢ € R, from which we can conclude that
k(t, Os-(A(t))) C [0,e] for eachteR.

Now, by Lemma 3.2, let 5” > 0 be such that Ox (A(to)) C O>(A(t)) whenever

|t — to| < 6”. Hence, for |t — to| < 6” and d(z, 2) < g we have that k(t,z) < «.
This proves the continuity of k: R x X >Rin (to, zo) with zp € A(to).

Case 3) 29 € X\(A(to) U A*(to)).
By hypothesis (b) we have

lim dist(T(r+to,to)zo, A(r+to)) =0 or jim dist(T(r+to, to)zo, A*(r+to)) = 0.
TOO

First, we suppose that lim dist(T(r + to, to)20, A(r +to)) = 0, since zo ¢ A*(to)
T00

it holds that I(to,z0) > 0. Choose 6 > 0 such that l(s,O5(A(s))) C (0, Mt0,20) )

for all s € R and, from hyphotesis (a), we choose 6’ € (0,6) such that T(r +
t, t)(Os(A(t))) C Os(A(r + t)), for all r > 0.

From jim dist(T(r+to, to)z0, A(r+to)) = 0, there exists o > 0 with the property
that T(o + to, to)z0 € Os (A(o + to)). From the continuity of the process {T(t, s):
t > s} and Lemma 3.2, there is a neighborhood U, of zo in X and 6” > 0 such that
T(o + t,t); C Ox (Alo + to)) C Os(A(o + t)) whenever |t — to| < 6”. Then, for
all z € U,; and t € (to — 6”, to + 6”), we have that T(o + t,t)z € Os (A(o + t)), so
that T(r +t,t)z € Os(A(r +t)) for all r > 0, 2 EU; and t € (tp — 6", to + 6”).

Now, from the continuity of |: R x X — R, let U2 be a neighborhood of zo

in X and 0 < 7 < 6” such that l(t, z) > i¢0,20) for all z € Ug and |t—to| < 7
and write U := U,; N Up, so that, for all z € U and |t—to| < , it holds that
k(t, z) = one U(r+t, T(r+t, t)z), from which we obtain the continuity of k in points

r<
(to, 20) with Zo e X\(A(to) U A*(to)) and Jim dist (T(r + to, to) zo, A(r + to)) = 0!

Finally, if jimdist (T(r + to, to)z0, A*(r + to)) = 0 we have that k(to, zo) = 1

and, given e > 0, we can choose 6 > 0 such that I(s,O5(A*(s))) C (1 — €,1] for all
real s. We choose a > 0 with T(o + to, to)zo € Os(A*(o + to)).

From the continuity of the process {T(t,s) : ¢ > s} and Lemma3.2, there is a
neighborhoodUof zp in X and 6’ > 0 such that T(¢ + t,t)U C Os(A*(o + to)) C

O5(A*(o + t)) whenever |t — to| < 6’, therefore, k(t,z) > U(t,z) > 1 — € whenever
z €U and |{t — to| < 6’ and the proofof the proposition is complete. O
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Lemma3.5. Let {T(t,s) :t > s} be an evolution process in a metric space X, with
pullback attractor {@(t):t € R} satisfying that for each z € X we have

lim dist(T(r+t,t)z,W(r+t)) =0,
and for every 6 > 0 there is 6’ € (0,6) such that

T(r +t, t)(O5-(W(t))) C Os(W(r+t)), for allr >OandteR.
Then, the function h: Rx X —Rgiven by

h(t, z) := sup dist (T(r + t,t)z, #%(r+t)), (t,z) ERx X,
r>0

is continuous (in both variables) and for each (t,z) € Rx X, the function [0, 00) 5

re h(r+t,T(r+t,t)z) € R is non-increasing with h(t,z) = 0 if and only if
z€ A(t).
Proof. Indeed, the proof of the fact that the function [0,00) srr h(r +t, T(r +
t,t)z) € R is non-increasing, for each z € X and t € R,is analogous to the proof
of the same property for the function k: R x X — R in Theorem 3.3. The proof
of the continuity can be done in the same way as in cases 2) and 3) in the proof of
the continuity of k in Proposition 3.4. oO

In the conditions of the two last results, using some ideas from [2], we can
improve the conclusion of Theorem 3.3 by proving the following theorem.

Theorem 3.6. Let {T(t,s):t>s} be an evolution process in a metric space X,
with pullback attractor {@(t):t € R} satisfying that for each z € X we have

Jim, dist(T(r+t,t)z,¢%(r+t)) =0,
and for every 6 > 0 there is 6’ € (0,5) such that

T(r+t,t)(Os(#(t))) C Os(W#(r+t)), for allr>OandteR.
Also, let (A, A*) be an attractor-repeller pair for {T(t,s):t > s} with

O.(A(t))N O,(A*(t)) =, for allt ER,
for some e > 0 and, furthermore, satisfying the following conditions:

(a) The conclusion of Lemma 2.10 holds considering neighborhoods of A in X,
that is, for each 6 > 0 there is 6’ € (0,6) such that

T(r +t,t)(Os(A(t))) C Os(A(r+t)), for allr>OandteR.
(b) For each t € R and z € X\(A(t) U A*(t)) we have

lim dist(T(r+t,t)z,A(r+t)) =0 or lim dist(T(r+t,t)z, A*(r+t)) =0.
T—Cco

Then, there exists a function f : Rx X —Rsatisfying the following four properties:
i) For each (t,z) € Rx X, the function [0,00) dre f(r+t,T(r+t,t)z) ER

is non-increasing.
ww) Ift € R and f, : X — R is defined by fi(z) := f(t, z), for each z € X, then

f,1 (0) = A(t) and f7'(1) No (t) = A*(t).
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iit) Givent€ Randz€ X, if f(r+t,T(r+t,t)z) = f(t,z) for allr > 0, then
z € A(t) UA*(t).

iv) f : Rx X —R is continuous (in both variables).

Proof. In fact, let k : R x X — R be the function given in Theorem 3.3 and
h:Rx X —R be the function given in Lemma3.5. Wedefine f : R x X — R by

f(t, z) := k(t,z) + h(t,z), (t,z) Ee Rx X.

It follows, immediately from the properties of h and k, that f is continuous
(in both variables) and that, for each (t,z) € R x X, the function [0,00) srr
f(r+t,T(r +t,t)z) € R is non-increasing.

Proof of zz). First, let z € A(t) C #(t), then h(t, z) = 0 and, by Theorem 3.3 we
have that k(t,z) = 0. Hence f(t, z) =0 and A(t) Cc f, (0). Conversely, if z € X is
such that f;(z) = 0, we have that A(t, z) = 0 and k(t, z) = 0, therefore z € &(t),
and by ii) in Theorem 3.3, z € A(t). This proves that f;'(0) C A(t). On the
other hand, if z € A*(t) C /(t) we have that h(t,z) = 0 and, thus, f(t,z) =
k(t, z) + h(t, z) = k(t, z) =1 and z € A*(t). It follows that A*(t) C f71(1)MN W(t).
Now, let z € &(t) with f(t,z) = 1. It follows that A(t,z) = 0 and k(t,z) = 1.

Therefore z € A*(t) and the proofofii) is complete.
Proof of iti). Let (¢,z) € Rx X with f(r+t,T(r+t,t)z) = f(t,z) for all r > 0,

if z € A(t) we have h(r+t,T(r+t,t)z) =0 for allr > O and k(r4+t,T(r+¢, t)z) =
k(t, z) for all r > 0 and, from iit) in Theorem 3.3, the conclusion follows. On the
other hand, if z € X\.¢%(t) then Jimdist(T(r +t,t)z, A*(r+t)) = 0. Indeed, if

that was not the case, by assumption lim dist(T(r +t,t)z, A(r +t)) = 0, and itis
easy to see that “

f(t,z) = lim f(r+t,T(r +t, t)z)_ (3.5)
= lim k(r+t,T(r+t,t)z)+ lim h(r+t,T(r+t,t)z) =0.

TCO T— co

Thus, k(t, z) = 0 and z € A(t) which is in contradiction with the fact that z €
X\@/(t). It follows that jimdist(T(r +t, t)z, A*(r+t)) =0. Now, using the same
reasoning as in (3.5), we obtain

fliz) = jim f(r +t, T(r + t,t)z)
= jim k(r +t,T(r +¢,t)z) + jim h(r +t,T(r+t,t)z)=1+0=1,

but this cannot be true since the fact that k(t,z) > k(r+t,T(r+t,t)z) for all r > 0,
implies 1 > k(t,z) > Jimk(r +t,T(r+t,t)z) = 1, that is, k(t,z) = 1, therefore

z € A*(t), contradicting z € X\/(t). This completes the proof. O

Remark 3.7. We note that the function h plays a fundamental role in the proof
of tii).

Finally, analogously to Theorem3.4 in[2], joiningall of the results in this section,
the following result holds.

Theorem 3.8. Let {T(t,s) :t > s} be a gradient-like evolution process with respect
to the isolated invariant families & = {E1,--: ,En}, reordered in the way described
in Theorem 2.9, and with pullback attractor {@/(t):t€ R} .
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Let A;(t) = UWE, fori sisnandter,
Assume thet the following conditions hold:

(S1) There exists 5 > 0 such that O.(A;(t)) 1 O.(Aj(t)) = 9, for alll <j<n
andteéR,

(S2) Given 6 > 0, there is 6’ € (0,5) such that

T(r +t, t)((t) MOs(A;(t))) C A(t +r) N O5(Aj(r +-2)),

forallr>0,1<j<nandteR.
Then, there exists a Lyapunov function V : Rx X — R with properties 1)-iti) of
Definition 3.1, and such that V(t, =x(t)) ={k—-1}, for allt € R andk =1,---,n

Moreover, if (S2) holds for neighborhoods of the A;'s in X and given (t,z) €
Rx X andl<j<n jimdist (T(r + t,t)z,Aj(r +t) U A¥(r + 1t)) = 0, then the
Lyapunov function V: Rx X —R can be chosen continuous in both variables.

4. NON-AUTONOMOUS PERTURBATIONS OF AUTONOMOUS EVOLUTION
PROCESSES

Now, wewill exhibit a class of examples to which our previous abstract theory can
be applied. This class consists of the non-autonomous perturbations of gradient-like
semigroups.

To begin with, we recall Theorem 3.9 in[5]:
Theorem 4.1. Let X be a metric space and, for each n € [0,1], let {T,,(t, s) :t > s}
be an evolution process on X with a pullback attractor {.%,(t) : t € R}. Assume
that the following conditions hold:

a U U&(t cl t.(a) «ett eh (t) is compac

(b) {Zo(t,s):t > s} is an autonomous evolution process and {To(t,0) = S(t):
t > 0} is a gradient-like semigroup relatively to the set of equilibria Ey =
{Yjo: sa :Uno}-

(c) For each n € (0,1), {T,(t,s) : t > s} possesses n isolated global solutions
Gi, ROX i=1,2,---,n, 7 € (0,1), and ;im sup sup d(E,,(t), Vio) =, 0+1<i<nteR
0.

(d) For each compact set K C Rt x X,

lim sup sup d(T,(t+s,s)z,To(t+s,s)x) =0.n-0* seR (t,r)eK

(e) There exist y > 0 and m€ (0,1) such that, if €&) : RR — X is a bounded solu-
tion of {T,(t,s):t > s} withn <

m
so that there exists to € R and somei €

{1,---,n} with
BoP dist (&,(t), ,,(R)) < m (resp. ab dist(€,(t), €7,,(R))

H), then limdnl) in(t)) = 0 (resp. limna(t) in(t)) = 0).

Then, there exists no € (0,m] such that, for each 7 € (0, Ho], {Ty (t, 8): t = s} is
a non-autonomous gradient-like evolution process with respect to the disjoint set of
isolated invariant families E, = {En nrnt
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The following lemma will be crucial to establish our main results in this section,
(see Lemma 3.1 in[7] for the proof).

Lemma 4.2. Let X be a metric space and {T,(t,s) :t > s}nejo,1) be @ family of
evolution processes on X with pullback attractors {.@/,(t) : t € R},e¢[0,1]. Assume
that conditions (a), (b) and (d) of Theorem 4.1 are satisfied.

Let {nr }cen be a sequence in (0,00) with np, 72), {tr}nen be a sequence in R
and {Ex}ren be a sequence in C(R,X) such that, for eachk EN, &:R—-X isa
bounded global solution for {T,(t,s):t > s}.

Then, there is a subsequence of {€;}zen, which we denote the same, and a global
solution €: R  @ for {To(t,0) = S(t): t > 0}, such that

lim sup d(&(t+t,),€(t)) =0, for each R > 0.
K-00 It<R

Let X be a metric space and, for each 7) € [0,1], {T;,(t,s) : t > s} an evolution
process on X with a pullback attractor {.o/,(t) : t € R} which satisfies conditions
(a)-(e) in Theorem 4.1. We suppose that the set of equilibria, £9 = {yj 9,--- . uno}:
of {To(t,0) = S(t) : t > O}, is reordered so that it is a Morse-Decomposition of
the global attractor ., as in Theorem 2.9 (see also Theorem 2.17 in [2] for the
autonomousframework).

For 7) € (0, 1], reordering the €, = {€T,,,--- ,€1,)} sothat sup sup d(&7,,(t), yjo)
l<i<nteRor70" 0, let Aon (t) = 2, Atyy(t) := {Ef,,()} and

Ajn(t) = Ayan (t) UW "(Gig (8) 5 = 2. am, (4.1)

for each ¢t € R. Also, for each 7 € [0,1], 1 <j <nandteR, let
Aj ,(t) = {z € &,(t): dist(T,(r + t,t)z, Ajn(r +t))7~> 0 asr — oo}. (4.2)

If we assume these constructions, we can prove the following results:

Lemma 4.3. Consider X a metric space and, for each n € [0,1], {T,,(t,s):¢ > s}
an evolution process on X with a pullback attractor {.%,(t):t € R} which satisfies
conditions (a)-(e) in Theorem 4.1. Assume that Eo = {yio,°-- , Yn} ts reordered
in such a way that it is a Morse-Decomposition for {To(t,0) = S(t) : t > 0} and
that E, is reordered in such a way that ms sup sup d(£7,,(t), vio) = 0.

70+1<i<nteR
Then, the families of Aj, and As, defined by (4.1) and (4.2) behave upper

semicontinuously as 7 — 07, that is,

lim sup dist(A;,,(t), Ajo) =0 (4.3)
n—0* teR

and
lim sup dist (Aj ,,(¢), Ajo) = 9 (4.4)

n—0* teR
for each j =1,2,-++ ,n
Proof. Indeed, thanks to the fact that Aj and A¥9 are disjoint compact sets (see
(2]) for all 7, we can pick e > 0 such that, for all 7 =1,2,--- ,n

O.(Ajo) Oc (A}o) = @. (4.5)
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First, we will prove that lim. max sup dist(Aj,,(¢), Aj,o) = 0. If this is not true,
n—0t1<jSnteR

there exists 6 € (0,€), 7 =1,2,--- ,n, a sequence {7 }xen in (0, 1] with n, ig Ot,
a sequence {7,}xen in R and a sequence {rx },en in X such that, for each k € N,
Lp € Aji, (Te) and

dist (x, Ajo) > é. (4.6)
Now, by the definition of A;,,(t), we can assume that there is i < j, fixed, such

that for each natural k, there is a global solution & :R— X for {Ty,(t,s):t > s}
with &;(7,) = v_ and

Jim d(6x(0), fn. (O) = 0. (4.7)

On the other hand, by hypothesis (c), it follows the existence of ns > 0 such
that, for all 7 < 75,

sre 6
sup dist(€7,(t), Aj,o) < 5"

Consequently, by (4.6) and (42), for each k there exists t, € R such that
dist (€;,(¢), Aj,0) < 6 for all t < tg, (4.8)

and
dist (&x (tk), Ajo) = 6. (4.9)

Thus, we define &e :R—-— X by E(t) := &(t+ t,), t € IR, and, by Lemma
4.2, we can assume that there is a global solution € : R — X for the semigroup
{To(t,0) = S(t) :t > 0} such that, for each R > 0

lim sup d(&(t), €(t)) = 0.
K-00 |ti<R

By (4.8), we have that dist(€(t), Ajo) < 6 for all t < 0 so, by (4.5), we must
have €(0) € Ajo, but (4.9) means that dist(€(0), Aj) = 6. This contradiction
proves (4.3).

Now, we prove that lim max sup dist(Aj,,(t), Ajo) = 0. If it does not hold,
n—0+1l<Sj<nteR

there exist J € (0,¢), 7 = 1,2,--- ,n, a sequence {m}xen in (0, 1] with m “= 0,

a sequence {7;}xen in R, and a sequence {z;};en in X such that, for each k € N,
rE E Aj ny (Th) and

dist (rz, Aj) 2 6. (4.10)
Now, by the definition of A*,,(¢) (and Theorem 4.1), we can assume that there

is 27 > 7+1, fixed, such that for each k € N, there is a global solution & :R — X
for {T,,(t,s) :t > s} with &(7) = av, and

tim d (E(t); Sn, (0) = 0. (4.11)

On the other hand, hyphotesis (c) implies the existence of n} > 0 such that, for
all n < 75,

6
sup dist (€7,(t), A*

9)
< =,sup dist(€i.n(0), Ajo)<5

whence, by (4.10) and (4.11), for each k € N, there exists t, € R such that
dist (£..(t), Ajo) <6 for all t > ty, (4.12)
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and

dist (€,(tx), Ajo) = 06. (4.13)

Thus, we define & : R > X by E(t) := &,(t +t,), t € IR, and, by Lemma
4.2, we can assumethat there is a global solution € : R — X for the semigroup
{To(t,0) = S(t) :t > 0} such that, for each R > 0,

lim sup d(&&(t), €(t)) =
K-09 tI<R

By (4.12) we have that dist(€(t), A¥) < 6 for all t > 0 and, as a consequence of
(4.5), we must have €(0) € Aj. But (4.13) implies that, and dist(&(0), Aj) = 6.

This contradiction proves (4.4) and completes the proof of the lemma. Oo

Lemma 4.4. Let X be a metric space and, for each n € [0,1], {T,(t,s) :t > s}
an evolution process on X with a pullback attractor {@,(t) :t € R} which satisfies
conditions (a)-(e) in Theorem 4.1. Assume that Eo = {yt ,°** Yn} is reordered
in such a way that it is a Morse-Decomposition for {To(t,0) = S(t) : t > O} and
that E,, is reordered in such a way that jim sup sup d(7,,(t), vio) = 0.

—0+1<i<nteR ,

If the families of local unstable sets { Wy p(&)(t)}nefo,1] behave lower semicon-
tinuously, then the families of Aj, behave lower semicontinuously as n — 0*, that
1s,

lim sup dist (Ajo, Aj,(¢)) = 0.
n—0* teR

If the families of local stable sets {W.,ieF)(t) A, ()}neo,4) behave lower semi-
continuously and T,(t,s) : A(s) — A(t) is injective for each t > s, n € [0,1],
then

lim
|, Sup dist (Aj.9, 5, n(t)*) =

n—0* teR

Proof. It follows analogously to the proof of Theorem 2.13 in [6]. Oo

Next we exhibit an example (pictorial) for which we have lower semicontinuity
of repellers but for which we do not have structural stability. The purpose of this
example is to show that the systems which satisfy the hypothesis imposedin the last
part of Lemma 4.4 are a larger class than that of the structurally stable systems.

Below, the figure labelled Oi.a corresponds to the perturbed attractor-repeller
pair (Aj,,,Aj,,) with Aj, pictured in black and Aj, pictured in red, 0 <7<5.
The figure labelled 0i.b correspondsto the limiting attractor-repeller (A;, A}) pair
with A; pictured in black and Aj pictured in red, 1 < i < 5. Of course A5,, (AG,,)
and As (Aj) correspond to the global attractor whereas Az ,, (Ao,,) and A} (Ao)
correspond to the emptyset.
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Proposition 4.5. Consider X a metric space and, for each n € [0,1], {T,(t,s) :

t > s} an evolution process on X with a pullback attractor {.o,(t) : t € R} which
satisfies conditions (a)-(e) in Theorem 4.1. Assume that €) = {yf o.°** YR} ts
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reordered in such a way that it is a Morse-Decomposition for {To(t,0) = S(t) :t >
0} and that €, is reordered in such a way that lim sup sup d(£j,,(t), yo) = 0.

1—0+1<i<nteR , ,

Then, there exists € > 0 and no > 0 such that

0.(Ajn(t)) NO.|U {G0}]=2
i=jtl

for each j =1,2,:--,n—1,t€R and 7n€ (0, nol.

Proof. Indeed, by Theorem 2.17 in [2], we can take ¢ > 0 such that, for each

j=1,2,---,n-—landteR
n

Ore(Aj0) Or|LJ {uZo}|= 2. (4.14)
i=j+1

We note that the proposition will be accomplished if we show the following
stronger conditions:

For each 6 € (0,¢] there is m5 > 0 such that

Aj,n(t) C O5(A5,0) (4.15)

and

U {Ejn(t)} COs U {yo} (4.16)
i=jt+l i=j+l

for all t € R, 7 =1,2,--- ,n—1 and 7 € (0, 75].
Clearly (4.16) follows from hyphotesis (c), and (4.15) is a direct consequence

from (4.3) in Lemma 4.3. This completes the proof of the proposition. O

Using Proposition 4.5 we can show that the sets A;,,, defined above, are all local
attractors for all suitably 7. This is proved in the following proposition.

Proposition 4.6. Let X be a metric space and, for each n € [0,1], {T,(t, s) :t = s}

an evolution process on X with a pullback attractor {./,(t):t € R} which satisfies
conditions (a)-(e) from Theorem 4.1. Assume that Ep = {yj9,°** ,¥n,o} ts reordered
in such a way that it is a Morse-Decomposition for {To(t,0) = S(t) : t > 0} and
that E, is reordered in such a way that lim sup sup d(€7,,(¢), yo) = 0.

n—0+1<i<nteR , ,

Then, there exists no > 0 such that the invariant family Aj, := {Aj.n(t) :

t € R} is a local attractor for the evolution process {T,(t,s) : t > s}, for each
J = 1,2; net ym and n € (0, 0].
Proof. Indeed, by Lemma4.3 and the proof of Proposition 4.5, we can choose € > 0,
6 € (0,¢] and mo > 0 such that

Aj.n(t) C O5(A;,0)

and

LU {6,0} c Os} LU {vio}
i=j+l i=j+l
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for each 7 = 1,2,--- ,n—1,¢€R and 7 € (0, mo], where € > 0 satisfies

n
Ore(Aj0) Or|(J {ufo}]= 2.

i=j+l

Thus, if Tj, is the trace of the family Aj,,, it follows that Tj, C O.(Aj,0) for
j =1,2,---,n—1 and 7 € [0,70], and therefore

O-(Tjn)VO-|LU {&,()}] =2 (4.17)
i=j+l

for each j = 1,2,---,n—1,t€R and 7€(0, no].
Now, for a fixed 7 € [0, no], let €, : R — X be a global solution for {T;,(t, s) :

t > s} with €,(t) € O.(Tj,,) for all t € R and, recalling that {T,(t,s):t> s} isa
gradient-like evolution process with respect to €, = {€]),°°: enn} for n € [0,70]
(by Theorem 4.1), let ¢ € {1,2,--- ,n} such that

_ lim d(é,(¢), Siin(t)) = 0.

By (4.17), we must have 7 < j, so &,(t) € W"(€7,,)(t) C Aj,n(t) for all ¢ € R, which
tells us that the family A;,, = {Aj;,,(¢) : t € R} is invariant and isolated for each
j=1,2,---,n and 7 € [0, no].

On the other hand, let €, : R — X be a global solution for {T;,(¢,s) : ¢ > s} with
7 € [0, no] and _jimdist (&,(¢), Aj.n(¢)) = 0. If to is such that dist(€,(t),Aj,,(t)) <

€ for t < to, as O-(Ajn(t)) NO.|LJ {€7,(t)}|= @ for all t € R, using the
i=j+1

above reasoning, we must have €,(t) € A;,,(¢) for all t € R, which shows that
W"(Aj,n)(t) C Aj,n(t) for each t € R. Now, the inclusion A;,,(¢) C W“(A;,,)(t),
for each ¢ € R, holds thanks to the invariance of the family A;,,, showing that
W"(Aj,m)(t) = Aj,n(t) for all ¢ € R, and completing the proof of the proposition. O

The separation property between the local attractor and its repeller is also satis-
fied for the class of the non-autonomous perturbation of a gradient-like semigroup,
this is what we will show in the next proposition.

Proposition 4.7. Let X be a metric space and, for each n € [0,1], {T,(t,s):t > s}
an evolution process on X with a pullback attractor {.,(t):t € R}, which satisfies
conditions (a)-(e) in Theorem 4.1. Assume that Eo = {yj9,-+ ,¥k,o} is reordered
in such a way that it is a Morse-Decomposition for {To(t,0) : t > 0} and that
€, is reordered in such a way that re eeeate d(&.,(t), vio) = 0. Consider the

families of local attractors and corresponding repellers defined in (4.1) and in (4.2).
Then, there exist € > 0 and no > 0 such that, for allt € R, 7 = 1,2,--- ,n and

7 € [0,0], we have

O-(Aj,,(t)) NO- (A;,,(t)) =.
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Proof. Indeed, thanks to the fact that Ajo and Ajo are disjoint compact sets (see
[2]) for all 7, we can choose € > 0 such that, for all 7 =1,2,---,n

Ore(Aj,0) Ore (A¥9) = B. (4.18)

By Lemma. 4.3, for each 6 € (0,¢] , there is m5 > 0 such that

Aj.n(t) C O5(Aj,0)

and

Aj,,(t) C O5(Ajo), (4.19)

for every  € [0, nf], real t € R and j = 1,2,--- ,n and the result easily follows. O

Theorem 4.8. Let X be a metric space and, for each n € [0,1], {T,,(t,s) :t > s}

a nonlinear evolution process on X with a pullback attractor {@/,(t):t € R}, which
satisfies conditions (a)-(e) of Theorem 4.1. Assume that &) = {yi9,--*,Yno} 18

reordered in such a way that it is a Morse-Decomposition for {To(t,0) :t > 0} and
that E, is reordered in such a way that lim sup sup d(&,,(t), Yo) = 0. Consider

n-0+1<i<nteR
also the families of local attractors Aj, = {Aj,n(t) : t € R} defined in (4.1), and
their associated repellers A; ,, = {A%,,(t):t € R} given by (4.2).

Then, there exists no > 0 such that for all n € (0,7o], 1 € R and j = 1,2,--- ,n
Ajn(t) 0 Aj_an(t) = {Gn}:

that is, the set Ey = {€},,--* ,&),,} determines a Morse decomposition of the
pullback attractor {0/,(t) : t € R} for {T,(t,s) : t > s} for each n € (0,0). In
particular, such Morse-Decomposition behaves continuously.

Proof. Indeed, it is clear that €7,,(t) € W“(&,,)(t) C Aj,n(t) for each 1 Sj <n,
t € Rand 7 € [0,1]. Now, using Proposition 4.5, let ¢ > 0 and mo > 0 be such that,
for allt ER, 2< 7 <nand 7€[0,7], we have

i=j
Ove (Aj—1,n(t)) A Ore (Uc) = 2. (4.20)

From(4.20) dist(T,(r+t, t)€} ,(t), Aj-in(t+r)) = dist(¢j,,(¢+r), Aj-1n(t+r)) 2 €

for all r > 0. Hence €;,,(t) € Aj_j,,(t) for all ¢ € R. Therefore, {&F,(t)} C

Ajm(t) O A¥_,,,(t) for every 7 € (0, mo], ¢€ Rand1<j<n.
Conversely, we note that, by Lemma 4.3, given 6 € (0,¢] there exists 75 > 0 such

that for all 7 € (0, 75], t € R and 1 <j <n we have that

Ajn(t) O51 q(t) C Og (Ajo) 1 Og (AZ_1 9)-j
Now, if the statement

Ajn(t) O Aj_y,(t) C {&,,(t)} for allt € R, 1 < j <n andfor all 7 > 0

suitably small
does not hold, there are 1 < j < n, a sequence {7 }xen in (0,1] with m — Ot, a
sequence {tx }xen in R and a sequence {z;}xen in X with zp € Aj.n, (te )MA*_1 », (te)
but 2, 4 et (t,) for all k € N. Hence, for each k € N, there exists a global solution
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& :R— X for {T,, (t,s):¢ > s} with &(t,) = z, and, we can assume that, there
arei <j andl>j, fixed, with

lim (Ex (4), Sn, (4) =0 and jim. A(Ex(t), Ef, (t)) =0.

Moreover, &(t) € Os (Ajo) 1 Og (Aj_, 9) for each k € N and t € R. Therefore,
if we choose, for suitably large k, 7 and o, with

d(Ex(t), vio) < ° for t < 7 and d(&x(t), yo) < ; for t > ox,

we must have yg, Yig € Os(Aj,0) 1 Os (A3_19)- Then, by (4.20), i= 1 = J, that
is, Yio = Yio = Yio thus im = chm = &.,. Which means that the solution &:IR — X is a homoclinic solution (because z, # €7,,, (tx) for every k), contradicting
the fact that {T),(t,s) : t > s} is gradient-like respect to E,, = {eT ie) ON Wer a Ts

completing the proof.

Definition 4.9. We say that the family {T,(t,s) : t > s}nejo,1) of evolution pro-
cesses in a metric space X is collectively asymptotically compact, if {T,, (ti +
Tk: Tk)&k}ken is relatively compact whenever {n, }ken is a sequence in (0, 1], {7%} een
is a bounded sequence in X, {ty}xen is a sequence in R* and {te}ken is a sequence
: : : k- 00 k—-00
in R with with m, —> 0 and t, —> o.
Lemma 4.10. Let {T,(t,s) :t > S} ne [0,1] be a family of evolution processes in a
metric space X with a corresponding family of pullback attractors {Ay }nefo,1) (=
{%,(t) : t € R}ye[0,1), which satisfies conditions (a) and (d) in Theorem 4.1. As-
sume that the family {Ty(t,s) :t > s}nejo,1) is collectively asymptotically compact
and that To(t, s) = S(t—s) for allt > s, where {S(t):t > 0} is a semigroup.

Let {An}nejo,1) = {An(t) : t € R} yef0,1) be such that Ay(t) C o&,(t) for every t €
R with Ao a local attractor for the semigroup {S (t) :t > 0} (that is, w(O-(Ao)) =
Ao for some € > 0).

If {An}nelo,1] is continuous at n = 0, that is,

lim sup d7(A,(t), Ao) = 0,
n-0+ teR

then, given 6 € (0,€), there exist 5’ € (0,5) and ns > 0 such that, for all n € [0, ns],
it holds

Ty (t, 8)(O5:(An(s))) C O5(A,(t)) whenever t > s.

Proof. If not, there are 6 > 0 and sequences {z;}jen in X, {7;}jen in (0, 1], {tj}jen
in R* and {7;};en in R such that n,; “—> 0*, t; "—> ov, dist (z;, Ay,;(7;)) < ci for
all j,

dist (T,,,(¢ + 7;,7j)2j,An,(t + 7))) < 6 for all t € [0,t;) and all 7 EN
and

dist (T,, (t; + Tj, Tj )23,An, (t; + T;)) = 6 for all jE N.

If, for each j, we now define €; : [-t;,00) > X by €;(t) := Ty, (t +t; + 7;,7;)2;,
from the collective asymptotic compactness and the uniform convergence in com-
pact sets (hypothesis (d)), it is not difficult to see that there exists a bounded global



26 FE. R. ARAGAO-COSTA, T. CARABALLO, A. N. CARVALHO, AND J. A. LANGA

solution &) : R — X for {To(t,0) = S(t) : t > 0} and a subsequence of {€}jen,
denoted the same, such that for all t, €o(¢) = lim €,(¢).

jroo
On the other hand, given t < 0, for all 7 big enough it holds

dist (€;(t), Ao) < dist(€;(t), An,(t + 7)) + dist(Ay, (t+ 7), Ao),

from where, by the upper-semicontinuity of {An} ne0,1]; we obtain that for all t < 0

dist(€o(t), Ao) < 6,

and from 6 = dist(€;(0), Ay,(t; + 7))) < dist(€;(0), Ao) + dist(Ao, An, (tj + 73),
by the lower-semicontinuity of {A,},¢(0,1]; it follows that dist(£o(0), Ao) = 6.

But, as 6 < e, then Apo attracts K = {£(t) : t < 0}, which contradicts the fact
that dist(& (0), Ao) = 6. Oo

Proposition 4.11. Let X be a metric space and, for each n € [0,1], {Ty (t,s) :

t > s} an evolution process on X with a pullback attractor {.%,(t):t € R}, which
satisfies conditions (a)-(e) in Theorem 4.1. Assume that Ep = {yio,°°: :Yno} is
reordered in such a way that it is a Morse-Decomposition for {To(t,0) :¢ > 0} and
that €, is reordered in such a way that lim sup sup d(¢.,(t); vio) = 0. Consider

n-0+1<i<nteR , ,

the families of local attractors and corresponding repellers defined in (4.1) and in
(4.2) and assumethat the families of local unstable sets {W," ,(€7)(t) }nejo,1] behave
lower semicontinuously.

Then, there exists no > 0 such that for every n € [0,0] and every j = 1,2,--+ ,n
the local atractor Aj, = {Aj,n(t) : t € R} satisfies the conclusion of Lemma 2.10
for a neighborhood of Aj, in X (see hypothesis (a) in Proposition 3.4).

Proof. Indeed, we fix 6; € (0,¢), 7 > 0 and 6; € (0,6) such that the conclusion
of Lemma4.10 holds, that is, for every 7 € [0,7] and each 7 = 1,2,--- ,n, we have

Ty (t, 8)(Os; (Aj,.n(8))) C O56, (Aj,n(t)) whenever t > s. (4.21)

On the other hand, from Lemma 4.4, there are 0 < 63 < 65 < 6; and 7 €
(0,m] such that Og, (Aj,n(s)) C Os, (Ajo) C Os: (Aj.n(s)) for each 7 € [0,9],
j =1,2,---,n and s € R. Hence, by (4.21), Wn (O5:(Ay,0), 8)" C O5,(Aj,n(s)) for
all real s, 7 € [0,72] and j =1,2,--: ,n.

It is clear that w,(O5,(Aj,0), 8) is contained in A;,)(s) for all s € R, otherwise,
there would be a global solution €: R — X with €(t) € O5,(A;,,(t)) for allt eR
and such that €(to) ¢ Aj,n(to) for some tp € R, but that contradicts the result of

Proposition 4.7.
Now w,,(Og,(Aj,0),t) attracts pullback O;,(Aj,0) and, given 6 > 0 andt € R,

there exists 7 > 0 such that

T,, (t,t — 7) 05, (Aj.n(t — T)) C O5(Aj,n(t))

for all 7 > 7%.

1p (O53, (Aj,0); 8) indicates the w-limit set of Oss, (Aj,o) in pullback sense and at time s respect
to the process {T;,(t,s) : t 2 s}. We have that the set w,(O; (Aj,0); s) attracts the set O35, (Aj.0)

in pullback sense and at time s (see [4]).
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From the continuity of the evolution process, choose 6’ € (0,min{d,5,}) such
that

Ti (t,t — 7)O5/(Ajn(t - 7) C O5(Aj,n(t))
for all 7 € (0, 7%].

This completes the proof of the proposition. oO

We nowconclude that the class of non-autonomous perturbationof a gradient-
like semigroup satisfies all the hypothesis that we have used to develop the abstract
framework in the previous section. We can therefore state the following:

Theorem 4.12. Let X be a metric space and, for each n € [0,1], {T,(t,s) :t >
s} an evolution process on X with a pullback attractor {#/,(t) : t € R}, which
satisfies conditions (a)-(e) in Theorem 4.1. Assume that €) = {Yio.°*' YR} is
reordered in such a way that it is a Morse-Decomposition for {To(t,0) : t > 0}
and that E, ts reordered in such a way that lim sup sup d(&?‘n(t): Yio) = 0.

n—0+1<i<nteR
Then, there exists jo > 0 such that for all n € [0,mo] the n-upla (€}yet” ven)
determines a Morse-Decomposition for the pullback attractor of {T,, (t, :): t> sh.
Furthermore, {T,(t,s) : t > s} is a gradient evolution process with respect to the
set Ey = {EF .y,°** , En}, Of isolated global solutions, in the sense of Definition 3.1,
with Lyapunov function V, : Rx X — R continuous in both variables and satisfying
V(t,y(t) =t—-1, for allt € R andi=1,---,n

4.1. Convergence of the Lyapunov functions. Now, following [3], we are going
to study the problem of continuity of the Lyapunov functions V, as 7 tends to zero.

Theorem 4.13. Let {T,(t,s) : t > s}nejo,1j be a family of evolution processes in
a metric space X with a corresponding family of pullback attractors {%}ne[o,1) =
{%,(t) : t € R}yc[0,1;, which satisfies conditions (a) and (d) in Theorem 4.1. As-
sume that To(t, s) = S(t — s) for allt > s, where {S(t) :t > 0} is a semigroup.

For each n € [0,1], let {A,} := {Ay(t) : t € R} be a local attractor for {Ty(t, s):t 2 s} with associated repeller {A} := {Aj (t) : t € R} and such that Ao(t) = Ao
where Ag is a local attractor for {To(t,0) = S(t): t > O}.

Suppose that {An}neor), {An }neto.aj, and {%}nejo,1) are continuous at n = 0,
that ts,

lim sup d7;(A,(t), Ao) = 0
n-0+ teR
lim sup dy (Aj (t), Ag) = 0

n—0+ teR

lim, sup dir oh (t), 2%) = 0
n—

Finally, for each n € [0,1], tes
fy, : Rx X — R be the Lyapunov function

associated to the attractor repeller pair (Ap, Aj) defined by

fin(t, z) = ky(t,z) + hy(t,z), (t,2) ER x X,
where

hy(t, 2) -= sup dist(T,(r +t, t)z,%,(t+r)), (t,z) ERx X,
r>0
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k,(t, z) == sup cisieAgl)
, (t,z) Ee Rx X.

r>0 dist(z, A,(t)) + dist(z, A*(t))

Then, for each compact subset K of X we have

lim sup sup |f,(¢, z) — fo(z)| = 9.
n—0* teR zeK

Proof. We split the proof into three steps:
Step 1: We have the following convergence

lim. sup sup |I,(¢, 2) — lo(z)| = 0.
n—0* teR zEX

Note that, for each 7 € [0,1], z€ X andteR
|dist(z, A,(t)) — dist(z, Ao)| < di(An(t), Ao) (4.22)

and

|dist(z, A¥(t)) — dist(z, AO)

Now, given 7 € [0,1], ¢ € R and z € X, we have

In(z,t) — lo(z)

_ [dist (z,A,,(t)) —dist(z,Ao)]dist(z,Aj)-+dist(z,Ao)[dist(z,Aj) — dist (z,A7(t))]
~ [dist (z, A,(t)) + dist(z, Ax(¢))][dist(z, Ao) + dist(z, A})]

< dy (Ax(t), AG): (4.23)

Since d(Ao, Ad) > pu for some p > 0, using that the families of local attractors
and their corresponding repellers are continuous, there exists 7 € (0,1) such that
d(A,(t), At (t)) = u, for all 7 € [0,4]. From (4.22) and (4.23)

1

Wnts 2) — lol)SSete, A, () + dist(a, Az(t))
[di(A,(t), Ao) + du(Az,(4); Ao)

1

yp [di(A,(t), Ao) + di(A5(d), Ao)|;

for each z € X and 7 € [0,7]. Hence

IA

Itn(t, 2) — lolz)| S “din An(t) Ao) +dy(A;(t), Ao],

for all t € R, z € X and 7 € [0,7]. From the continuity assumptions (onthe local
attractors and corresponding repellers) the uniform convergence (in R x X) of ly

to Ig follows.
Step 2: For every compact K C X we have

lim sup sup |k,(¢, z) — ko(z)| = 0.
n—0+ teR zeK

Indeed, given z € X we know, by Lemma 2.13-(iii) from [2], that S(t)z —

Ag U Aj, then, consider the following three cases:
Case 1: S(t)z —— Ag with lo(z) > 0.
Choose 0 < 6 < lo(z). Since lo : X — R is continuous, there is ao; > 0 such that

lo(O,(z)) € (4,1). From Step 1, there is a mo € (0,1) such that Iy(t, Oo, (z)) C

(8, 1] for all 7 € (0, yo] andt eR.
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Using again the continuity of lo : X — R, givn0<a< on there is a 6 > 0
such that l9(O5(Ao)) C [0,a). Now, from Lemma 4.10, there is a 6’ € (0, $) and
m € (0, 70] such that

Ty, (t, 8)(Os-(Ay(s))) C O4(A,(t)) whenever t > s, Vn € [0,m]. (4.24)
From the lower semicontinuity of {A,}nej0,1; at 7 = 0, there is m2 € (0,m] such

that
Ap COw(A n(t)) for all ¢ € R Wn € (0, no]. (4.25)

From the fact that To(t)z “=—$° Ao, choose tp > 0 such that To(to)z € Ow (Ao), and
from the continuity of To(to) : X — X choose a2 € (0, 01] such that Ta(to)(Ox 2(2))
Cc Os (Ao). From hypothesis (d), we can find 03 € (0, 9] and 73 € (0, 72] such that
for all 7 € [0,73] we have T;,(to + s,8)(Oo,(z)) C Ow (Ao) for all s € R. From this
and (4.25), we obtain that T;,(to + 5, 8)(Oo,(2 )c “Os(A n(t)) for all s € R and
t € R when7 € [0,73], and from (4.24), in particular, we conclude that

T,,(t + 8, 8)((Oo3(z)) € O4(A,(t + s)) for all t > to, 1 € [0,3] and s € R. (4.26)

On the other hand, observe that, from the uniform convergence of ln “= lp in
R x X, we obtain m4 € (0,73] so that, for each 7 € [0, m4], it holds 1,(t,Os(Ao)) C
(0, 2@) for all ¢ € R. Fromthe upper semicontinuity of {A, }ne{o,1} at 7 = 0, there
exists m5 € (0, 74] such that, if » € [0,75], then A,(t) C Osg(Ao) for all ¢ € R.
Therefore, O4(A,(t)) C O5(Ao) for all 7 € [0,75] and t € R. So | n(t,O4(Ay(7))) C
(0, 2a) for all:7 € [0,75] and t,7 in R. From (4.26), we have that

sup l,(t + s,T,(t + s,s)w) < 2a < 0 <1,(s,w) < k,(s,w),
t>to

for each 7 € [0,75], s € R and w € O,,(z) C Og,(z). Consequently ky(s,w) =
sup 1,(¢+ s,T,(t + 8,8)w) for all 7 € [0,75], s € R and w € O,,(z).

0<tK<to

Finally, given ¢ > 0, from Step 1, there exists ng € (0, 75] such that

l(t, 2) — lo(x)| < 5 for all 7 € [0,76], 2 € X andteER.
From the uniform continuity of the function lg : X — R, consider @ > 0 such thatif
z,xz' € X satisfy d(z,2’) < @ then |lo(x) — lo(2’)| < 5 so that, by the convergence
in (d), we can choose 77 € (0, 16] and o4 € (0, g3] such that

sup sup sup d(T,(¢+s,s)w,S(t)w) < @ for all 7 € [0, n7].
sER wEOg, (z) 0Xt<to

Thus
(l,(t + s,T,(t + s,s)w) — lo(S(t)w)| <

[l(t + 8, T,(t + 8, 8)w) — lo(T;,(t + s, s)w)| + |lo(T,(t + 8, )w) — lo (To( t)w)| <e,
for all w € O,,(z), t € (0, to], s € R and 7 € [0,77]. This implies that

sup sup |k,(s,w) — ko(w)| < € for all 7 € [0, nz], (4.27)
sER weOq, (z)

where a4 > 0 and 77 only depends on z € X ande> 0.
Case 2: Ip(z) = 0.
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Under these conditions, note that z € Ao and, consequently, ko(z) = 0.

Given e > 0, bythe continuity of lp : X + R, take 6 > 0 such that lo(O5(Ao)) C

(0,5
Now, the uniform convergence of (1,)nejo,1) to lo in R x X implies the existence

of mo € (0,1) such that

L,(t, O5(Ao)) € [0, 5) for each 7 € [0,7] and each t € R. (4.28)

By the upper semicontinuity of {Ay}nejo,1) at 7 = 0, we have the existence of

m € (0, 70] such that for all 7 € [0,m] and all t € R we have A,(t) C Os(Ao); from

which Os(A,(t)) C O5(Ao)if n € [0,m] and t € R. And from (4.28) we conclude

that for all 7 € [0,7]

In (ts Os (An(8))) € [0; 5) for all s,t € R. (4.29)

Choose 72 € (0,m] and 6’ € (0, 8), by Lemma 4.10, such that

T,(t, $)(O5:(An(s))) C Os(An(t)) whenever t > s and for all 7 € [0,72]. (4.30)

Finally, from the lower semicontinuity of {An}ye(o,1) at 7 = 0, there is a 3 €
(0, 72] such that

Ap C Ow (A,(t)) for all 7 € [0,73] andt € R. (4.31)

Thus, from (4.31) and (4.30), for 7 € [0,73], for s € R and w € Os (Ao) Cc

O,,(A,(s)), we have that T,(t + s, s)w € Os(A,(t + s)) for all t > 0. From (4.29)
it follows that

ky(s,w) = supl,(t + s,T,(t + s,s)w) <
t>0

for all 7 € [0,73], s € R and w € Ox (Ao). In particular,

mlm

sup sup |k,(s,w) — ko(w)| < € for all 7 € [0, ns], (4.32)
sER wEO gy (Ao)

where 6’ > 0 and 73 only depend on € > 0 and Apo.

Case 3: Ty(t)z “5° A®.

In this case ko(z) = 1. By the continuity of lp : X — R, given € > 0, let 6 > 0

such that
-2ylo(Os(Aa)) ¢ 1-5

30F
and, by the uniform convergence 1, = Ilo in R x X, take no € (0,1] such that

y(t, Os(As)) C (1 - =, 1] for all 7 € [0,70] and t ER. (4.33)

On the other hand, consider to > 0 such that To(to)z € Os (A$) and, from the
continuity of To(to) : X — X, take a, > 0 such that To(to)(Qo, (z)) € Os (A9). By
hypothesis (d), let m € (0,70) and o2 € (0,04] such that T;,(¢o + 8,8)(Os,(@)) C

O (A$) for all  € [0,m] and all s ER.
Finally, from (4.33) we deduce that / n(to+s, Ty(to+s, $)(Oo,(z))) C

<
1—4,1]2

all 7 € [0,7] and all s€ R. Thus, 1 — § <1, (to + ,T,(to + 8, s)w) w)- for
kn(s,w) <1
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for all w € O,,(z), s € R and 7 € [0,m]. This implies that |kn(s, w) — ko(w)| < €
for 7 € [0,m], s € R and w € O,,(z) and

sup sup |k,(s,w) — ko(w)| < e for n € [0, mi], (4.34)
sER weg, (z)

where a2 > 0 and 7 only depends on Aj and ¢€ > 0.
Now, joining the cases 1, 2 and 3, we have that:
Given a compact subset K C X and ¢ > 0, by (4.27), (4.32) and (4.34), there

exist an open subset U = U(e, K) C_X with K C U, and anindex n =n (e,K)>0
such that

sup sup [k,(s,w) — ko(w)| < € for all n € (0, 7’,
seR weU

from which we can conclude that lim sup sup |kn(s,w) — ko(w)| = 0.10+ scRwWEeK
Step 3: for every compact K C X we have

lim_ sup sup |h,(t, z) — Ao(z)| = 0.
n—0+ teR zEeK

Indeed, given z € X consider now twocases:
Case 1: dist(z,a) > 0.
Given a > 0 with 0 < a < dist(z,.@), let, by Lemma 4.10, a’ € (0,a) and

mo € (0,1) such that

Ty (t, 8)(Oa' (.&,(8))) C Oa(.%,(t)) whenever t > s, for all n € (0, no]. (4.35)
Choose to > 0 such that To(to)z € Ou (.%) and, by the continuity of To(to) :

X + X, let a, > 0 such that To(to)(O.(2) Cc Owa (GH).
Now, by hypothesis of convergence (d), let "é (0, 70] and a2 € (0,04] such

that T,,(to + s,s)(Oo,(z)) C Ou (o) for each 7 € [0,m] and each s € R, and,
by the lower semicontinuity of {hp }ne(o,1) at 7 = 0, choose m2 € (0,m] such that
MC Og: (%,(t)) for all n € [0,2] and t € R. Hence, Og (%) C Ogr(%,(t))
for 7 € (0, eal and ¢ € R. In particular, T;,(to + s, s)(O,,(z )) C Og (GH,(to + 8))
for all 7 € [0,2] and s € R. From (4.35) we obtain that T(t + 8,8)(O,,(z)) C
On(.%,(t + s)) for all n € [0, 79], all s € R andt> to. Catisequenely,

sup dist (T,, (t+ s, s)w, o,(t+s)) < a for all n € (0, m],s ER, w EO, 2(z). (4.36)t>to

Onthe other hand, for all w € X, all t € R and all 7 € (0, 1] we have

|dist (w, %,(t)) — dist(w,.%)| < du(%,(t), a). (4.37)

Then, we can choose 73 € (0, 72] and 03 € (0,02] such that dist(w, 0,»(t)) > @ for
all 7 € [0,3], £ € R and w € O,,(z). This and (4.36) implies that

sup dist(T,(t + s,s)w,.%(t+s)) < a < dist(w, %,(s)),
t>to

for all 7 € [0,3], s € R and w € O,,(z). So, hy(s,w) = sup dist(T,(¢ +
0<t<to

8,8)w,A,(t + s)) for n € [0,n3], s € R and w € O,,(z).
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Note that, for all w € X, 7 € [0,1], s € R and t > 0 we have that

|dist(T,(t + s,s)w, %,(t + s))—dist(S(t)w, %)| < du(m%,(t + s),%)
+ d(T, (¢ + s,s)w, S(t)w),

so that, for all 7 € (0, 73]

sup sup |h,(s,w) — ho(w)| < sup di(&,(s), 4)
sE€RweO,, (z) seR

+sup sup sup d(T,(t+s,s)w,S(t)w),
sERweO,,(z)0<tSto

and so, it is easy to see that, given e > 0 there exist o € (0, 03] and m4 € (0,73]
such that

sup sup |h,(s,w) — ho(w)| < € for all n € [0, m4].

sER wEO,(z)
Case 2: dist(z,.#%) = 0; that is, z € &H.

From Lemma 4.10, given € > 0, there are e’ € (0, §) and mo € (0, 1] such that

Ty(t, 8)(Oe(H%q(s))) C Og (2%,(t)) for each t > s and 7 € [0, no]. (4.38)

Also, since {.%,},)¢[0,1) is lower semicontinuous at 7 = 0, we can choose m €
(0, 0] such that .% C O4(&%,(s)) whenever 7 € [0,7] and s € R. It follows that

On (%) C O.1(%(s)) for all 7 € [0,m] and s € R. From this and (4.38) we have

that
T, (t, s)(O « ()) C Oz(%,(t)) if n € [0,m] and t> s.

Consequently, h,(s,w) = sup dist(T;,(t + s,s)w,.%,(¢ + s)) < § for all n € (0, m1]

t>0
and w € O,:(@), so that

2

sup sup |hy(s,w) —Ao(w)| < «€ for all 7 € [0, m].
sE€R weO ,, (fo)>

In these conditions, given « > 0 and z € X, there are 0 = o(e,z) > 0 and

7 = 1/(e,z) > 0 such that

sup sup |h,(s,w) — ho(w)| < for all n € [0,77].
sER weO,(z)

We now conclude the convergence lim sup sup |h,(t, z) — Ao(z)| = 0 by an argu-
n—0* teR zeK

ment similar to that of Step 2. This completes the proof. O

5. APPLICATIONS

In this section we consider some applications of the abstract results in the previ-

ous sections, and conclude that some non-autonomous evolutions processes possess
a Morse-Decomposition and, therefore, a Lyapunov function.

Example 5.1. Consider the the initial boundary value problem

Ut = Ure +ALy(t,u), & E (0,7), > 7

uz(0,t) = us(7,t) =0, > 7 (5.1)

u(:,T) = ¢0 € H4(0, 7)
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Where \ € [0,00),  € [0,1], f, € C?(R?,R) with f, satisfying:
1) There exists M > 0 such that fn: R? = R is such that fn(t, uu < 0 for all

(t,u) € R? with |u| > M. Suppose also that fo(t,u) = fo(u) for allt € R.
2) For each r > 0

lim sup sup {|fn(t,u) — fo(u)|+|(fn)u(t, u) — £6(u)|-+1(fy)unu(t, u) — f2/(u)|} = 0.10+ tER |ul<r

It is not difficult to see that, under these assumptions, problem (5.1) possesses a
pullback attractor {.o/,(t) :t € R}.

If (5.1) with n =0 has a finite number of equilibria, all of them hyperbolic. The
hypotheses of Theorem 4.12 are clearly satisfied and there exists No > 0 such that
{.%,(t) : t € R} has a Morse-Decomposition, and a continuous (uniformly in Rx K
for each compact subset K of Hé(0,7)) Lyapunov function V,: Rx Hd(0,7) -R
(in the sense of Definition 3.1).

Example 5.2. Consider a general cascade system of the form

tm = fi(ur)
u2 =  fo(uy, ue)

, (5.2)

Un = fn(ui,-** Un),

where f; : RJ > R, 1 <j <n, are C! functions. Assume that there is € > 0
such that fj(w1,--- ,u;)u; < 0 for all (w,--- ,u;) € R? such that |u;| > € and for
alll < 7 <n. Assumethat all equilibria of (5.2) are hyperbolic. It follows from
the results in [2] that the semigroup associated to (5.2) is gradient-like (therefore
gradient). Now we consider a small non-autonomous perturbation of the above
problem, that is,

wy = fi(ur) + gi(t,ui,-°: ; Urn)

Ug = fo(ur,u2) + go(t,ui,+++ , Un)"
(5.3)

Un = fn(ui,** ,Un) + 9n(t,u1,-** , Un).

If g;(t,-) : R" > R is a C!(R”, R) function with the property that

Oq;Batts Un)

is suitably small, it follows from the results in [5] that the evolution process {Ty (t, s)
: t > s} associated to (5.3) is gradient-like and, as a consequence ofthe results in
Section 4 that the pullback attractorof {T,(t, s) : t > s} has a Morse-Decomposition
and that there is a Lyapunov function for it.

n
sup sup loj(t, ui, -*- :Un)| + >>
teR (ui,-- ,un)ER” i=1

One can easily see that, cascade systems of semilinear parabolic problems can
also be considered.
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