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Autonomous dissipative semidynamical systems with
impulses

E. M. Bonotto* and D. P. Demuner

Abstract

In the present paper, we study the theory of dissipative impulsive semidynam-
ical systems. We define different types of dissipativity as point, compact, local
and bounded. The center of Levinson is defined for compact dissipative impul-
sive semidynamical systems and its topological properties are investigated. Also,
we present results giving necessary and sufficient conditions to obtain dissipativity,
and we include some examples to point out that the concepts of the different kinds
of dissipativity are not equivalent in general.

1 Introduction

The theory of impulsive dynamical systems play an important role to model real-
world problems in science and technology. This theory has been attracting the attention
of many mathematicians and the interest in the subject is still growing. In the last years,
the action of impulses on dynamical systems has been intensively investigated, see for
instance, [1, 6], [8, 16], [18] and the references therein.

In [7], the author develops the theory of autonomous dissipative dynamical systems.
Several types of dissipativity as point, compact, local, bounded and weak one, are given.
The center of Levinson of a compact dissipative dynamical system (X, 7, R), where X is
a metric space, is defined. Cheban shows that the Levinson’s center is the least compact
positive invariant set that attracts all compact subsets from X. Moreover, it is proved
in [7] that the center of Levinson is invariant and globally asymptotically stable, see [7,
Theorem 1.6] and [7, Theorem 1.8]. Results giving necessary and sufficient conditions to
obtain dissipativity are established, see for instance, Theorems 1.12, 1.13, 1.14, 1.15, 1.16,
1.17, 1.18 and 1.19 in [7].

In this paper, we present a systematical study of autonomous dissipative impulsive
semidynamical systems. We consider impulsive semidynamical systems of type (X, 7; M, I)
subject to impulse action which varies in time, where X is a metric space, (X, 7,R,) is a
semidynamical system, M is a non-empty closed subset of X that denotes the impulsive
set and I : M — X is the impulse function.

We generalize many results of [7] for semidynamical systems with and without im-
pulses. In some cases, we present different proofs for the results proved in [7]. Let us
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mention some of these results. Let (X, 7, R) be a dynamical system defined on a metric
space X (the reader should consult [7] for the notations). Consider the following lemma.

[7, Lemma 1.6] Let A C X and the set " (A) be relatively compact. If the positive
w—limit satisfies the condition w(A) C A, then w(A) = N{7*(A) : t € R}.

Cheban uses the invariance of w(A) to prove [7, Lemma 1.6]. However, this proof
does not apply for semidynamical systems since w(A) is only positively invariant in these
systems. We generalize this result for impulsive semidynamical systems and it is stated
in Lemma 3.8. When we consider the impulsive set M = @ in Lemma 3.8, we have the
non-impulsive case and we can state the following result.

Lemma 1.1. Let (X, 7,Ry) be a semidynamical system. Let A C X and the set 3. (A)
be relatively compact. If w(A) C A, then w(A) = N{x'(A) : t > 0}.

We also can use the proof of Lemma 1.1 to prove |7, Lemma 1.6].
In [7], the author considers a compact dissipative dynamical system and he defines the
center of Levinson for this system by

J:=w(K)=n{r"(K) : t € R},

where K is a non-empty compact set that is an attractor for compacts subsets from X. It is
proved that J does not depend on the choice of the set K attracting all compact subsets of
the space X. Again, the invariance of limit sets is used to get the result. Our Lemma 3.10
generalizes this result for impulsive semidynamical systems and semidynamical systems
(M = 0). We can use positive invariance instead of invariance to proof that J does not
depend on the choice of the set K in [7]. Indeed, we can use the proof of Lemma 3.10 by
considering M = 0.
Let Q = U{w; : z € X} and set J*(Q) by

JHQ) = m ﬂU{’/T(B(Q,ﬁ),T) g 7 2> bk

e>0¢>0

see [7] for details. Cheban proved the following corollary.

[7, Corollary 1.4] If (X, 7, R) is point dissipative, Q # @ and it is compact, then
QcCJQ).

We show that the inclusion Q@ C J*(Q) holds in general, that is, we do not need the
conditions that (X, 7, R) is point dissipative and 2 is compact. By following the proof of
Proposition 3.3 presented in subsection 3.3, we can state:

Proposition 1.1. Let (X, 7, R) (X, 7, R,)) be a dynamical system (semidynamical sys-
tem). Then Q C JH(Q).

Proposition 3.3 is a version for impulsive semidynamical systems.
Some results from this paper point out other directions to get new proofs for the
results presented in [7], for instance, the proof of Theorem 3.7 gives a different proof to
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[7, Theorem 1.11]. Furthermore, when we consider our systems with M = @, this paper
present a theory of autonomous dissipative semidynamical systems (without impulses).

In the next lines, we describe the organization of the paper and the main results.

In the first part of this paper, we present the basis of the theory of impulsive semidy-
namical systems. We divide section 2 in three parts. In Subsection 2.1, we give some basic
definitions and notations about impulsive semidynamical systems. In Subsection 2.2, we
discuss the continuity of a function which describes the times of meeting impulsive sets.
In Subsection 2.3, we give some additional useful definitions.

The second part of the paper, namely Section 3, concerns the main results. Subsection
3.1 deals with various properties about limit sets. In Subsection 3.2, we define the concept
of several types of dissipativity for the impulsive case (in the sense of [7]). We define the
center of Levinson for a dissipative compact impulsive semidynamical system (X, 7; M, I)
and we prove that this center is positively invariant, compact, orbitally stable and it is
the attractor of the family of all compacts of X, see Theorem 3.1. In Theorem 3.4, we
prove that J is globally asymptotically stable.

In Subsection 3.3, we investigate criteria to obtain compact dissipativity. In Theorem
3.6, we present a version of Ura’s Theorem for impulsive semidynamical systems defined
in a metric space not necessarily locally compact. The results that give necessary and suf-
ficient conditions to obtain compact dissipativity are presented in Theorem 3.8, Theorem
3.9, Theorem 3.10 and Theorem 3.11.

Subsection 3.4 deals with local dissipativity. Since compact dissipativity does not
imply in local dissipativity (see Example 3.5), we state sufficient conditions to assure this
result, see Theorems 3.12, 3.13, 3.14 and 3.15.

2 Preliminaries

In this section we present the basic definitions and notations of the theory of impulsive
semidynamical systems. We also include some fundamental results which are necessary
for understanding the basis of the theory.

2.1 Basic definitions and terminology

Let X be a metric space and R, be the set of non-negative real numbers. The triple
(X, m, R,) is called a semidynamical system, if the function 7 : X x Ry — X is continuous
with 7(z,0) = « and 7 (n(x,t),s) = n(z,t +s), for all x € X and ¢,s € Ry. We denote
such system simply by (X, 7). For every x € X, we consider the continuous function
7. Ry — X given by 7. (t) = m(x,t) and we call it the motion of x.

Let (X, 7) be a semidynamical system. Given z € X, the positive orbit of x is given
by 7t(z) = {n(z,t) : t € Ry}. Fort > 0 and ¢ € X, we define F(z,t) = {y € X :
7(y,t) = x} and, for A C [0,+00) and D C X, we define

F(D,A) = U{F(z,t):z € D and t € A}.

Then a point & € X is called an initial point, if F'(x,t) = @ for all ¢ > 0.



Now we define semidynamical systems with impulse action. An impulsive semidynam-
ical system (X, m; M, I) consists of a semidynamical system, (X, ), a non-empty closed
subset M of X such that for every z € M, there exists e, > 0 such that

F(z,(0,e;))NM =0 and m(z,(0,e;))NM =0,

and a continuous function 7 : M — X whose action we explain below in the description
of the impulsive trajectory of an impulsive semidynamical system. The points of M are
isolated in every trajectory of system (X, ). The set M is called the impulsive set and
the function 7 is called impulse function. We also define

M*(z) = (nt(z) N M)\ {z}.

By [6], Lemma 2.1, the impulsive set M is a meager set in X.

Given an impulsive semidynamical system (X, 7; M, I) and © € X such that M*(z) #
f, it is always possible to find a smallest number s such that the trajectory 75(t) for
0 <t < s does not intercept the set M. This result is stated next and a proof of it can
be found in [1] and in [14].

Lemma 2.1. Let (X, m; M, I) be an impulsive semidynamical system. Then for every
r € X, there is a positive number s, 0 < s < +oo, such that w(z,t) ¢ M, whenever
0<t<s, and w(z,s) € M if M+ (x) £ 0.

Let (X, 7; M, I) be an impulsive semidynamical system. By means of Lemma 2.1, it
is possible to define a function ¢ : X — (0, +o0] in the following manner

Bl s, if 7(z,s) € M and 7(z,t) ¢ M for 0 <t < s,
T Hoo, if Mt (2) = 0.

This means that ¢(z) is the least positive time for which the trajectory of z meets M.
Thus for each x € X, we call n(z, ¢(z)) the impulsive point of .

The impulsive trajectory of x in (X, 7; M, I) is an X —valued function 7, defined on the
subset [0, s) of R, (s may be +00). The description of such trajectory follows inductively
as described in the following lines.

If M*(z) = 0, then 7,(t) = n(z,t), for all t € Ry, and ¢(z) = +o00. However if
M*(x) # 0, it follows from Lemma 2.1 that there is a smallest positive number s, such
that m(z, s0) = 1 € M and 7(z,t) € M, for 0 < t < sy. Then we define 7, on [0, so] by

~ m(x,t), 0<t<s
wx(t>={§ ; :
Ty, t = s,

where & = I(z;) and ¢(x) = so. Let us denote = by z.

Since sg < 400, the process now continues from zi onwards. If M*(zF) = (), then we
define T, (t) = m(af,t — so), for so < t < 400, and ¢(aF) = +00. When M*(z}) # 0,
it follows again from Lemma 2.1 that there is a smallest positive number s; such that



m(af,s1) = w3 € M and 7w(af,t — so) € M, for sop < t < sp+ s1. Then we define 7, on
[s0, S0 + s1] by
- m(zi,t —s0), so<t<sp+s
33;—, t = sg + 81,

where 2§ = I(w,) and ¢(z) = s1, and so on. Notice that 7, is defined on each interval
[tn, tnt1], where t,1 = Y i si. Hence T, is defined on [0, ¢,11].

The process above ends after a finite number of steps, whenever M+ (z}) = 0 for some
n. Or it continues infinitely, if M (z;}) # 0, n=1,2,3,..., and in this case the function
7, is defined on the interval [0,T(z)), where T(z) = > 0y si.

Let (X, m; M, I) be an impulsive semidynamical system. Given x € X, the impulsive
positive orbit of x is defined by the set

Trz) = {Tlz,1) : t € [0, T(z))}.

Analogously to the non-impulsive case, an impulsive semidynamical system satisfies
standard properties which follow straightforwardly from the definition. See the next
proposition and [2] for a proof of it.

Proposition 2.1. Let (X,m; M, 1) be an impulsive semidynamical system and x € X.
The following properties hold:

q) Tie, 0] ==,
b) 7(7(z,t),s) = 7T(x,t+s), for allt,s € [0,T(x)) such that t + s € [0, T(x)).

For details about the structure of these types of impulsive semidynamical systems, the
reader may consult [1, 6], [8, 10] and [14, 15].

2.2 Semicontinuity and continuity of ¢

The result of this section is borrowed from [8]. It concerns the function ¢ defined
previously which indicates the moments of impulse action of a trajectory in an impulsive
system. Such result is applied sometimes intrinsically in the proofs of the main theorems
of the next section.

Let (X, 7) be a semidynamical system. Any closed set S C X containing = (z € X)
is called a section or a A-section through z, with A > 0, if there exists a closed set L C X
such that

(a) F(L,\) =S,
(b) F(L,[0,2)]) is a neighborhood of z;
(c) F(L,p)NF(L,v)=0,for 0 < p<v < 2A

(@2}



Figure 1: The A-tube F(L, [0,2)]).

The set F/(L,[0,2]]) is called a tube or a A-tube and the set L is called a bar, see Figure
1. Let (X, 7) be a semidynamical system. We now present the conditions TC and STC
for a tube.

Any tube F(L,[0,2)\]) given by a section S through z € X such that S € M N
F(L,[0,2X]) is called TC-tube on z. We say that a point 2 € M fulfills the Tube Condition
and we write (TC), if there exists a TC-tube F(L,[0,2)]) through z. In particular, if
S =MNF(L,[0,2)]) we have a STC-tube on x and we say that a point z € M fulfills the
Strong Tube Condition (we write (STC)), if there exists a STC-tube F'(L, [0,2)]) through

The following theorem concerns the continuity of ¢ which is accomplished outside M
for M satisfying the condition TC. See [8, Theorem 3.8].

Theorem 2.1. Consider an impulsive semidynamical system (X, m; M, I). Assume that
no nitial point in (X, ) belongs to the impulsive set M and that each element of M
satisfies the condition (T'C'). Then ¢ is continuous at x if and only if v & M.

Remark 2.1. Suppose the conditions of Theorem 2.1 are true. Although the function 7
is not continuous, by the continuity of the impulse function I : M — I(M) and function
¢, we can obtain the following result: Suppose z € X \ M. Given € > 0, for each
k=0,1,2,.... and t € [0,$(z])], there is a §; > 0 such that p(m(a},t),7(y;}, 1)) < ¢
whenever p(y;", #;) < 6 (p is a metric in X and x§ = z). This result is applied in the
proofs of the main theorems of the next section.

2.3 Additional definitions

Let us consider a metric space X with metric p. By B(z, §) we mean the open ball
with center at z € X and ratio 6 > 0. Given A C X, let B(A4, §) = {z € X : p(z, A) < 4}
where p(z, A) = inf{p(z, y) : y € A}.

Let C'(X) be the collection of all compact subsets from X and B(X) be the collection
of all bounded subsets from X.

Let A and B be bounded subsets from X. We denote by (A, B) the semi-deviation
of A to B, that is, 5(A, B) = sup{p(a,B) : a € A}.



Let (X, m; M, I) be an impulsive semidynamical system and A C X. We define
7t(A,[0,s]) = U {7(z,t): 0 <t < s} for s> 0. Also, we define
TE€EA

7t (A) =7 (z) and TH(At)= |7 (1)

TEA T€EA

for each t > 0. If 77 (A) C A, we say that A is positively 7—invariant.

3 The main results

In this section, we present the main results from this paper. We divide this section
in four subsections. In the first one, we present some basic properties of limit sets. In
the second subsection, we define the concept of dissipativity for impulsive semidynamical
systems and we study the center of Levinson for compact dissipative systems. In the third
subsection, we study criteria to obtain compact dissipativity. Finally, in the last one, we
establish necessary and sufficient conditions to obtain local dissipativity.

Throughout this section we shall consider an impulsive semidynamical system
(X,m; M, T), where (X, p) is a metric space. Moreover, we shall assume the following

?

additional hypotheses:

(H1) No initial point in (X, m) belongs to the impulsive set M and each element of M
satisfies the condition (STC), consequently ¢ is continuous on X \ M (see Theorem
2.1).

(H2) M NI(M)=9.

(H3) For each x € X, the motion 7(z,t) is defined for every ¢t > 0, that is, [0, +00)
denotes the maximal interval of definition of 7,. By following [14], the impulsive
systems where the motion 7(z,t) is defined for all ¢ > 0 are the most important and
interesting, and, moreover, in many cases we may restrict ourselves to such systems
(because of the existence of suitable isomorphisms), due to the paper [10].

3.1 Limit sets
Definition 3.1. Let (X,m;M,I) be an impulsive semidynamical system and A C X.
The limit set of A is represented by L (A) = m U T(A, 7). If A= {z}, weset LT(z) =
t>07>t
L*({a}).
By the Definition 3.1, we have the following straightforward result.
Lemma 3.1. Let (X,m; M, I) be an impulsive semidynamical system and A C X. Then

Lt(A) = {y € X : there exist sequences {Tn}n>1 C A and {t,}n>1 C Ry

such that t, "=5° 400 and (T, tn) " y}.



Next, we mention an important lemma that will be very useful in the next results.
The reader may consult [2] for a proof.

Lemma 3.2. Given an impulsive semidynamical system (X, m; M, I), suppose w € X\ M

and {z, }n>1 is a sequence in X which converges to the point w. Then, for anyt > 0, there

. g n—-+oo ~ n—-+0o0o
exists a sequence of real numbers {e, }n>1, with &, — 0, such that T(zn, t+e,) —

7(w, t).

In Lemma 3.2, when 7(w, t) # w‘.L = [(w;) for every j = 1,2,3,..., the convergence

n—-+0oo

T(2zn, t+en) — 7(w, t) does not depend on the sequence {&, }n>1, that is, T(z,, t) "—s°

7(w, t), whenever t # Z ¢(wy) for every k = 0,1,2, .... Recall that w = wg. We present
j=0
this fact in the next lemma whose the proof is in [5, Lemma 3.3].

Lemma 3.3. Given an impulsive semidynamical system (X, m; M, I), suppose w € X\ M
and {zn}n>1 is a sequence in X which converges to w. Then, for any t > 0 such that

t Z(/) w)), k=0,1,2, ..., we have T(zy, t) "2E° F(w, t).

It is clear that Z*(A) is closed in X by the Definition 3.1. In general, the invariance
of L*(A) is not true, see Example 3.1 in (3], for instance. The next lemma concerns the
invariance of the limit set and its proof follows the ideas of the proof of [15, Lemma 2.6],
by using Lemma 3.2 above.

Lemma 3.4. Let (X m; M, I) be an impulsive semidynamical system and A C X. If
L A)NM =0 then L*( A) is positively T—invariant.

Analogously to the continuous dynamical systems [7, Lemma 1.3], we have the next
lemma to impulsive semidynamical systems.

Lemma 3.5. Let A C X. In the impulsive semidynamical system (X, m; M, I) the fol-
lowing conditions are equivalent:

n—-+oo

a) for every sequences {Tn}n>1 C A and {t,}n>1 C Ry such that t, "= +oo, the
sequence {T(xn, tn) }u>1 is relatively compact;

b) Z+(A) s non-empty, compact and the following equality

lim_sup p(7(z,t), L*(4)) = 0,

t—00 TEA
holds;

c) there exists a non-empty compact subset K C X such that

lim sup p(7(z,t), K) = 0.

=400 zca



Proof. Tt is easy to sce the implications (b) = (¢) = (a). The proof that (a) implies (b)
follows similarly as in [7, Lemma 1.3]. O

Let A C X be given. In the sequel, we give conditions to obtain the relative compact-
ness of 77 (A). But before that, we prove an auxiliary result.

Lemma 3.6. Let A C X be non-empty and relatively compact. The set (A, |0,(]) is
relatively compact in X for each ¢ > 0.

Proof. Let {yn}n>1 C T(A,[0,£]). Then, there are sequences {a,}n>1 C A and {t,}n>1 C
0, £] such that y, = T(an,t,). Since A is relatively compact and {t,},>1 is bounded, we
may assume without loss of generality that

n—+oo n—-+oo 7
an, — a and t, — t,

where a € A and £ € [0, £]. We have two cases to consider: when a € M and when a ¢ M.
Case 1) a ¢ M. In this case, we need to consider when 7(a,?) € M and when
7(a,t) ¢ M.
First, suppose 7(a,t) ¢ M. If 0 <t < ¢(a) then 7(an, t,) "ZX%° %(a,1). Let us suppose

k
t > ¢(a). Then there is k € N such that ¢ = Zd)(uj) + s where 0 < s < ¢(a;,). Since
7=0
¢ is continuous on X \ M, we can find a sequence {s,},>1 C Ry such that

k
ln = Z ¢((a’n);-) + S,

J=0

n—-+o0o n—-00

n=12...,and s, —> s. By the continuity of I we have (a)i,;
0,1,2,..., and

o
Uppr, k=

T(ans tn) = m((an)if1s sn) — W(a:-i—l’ s) = 7(a, ).

k
Now, if 7(a,f) € M, then there is k € N such that ¢ = Zqﬁ(aj). Here, we need to
=0

consider two cases: when t,, < 7 for infinitely many n and when t,, > % for infinitely many
n. We are going to consider without loss of generality the cases: when ¢, < t for each
n € N and when t,, > for each n € N.

First, suppose t, < I for each n € N. There exists a sequence {s,}n>1 C [0, ¢(a])]
such that

>
|
—

ta=sn (fk=0) or ta=) o((an)f)+8, (ifk=1,2,..)

<.
Il
=}

n=1,2,..., and s, "=5° ¢(af). Then

n—-+0oo

T(an, tn) = W((an):: Sn) = ﬂ(a;, ¢(a:)) = Qk+41-



On the other hand, if ¢, > t for each n € N, there is a sequence {sn}n>1 C Ry such that

th = Z (]5(((171);_) + Sn,

7=0
n=12 ..., and s, "=5°0. Then
= — 4
T(an, tn) = W((an)ltf-l’ Sn) =R 7r(a;:+1’ 0) = G,Z,LH.

Case 2) a € M. Since M satisfies the condition STC (see hypothesis (H1)), there exists
a STC-tube F(L, [0,2)]) through a given by a section S. Since the tube is a neighborhood
of a, there is 7 > 0 such that

B(a,n) C F(L,[0,2]]).
Denote A; and A, by
Ay =F(L,(X\2X])N B(a,n) and Ay = F(L,[0,)\]) N B(a,n).

We need to study the cases when a, € A; for infinitely many n and when a, € A, for
infinitely many n. Again, we are going to consider without loss of gencrality the cases:
when {an}n>1 C Ay and when {a,},>1 C A,.

Let us suppose that {an},>1 C A;. Note that ¢(a,) "=5° 0 and I(a) ¢ M by
hypothesis (H2). If 7(/(a),t) ¢ M and 0 <t < ¢(I(a)) then

T(an, ty) "7 7(I(a),t),

k
but if £ > ¢(I(a)), then there is k¥ € N such that 7 = Zd)([(a)j) + s, where 0 < s <
=0
¢(I(a)f,,). Thus, there exists a sequence {s,}n>1 C Ry such that

k+1

tn = Z (b((a'n);_) + Sn,

=0

n=12...,and s, "=5° 5. By the continuity of I we have (an)ii n2ge (I(a)){,

k= 0,1,2,.,.. and

%(U'm tn) = W((an)l-:+2a Sn) e W(a;c:-la 5)~
k
But, if 7(I(a),t) € M, then there is k € N such that 7 = Z ¢(I(a)f). As we did before,
=0

we need to study the cases when ¢, < t for infinitely many n and when t,, > # for infinitely
many n. By supposing that ¢, <7 for all n € N, we can find a sequence {s,}n,>1 C R,
such that

A
tn =Y $((an)]) + sn,

7=0
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n=1,2..., and s, "=5° ¢(I(a)}). Then

#(ans ) = 7((@n)f1nr 8n) "7 w(I(@)F, 9(@)})) = I(@sr.

Analogously, if we assume without loss of generality that t, > ¢ for all n € N, we conclude
that
T(n, tn) e ](a)z_ﬁ—l'

In the last case, we assume {a,fn>1 C Az. If T(a,t) ¢ M and 0 <% < ¢(a) then

7(an, tn) foe n(a,t),

k
but if £ > ¢(a) then there is k € N such that ¢ = Z ¢(af) + s, where 0 < s < ¢(a),,).

=0
Thus
T(an, tn) 5" T(ag, ;) 9)
k
But, if 7(a,) € M, there is k € N such that ¢ = Zqﬁ(aj). We also have two cases to
=0

consider: If we assume without loss of generality that t, <7 for all n € N, then

) n—-+00 +

%(am tp) — ’ﬂ'((,Lk ) ¢(al—i_>) = Qk+1-

If t, >t for all n € N, then

T(an, tn) e altﬂ'

Therefore, {T(an, tn)}n>1 is convergent and the lemma is complete. a
Proposition 3.1. Let A C X be non-empty and relatively compact. If Z+(,4) s non-
empty, compact and _

lim sup p(7(z, 1), LT (A)) =0,

t—=+00 zeA

then ™ (A) is relatively compact.

Proof. By the statement, given ¢ > 0 there exists ¢ = £(¢) > 0 such that
Ac=J7(A,t) c B(L¥(A),¢).
t>t

Then
/\(:ﬁﬂ-(A)) =A (%(A’ [078]) U Ae) = m'aa:{/\(%(A: [0’ f])), )‘(AE)}a

where A(B) denote the measure of non-compactness of Kuratowsky of the set B € B(X),
sce [17] for instance. By Lemma 3.6, the set 7(A,[0,¢]) is relatively compact. Thus
A(7(A,[0,4))) = 0 and

AT (A)) = AAe) < 2e.

Hence, A\(7*(A)) = 0 and 7+ (A) is relatively compact. O
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3.2 Dissipative impulsive semidynamical systems and the center
of Levinson

We start by defining the concept of dissipativity for an impulsive semidynamical
system. The study of dissipativity for dynamical systems without impulses may be found
in [7].

Definition 3.2. Let 9 be a family of subsets from X. An impulsive semidynamical
system (X, 7; M, I) is called 9—dissipative if there exists a set K C X such that for
every ¢ > 0 and A € M there exists {(¢, A) > 0 such that 7(A,t) C B(K,¢) for all
t > (e, A). In this case, the set K is called an attractor of the family 9.

By following [7], the most important applications occur when K is bounded or compact
and M = {{z} : v € X}, or M = C(X), or M = {B(x,d;) : = € X, 6, > 0} or
M = B(X). From now, we are going to consider 9t = {{z} : € X} and we shall drop
out the symbol 971.

In the sequel, we define some types of dissipativity for impulsive semidynamical sys-
tems.

Definition 3.3. An impulsive semidynamical system (X, 7; M, I) is called:

1. point dissipative if there exists a subset X C X with K N M = () such that for every
x € X the limit
tli? p(m(z,t), K) =0 (3.1)

holds;

2. compact dissipative if the equality (3.1) takes place uniformly with respect to z on
the compact subsets from X

3. locally dissipative if for any point € X there exists d, > 0 such that the equality
(3.1) takes place uniformly with respect to y € B(z, d,);

4. bounded dissipative if the equality (3.1) takes place uniformly with respect to x on
every bounded subset from X.

Definition 3.4. If K is compact in the Definition 3.3, the impulsive system (X, 7; M, I)
will be called k—dissipative.

The next result says that an impulsive semidynamical system is compact k—dissipative
whenever it is local k—dissipative. The reader may see |7, Lemma 1.5] for a proof.

Lemma 3.7. Let (X, 7; M, I) be a local k— dissipative system, then it is compact k— dissi-
pative.

From the Definition 3.3 and Lemma 3.7, we have the following implications
bounded dissipativity = local dissipativity = compact dissipativity =

= point dissipativity.

12



We shall show that point dissipativity does not imply in local dissipativity in general. We
will present an example to show this fact in the last subsection.

Next, we are going to define the center of Levinson of an impulsive semidynamical
system. Before that, we present some auxiliaries results.

Lemma 3.8. Let A C X be a set such that 7T (A) is relatively compact. If ANM =0
and LT (A) C A, then B
LtT(A) =n{7(4,t): t > 0}.

Proof. By the definition of L*(A) it is enough to prove that L*(A) c n{F(A,t) : t > 0}.
Let y € LT(A) and t > 0 arbitrary. Thus there exist sequences {Z,},>1 in A and

n—+oo

{tn}n>1 C Ry such that ¢, — +oc and
T, ) "0y (3.2)

Take a positive integer ng such that ¢, > t for all n > ng. Since 7(zn,t, —t) € T7(A) for
n > ng and 7+ (A) is relatively compact, we may assume that

) n—-+oo

T(@n,tn —t) — B,

for some p € 7+ (A). Note that p € L+(A) because t, —t "7 +oc.

Since Lt(A) € A and A is relatively compact, we have Z+(A) compact. By the
condition AN M = @, it follows that L*(A) is positively #—invariant (see Lemma 3.4)
and there is 7 > 0 such that B(L*(A),n) N M = §. Then

#(a,t) = (a,t) € L*(A)

for all a € LT(A) and for all t > 0, that is, #(a) = +oco for all a € L*(A). By Lemma 3.3

we have
n—-+oo

%(’T‘F(mnatn _t)’t) = ’7?<pat)7

that is,

T (T, tn) =57 T (p, t). (3.3)
By (3.2) and (3.3), we get y = 7(p,t) € T(A,t). Since t is arbitrary, y € 7(A,t) for all
t > 0. The proof is complete. O

Let (X,m; M, I) be compact k—dissipative and K be a non-empty compact set such
that K N M = ( and it is an attractor for all compact subsets from X. Then for every
compact A C X the equality

lim sup p(7(z,t), K) =0 (3.4)

t—+00 zcA
holds. By Lemma 3.5, we have E+(A) non-empty, compact and

lim sup p(F(z,t), LT(A)) = 0,
t=+00 g4
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Thus by Proposition 3.1 the set 77 (A) is relatively compact. By taking A = K in (3.4)
we get LT(K) C K and 71 (K) is relatively compact, and consequently by using Lemma
3.8 it follows that L*(K) = N{7(K,t): ¢t > 0}. Let us denote J by

J = L*(K) = n{7(K,t) : t > 0}.
By using the previous information, we can state the following result.

Lemma 3.9. Let (X, 7; M, I) be compact k— dissipative and K be a non-empty compact
set such that KN M = 0 and it is an attractor for all compact subsets from X. Then, for
all A € C(X) we have:

a) Z*(A) s non-empty, positively T—invariant and compact;

b) lim supp(F(z,t), LT(A)) = 0;

t—+00 ze4
¢) LT(A) C K;
d) 7t(A) is relatively compact.
In the next lemma, we show that the set J is well-defined.

Lemma 3.10. The set J does not depend on the choice of the set K which attracts all
compact subsets of X and K N M = (.

Proof. Let J(K) = L*(K) and J(K,) = L*(K,), where K; is another compact set
attracting all compact subsets from X such that K; N M = (). By using Lemma 3.9 with
the set K and with the set K7, separately, we get

J(K)=L*(K)C K, J(K\)=L*(K\) C K1, J(K)C Ky and J(I,) C K. (3.5)

Now, we claim that J(K) C 7(J(K),t) for all ¢ > 0. In fact, let y € J(K) and ¢t > 0.

n—-+0oo

Then there exist sequences {#,}n,>1 C K and {t,}n>1 C Ry such that ¢, "=5° 400 and

~ n—-+o0o

T(Tn,tn) — ¥. (3.6)

Note that there is ng > 0 such that ¢, > ¢ for all n > ng. Thus T(xn, tn) = T(F(Tn, ta—t),t)
for all n > ng. By the compactness of 7+ (K) (see Lemma 3.9) we may assume

T (T, tn —t) "5 b

;)

where b € z+(K) because {zp}n>1 C K and t, — ¢ "2*° 4 0. By Lemma 3.9, the set
L*(K) is positively —invariant, compact and L*(K)N M = (. Then there is > 0 such
that B(L*(K),n) N M = @ and we can conclude that

7(a,s) = n(a,s) € LY(K),
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for all € L*(K) and for all s > 0. Thus, by Lemma 3.3 we have
F(F (T, tn — 1), t) =57 (b, 1),

that is,

n—+oo

T(zp,tn) — 7(bt). (3.7)

By (3.6) and (3.7), it follows that y = 7(b,t) € 7(J(K),t) and the assertion follows. By
using a similar proof we have J(K;) C 7(J(K;),t) for all t > 0.
Finally, we can conclude that J(K) = J(K;). In fact, by equation (3.5) we have
J(K) C Kj, then
T(J(K),t) C T(Ky,t),

for all t > 0. As we proved above, we have J(K) C 7(J(K),t) for each ¢t > 0. Therefore,
J(K) c {7(J(K),t): t >0} C {7T(K1,t): t >0} = J(K7).
Analogously, we obtain that J(K;) C J(K) and the lemma is proved. O

Definition 3.5. The set J defined above by J = LT(K) will be called the center of
Levinson of the compact k—dissipative impulsive semidynamical system (X, m; M, I).

Example 3.1. Let us consider the Example 3.17 from [6]. Consider the space X =
R? x {0,1} and the dynamical system

{ L= —x

y =Y,

on R? x {0} and R? x {1}, independently. Now let My = {(z,y,2) € R® : 2® +¢* =
1,z =0}, My = {(z,y,2) € R®: 2 + y* = 1/4,z = 1} and consider the impulsive set
M = MyU M,. We define the impulse function I by I(z,y,0) = (z,y,1) for (z,y,0) € My
and I(z,y,1) = (x,,0) for (z,y,1) € M;. Then (X, m; M,I) is compact k—dissipative
and J = {(0,0,0),(0,0,1)} is its center of Levinson.

The next definitions are established from the non-impulsive case in the sense of [7].

Definition 3.6. Let (X,7; M, ) be an impulsive semidynamicalijstem. The stable
manifold of set A C X in the impulsive system is defined by W*(A) = {z € X :
tli+rn p(7(z,t), A) = 0}.

Definition 3.7. A set A in (X, m; M, I) is said to be:

1. orbitally T—stable, if given ¢ > 0 there is § = d(c) > 0 such that p(z, A) < ¢ implies
p(7(z,t), A) < ¢ for all t > 0;

2. T—attracting, if there exists v > 0 such that B(A,v) C WS(A);
3. asymptotically T—stable, if it is orbitally 7T—stable and 7—attracting;

4. globally asymptotically 7—stable, if it is asymptotically m—stable and WS(A) = X:
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5. uniform 7—attracting, if there is v > 0 such that lim sup p(7(x,t), A) = 0.
b=+ 2eB(Ay)

The next theorem concerns the compactness, positive invariance, orbital stability and
attraction of the center of Levinson.

Theorem 3.1. Let (X, 7; M, T) be compact k— dissipative and J be its center of Levinson.
Then:

a) J is a compact positively T—invariant set;
b) J is orbitally T—stable;
¢) J is the attractor of the family of all compacts of X ;

d) J is the mazimal compact positively T—invariant set in (X, 7; M, I) such that J C
7(J,t) for each t > 0.

Proof. Let J = Z*(K ) where K is the non-empty compact attractor of all compact
subsets from X such that K N M = 0.

a) It follows by Lemma, 3.9.

b) Suppose the contrary, then there are ey > 0, &, "—=° 0 0 (6, > 0), z, € B(J,6,) and
n——+oo

tn, — 400 (t, > 0) such that
,0(77(.17”, tn)a ']) 2 ¢o,

for each n € N. Since z, € B(J,d,), 6, "=25° 0 and J is compact, we can assume
without loss of generality that the sequence {@n}n>1 is convergent. Let 7 its limit
and consider the compact set A = {Z, 21, %,,...}. By Lemma 3.9, L*(A) is non-
empty, compact and 71 (A) is relatively compact.

By the compactness of K, there is ¢ > 0 such that B(K,¢) N M = () and by the
compact dissipativity of (X, 7; M, T), there is £ = £(¢) > 0 such that

7(A,t) C B(K,¢) forall t>¢.

Let B = 7t (7(A,£)). Then BAM = () and B is compact because 7+ (A) is relatively
compact. Let K’ = KUB, then K’ is an attractor for the family of all compacts from
X such that K'Nn M = @ By Lemma 3.10, L*+(K’) = L*(K) = J. In particular,

L*(B) c L+ (K') = J. By compactness of B the sequence {7(n,t,)}n>1 can be
considered convergent. Let p = lim 7(z,,t¢,). Then,

n—-+o00

p= lim %(%(’Cn,g), th — é)

n—-+oo

and p € L*(B) C J. On the other hand, the inequality p(7(xn,t,),J) > €9, n € N,
implies that p ¢ J and it is a contradiction.
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c)

Let A € C(X). By Lemma 3.9 we have 7" (A) relatively compact, L*(A) compact
and L*(A)N M = . By the compactness of L¥(A4) there is ¢ > 0 such that
B(L*(A),e)Nn M = §. By item b) of Lemma 3.9, there is £ = £(¢) > 0 such that

7(A,1) c B(LT(A),¢) (3.8)
for all t > ¢. Let B=7t(7(A,¢)). Then BN M = and B C 7+(A) is compact.
Define K’ = K U B, then K’ is an attractor for the family of all compacts from X
such that K’ N M = @. Then LT(K’) = L*(K) = J (see Lemma 3.10) and

L*(B) c L*(K') = J.

Since 7(A, £) C B, we have L*(A) C L*(B). In fact, let z € L*(A), then there are
sequences {a, }n>1 C A and t, "=5° oo such that

T(an, ta) "= 2,

that is,
F(7(an, £), tn — £) "25° 2

n—-+oo

Since 7(an, £) € 7(A,£) C B,n=1,2,..., and t,—£ "25° +00, we have z € L*(B).
Therefore,

and hence by using (3.8) we have

B(F(A,1),J) < B(F(A, 1), L*(4)) <,
for all ¢t > ¢, that is, lim B(7(A,t),J) = 0.

t——+00

Let J; be a compact positively T—invariant set such that J; C 7(Jy,t) for all ¢ > 0.
By the positive T—invariance of J; we have 7(J;,t) € J; for all ¢ > 0. Then
Ji = 7(Jy,t) for all ¢ > 0. The proof that J; C J is the same proof presented in
item (4) of [7, Theorem 1.6].

O

Let {K) : A € A} be the family of all non-empty compact positively 7—invariant sets

that attract all compact subsets from X. Also, we assume that KyNM = @ for all A € A.

Theorem 3.2. Let (X,m; M, I) be a compact k—dissipative semidynamical system with

impulses and J be its center of Levinson. Then

J=n{K,: Ae A},

that is, J is the least compact positively T—invariant set attracting all compacts from X.

Proof. Note that J = L*(K,) C Kj, for all A € A. On the other hand, since J attracts

all compacts from X and it is non-empty, positively 7—invariant with J N M = (, then

J € {K,: X € A}. Hence, the lemma is proved. O
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Theorem 3.3. Let A be a non-empty compact positively T—invariant asymptotically
m—stable set. Suppose [(W*(A)) C W5(A). Then the following statements hold:

a) the domain of attraction WS(A) of the set A is open in X

b) the equality
lim_A(F(K, 1), 4) = 0,
t—+o00
takes place for every compact K from WS(A).

Proof.  a) Since A is T—attracting, there is v > 0 such that B(4,v) C WS(A). It is
enough to prove that for each point z € W*(A) \ B(A,~), there is d; > 0 such that
B(z,6,) C W*(A). Let z € W(A)\ B(A,v) and 0 < ¢ < «y. By the orbital stability
of A, there is § = d(¢) > 0 such that 7(B(A,d),[0,+0)) C B(A,¢). By the other
side, there is t; = t1(z,€) > 0 with ¢; # ¢(zf), £ =0,1,2,..., such that

#(z,11) € B(A, 5).

Then, there is v > 0 such that B(7(xz,t1),v) C B(A,§). We have two cases to
consider: when = € M and otherwise.

First, suppose « ¢ M. By the continuity of 7 and I, there is v4 > 0 such that
7(B(w,11),t1) C B(7(z,t1),v) C B(A,0).

By the orbital stability, 7(B(z,v1),t) C B(A,¢) forallt > t,(z, ¢). Hence, B(z,11) C
Ws(A).

Second, suppose x € M. Since M satisfies the condition STC (by hypothesis (H1)),
there exists a STC-tube F'(L, [0, 2)\]) through z given by a section S. Since the tube
is a neighborhood of x, there is 7 > 0 such that

B(z,n) C F(L,[0,2X)).
Denote H; and Hy by
Hy = F(L,(\2\))NB(z,n) and H,= F(L,[0,\])N B(z,n).
By the continuity of 7 and 7, we can obtain 7; > 0, ; < 7, such that
7(B(z,m) N Ha,t1) C B(7(z,t1),v) C B(A,9).

On the other hand, note that I(z) € W*(A)\ M because I(W5(A)) Cc W*(A) and
we have hypothesis (H2). Thus, there is t = ta(x,¢) > 0 with t2 # ¢(I(z)F),
=0,1,2,..., such that
T(I(z),t2) € B(A,¥).

Then, there is v, > 0 such that B(7(I(z),ts),v2) C B(A,d). As we did before, there
is 72 > 0, Mo < 7, such that

#(B(w,m) N I, ta) € BFE(I(x), 1), 15) C B(A, 8).
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By taking 73 < min{ny, 7.}, it follows by the orbital stability that
7(B(z,m3),t) C B(A,¢)

for all t > max{t;(z, €),ta(x,€)}. Thus, we can conclude that B(z,n3) C We(A).
Therefore, WS(A) is open in X.

b) Since A is T—attracting, there is v > 0 such that B(A,y) C W“"(A). Let ¢ > 0,
€ < v, and K be a compact from W#*(A). For the number ¢ > 0 we choose § =

d(€) > 0 taking in account the stability of A. Since A attracts points from W*(A),
given x € K there is t(z, ¢) > 0 such that

7(z,t) € B(A,9),

for all ¢t > t(x,¢). By using the same ideas from item a), we can find p = p(z,¢) > 0
and T'(z,¢) such that
7(B(z,p),t) C B(A,e),

for all ¢ > T'(z,¢). The result follows by the compactness of K, the reader may
consult [7, Lemma 1.8] for a proof.
O

_If Ais globally asymptotically 7—stable in Theorem 3.3, we can drop out the condition
I(Ws(A)) Cc W*(A) as show the next result.

Corollary 3.1. Let A be a non-empty compact positively T—invariant globally asymptot-
ically T—stable set. Then W*(A) is open in X and the limit tlirgl B(7m(K,t), A) = 0 takes
—+o00

place for every compact K from WS(A).

Denote by {Hy : A € A} the family of all non-empty compact positively 7—invariant
and globally asymptotically 7™—stable sets from X.

Theorem 3.4. Let (X, m; M, I) be compact k—dissipative and J be its center of Levinson.
Then J =N{Hy: A€ A}

For a proof of Theorem 3.4, use Theorem 3.2, Corollary 3.1 and the proof of [7,
Theorem 1.8].

Theorem 3.5. Let (X, m; M, I) be compact k—dissipative and K be a non-empty compact
positive T—invariant set from X. Suppose K C 7(K,t) for allt > 0 and KN M = (.
Then the following statements are equivalents:

a) K is the center of Levinson of (X, m; M, I);
b) K is globally asymptotically m—stable;

c¢) K is mazimal compact positively T—invariant set in X such that K C 7(K,t) for
all t > 0.

Proof. By using Theorem 3.1 and Theorem 3.4 we get the result. The reader may see (7,
Theorem 1.9)]. O
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3.3 Criteria of compact dissipativity

Let Q = U{Z+(r) cx € X}. Let (X,m; M, I) be a compact k—dissipative impulsive
semidynamical system and J be its Levinson’s center. By Theorem 3.1, we have E+(r) C
J for all z € X, and therefore Q C J. _

Given A C X, we define D+(A) and J*(A) by

= N UFB( Lt >0}

e>0

ﬂﬂU{ﬂ T T

e>01t>0

We also define Dt(z) = D*({z}) and J*(z) = J*({z}) for ecach & € X. From the
definition of these sets, we have the following straightforward result.

and

Lemma 3.11. The following statements hold:
a) y € j+(A) if and only if there exist sequences {n}n>1 C X and {tn}n>1 C Ry such

that p(xn, A) "=55°0, t, "25° +oo and Tz, tn) "5 y;

b) y € D*(A) if and only if there exist sequences {Zn}n>1 C X and {t,}n>1 C Ry such
that p(z,, A) "= "2° 0 and T(zn, tn) s g

c) the sets DT(A) and J*T(A) are closed;

d) If TF(A) N M = § then J*(A) is positively F—invariant;

e) If 5+(A) NM =0 then 5+(A) is positively T—invariant.

In [15], Kaul considers an impulsive semidynamical system (Q,7), where Q C X is
an open set in a metric space X' and the continuous impulse function I is defined on the
boundary 9 of Q in X and takes values in . He proves that D*(z) = 7t (z) U J*(z)
for each z € Q (see [15, Lemma 2.11]). We also have this result as show the next lemma.

Lemma 3.12. Given x € X, we have D*(z) = 7+ (z) U J*+(x).

Proof. It is enough to prove that D*(z) C 7+ (z) YU J*(z). Let y € D*(z), then there are

sequences {Wy, }n>1 C X, {tn}n>1 C Ry such that w, "Z*° & and

T(Wn, tn) "=5° y.
[ ° 400 then y € J +( ). In contrary, {t,},>1 admits a convergent subsequence,
we say
Y

where ¢ > 0. Then 7 (wy,, tn,) totoo Y.

By following the proof of Lemma 3.6, we conclude that the sequence {7 (wn,,tn,)}es1
converges to a point in 7+ ().
Therefore, y € 7+ (z) U J* () and the result is proved. O
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__ For any subset A C X we have U{D*(a): a € A} C D*(A) and U{J*(a): a € A} C
JT(A). The equality does not hold in general as show the next example.

Example 3.2. Consider the impulsive differential system in R* given by

Ty = —I
T = T
I:M— N,

where M = {(3,72) € R? : 33, € R}, N = {(2,22) € R?* : 2z, € R} and the impulse
function assigns to every point x € M a point y € N which is on the ray joining = to the
origin in R?. Let A = {(z1,0) € R?: 2 < z; < 4}. For any a € A we have

D*(a) = 7*(a) U{(0,z,) € R?: z; € R}.
Then,
U{D*(a): a € A} = {(#1,0) € R?: 0 < 7, < 4} U{(0,7;) ER?: x5 € R}.
On the other hand,
D*(A) = {(21,0) e R?: 0 < 23 <4} U{(0,22) € R?: x5 € R}.

Note that (4,0) € DT (A) because given {(z,,0)}n>1 C R? and {t,}n>1 C Ry such that

n—-+oo n—-+oco
Tn — 4andt, — 0, we have

7((Tn, 0), tn) "=5° (4,0).
Thus, U{D*(a) : a € A} G D*(A).
However, if A is compact we have the equality as show the next proposition.

Proposition 3.2. If the set A C X is compact, then D(A) = U{D*(a) : a € A} and
Jt(A) =U{J*(a) : a € A}.

Proof. Let x € D*(A) (J*(A)). Then there exist sequences {tn }ns1 C Ry (tn "5 +00),
{Zn}n>1 C X such that p(z,, A) "2%%° 0 and T(Tn, tn) "% 2. Since A is compact, we
may assume

n—-+oo

T, — Y€ A
Then z € D*(y) C U{D*(a) : a € A} (z € J*(y) C U{J*(a) : a € A}). O
Next, we prove that 2 C J +(Q). But before that, we present an auxiliary result.

Lemma 3.13. Letx ¢ M and y € L*(z), then JH(z) C Jt(y).
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Proof. Let y € E+(:z;) and take z € j*(:v), then there are sequences {t,}n>1 C Ry,

n—-+00 n—+00 n—400
{Tatn>1 € Ry and {zp}n>1 C X where t, == 400, Tn —= 400, Tp —5 g,

T(z,t,) "2y and T(Tn, Tn) "2 2. We may assume without loss of generality that
{Tn}tn>1 and {t,}n>1 are increasing sequences and 7, — t, > n for all n € N.
For each fixed t;, £ = 1,2,..., it follows by Lemma 3.2 that there is a sequence

{e5},51 C R, eF "25° 0 such that

n

n—-+o0o

T (T, tr, + €5) "25° F(, ).

Thus for each natural k > 0 there exists ny > k such that

ol R

P(T (T, tr + €f, ), T(z, 1)) <

Note that

— y — - - ’ . 1
P(?j, W(:Enkv te + Eﬁk)) < p(ya W((B,tk)) + /)(7'{'(.77, tk)7 ﬂ-(xnm bk + Eﬁk)) < /)(7./7 71'(‘73’ tk)) £ E

Then 7 (xn,, tx + €, ) *22%° 4 because T(z, ty) *219° . Since

~ i : k
T( Ty, Tng) = T(T (T, T + eﬁk), Tne — bk — e’;k) A

b

= .\ k—+00 . k—+oc0 A )
(T, t+ek ) — yand Tn, —tk—€k  — +00 (because T =B —&,,, = To—ti—er ),

we have z € J*(y). O

In [7, Corollary 1.4], the author shows that if the dynamical system (X, ) is point
k—dissipative, Q0 # @ and Q is compact, then Q C J*(Q). In Proposition 3.3 below, we
show that we do not need any hypothesis to get this result. Consequently, we improve
the result presented in [7, Corollary 1.4].

Proposition 3.3. The inclusion Q C J*(Q) holds.

Proof. Let us prove that U{L*(z): z € X} C JH(Q). Indeed, let y € U{L*(z) : x € X},
then y € L*(z) for some z € X. N N N
First suppose « ¢ M. Since y € L*(z) it follows by Lemma 3.13 that J*(z) C J*(y).
Since y € Q then J*(y) C J*(Q). Thus
y € L*(z) C J*(z) C Jt(y) C TH(Q).

Now suppose € M. Let A > 0 such that 7(z,\) = 7(z,\) := 2z ¢ M. We note that
L*(z) C L*(z) because if w € L*(z), there is a sequence t, "=25° +00 (t, > 0) such that
wlz, 1) "Z¥° w. Then 7(z,tn — A) "2 wand w € L*(z). Consequently,

y € L*(z) c L*(2) € J*(z) C Jt(y) C JH(Q),

where the inclusion J*(z) C J*(y) follows by Lemma 3.13, since z ¢ M and y € L*(2).
Since J*(Q) is closed, the result follows. O
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Proposition 3.4. If the impulsive semidynamical system (X, m; M, T) is point k— dissi-
pative and DT (Q) (J*(Q2)) is compact such that D¥(Q)NM =0 (J*(Q) N M = ), then
D*(Q) = D¥(DT(Q)) (J*(Q) = J*(J*(Q))).

Proof. Since  C D*(Q) we have D*(Q) € DT (D*(Q)). Let us show the other set
inclusion. By the compactness of Dt (), given y € D (D*(Q)) there is z € D*(Q) such
that y € 5+(CL‘), see Proposition 3.2.

By Lemma 3.11 we have D () positively 7—invariant. Since D*(2) is compact,
positively #—invariant and = € D*(Q) it follows that 7+ (z) C D*(Q), L*(z) # 0 and
L*(z) € D*(Q). Let z € L*(z), then by Lemma 3.13 it follows

J*t(z) c T (2).

Now, by the compactness of 2 we have JH(Q) = U{J*(w) : w € Q}. Therefore, J*(z) C
J*T(Q2) and

y € D*(z) =7(z)UJ(z) C DT(Q)UJH(z) Cc DH(Q) U JTHQ) c DH(R).

We can prove that J*(Q) = J+(J+(Q)) by using the same ideas. We note that by

Proposition 3.3 we have Q C J*(Q) and then J*(Q) c JT(JT(Q)). O

When the metric space X is locally compact, a compact set A is orbitally 7—stable
if and only if D*(A) = A. This result is an impulsive version of the Theorem of Ura
and a proof of it may be found in [9]. Theorem 3.6 deals with this result for compact
k—dissipative systems where X is not necessarily locally compact.

Theorem 3.6. Let (X, m; M, I) “be compact k—dissipative. The compact set A C X is
orbitally T—stable if and only if Dt(A) = A.

Proof. Let us prove the necessary condition. It is enough to prove that ]5+(A) C A. Let
z € DT(A). Since A is compact it follows by Proposition 3.2 that there is z € A such
that z € D*(x). Then there are sequences {2, }n>1 C X, {tn}n>1 C R4 with @, TR
and

T s b ) o PN

Since A is orbitally 7—stable, given ¢ > 0 there is d = d(c) > 0 such that
7T(B(A,0),[0,400)) C B(A,e¢).

Then, for n sufficiently large, we have 7(z,,t,) € B(A,¢) and then

z € B(A,e).
Since € > 0 is arbitrary, we have z € ﬂ B(A,€) = A = A. Therefore, Dt(A) = A.

e>0
Let us prove the sufficient condition. Suppose A is not orbitally 7—stable. Then there

are eg > 0, 6, "=5° 0 (6, > 0), xn € B(A, ,) and t, "=5° +o0 (t, > 0) such that

p(F (@, 1), A) > €0, (3.9)
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n € N. We may assume that z, "= T € A. By Lemma 3.9 the set 77 (B) is relatively
compact, where B = {Z,x1,,,...}. Consequently, we may assume {7(zy,t,)}n>1 con-
vergent with limit y. Since z, "—5° T € A, we have y € 5+(A) = A. But by (3.9) we
have y ¢ A and it is a contradiction. O

Proposition 3.5. If (X, m; M, I) is compact k—dissipative, then D*H(Q) = DH(D+(Q))
(JH(Q) = THITH))).

Proof. Let J be the Levinson’s center of (X, m; M, I). By Theorems 3.1 and 3.6 we have
D*(J)=J.

Note that D*(Q) ¢ D*(J) = J because Q C J. Since J is compact and D*(Q) is closed
we have D¥(Q) compact. On the other hand, since D*(€) C J and J N M = § it follows
5+(Q) N M = (. The result follows by Proposition 3.4.

To prove the other equality J*(Q) = J*(J*(Q)) it is enough to note that J*+() C
D*(Q) C J. O

If the impulsive semidynamical system is compact k—dissipative, we can show that its
center of Levinson is the set J¥(Q2). See Theorem 3.7,

Theorem 3.7.~If the tmpulsive semidynamical system (X, m; M, I) is compact k— dissipa-
tive, then J = J*(Q).

Proof. Since Q C J we have J*(Q) C J*(J) € D(J) = J. Let us show that J C JH(Q).
In fact, note that J*+(Q) is non-empty (Q c J*(Q) by Proposition 3.3), compact (because
JH(Q) is closed and J is compact) and positively 7—invariant (because J*(Q) C J and
JNM=09).

Now, we are going to show that J Q) is globally asymptotlcally m—stable. First, let
us prove that it is orbitally #—stable. Since J*+(€) C D+(J+(Q)) we need just to prove
the another set inclusion and use Theorem 3.6. Let z € D+ (J*+(Q)) then z € D*(y) for
some y € J*(Q). By Lemma 3.12, we have z € Tt(y) or z € j+( ). If z € T+(y), since
J T(£2) is closed and positively 7—invariant, it follows that 7+ ary)cJ +(Q) consequently
z € J+(Q) But if z € J*(y), then by Proposition 3.5 we have z € JHITH(Q) = JTHQ).
Thus z € J7(Q) and therefore Dt (J+(Q)) = J+(Q). Hence, J*+() is orbitally 7—stable
by Theorem 3.6.

Now, let us show that W%T*(Q)) = X. Suppose there is © € X such that z ¢
Ws(j““(Q)) Then there is ¢y > 0 such that for all n € N there is t, > n with

p(F(x, ), TT(Q)) > €. (3.10)
Since 77 (x) is relatively compact (see Lemma 3.9), we can assume
T(x, t,) 250 p e L (a).

Then, p € L*(z) € Q C J*(Q). On the other hand, by (3.10) we have p ¢ J*+(€) which
is a contradiction.
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Consequently, j*(Q) is non-empty, compact, positively 7—invariant and globally
asymptotically 7—stable. Then by Theorem 3.4 we have J C J*(Q) and the theorem
is proved. O

Since J*(Q) ¢ D*(Q) C J, we have the following result.
Corollary 3.2. If (X, m; M, I) is compact k— dissipative, then J = 5*(9)

Corollary 3.3. If (X, m; M, I) is compact k—dissipative, then J = Q if and only if Q is
orbitally ™—stable.

We have the following result for compact k—dissipative impulsive systems.

Lemma 3.14. Let (X, m; M, T) be compact k—dissipative. Given € > 0 and x € X, there
exist y(x,€) > 0 and £(z,e€) > 0 such that

%(B(Q,,’)’((L, E)),t) < B(‘])E)
for allt > {(z,€), where J is the Levinson’s center of (X, m; M, I).

Proof. Let ¢ > 0 and = € X be given. There is § = d(¢) > 0 such that
#(B(J,6),10, +00)) C B(J,e), (3.11)

because J is orbitally 7—stable. Since L*(z) C J, there is t; = t1(z,€) > 0, t; # (zf),
k=0,1,2,..., such that
7(z,t1) € B(J,9).
By the openness of B(J,d) there exists v > 0 such that B(7(x,t1),v) C B(J,d). We have
two cases to consider: when z € M and when = ¢ M.
First, suppose « ¢ M. It follows by the continuity of 7 and I that there is v =
v(z,€) > 0 such that

7(B(z,7),t1) C B(7(z,t1),v) C B(J,0).

By (3.11), we have 7(B(z,v),t) C B(J,¢) for all t > t;(x,€). The result is proved in this
case.

By the other side, if z € M, there exists a STC-tube F(L, [0,2)]) through = given by
a section S, because M satisfies the condition STC (by hypothesis (H1)). Since the tube
is a neighborhood of z, there is 7 > 0 such that

B(w,n) C F(L,[0,2\).
Denote H; and Hy by
Hy = F(L,(\,2))) N B(z,n) and H,;= F(L,[0,A]) N B(z,n).

Then, there exists 7, > 0, 71 < 7, such that 7(B(x, )N Hy, t1) C B(7(z

>tl)7y) - B(J)(S)
Again, by (3.11) we have 7(B(z,n) N Ha,t) C B(J,¢) for all t > t1(x, €).
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Since I(z) ¢ M because M N I(M) = ( (see hypothesis (H2)) and L*(I(z)) C J,
there is ty = ta(x,e) > 0, t2 # ¢(I(z){), k = 0,1,2,..., such that 7(I(z),t.) € B(J,d).
Since B(J, ) is open there is v; > 0 such that B(7(I(z),t2),v1) C B(J,6), and by the
continuity of m and I there is 0 < 7, < 1 such that

T(B(z,m2) N Hy, ty) C B(T(I(z),t),1n) C B(J, ).

Hence, by (3.11) we conclude that 7(B(z,ns) N Hy,t) C B(J,¢) for all t > ty(x,¢).
By taking v = vy(z,¢) < min{m, 7.}, we have

7(B(z,7),t) C B(J,e),
for all t > max{t;(z,€),t2(x,€)}. Therefore, the proof is complete. O

The next four results deal with necessary and sufficient conditions to obtain compact
dissipativity.

Theorem 3.8. For the impulsive semidynamical system (X,7;M,I) to be compact
k—dissipative, it is necessary and sufficient that there exists a non-empty compact set
K c X, KNM =0, satisfying the condition: for every e > 0 and x € X, there exist
Y(z,€) > 0 and {(z,€) > 0 such that

7(B(z,v(z,€)),t) C B(K,¢)
for allt > {(z,¢€).

Proof. The necessary condition follows by Lemma 3.14 and the sufficient condition follows
by the proof of [7, Theorem 1.12]. O

Theorem 3.9. Let (X, m; M, TI) be point k—dissipative. For the impulsive semidynamical
system (X, m; M, I) to be compact k— dissipative, it is necessary and sufficient that there
exists a non-empty compact set A possessing the following properties:

a) ANM = (;
b) Q C A
c) A is orbital T—stable.
In this case J C A where J is the center of Levinson of (X, m; M, I).

Proof. Take A = J to prove the necessary condition. Let us prove the sufficient condition.
By Theorem 3.8 we need to prove that for every € > 0 and © € X, there exist y(z,¢) > 0
and {(z,e) > 0 such that

T(B(z,v(z,€)),t) C B(A,¢)

for all ¢t > ¢(z,e). But its proof is the same proof of Lemma 3.14 by replacing J by A,
because A is orbitally 7—stable and L*(z) C 2 C A. N N
By using Corollary 3.2, it follows from Q C A that J = D*(Q) C D*(A) = A.
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As consequence of Corollary 3.2 and Theorem 3.9, we have the following straightfor-
ward result.

Theorem 3.10. Let (X, m; M, I) be point k— dissipative. For the impulsive semidynamical
system (X, m; M, I) to be compact k—dissipative, it is necessary and sufficient that the set
D*(Q) (J*()) be compact, orbitally T—stable and DT(Q)N M = § (J+(Q) N M = 0).
In this case J = D*(Q) (J = J*(2)) where J is the center of Levinson of (X, T; M,I).

Theorem 3.11. Let (X, m; M, I) be point k— dissipative. For the impulsive semidynamical
system (X, m; M, I) to be compact k— dissipative, it is necessary and sufficient that Dt ()N
M =0 and 7+ (A) be relatively compact for any compact A C X.

Proof. The proof of the necessary condition follows by Lemma 3.9 and Theorem 3.10.
Let us prove the sufficient condition. At first, let us show that D*(Q) is non-empty and
compact. Indeed, since (X, m; M, I) is point k—dissipative it follows that Q # 0. Thus
D*(Q) is non-empty. Now, let {Yn}n>1 C DH(Q) and €, "= 0 (e, > 0, n = 1,2,...),
then there exist =, € Q, T, € B(xn,€,) and t, > 0 such that y, € 5+(mn) and

P(Yn, T (Tns tn)) < €n, (3.12)

n=1,2,.... Since {z, }n>1 is relatively compact because 2 is compact (since the system
is point k—dissipative), we have {Z,},>1 relatively compact. By the statement, it follows
that {7T(Tn, tn)}a>1 is relatively compact. By (3.12) we have {y, }n>1 relatively compact.
Hence, D*(Q) is compact.

We claim that 5“'(9) is orbitally T—stable. Suppose the contrary, then there are
€50 5, TET (60 > 0), z, € B(5+(Q), 0n) and t, RO L (t, > 0) such that

p(7(wn, tn), D*(Q) 2 co, (3.13)
n € N. We can assume , "—=° % € D({) since DT (Q) is compact. By the statement,

the set 71 (B) is relatively compact, where B = {T, 1, 22,...}. Consequently, we may
assume {7 (z,, tn)}n>1 convergent with limit y. By (3.13) we get

y ¢ D¥(). (314)
On the other hand, since z,, "==° z € D™(Q) and D*(D*(Q)) = D* () (see Proposition

3.4), we have y € D+ (D*(Q)) = D*(Q) which contradicts (3.14). Thus D*() is orbitally
m—stable. Hence, by Theorem 3.10 we have the result. O

Example 3.3. Consider the impulsive differential system in R? given by

fblle
Zo =10
I:M— N

where M = {(z1,72) € R? : 22 + 22 = 9}, N = {(z1,73) € R? : 22 + 2 = 1}
and the impulse function I : M — N assigns to every point z € M a point y € N
which is on the ray joining z to the origin in R?. In [3, Example 3.1], we showed that
LH((1,2)) = [1,3] x {0}. Then QN M # @ because LT((1,2)) N M # §. Hence, the

impulsive semidynamical systems is not point k—dissipative.
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Example 3.4. Given ¢ > 0, we define ¢, : R — R by

1
0, t<—1-—-=
1 o 1
elt) = ==—c— |, sl los=
pelt) exp(tz_<1+c—1)2) c 4
1
0, t>14 .
c
Also, define ¢ : R — R by
0, g2 =
1
={ exp|—=), -1 1
(1) cxp<t2_1>, <t<
0, t>1.

Set X = {9, :¢c> 0} C C(R,R) and define 7 : X x R, — X by

(e, t) = Yert if €3> 0,
and
(¥, t) = b,

for all # > 0. Then (X, ) is a semidynamical system. By defining M = {¢¢,, ..., e, }
with 0 < ¢; < ... <c¢glet I : M — X be the impulse function given by I(¢c;) = ©c;+a;
J=1,2,... k, where a > 0 is such that I(AM) N M = @. Hence, we have the impulsive
semidynamical system (X, 7; M, I') associated to (X, ).

Since ngloo we(t) = 9(t) for all t € R, and I(p;) = Ye;4a, § = 1,2,..., k, we have the

following properties:
1) L*(¢) = {¢} for all ¢ € X;
2) (X, m; M, I) is point k—dissipative (take K = {1});
3) Q= {v} and D*(Q) = Q is orbitally 7—stable.
Therefore, by Theorem 3.10, (X, 7; M, I) is compact k—dissipative.

3.4 Local dissipative impulsive semidynamical systems

This subsection deals with local k—dissipative impulsive semidynamical systems.
The first result gives conditions for a compact k—dissipative impulsive system be local
k—dissipative.

Theorem 3.12. For the compact k—dissipative impulsive semidynamical system
(X, m; M, I) to be locally k— dissipative, it is necessary and sufficient that for every point
x € X there exists 6 = 0(z) > 0 such that

lim B(7(B(x,d),t),J) =0,

t—+o00

where J is the center of Levinson of (X, m; M, I).
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Proof. Tt is enough to prove the necessary condition. By the local dissipativity, there is a
non-empty compact set X' C X, KN M = (), such that for every point € X there exists
0z > 0 such that

lim B(7(B(x,d.),t), K)=0. (3.15)

t—+00

By Lemma 3.5, w, := Z+(B(a:, dz)) is non-empty, compact and

lim B(7(B(z,d;),t),ws) = 0. (3.16)

t—+00

If we prove that w, = Z“‘(wm) then the result follows. Indeed, first let us show that w,

is positively T—invariant. Since K is compact and K N M = (, there is ¢ > 0 such that
B(K,e) N M = (. Thus by using (3.15) we have

wy, C B(K,e) and B(K,e)NM =0. (3.17)

Then from Lemma 3.4 we have w, positively 7—invariant, that is, T(w,,t) C w, for all
t > 0. Now, we claim that w, C 7(w,,t) for all t > 0. In fact, let z € w, and ¢t > 0. Then

there exist sequences {wn}n>1 C B(z, ;) and {t,}n>1 C Ry such that ¢, "=5° +00 and

n—+oo

T(Wp,t,) — 2. (3.18)

Note that there is ng > 0 such that ¢, > ¢ for all n > ng. Thus T(wy, t,) = T(T(wn, t, —
t),t) for all n > ng. By Lemma 3.5 we may assume
T(w, tn — t) "S5 b,
n—-+oo

where b € Z*(B(:c, dz)) = wg because {wy}n>1 C B(x,d;) and t, —t — +o0o. Since w,
is positively T—invariant, it follows by equation (3.17) that

7(a,s) = m(a,s) € wy,
for all a € w, and for all s > 0. Thus, by Lemma 3.3 we have
F({(Wwn, t — 1),8) "7 F(b, 1),
that is,
T (wn, tn) "= 7 (b, ). (3.19)

By (3.18) and (3.19), it follows that z = (b, ) € 7(ws,t) and the assertion follows.
Therefore, w, = T(w,,t) for all ¢ > 0, consequently L (w,) = w,. Since J is an attractor

of compacts sets, we have _
iy = L¥ ) C J.

From the last inclusion and (3.16) it follows

lim A7 (B(#,48:),1)sJ) =0,

t—+oco

The result is proved. O



Next, we present an auxiliary result whose proof is in [7, Lemma 1.9].

Lemma 3.15. Let K C X be a non-empty compact set, z; € X and §; > 0,i=1,...,m.
If K C U{B(z;,0;) : i=1,...,m}, then there is v > 0 such that

B(K,v) C U{B(z;,6;): i=1,...,m}.

Theorem 3.13. Let (X, m; M, I) be compact k—dissipative. Then (X, m; M, I) is locally
k—dissipative if and only if its Levinson’s center J is uniformly T— attracting.

Proof. First, let us prove the necessary condition. Let (X, m; M, I') be locally k—dissipative
and let J its center of Levinson. Given x € J, by Theorem 3.12, there exists d, > 0 such
that

lim B(7(B(x,d.),t),J) =0.

t—+o00

Since {B(z,d;) : * € J} is an open covering of J, from its compactness we can extract
a finite sub-covering {B(x;,d5,) : ¢ = 1,...,m}. According to Lemma 3.15, there is v > 0
such that

m

B(J,v) c | B(a1,z,).

i=1
Then,
lim B(7(B(J,7v),t),J) =0

t—+400

holds and J is uniformly 7—attracting.
Now, we prove the sufficient condition. Suppose that the center of Levinson J is
uniformly 7—attracting set, that is, there is v > 0 such that

lim BGF(B(J,~),1),J) = 0. (3.20)

t—+o0

Given z € X, there is ¢; = 6i(z) > 0, &4 # o(zf), k = 0,1,2,..., such that
p(7(z,t),J) < ~, for all t > ¢;. Choose ¥ > 0 such that B(7(z,¢),v) C B(J,7).
By equation (3.20), given ¢ > 0 there is ¢y = €y(c) > 0 such that

p(T(y,t),J) <, (3.21)

forallt > ¢y and y € B(J,~). We have two cases to consider: when x € M and otherwise.
At first, let us consider the case when © ¢ M. Then, we can find ¢, > 0 such that

#(B(z,6,), &) C B(F(z,0),v) C B(J,).

By virtue of (3.21),
7(B(x,d;),t + £1) C B(J,e),

for all ¢ > ¢;. By taking 4(z,¢) = ¢; + {5, we have
7(B(zx,0),t) C B(J,¢),
for all t > {(x,¢). In this case, the result follows by Theorem 3.12.
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Now, suppose ¢ € M. Since M satisfies the condition STC (see hypothesis (H1)),
there is a STC-tube F(L, [0,2)]) through z given by a section S. By the properties of a
tube, there is 7 > 0 such that B(z,n) C F(L,[0,2)]). Denote H; and H, by

Hy = F(L,(\2\)) N B(z,n) and H, = F(L,[0,\]) N B(z, 7).

By the continuity of 7 and 7, there is 7, > 0, 7, < 7, such that 7(z, ¢;) € B(7(x, ¢1),v) C
B(J,v) for all z € B(x,m) N Hy. Thus, 7T(B(z,n) N Hy,t) C B(J,¢) for all t > £, + {,.
Also, there is l3 = l3(z) > 0, {3 # ¢(I(z){), k= 0,1,2,..., such that p(7(I(z),t),]) < v,
for all t > ¢3. Set v, > 0 such that B(7(I(x),¥s),v2) C B(J,7). Thus, there is ny > 0,
n2 < m, such that 7(z,t) € B(J,¢) for all z € B(z,m) N Hy and t > ¢y + (3. Taking
ns < min{ny, 72}, we have
7(B(z,n3),t) C B(J,¢)
for all ¢t > max{¢; + {2, {3+ ¢3}. In this case, the result also follows by Theorem 3.12. O

Next, we present a theorem which give conditions for a point k—dissipative system be
local k—dissipative. Before that, we prove a auxiliary result.

Lemma 3.16. Let A C X be a non-empty compact set in (X, m; M, I). If A is uniformly
T—atlracting then it is orbitally 7™—stable.

Proof. Suppose the contrary. Then, there are ¢g > 0, §,, "—° 0 (0n > 0), z, € B(A,4,)

n—--00

and t, — 400 (¢, > 0) such that
p(T(n, tn), A) 2 €o, (3.22)
n=1,23,.... Since A is uniformly 7—attracting, there is v > 0 such that

lim sup p(7(z,t),A) =0.
t_’+°°z€B(A,'y)

For the number ¢g > 0, there exists a positive number £ = (¢g) > 0 such that
= €o

for all z € B(A,v) and t > £.

On the other hand, since z, € B(A,d,) and 6, aai s 0, the sequence {z,},>1 can be

considered convergent. Let zg = liIE Zn. Then g € A and t, > ¢ for sufficiently large
n—+oo

n. By (3.23) we have

P (n, 1), A4) < 3,

for a sufficiently large n, which contradicts (3.22). O

Theorem 3.14. For a point k—dissipative impulsive semidynamical system (X, m; M, )
to be local k—dissipative, it is necessary and sufficient that the following three conditions
hold:

a) DY Q)N M = §;
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b) D*(Q) is compact;
¢) D¥(Q) is uniformly T— attracting.

Proof. Suppose conditions a), b) and c) hold. By Lemma 3.16, 5+(Q) is orbitally
m—stable. By Theorem 3.10, the system (X,7; M,I) is compact k—dissipative and
D*(Q) = J. By Theorem 3.13 the result follows.

Now, suppose the impulsive system is local k—dissipative. By Lemma 3.7, (X, 7; M, I)
is compact k—dissipative. Then, by Theorem 3.10, J = 5+(Q) is compact, orbitally
F—stable and D™ (Q) N M = (). By Theorem 3.13, D*(R) is uniformly 7—attracting. O

Definition 3.8. The impulsive semidynamical system (X, 7; M, I) is called local asymp-
totically m—condensing, if for every point x € X there are 6, > 0 and a non-empty
compact K, C X with K, N M = ( such that

thlf B (Blm, 8:): 1) Kz) = 0:
Theorem 3.15. Let (X,7;M,I) be point k—dissipative. For (X,7;M,I) be local
k—dissipative it is ‘necessary and sufficient that (X,m; M, I) be locally asymptotically
T—condensing and DY (Q)N M = 0.

Proof. The second part of the necessary condition, that is, 5+(Q) N M = ( follows by
Theorem 3.14.

Let us prove the sufficient condition. First we prove that (X,7; M, ) is compact
k—dissipative. In fact, let A € C(X). Given z € A, there are §, > 0 and a non-empty
compact set K, with K, N M = ) such that

lim B(7(B(x,d;),t), Kz) = 0.
t—+00
By the compactness of A, the open covering {B(z,d;) : * € A} admits a finite sub-
covering {B(x;, 0z,) : @ = 1,...,m}. Let K = K,, U...UK,,. Then K is compact
and
lim supp(7(z,t), K) =0.

=400 zc4

By Lemma 3.5, Z*(A) is non-empty, compact and

lim sup p(7(z,t), LY(A)) = 0.

t—+o00 TEA

By Proposition 3.1, 7T(A) is relatively compact. Hence, by Theorem 3.11 the system
(X,m; M, I) is compact k—dissipative.

Now, given « € X there are 6, > 0 and K, € C(X), K, N M = (, such that
tglfoo,é’(ﬁ(B(m, 8;),t), Kz) = 0. By Lemma 3.5, L*(B(z,d,)) is non-empty, compact and

lim B(F(B(z,d,),t), Lt (B(z,d,))) = 0. (3.24)

t—+o00
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Let w, = L*(B(x, d;)). Since w, C K, and K, N M = 0, it follows by Lemma 3.4 that w,
is positively T—invariant. By the proof of Theorem 3.12, we also have that w, C 7(w,, )

for all t > 0. Then w, = L*(w,) and since J is the attractor of compact sets, we have
we = Lt (w,) C J.
Hence, by using equation (3.24) we have

lim B(7w(B(zx,d,),t),J) =0

t—+o00

and by Theorem 3.12 the result is proved. d

Now, we present an example of an impulsive semidynamical system which is compact
k—dissipative but it is not local k—dissipative. We consider the Example 1.8 presented
in 7] with impulsive action.

Example 3.5. Consider a linear differential equation & = Az in the Hilbert space H =
L,[0, 1], with the continuous operator A : Ly[0,1] — Ly[0, 1] defined by

(Ap)(7) = =70(7),

for all 7 € [0,1] and ¢ € L,[0,1]. If U(t) represents the Cauchy operator, we have
(Ut)p)(T) = e ™p(7), for all t € R and ¢ € L[,[0,1]. Thus, the dynamical system
generated by & = Az is given by (Ly[0,1],7) where

m(p,t) = U(t)ep,
for all ¢ € L,[0,1] and ¢t € R.

Consider the closed set M = {¢ € L,[0,1] : fol [v(s)|*ds = 1} and let the impulse
function 7 : M — L,[0, 1] satisfying

W)z, < all¥llz,,

for all ¥ € M, where 0 < a < 1. Note that I(M) N M = (. Thus, we have the associate
impulsive system (Lq[0, 1], 7; M, I).

t—+o00

Since ||7(p,t)||z, — 0 for each ¢ € L,y[0,1] (see [7, Example 1.8]) and || I()||r, <
l¥llL, for ¥ € M, we obtain

t—+o0

||F7F((pat)HL2 —" 0
for all p € L0, 1]. Hence, (L2[0,1],7; M, I) is point k—dissipative and z+(<p) = {0} for
every o € Ly[0,1]. Consequently, 2 = {0}.
Now, since ||7(¢,t)||z, < |l¢llL, for ¢ € L,]0,1] and ¢ > 0 (see [7, Example 1.8]), and
(W)L, < |[¥||L, for all ¢ € M, we have

17 (e, ), < llellLy (3.25)

for all p € Ly[0,1] and for all ¢ > 0. Let us show that D+(Q) = {0}. Indeed, given ¢ €

f)*(Q) there are sequences {¥n }n>1 C La[0, 1], {tn}n>1 C Ry such that ||1h, — 0|z, "=° 0
and
n—-+oo

”’ﬁ(z/)natn)_(pHLz — .
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Since |7 (1, ta)llz, < [[¥nllz, and |||z, "==° 0 we have p = 0. Then D*(Q) = {0}.
Therefore, 5*(9) is compact, orbitally T—stable (by (3.25)) and 5*(9) NM=0. By
Theorem 3.10 the impulsive system is compact k—dissipative and its center of Levinson
is J = {0}.

Let us prove that (Ly[0,1],7; M, I) is not local k—dissipative. Suppose the contrary,
then by Theorem 3.13 the center of Levinson J = {0} is uniformly 7—attracting, that is,
there is v > 0 such that

lim sup ||7(p,t)||z, =0. (3.26)

200 I, <
Define ¢, € L[0,1],n=1,2,..., by
Ylt) = X0 ()

for t € [0,1], where xp 1/(t) is the characteristic function of the set [0, +]. Note that

|¥nllL, = for all n =1,2,.... Moreover, by considering ¢,, = g, n € N, we have

n—

1
m o 1
' 2 1 —2tns _
nﬂm 17 (¥, to)llz, = 111_{100/0 ne~2tnsds = 1 — - 40,

which contradicts (3.26). Then the system is not local k—dissipative.
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