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This paper presents algebraic methods for the study of polynomial relative
invariants, when the group I" formed by the symmetries and relative symme-
tries is a compact Lie group and the homomorphism ¢ : I" = Zm has a kernel
H of index m, m > 2, on I. For this, we develop the invariant theory of com-
pact Lie groups acting on complex vector spaces. This is the starting point for
the study of relative invariants and the computation of their generators. In
this paper we first obtain the space of the invariants under the subgroup H of
T as a direct sum of m submodules over the ring of invariants under the whole
group. Based on this decomposition we construct a Hilbert basis of the ring of
C-invariants from a Hilbert basis of the ring of H-invariants. In both results a
knowledge of the relative Reynolds operators defined on H-invariants is shown
to be an essential preliminary to an adequate study of invariants under the
whole group. The theory is illustrated with some examples.

Key Words: symmetry, invariant theory, relative invariants, finite index subgroups, Hil-
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1. INTRODUCTION

Many natural phenomena possess symmetry properties. In particular, symmetries can
occur in a dynamical system, meaning transformations that take solutions to solutions. The
equations describing a physical or biological system may have symmetries as a result of its
geometry, modeling assumptions and simplifying normal forms. So when this occurrence is
taken into account in the mathematical formulation of the physical problem, it can simplify
significantly their interpretation. The natural language for describing symmetry properties
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2 P. H. BAPTISTELLI AND M. MANOEL

of a dynamical system is that of group theory. The main point is that, in this case, the set
I formed by these symmetries has structure of group and the differential equations of such
a system remain unchanged under the action of I'. More specifically, consider the system

& = G(z) (1)

defined on a finite-dimensional vector space V of state variables, where G : V — V is a
smooth vector ficld. We assumne that T is a compact Lie group acting orthogonally on V.
If G is purely I'—equivariant, i.e.,

G(yz) = vG(z), VyeTl, z€V, (2)

then z(t) is a solution of (1) if, and only if, ya(t) is a solution of (1), for all v € T".

It is possible to classify solutions of equivariant dynamical systems based on their symme-
try properties. The effect of symmetries in local and global dynamics has been investigated
for decades by a great number of authors in many papers (an extensive list of references
can be found in [5]) .

There is a parallel class of equivariant dynamical systems, in the sense of (2), which are
those in simultaneous presence of symmetries and reversing symmetries. A system is said
to have a reversing symmetry if the equations of motion are invariant under that symmetry,
in combination with the inversion of time. This contrasts with a symmetry which leaves
the equations of motion invariant without time inversion. In this context, the differential
equation (1) is invariant under the transformation (t,z) = (t,yz) if v is a symmetry and
under the transformation (t,z) — (—t,vyz) if v is a reversing symmetry. In algebraic terms,
this corresponds to defining a group homomorphism

oc: ' = Zy, (3)

where Z, denotes the multiplicative group {1, —1}, whose kernel is the subgroup I';. of the
symmetries in T'. The complement I'_ = T'\ T';. is the set of reversing symmetries. Under
this formalism, it is obvious that the symmetries of I' form a normal subgroup of index
two of T and

=T, 6Ty,

for an arbitrary fixed § € T_. The mapping G : V — V is called reversible-equivariant if
G(yz) = o(7)7G(x), Vyel,zeV. (4)

Then x(t) is a solution of (1) if, and only if, yz(o(7)t) is a solution of (1), for all y € T
The interest in reversible-equivariant dynamics is recent. The first impulse to the subject
came from the classification of the reversible-equivariant linear systems in terms of group
representation theory (see [10]). In [2] we have developed an approach based on singularity
theory in combination with group representation theory, in the same lines as Golubitsky
et al. [9], for the systematic analysis of reversible-equivariant steady-state bifurcations
of the so called “self-dual” case. In another direction, Buono et al. [4] have employed
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INVARIANTS AND RELATIVE INVARIANTS UNDER COMPACT LIE GROUPS 3

equivariant transversality in order to tackle the case of “separable bifurcations”. Since
then, the subject has become an important area of research in dynamical systems and
their applications. More recently, we have used in [3] techniques of group representation
theory to describe the decomposition o-isotypic in the reversible-quivariant context, which
is the corresponding isotypic decomposition presented in [9] in the equivariant context.

The starting point for local or global analysis of reversible-equivariant systems is to find
the general form of the vector field G in (1) that satisfies (4). The theorems by Schwarz
and Poénaru (see Golubitsky et al. [9]) reduce this task to a purely algebraic problem
in invariant theory, which, in turn, can be solved by symbolic computation. Therefore,
formulae for the number of invariants and reversible-equivariants under the action of I' are
very useful in our study, being used to find the general form of the vector field. In [1] , we
have obtained alternative formulae involving the character (trace) of the representation of
T for calculating the number of reversible-equivariant applications by the action of TonV
for a given degree. For this, we make use of an important tool in computational invariant
theory, called the Hilbert-Poincar series, also known as Molien generating function for the
dimensions of the spaces of invariant and equivariant homogeneous polynomials of each
degree. In the program GAP [7] there is a function to compute the Hilbert-Poincar series
of invariants and equivariants, being necessary to provide, in addition to the generators of
the group, the character of the representation. The algorithms for calculating invariants
presented by Sturmfels [15] make use of Molien theorem for finite groups, explicit formulae
for the Hilbert-Poincar series as an Haar integral under the group. In particular in the
equivariant context, algorithms are obtained in [8, 11, 15] and associated Molien functions
with a representation of a compact Lie group are investigated in [6, 14].

Also in [1], we have established algebraic results that reduce the search for the general
form ol the vector field to the polynomial invariant case. Based on a link existent between
the invariant theory for I and for its subgroup I';, we have provided a set of generators for
the modules of relative invariants and reversible-equivariants, from generators of the ring of
invariants under the action of 'y on V, whose solution is well known in several important
cases, as in [8, 15, 16]. More specifically, consider ¢ in (3) the non trivial homomorphism.
A polynomial function f:V — R is called anti-invariant if

fyz) = o(Mf(2), (5)

forall v € I and & € V. When o in (3) is the trivial homomorphism, we recognize the
function f satisfying (5) as a I-invariant function, or simply an nvariant function.

The space Q(I") of all anti-invariant polynomial functions is a finitely generated graded
module over the ring P(I') of invariant polynomial functions on V' — which is also finitely
generated according to the Hilbert-Weyl Theorem (see [9, Theorem XII 4.2]). In [1] we
have obtained the decomposition

P(Ty) = P(M) o Q) (6)

as a direct sum of modules over P(I"). This decomposition is the basis for a second result,
namely the algorithm that computes generating sets for anti-invariant polynomials as a
module over the ring of the invariant polynomials. The procedure is based on the Reynolds
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4 P. H. BAPTISTELLI AND M. MANOEL

operator from P(I'y) onto Q(I') applied to a Hilbert basis of P(I'+), which, in turn, can
be readily obtained by the standard methods of computational invariant theory applied to
F+.

In this paper we extend the formalism described above when the set of the symmetries
H is a normal subgroup of index m greater than 2. The functions now are complex-valued
and the representation of I' is a complex representation. In this new context, we shall also
assume that there is a surjective group homomorphism

c: "= Z,, (7)

where Z,, denotes the cyclic group generated by the m-th root of unity, with H = ker(o).

We remark that when m = 2 the existence of the homomorphism (3) is a natural conse-
quence of the fact that I'; to have index 2. The same argument holds for any m prime. If
m is not prime, we notice that this may not hold. In fact, when m = 4, for I' = Zy X Zy
there does not exist a surjective group homomorphism from T to Zy if H = Zg x 1 (al-
though for this case it does exist for another choice of an index-4 subgroup in T"). Hence,
the existence of the surjective homomorphism (7) is assumed throughout.

If we now fix § € I'\ H such that 6™ € H (or ¢™(d) = 1), then we have a decomposition
of ' as a disjoint union of left-cosets:

T=HUSHUSHU ...UM ' H. (8)

In section 2, we present our first main result, Theorem 2.1, which is to obtain P(H) as a
direct sum of m submodules over P(I'). This extends the decomposition (6) when m = 2
for the cases m > 2. This also extends the analogous result obtained by Larry in [12] in
the case that the group is finite for compact Lie groups.

In section 3 we obtain the other two main results, Theorem 3.1 for m = 2 and Theo-
rem 3.2 for m > 2, which are applications of the decomposition given in section 2. The
result is to construct a Hilbert basis of the ring P(T") from a Hilbert basis of the ring P(H).
The main idea of this construction is to make use of relative Reynolds operators defined
on P(H) that project onto each of its m components. We point out that the interest of
this result is that from the knowledge of the invariants just under the symmetries in I we
can recover the generators of the invariants under the whole group. Some examples are
presented.

2. THE STRUCTURE OF THE o-RELATIVE INVARIANTS

In this section we give some basic concepts and obtain results about the structure of the
set of relative invariant functions.

2.1. The Representation Theory

Let T be a compact Lie group acting linearly on a finite-dimensional vector space V over
C. This action corresponds to a representation p of the group I' on V/ through a linear
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INVARIANTS AND RELATIVE INVARIANTS UNDER COMPACT LIE GROUPS )

homomorphism from I' to the group GL(V) of invertible linear transformations on V. We
denote by (p, V) the vector space V together with the linear action of I' induced by p. We
often write yz for the action of the linear transformation p(v) of an element v € I' on a
vector € V, whenever there is no danger of confusion.

Now consider the homomorphism o : T' = Z,, given in (7). We notice that o defines a
one-dimensional representation of I' in C, by @ — o(y)z for z € C. Also, the character
afforded by the homomorphism ¢ is the complex-valued function whose value on v € I is
o(7); in other words, it is o itself, but regarded as a complex-valued function, which we
shall also denote by o.

DEFINITION 2.1.  For each j € {0,...,m — 1}, a polynomial function f : V — C is
called o7-relative invariant if

flye) = (N f(@) (9)
forallyeT and z € V. O

The set of the oi-relative invariant polynomial functions is a module over P(I") and we
shall denoted it by P,;(I'). Notice that we can regard a od-relative invariant polynomial
function on V as an equivariant mapping from (p,V) to (¢7,C). Also, the notion of
anti-invariant polynomial function given by the equation (5) is a particular case of the
definition of an o-relative invariant function when m = 2. Therefore, the existence of a
finite generating set for Py; (') and Q(I) is guaranteed by Poénaru’s Theorem (see [9,
Theorem XII 6.8]).

In the next lemma we show the relation between the o-relative invariants and the invari-
ants under the action of the subgroup H = kero.

LEMMA 2.1. Let o the homomorphism given in (7), with kernel H. Fiz 6 € I'\ H such
that 6™ € H, that is, o(8) is the m-th root of unity. Then for each j € {0,...,m — 1}, we
have

Poi(l) = {fe'P(H):f(éz):oj(ci)f(m), VzeV}.

Proof. The inclusion “ C 7 follow directly from the definition of Pg; (I"). The inclu-
sion D 7 follow directly from (8) and the fact that if f(dz) = 07(6)f(x), then f(6*z) =
oI (8%)f(z), for all z € V and j, ke {1,...,m—1}. |

2.2. The Application of the Invariant Theory

In this subsection we relate the rings of invariants under the action of I' and H, and
the modules of oi-relative invariants playing a fundamental role in this construction. We
observe that P(H) also has a module structure over the ring P(I').
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6 P. H. BAPTISTELLI AND M. MANOEL

We start by introducing the o7 -relative Reynolds operators on P(H), Rj: P(H) — P(H),
by

Bi(N@) = — S Fmfa),

~yH
for each j € {0,...,m — 1}, where bar means the complex conjugation. So
1 — S )
R](f)(.’l,) = pomy (f(’L) +ai(8)f(0z) + ...+ oI (6m=1) f(6™ 17:))
1 m—1 (10)
=Y T,
m
k=0

for an arbitrary (and fixed) § € '\ H such that 0™ € H.

We notice that for m = 2, the Reynolds operator RII:+ and the Reynolds o-operator SII:+
defined in [1] correspond to Rg and Ry, respectively. The R; operator has been used there
to compute a generating set for the o-relative invariant polynomial functions as a module
over the ring of the invariants.

Remark 2. 1. Choose § € T'\ H such that 0™ € H. Then we have

m—1
S 0™*(8) =1+ 0*(8) + 0™(O) + ... + o) =0, )

1

for all k € {1,...,m —1}.

Now let us denote by Ip(z) the identity map on P(H). We then have:

PROPOSITION 2.1. For each j € {0,...,m — 1}, the Reynolds operators R; satisfy the
following properties:

(i) They are homomorphisms of P(I")-modules and
Ro+Ri+...+Rp—1 = IP(H) . (12)

(i1) They are idempotent projections, with Im(R;) = Pyi(l).
(i44) For all1 < j < m — 1, we have

Pos ()N (PT) +...+ Pai-1(T)) = {0}.

Proof. To prove (i) we just note that if h,g € P(H) and f € P(T'), then
Rj(h+g) = R;(h)+ R;i(9) and R;(fh) = fR;(h),
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INVARIANTS AND RELATIVE INVARIANTS UNDER COMPACT LIE GROUPS 7

for all j € {0,...,m — 1}. Moreover, (12) follows directly from (10) and (11).

To prove (ii) and (iii), we fix § € '\ H such that 6™ € H. For any f € P(H), it is direct
from (10) and the Lemma 2.1 that R;(f) € P,s(T). Hence, Im(R;) C Pys(I'). The other
inclusion is immediate, since R;lp_;(r) = Ip ;1)

We prove (iii) by induction on j. It is easy to see that P, (I)NP(T") = {0}. Suppose now
that given 1 < s < m — 2, we have

Poi ()N (PT) + ... + Poi-1 @) = {0} (13)

for all 1 < j < s. We show that (13) is true for s + 1. In fact, let f € Pyass () N (P(T) +
. Pas (f)) . Theﬂ

f@x) =0"*1(8)f(x) and  f(z) =ho(e) + ... +hs(),
with hj; € P, (I'). So
(0*T1(8) = Dho(z) + ... + (6*T1(8) — 0°(0))hs(2) = 0,

for all z € V. By the induction hypothesis (¢°¥1(8) — a7 (6))h;(z) =0, for all 0 < j < 5. It
follows that h; = 0, for all 0 < j < s, as desired. |

It follows from the previous proposition that, for each j € {0,...,m—1}, the polynomial
functions f € P, (T) are also characterized by the equality R;(f) = f.

We are now in position to state the following theorem, our first main result, which is
now an immediate consequence of the proposition above.

THEOREM 2.1. The following direct sum decomposition of P(I')—modules holds:

PH) = PL)SP6(l) @ ... &Pym-r(D).

3. HILBERT BASIS FOR THE I'_INVARIANTS

In this section we show how to compute generators for P(T'), as a ring, from a Hilbert
basis of P(H), where H is a normal subgroup of index m of I'. The basic idea here is to
take advantage of the direct sum decomposition from Theorem 2.1 to transfer generating
sets from one ring to the other. The procedure is algorithmic and it holds, as its proof, for
any m. However, the case m = 2 is special in the sense that a distinguished proof reveals
a class of invariants and anti-invariants that does not appear in the proof for m > 2. For
this reason, we present the two cases separately, as Theorems 3.1 and 3.2. Some examples
are given.

We start with index m = 2. For this case, if u : V — R and v € T, we denote by
yu: V — R the polynomial function defined by

yu(z) := u(yz), VeeV.
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8 P. H. BAPTISTELLI AND M. MANOEL

LEMMA 3.1. Let u:V — R be a real-valued function. Then for all t € N,

ut + 6ut = F,(Ro(u), B3 (w)), (14)
Zukéut_k =Gy (RO(U)vR%(u))’ 15}
k=0

and

u — Sut = Ry (u) Hy (Ro(w), R (w), 6]

for Fy, Gy, Hy : R? — R polynomial functions.

Proof. We check (14) and (15) by induction on ¢, by using the polynomial identity
ut+out = (u+ou)(u Tt +6utTh) = (u Su)(ui=? 4 dut=?)
in the first case and the identity
1 -2
Zuké'u’_k = (u" 4 du") + (u du) Z uFoui—2k
k=0 k=0
in the second case.
To prove (16) just write
t—1
ut — out = (u — du) (Z uPout=17F)

k=0

and use (15). 1

THEOREM 3.1. Let T’ be a compact Lie group acting on'V and let o : T' — Zg a homo-
morphism of Lie groups. Let {ui,...,us} be a Hilbert basis of the ring P(T4), where 'y
is the kernel of the homomorphism o. Then the set

{Ro(ui)7R1(ui)Rl(uj)v 1<i,j< 5}

form a Hilbert basis of the ring P(T').

Proof. Let us fix 6 € I'\ I'y and let {uy,...,us} be a Hilbert basis of P(H). We need
to show that every polynomial function f € P(I') can be written as

£ = h(Ro(u:), R1(ui)Ra(u), 14,5 < s),
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INVARIANTS AND RELATIVE INVARIANTS UNDER COMPACT LIE GROUPS 9

where h : R¥(s+1)/2 4 R is a polynomial function. The proof is done by induction on the
cardinality s of the set {uy,...,us}.
Let f € P(T"). From P10p051t10n 2.1, there exists f € P(I'y) such that Ro(f) = f. First

we write
Z aq u(x) ,
[¢3
with aq € R, where a = (a1, ...,as) € N°, and u® = ui* ... ug". Then
Zaa (u® + du®) .
«
Assume s = 1. Then we may write f = >, a; (u' + du’) , where a; € R and i € N.

Now we use (14) to get
Zai hi(Ro(u), Ri(u)) = h(Ro(u), R} (u)) ,

with h : R? = R a polynomial function.
Assume that given [ € N, for all sets {uq,...,w} with 1 <1 <s—1 we have

Zaa (u® + 0u®) = ha(Ro(ui), Ri(ui)R1(uy), 1 <4,j < 15 (17)

where a; € R, o € N' and hy, : R!(+1)/2 4 R is a polynomial function. Consider the set
{u1,...,w} U {ws41} and let f € P(I'). Then we may write

- a Dte+1 £41
= taae, Wrugt + oudugil’)

Q, 41
1 [a% « @ c O
- E[Z aoe s (U® + 6u®) (gl +0ugEi ) + D ey (u® — Su®) (ugyht = dugith)]
Q0041 Q,Qe41
1
= 3 (D0 + udfiD e (u” + 6u?) )+ gt — 6ugii')D Basaen(u® = 8u)],
Qe+1 Qg1 «

with u®, upit' € P(Ty), @ € N¢ and ag+1 € N

By (16) we have
utttt — ugttt = Ry(wgr)Hayyy (Ro(uien), BE (wi41))
and by the induction hypothesis (17) we can write
?—fjll + 6“?—5—? = hﬂz+1 (Ro(ul+1)7 R?(UI—H))

and

Za'o‘»ﬂul (ua + (Sua) = hﬂ‘t‘th (Ro(ui)a Rl(ui)Rl(uj)v 1< ’i,j < l)7
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10 P. H. BAPTISTELLI AND M. MANOEL

with Ha,,, s Pagsrs Naaes, Polynomial functions. Then

1
f=3 (> hagar (Ro(uisn)s B (wie1)) ha,acs: (Ro(us), Ra(wi) Ry (ug), 1 <14,5 < 1)
Qg1 (18)
+ZR1 (ul‘f'l)}[al—f-l (RU (uH-l)a R% (ul-%-l))zaa,aux(ua - 51‘0)]'

Qe41

Now we prove by induction on [ that for all 1 <i <land 1 < k,m <j—1, k#m, we
have

!
u® — fu® = ZRl(Uj)HQ‘j (Ro(u;), R (wi), Ry (ug) R (um)), (19)

Jj=1

where H, j : R" — R are polynomial functions with n = 2l + g1—1)2¢—2) In fact, for [ =1
it is obvious by (16). Assume then that

-1
u® — gu® = > Ri(u;)Ha,; (Ro(ws), B3 (wi), Ra(uk) Ri(tm)), (20)
j=1
where1 <i <1-1,1< k,m < j—1,k #m,witha = (a1,...,q-1) andu® = ui* ... 7"

‘We write
u - u® = (% - Gu) o+ Suf) + (0 + 0ut) (" — ).

By the induction hypotheses (17) and (20), we have

-1
u® — Ju® = %[z Ri(uj)Ha j(Ro(us), R2(u;), Ri(uk) R (um)) ha, (Ro(w), Rf(ul))
+ ha, (Ro(wi), Ry (ui) Ry (un)) Ry (w) Ha, (Ro(w), Ri(w))],

where 1 <i,n<l—1land1<km<j—1, with k #m.
Thus

-1
’U.a = (5u“ = [Z Rl (uj)Ga,j (Rg(’ul), Rf(ui),Rl(uk)Rl(u,,L))

=1

+ Ry (w)Ga, (Ro(u:), B3 (wi), Ra(up)Ri(uq))],

Publicado pelo ICMC-USP
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INVARIANTS AND RELATIVE INVARIANTS UNDER COMPACT LIE GROUPS 11

where 1 <43 <[, 1<km<j—1, withk#m, and 1 < p,q <l -1, with p # g, which
completes the proof of (19). Therefore

l
Zaa,aeﬂ(ua —dy®) = Z Ry (uy) Zaﬂ,azHHﬂJ (Ro(ui)v R} (u;), Ra(uk) R (um))

j=1

l
=" Ry(u;) H; (Ro(us), RS (), Ru(wr) Ra(um)),

j=1
with1<i<l, 1<km<j—1, k#m. Returning to (18) we obtain
f = Ha,aep, (Ro(ui), B (us), Ra(ug) R (um))

l
+ > Ra(ug) Ry (wen) Hjauy (Ro(ui), B (ua), By (up) R (ug)) ]

j=1
with1<i<l+1,1<km<l k#m,and 1 <p,qg<j—1,p#q. Therefore
f = H(Ro(u;), Ry (us)Ra(uy),1 <4,5 <1+1),

as desired. |

ExampLE 3.1. [ = O(2)] Consider the orthogonal group O(2) acting on C x R, where
the rotations @ € SO(2) and the flip x act as

0(z,z) = (e'2,2) and k(z,z) =(Zz,—-x).

Consider T';. = SO(2) and § = x € I'_. We have that u;(z,2) = 2Z and uz(z,z) = = form
a Hilbert basis of P(SO(2)). We have

Ro(u1)(z,2) = 2%, Ri(u2)(z,z) = =, Ro(ug)(z,2) = Ry(u1)(z,2) = 0.
By Theorem 3.1, the ring P(O(2)) is generated by

Ro(u1)(z,2) = 2z and R3(up)(z,x) = z?. 0

EXAMPLE 3.2. [ = (Dg+T?) ® Z,] Consider the group I' = (Dg+T?) ® Z2 acting on
C3 as follows: for (21, 29,23) € C?,

(a) the permutations in Dg permute the coordinates of (z1, 22, 23),
(b) the generator flip in Dg acts as (21,22,23) — (21, 22, Z3),
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12 P. H. BAPTISTELLI AND M. MANOEL

(c) 6 = (01,02) in the torus T? acts as
0 (21,22, 23) = (€P 21,02, e~ 0102 5 )
(d) the reflection k € Zy acts as minus the identity:
k(z1, 22, 23) = (=21, —22, —23).

In this example we consider § = x € I'_ and so I'; = Dg+T2.
Let v; = z;Z;, j = 1,2,3 and consider the elementary symmetric polynomials in vj :

Uy = vy +v2 + V3, Uz =V1V2 +V1V3 + VaV3, U3 = V1V2V3.

Also, let ug = 212023 + Z172Z3. 1t is well known that {uy,...,us} is a Hilbert basis for
P(Dg+T?2) (see Golubitsky et al. [9, Theorem 3.1(a), p. 156]).

We have Ry(u;) = u; and Ry(u;) =0, for j =1,2,3, Ro(uq) = 0 and Ry (ug) = ug. By
Theorem 3.1, the ring P(T') is generated by u1, ug, uz and u?. O

The following theorem is an extension of Theorem 3.1 in the computation of I'-invariant
generators for index m greater than 2. The basic idea here is to take into account that
f € P(D) if, and only if, Ro(f) = f and then to deduce the invariant generators under the

action of I" from a Hilbert basis of the ring of invariants under the action of the subgroup
H.

THEOREM 3.2. Let I' be a compact Lie group acting on V and let H be the kernel of
the homomorphism given in (7). Let {u1,...,us} be a Hilbert basis of the ring P(H). For
each j € {1,...,m — 1}, set a(j) = Y_i_ ji, with aji € N. Then the invariants

Ro(ul)aRO(U‘?)a o 'aRO(us)v

Rl (ul)““ e R1 (u‘g)al" e Fl,n_l(’LLl)(’Y"'_l'1 557 Rm_l(us)“’"‘”,
such that 3777 ' ja(j) =0 mod m, form a Hilbert basis of the ring P(T).

Proof. Let us fix § € T\ H such that 6™ € H and let {us,...,us} be a Hilbert basis of
P(H). Let f € P(T). From Proposition 2.1, Ro(f) = f, which gives

m—1

fz) =

), YzeV. (21)

-1
k=1

For each i € {1,...,s} we have u; = Em ! R;(u;). S
{Ro(us), R1(ui), ..y Rm—1(w;) 1 1 <4 < s}
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is a new Hilbert basis of P(H). Using multi-index notation, every polynomial function
f € P(I) can be written as

f = ZaaRg(ui)m Rl(ui)“" T Rm_l(ui)a’"‘l 7
with a, € C, where a = (ap,...,am-1), @; = (o1,...,05,) € N* and R;(u;)% =
Ri(u1)%® ... Rj(us)®, for j € {0,...,m —1}.
Now, for every k € N and z € V, we have
R;(u;)(6"z) = 07 (6%) R;(wi) () = 07*(8) Ry (wi) (),
from which we obtain

f(6*z) = Zd(&)kz}':llj"‘(j)aaRo(ui)o" Ri(u)® ... Ry ()% (z),  (22)

where a(j) = aj1 + ...+ aj, forall 1 <j<m -1
We now use (22) in (21) to get

a(6)N + (M) +... + (U((S)N)m‘1 =m-1,

where N = Z;.':llja(j) € N. It follows from Remark 2.1 that o™ (§) = 1, ie, N = 0 mod
m. Therefore the generators of P(T"), as a ring, are given by

RO(UI), RO(U2)1 wasy RO(us)
and by the products
Rl(ul)"‘“ e Rl(us)““ cee Rm——l('U«I)OI"HLl # 4 'Rm-—l(us)am_l's,

for Z;r:ll ja(j) =0 mod m. |

ExampLE 3.3. [[' = Z3 x Zg] Consider the group Z3 x Z3 acting on V = C2?, where
€= (&,6&) €T act on z = (21,22) €V as

£(z) = (§121,&222).

Fix 0 : I' = Z3 such that H = kero = Z3 x 1 and set § = (1,e*5) e '\ H. We notice
that 6% € H. The functions u;, 1 < u; < 5, given by

uy (21, 41, 22, 22) = 2121, up(21, 51,22, 22) = 25, us(21, 41,20, ) = 25,

ug(21, 21, 22, 52) = 22, us(z1,41,22,82) = Z2
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form a Hilbert basis of P(H). In this case, we have Ro(u;) = u;, for 1 < <3, R1(ua) = uq
and Ry(us) = ug. By the Theorem 3.2, the generators of the ring P(I") are

Ro(u1), Ro(ua), Ro(us), Ro(ua), Ro(us), Ri(ui)Ry(uz)Ri(uk),

Ro(ui) Ry (uj) Ro(ug), Ri(ui)Ra(uy),

for all 1 < i, 4,k < 5. Therefore the ring P(Zs x Z3) is generated by the elements

1.

10.
11.

12.

13.

14.

15.
16.

= 3 =3 = 3 =3
2121, 21, Ry 2222, 29, Z9.

REFERENCES

F. Antoneli, P.H. Baptistelli, A.P.S. Dias, M. Manoel, Invariant theory and reversible-equivariant vector
fields, Journal of Pure and Applied Algebra 213 (2009) 649-663.

. P.H. Baptistelli, M.G. Manoel, The classification of reversible-equivariant steady-state bifurcations on

self-dual spaces, Math. Proc. Cambridge Philos. Soc. 145 (2) (2008) 379-401.

. P.H. Baptistelli, M. Manoel, The o—isotypic decomposition and the o—index of reversible-equivariant

systems. Topology and its Applications (2011), to appear.

. P.-L. Buono, J.S.W. Lamb, R.M. Roberts, Bifurcation and Branching of Equilibria of Reversible Equiv-

ariant Vector Fields, Nonlinearity 21 (2008), 625-660.

. P. Chossat, R. Lauterbach, Methods in equivariant bifurcations and dynamical systems . Advanced

series in nonlinear dynamics 15, World Scientific, 2000.

. M. Forger, Invariant polynomials and Molien functions, Journal of Mathematical Physics 39 (2) (1998)

1107-1141.

. The GAP Group: GAP - Groups, Algorithms, and Programming. Version 4.4.9, 2006.

(http://www.gap-system.org)

. K. Gatermann, Computer Algebra Methods for Equivariant Dynamical Systems. Lecture Notes in Math-

ematics 1728, Springer-Verlag, Berlin-Heidelberg, 2000.

. M. Golubitsky, I. Stewart, D. Schaeffer, Singularities e Groups in Bifurcation Theory, Vol. II. Appl.

Math. Sci. 69, Springer-Verlag, New York, 1985.
J.S.W Lamb, R.M. Roberts, Reversible Equivariant Linear Systems. J. Diff. Eq. 159 (1999) 239-279.

D.H. Sattinger, Group Theoretic Methods in Bifurcation Theory. Lecture Notes in Mathematics 762,
Springer-Verlag, New York, 1979.

L. Smith, Free Modules of Relative Invariants and Some Rings of Invariants that are Cohen-Macaulay.
Proc. Amer. Math. Soc. 134 (2006) 2205-2212.

R.P. Stanley, Relative Invariants of Finite Groups Generated by Pseudo-reflections. J. of Algebra 49
(1977) 134-148.

R.P. Stanley, Combinatorics and Invariant Theory, Proc. of Symposia in Pure Mathematics 34 (1979)
345-355.

B. Sturmfels, Algorithms in Invariant Theory. Springer-Verlag, New York, 1993.

P. A. Worfolk, Zeros of Equivariant Vector Fields: Algorithms for an Invariant Approach. J. Symb.
Comp., 17 (1994) 487-511.

Publicado pelo ICMC-USP
Sob a supervisio da CPq/ICMC



352/11

351111

350/11

348/11

34711

346/11

345/11

344/11

343/11

342/11

341/10

SERIE MATEMATICA
NOTAS DO ICMC

BAPTISTELLI, P.H.; MANOEL, M.; Invariants and relative invariants under
compact lie groups.

SILVA, P. L. D. ; SILVA, E. R. - Solvability near the characteristic set for a
special class of complex vector fields.

BONOTTO, E. M. ; DEMUNER, D. P. - Autonomous dissipative semidynamical
sustems with impulses.

ARAGAO-COSTA, E. R. ; CARABALLO, T.; CARVALHO, A. N. ; LANGA, J. A.
— Stability of gradient semigroups under perturbation.

DUTERTRE, N. ; GRULHA JR, N. — Lé-Greuel type formula for the Euler
obstruction and applications.

RUAS, M. : FERNANDES, A. - Regidity of bi-lipschitz equivalence of weighted
homogeneous function-germs in the plane.

MATTOS, D. de; SANTOS, E. L. dos; COELHO, F. R. de C.. = On the
existence of G-equivariant maps.

JORGE-PEREZ, V. H.; MIRANDA, A. J.; SAIA, M. J. - Counting singularities via
fitting ideals.

AZEVEDO, K. A. G.; BONOTTO, E. M. — On asymptotic stability in impulsive
semidynamical systems.

OLIVEIRA, R. D. S.; ZHAO, YULIN - On the structural stability of planar quasi-
homogeneous polynomial vector fields.

LUCAS, L. A.; MANZOLI NETO, O.; SAEKI, O. - Exteriors of codimension one
embeddings of product of three spheres into spheres.



