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ON THE STRUCTURAL STABILITY OF PLANAR
QUASITHOMOGENEOUS POLYNOMIAL VECTOR FIELDS

REGILENE D. S. OLIVEIRA AND YULIN ZHAO

ABSTRACT. Denote by Hpgm the space of all planar (p, ¢)-quasihomogencous vector fields
of degreec m endowed with the coefficient topology. In this paper we characterize the set
Qpgm of the vector ficlds in Hpgy, that are structurally stable with respect to perturbations
in Hpgm, and determine the exact number of the topological equivalence classes in Qpgm.
The characterisation is applied to give an extension of the Hartman-Grobmann Theorem for
such family of planar polynomial vector fields. It follows from the main result in this paper
that, for a given X € Hpqm we give a explicit method to decide whether it is structurally
stable with respect to perturbation in Hpgy, before finding the vector field induced by X
in the Poincaré-Lyapunov sphere. This work is an extension and an improvement of the
Llibre-Perez-Rodriguez’s paper [17], where the homogencous case was considered. More
precisely, if both p and g are odd, the main results of this paper are similar to those of the
Llibre-Perez-Rodriguez’s paper; if either p or ¢ is odd while the other is even, we present
some results which do not appear in the above mentioned paper. For example, one of the
interesting results is that there may be triples (p, ¢, m) such that Hpgm # 0 but Qpgm = 0.
which does not occur in the homogeneous case.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The structural stability of planar vector fields has been a subject of great interest in
the global qualitative theory of dynamical systems since the sixties. The first definition of
structural stability of planar vector fields goes back to Andronov and Pontrjagin (1937) [1]
and Peixoto (1962) [20]. There are many paper about this subject. In 1990 [19] Shafer
characterized the planar gradient polynomial vector fields which are structurally stable with
respect to perturbations in the set of all C" planar vector fields and in the set of all planar
polynomial vector fields. In 1993, Jarque and Llibre [12] found the similar characterisation
to planar Hamiltonian polynomial vector field with respect to perturbations in the same
sets of Shafer. In 1996 Llibre, Perez and Rodriguez [17] characterized the structural stable
homogeneous vector fields with respect to perturbation in the same restricted set. In 2000
the same authors [18] extended most of the results of the previous paper to systems of
the form X = (P,,@,), where P, and @, are polynomial functions of degree m and n,
respectively, m,n > 1. In 2005 Jarque, Llibre and Shafer [13] provided sufficient conditions
for a planar polynomial foliation to be structurally stable under several different types of
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perturbation. In 2008 [14], Jarque, Llibre and Shafer obtained the full characterisation of
structural stability of polynomial foliations of degree 1 and 2, both in the Poincaré sphere
and in the plane, together with a complete catalogue of phase portrait of stable systems.

However the complete and explicit characterisation of all planar structurally stable polyno-
mial vector fields of degree m with respect to polynomial perturbations, is an open problem.
In many papers about this subject we found the study of some families of polynomials vector
fields, specially modulo limit cycles, as in [2].

A function f(z,y) is called a (p, q)-quasihomogeneous function of degree m if f(\Px, \y) =
A" f(z,y) for all A € R. If P(z,y) and Q(z,y) are (p, q)- quasihomogeneous polynomials of
degree p — 1 +m and q — 1 4+ m, respectively, we say that X = (P,Q) is a planar (p, q)-
quasithomogeneous polynomial vector field of degree m. The system of differential equations
associated to X is

dx . Oy .
— = P(z,y) = Z Ay, i Qz,y) = Z by (1)

dt
pi+qj=p—1+m pi+qi=q—l4+m

Here p, ¢ and m are positive integers and P(z,y) and Q(z,y) are coprime in the ring Rz, y].
To be short we denote this by (P(z,y), Q(z,y)) = 1.
Observe that the above definition is the natural one for the following reasons|[5]:

(1) When p = ¢ = 1 it coincides with the usual definition of homogeneous vector field of
degree m.

(2) The differential equation dy/dx = @/ P associated with X, is invariant by the change
of variables T = Mz, = \y.

(3) Homogeneous vector fields can be integrated using polar coordinates whereas (p, g)-
quasihomogeneous vector fields can be integrated using the (p, ¢)-polar coordinates.
These generalized polar coordinates were introduced by Lyapunov in his study of the
stability of degenerate critical points[9]. In this paper we will describe this change of
coordinates and some of their main properties in Section 2.

Let Hpgm be the set of all planar (p, ¢)-quasihomogeneous vector fields of degree m.

It follows from (1) that Hpgy # 0 if and only if pi + ¢j = p — 1+ m and pi’ + ¢j’ =
¢ — 1 + m have non-negative integer solutions (i,7) and (i, j’) respectively. Therefore if
(p,q,m) = (3,7,2), then Hzzp = 0; and if (p, ¢, m) = (1,2,2), then Hya # 0.

Although there are integers p, ¢ and m such that Hpgy, = 0, there has been a substantial
amount of work devoted to understanding the properties of the quasihomogeneous vector
fields. For instance, the quasihomogeneous vector fields have appeared in several works about
the Hilbert’s Sixteenth Problem[5, 16], and about integrability of planar vector fields[7]. The
(p, ¢)-polar coordinates, used to study the quasihomogeneous vector fields, have also been
applied to study properties of planar differential equations(3, 15]. It is well known that (see
[7]), given a polynomial f € R[z,y] we can write it in the form f = fi, + fit1 + ... + frnsns
where f. is a (p, ¢)-quasihomogeneous polynomial function of degree k.

Before stating the main results of this paper, we give some definition and notations. To
study the behaviour of the trajectories of a planar differential system near infinity we use
the Poincaré-Lyapunov compactification, see for instance [9]. In the Poincaré-Lyapunov
compactification we prefer to work on a hemisphere, calling it as Poincaré-Lyapunov disk.
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The induced vector field in the Poincaré-Lyapunov disc is called the Poincaré-Lyapunov
compactification of the vector field X, denoted by E(X).

Roughly speaking, we shall say that two vector fields X,Y € H,,, are topologically equi-
valent if there exists a homeomorphism A in the Poincaré-Lyapunov disc, carrying orbits of
the flow induced by E(X) onto orbits of the flow induced by E(Y), preserving sense but not
necessarily parametrization; h is termed an equivalence homeomorphism between X and Y.
Moreover, as in the homogeneous case, the coefficients of X, P and (), are polynomials so,
there exists a positive integer k < oo, such that every X = (P, Q) € Hpgn could be identified
with a unique point in R¥, by the identification of the coefficients of X with points from R*.
The number k could be chosen in the following way: let k; and ko be the numbers of the
non-negative integer solutions, in case they exist, for the equations pi +¢j = p— 1+ m and
pi’ + qj’ = q¢ — 1 + m respectively, if there exists. Then k = £y + ko. We take in H),, the
topology induced by the Euclidean norm in RF.

Further, a vector field X € Hpn is structurally stable with respect to perturbation in
Hyym if there exists a neighborhood U of X in Hpgy, such that for all Y € U, X and
Y are topologically equivalent. We also need to observe that this definition of structural
stability does not require that the equivalence homeomorphism is near the identity map
on the Poincaré-Lyapunov sphere. It is important to say that in certain cases, for open
manifolds, the restriction of h to a neighborhood of identity in H,,, is not superfluous (see
[8, 11, 19]), but here it is redundant. This follows from the Peixoto results in [20], as in the
homogeneous case. Since the coefficient topology is equivalent to the C' topology and the
Poincar Lyapunov sphere is a manifold in the Peixoto conditions we don’t need to require
that our equivalence homeomorphism be near the identity map. Peixoto showed in [20]
that on an orientable differentiable compact connected 2-manifold without boundary, if a C*
vector field X is equivalent to all vector fields in a neighborhood U of X in the C* topology,
then the equivalence homeomorphism between X and any vector field in U can be chosen
sufficiently close to the identity map.

Denoted by Q,qm the set of all vector fields in H,,, which are structurally stable with
respect to perturbations in Hpg,. In this paper we characterise the vector fields in Qpm
and determine the exact number of the topological equivalence classes in 2,4,. By using
this characterisation we give an extension of The Hartman-Grobman Theorem for a kind of
planar vector fields.

We would like to point out that the results of this paper are an extension of the results in
[17] and an improvement of them. For a given (p, ¢)-quasihomogeneous vector field of degree
m, we give an explicit method to decide whether it is structurally stable with respect to
perturbation in Hpg,, before finding the vector field induced by X in the Poincaré-Lyapunov
sphere, as it has taken place in others papers such as [17], for instance. Roughly speaking,
if both p and ¢ are odd, the study of quasihomogeneous system are similar to those of the
homogeneous one in [17]; if either p or ¢ is odd while the other is even, then we should use
different ideas to study the (p, ¢)-quasihomogeneous vector fields. In fact, we present some
results which do not appear in [17] for the latter case. For example, one of the interesting
results is that there are triples (p, ¢, m) such that H,g, # 0 but Qpgm = @, which does not
occur in the homogeneous case. We also note that Proposition 3 is not necessarily in [17],
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but it is crucial for our analysis. Lemma 4 will tell us what is the difference between a
general quasihomogeneous vector field and a homogeneous one.

Now we shall present the main results of this paper. Let
n(z,y) = pzQ(z,y) — qyP(z,y). (2)

In Lemma 9 (see Section 2 below) it is proved that if n(z,y) = 0, then (P, Q) = (pz, qy).
This degenerated case will not be considered in this paper. Moreover we understand that
the following convention (a) holds up without loss of generality. See Lemma 8 in Section 2.

Convention. In this paper we understand that

(a) p is odd and (p,q) = 1, unless the opposite is claimed, and
(b) n(z,y) # 0.

In Section 2 we shall study the phase portraits of the vector fields in H,,, and prove the
following theorem.

Theorem 1. Let X € Hpym # 0. If n(1,y) has no zero and n(0,1) # 0, then n(z,y) # 0,
for (z,y) # (0,0) and, the origin of system (1) is

(a) a global center if and only if Ix = 0, where

_ [T P(Lv)

(b) a global stable (respectively, unstable) focus if and only if Ix < 0 (respectively, Ix >

0).

In [16] Ix is given by the integral of (p, ¢)-trigonometric functions. Here Iy depends on
the integral of the rational function P(z,y)/n(z,y).

In Section 2 it is proved that, if 7(1,y) = 0 has a real zero or 1(0,1) = 0 then the system
(1) has at least one invariant curve. Therefore, Theorem 1 implies that the origin is a center
if and only if n(z,y) # 0, Ix =0, or if and only if n(1,y) # 0, n(0,1) # 0, Ix =0.

The following theorem is proved in Section 3 and it gives the characterisation of the set
qum'

Theorem 2. Denoted by Qpgm the set of all vector fields in Hyqn which are structurally
stable with respect to perturbations i Hpgm # 0. If Qpem # 0, then the vector field X € Qpgn,
if and only if one of the following conditions is satisfied:

(a) If n(1,y) has no zero and n(0,1) # 0 then Ix # 0;
(b) If the condition in (a) does not hold, then all the zeros of n(1,y) are simple if they
exist, and 9n(0,1)/0x # 0, if n(0,1) = 0.

In order to compute the number of topological equivalence classes in €2, it is necessary
to have some additional information about the normal form of the structural stable vector
field X = (P, Q). They are given by the following proposition.
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Proposition 3. Let X = (P,Q) € Hppm # 0 and n(x,y) is given by (2). Then n(x,y) is a
(p, q)- quasihomogeneous polynomial of degree p + q +m — 1 having the form

n(z,y) = Z qujﬁ'iyj~ (4)
pi+qj=p+q+m-—1
Suppose X € Qpgm # 0, then there exist a unique integer r such that
(a) i n(0,1) #0, n(1,0) #0 thenp+qg+m —1= (r+1)pg with r > 0 and

r+1

@y = . agrropE e,
=0
=
P(z,y) = Zalq,(v--}—l—l)])——lxlqy(7‘+l_l)p_1a (5)
=0
=
Q(x,y) = Zb(r+1_l)q_l’lpl.('lul-l——l)(l—lylb,
=0

with aor41yp-1 # 0, bart1)g-10 7 0, Cori1)p # 0, Crrr)g0 # 05

(b) i n(0,1) # 0, n(1,0) =0, then p+m — 1 = rpg with r > 0 and

77($7y) = <z Clq,(r—l)p+1("L‘q)l(yp)r_l> Y,
=0
P(’an) = Zalq,(r—l)p(wq)l(yp)r—la (6)
=0

=
Q(a},y) = Zb(7‘—l)q—l,lp+1.’L‘(r—l)q‘1y/p+1’
=0

’LU’Lth aO,'rp # O, brq—l,l 7£ 0> CO,rp+1 7£ O, er,l # 0:'

(c) if n(0,1) =0, n(1,0) #0, then ¢ +m — 1 = rpq with r > 0 and

n(zy) = @ (Z Cl+lq»(r—z>p($q)l(y”)"‘l>,
=

P(z,y) = = (Z a1+lq,(,._l)p_ﬂlqy(r—l)p—l), 7)
=0

Qz,y) = Y bp-neu(@) @),
=0

WZth C’Jl,rp—l # 07 brq,O # 07 cl,rp 7é 07 Cl4rq,0 7é 0
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(d) 4 n(0,1) =0, n(1,0) =0, then m — 1 = (r — 1)pq with r > 1 and

r—1
w@y) = o (ZCl+lq,(r—1_z)p+1(mq)[(y”)”"l"l>7

=0

P(z,y) = 37<Za1+zq,(r—1—1)p($q)l(y")""l'l>, (8)
1=0
r—1

Qz,y) = y(Zb(r—l—l)q,l-}-lq(mq)T—l_l(yp)l>,
=0

with ai,(r—1)p 7é 07 b(r—l)q,l # 0 C1,(r=1)p 7é 0, Cl4-(r=1)q,1 # 0.

Proposition 3 says that, if X € (2, then there is a non-negative integer r such that r
satisfies at least one of the following equations:

Eip+rqg+m—1=(r+1pg, & :p+m—1=rpg, (9)
E:q+m—1=rpq, Esim—=1=(r—1)pgq.
An interesting consequence of the above proposition is the following: there are p,q and m

such that Hpg, # 0 but Q,q, = 0. This is proved by choosing the triple (p, g, m) such that
there is no r satisfying any equation in (9).

Example. Let (p,q,m) = (1,7,2) and consider Hy7y. Since X = (az?,ba® + cxy) € Hyz for
each (a,b,c) € R3 we have Hyzo # 0. It is easy to check that there is no r satisfying any
equation in (9) then Q75 = 0.

Denote by
©; = {(p,q,m) : there exists r satisfying &;}. (10)
We shall classify 2,4m by ©;, ¢ = 1,2, 3,4, and study the number of equivalence classes in
Qpgm. The following lemma shows what happens if (p,q,m) € ©;N©;, j # 1. It also tells us
that if p = ¢ = 1 (the homogeneous case), then (1,1, m) satisfies all equations in (9).

Lemma 4. Let r; be solution of &. If (p,¢,m) € ©;,NO;, i # j, then r; = r;. More
precisely,
(a) p=q =1 if one of the following condition holds:
(a.1) (p,q,m) € ©1 N Oy
(a.2) (p,q,m) € ©2 N O3,
(a.3) (p, q,m) satisfies three equations of (9);
(b) p =1 if one of the following two condition holds:
(b.1) (p,q,m) € ©1 N Oy;
(b.2) (p, g,m) € ©3 N Oy
(c) g =1 if one of the following two condition holds:
(b.1) (p,q,m) € ©1 N Os;
(b2) (p,q,m) € ©2N Oy

[fp = 1, (1)Qa7n) & @1 n @2(7”&9]). O3 N @4): X = ( ( ) Q(Jl,y)) = qum # Q), then
X with (6) (resp. (8)) can be changed into system (1) wzth (5) resp (7)) by the (1,q)-
quasthomogeneous polynomial transformation y — y — Aa9, 0 # A € R

|
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It follows from the above lemma that for p, ¢ and m given, if there exists the number
r, it is unique, it can not take different values, even if (p,q, m,r) satisfies two or more
equations of (9). It also says that there exists a triple (p, ¢, m) such that (p,q,m) € ©; but

(p,q,m) & ©;, j #1.

Based on Lemma 4, without loss of generality, we assume that the following conventions
hold, provided X € Qg # 0:

p=Lifp=1org= 1
(i) In order to compute the number of topological equivalence classes in €2,,,,,, we consider
the case (1,q,m) € ©1 (resp. O3) if (1,¢,m) € ©1 N Oy (resp. (1,¢g,m) € O3 N Oy).

Denote by Cpqn the number of topological equivalence classes in 2,q,. The following
theorem gives us the value of Cpg, for each p, ¢ and m.
Theorem 5. Let r be an integer, defined in Proposition 3, and Qpgm # 0. Assume that the
above conventions (i) and (i) hold.

(a) Suppose that both p and q are odd.
(a.1) Ifr is odd, then

(r+1)/2 .
1 .
1+3 Z Z(PQn + I,), if (p,g,m) € ©1\ U@i,
C — J=1 nlj 1=2
pgm ] (r+1)/2 .
_1+§ ]Zl zlz(p2n+-[2n)7 if (P,qwn) S LJQ@Ij,
= niJ 1=

where
1 T
P == | 2™ - S IPu|, Ip=2"" = > I,
ln,l#n lIn,l#n

(a.2) If r is even, then

r/2

1
Cpqm =—-1+ 5 Z Z (PQn as IQ‘n)v
J=1 n|2j+1
where
1
Paw==(2"= > 1P|, ba=22 = 3" Iy, (11)
n
lIn,#n ln,l#n

(b) Suppose that p is odd and q are even and P, is given by (11).
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4
(b.1) If (p,q,m) € @1\U@i’ then

=2
( (r+1)/2
Slr+3+ > > Pan |, if risodd,
j=1 n|2j
Coam = /2
— 7‘—2-{—2 Z Po, |, if 7 is even,
j=1 n|2j+1

(b.2) If (p,q,m) € Oy, then

( (r+1)/2
—r—1+ ZZPgn , if r is odd,
j=1 n|2j
Opqm = /2
- r—2+z Z Pon |, if 7 is even,
Jj=1 n|2j+1
(b.3) If (p,q,m) € ©3 U Oy, then
( ] (r+1)/2
r+ 3 Z szn ) if 7 is odd,
=1 nlj
Cpq’m, = 1 1‘/2
3 r—2+ ‘ Z Pan |, if 7 is even,
J=1 n|2j+1

\

Finally we have an extension of the Hartman-Grobman Theorem to vector fields in Hgp,.
Before stating these results we need some notations. We say that two analytic vector fields
X and Y are locally topologically equivalent at origin (resp. infinity) if there are two neigh-
borhoods U and V of the origin (resp. the infinity) and a homeomorphism h : U — V' that
carries orbits of the flow induced by X onto orbits of the flow induced by Y, preserving sense
but not necessarily parametrization (see for instance [17]).

The next two theorems are extensions of the Hartman-Grobman Theorem at the origin
and infinity respectively.

Theorem 6. Let X = ZXi, where X; = (Pi(x,y), Qi(x,y)) is a (p, q)-quasihomogeneous
i>m

polynomial vector field of degree i if Hpu # 0, and X; = (0,0) if Hpy = 0, where i €

{m,m+1,---,}, m > 1. Suppose X, € Qpgm, then the phase portrait of X and X,, are

locally topologically equivalent at the origin.

Now we can get the analogous of Theorem 6 at infinity.
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Theorem 7. Let X = ZXZ" where X; = (Pi(z,y),Qi(z,y)) is a (p,q)-quasihomoge-
i=0

neous polynomial vector field of degree i if Hpy # 0, and X, = (0,0) if Hyu = 0, where

i € {0,1,...,m}. Suppose Xm € Qpgm, then the phase portraits of X,, and X are locally

topologically equivalent at infinity.

The rest of this paper is organized as follows. In Section 2 we study the phase portraits of
(p, q)-quasihomogeneous polynomials of degree m on Poincaré-Lyapunov disk. In Section 3
we prove Theorem 2 which characterises the vector fields X € Q,4,,,. In Section 4 we compute
the number C,g, of topological equivalence classes in 2,4,. Theorem 6 and Theorem 7 are
proved in Section 5.

2. PHASE PORTRAITS OF QUASIHOMOGENEOUS VECTOR FIELDS

In this section we shall study the phase portraits of quasihomogeneous vector fields.

As discussed before, one of our conventions is that, if X € Hp,, then (p,¢) = 1. The next
lemma shows that, if (p, ¢) > 2, then there exist a triple (p',¢’,m’) with (p',¢") = 1 such that
X e Hp/q'm/.

Lemma 8. Suppose (p,q) = k > 2 in (1), then there exists a unique triple (p',q',m') with
(p',q') =1 such that system (1) is a (p/, ¢')-quasihomogeneous vector field of degree m'.

Proof. Let p = kp', ¢ = kq'. Since (p,q) = k > 2, we have (p/,¢’) = 1. It follows from the
definition of P(z,y) in (1) that kp’ —1+m = kp'i+ kq¢'j, which implies that k|m —1. Taking
m' =14 (m — 1)/k, the statement follows. O

Lemma 9. Let X = (P,Q) € Hygm # 0 and consider the polynomial n(x,y), defined by (2).

(a) n(z,y) is a (p, q)-quasihomogeneous polynomial of degree p + q +m — 1.
(b) If n(z,y) =0, then X = (P, Q) = (pz, qy).

Proof. The item (a) is a consequence of the fact that P(x,y) and Q(z,y) are (p, ¢)-quasiho-
mogeneous polynomials of degree m — 1+ p and m — 1+ ¢, respectively. Now if n(z,y) =0,
then pzQ(z,y) = qyP(z,y). As P(z,y) and Q(z,y) are coprime, follows that P(z,y)|z and
Q(z,y)ly. O

The lemma bellow says that, as in the homogeneous case, there is no limit cycles if
n(1,y) = 0 has zeros, or n(0,1) = 0.

Proposition 10. Let X € Hpgn # 0.
(a) If n(0,1) = 0, then x = 0 is an invariant curve for the flow of X;
(b) If there exists A\ € R such that n(1,\) = 0, then y? — A\Pz? = 0 is an invariant curve
of the flow of X;
(c) X has no periodic orbit if (a) or (b) holds.

Proof. As P(z,y) is (p, q)-quasihomogeneous polynomial of degree p +m — 1 it follows that
P(0,y%) = yP~1*™P(0,1) = 0, if 0 = n(0,1) = P(0,1). Therefore z = 0 is an invariant line
of X.
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Suppose there exists A such that n(1,\) = 0. If A = 0, then 0 = n(1,0) = pQ(1,0). So
Q(z?,0) = z771*™Q(1,0) = 0. Therefore y = 0 is an invariant curve of X. Otherwise, let
V(z,y) = y? — A\Pz?. Then

av

—r — p/\p—la;q(p—l)/pQ(m, /\:L.q/z)) _ q/\P:C(I—lP(x’ /\‘1;r1/p)

y=Az1/P
= NP (pQ(1, A) = gAP(L, X))
)\p—l(.,L_l/p)pq—i-m—ln(l’ /\) =0,
where 29/P := (2/?)9. This ends the proof of (b).
From [16] system (1) has a unique singular point at the origin. If there exists an invariant

curve passing through the unique singular point of system (1), then no limit cycle can
surround the origin and the statement (c) is proved. O

To study the singular point (0,0) of (1), we introduce the (p, g)-trigonometric functions
z(¢) = Cs¢ and w(p) = Sng [15, 16] as the solution of the following initial problem

s = —w? 1 =221 2(0) =p %, w(0) =0.

It is know that Cs¢ and Sn¢ are 7 -periodic functions with

L TN

T = P 2q 2 ——
e
and satisfies
pCs*¢ + qSn*¢ =1, < —Sn*1¢, L Cs*~ .
d¢ d¢

For (p,q) = (1,1), we have that Cs¢ = cos¢, Sn¢ = sin¢, i.e. the (1,1)-trigonometric
functions are the classical ones.
In the (p, ¢)-polar coordinates (r, ¢)

x =1PCs¢, y=riSng, (12)
the planar (p, q)-quasihomogeneous system (1) of degree m is written as
P =r"F(¢), ¢=1"""G(9),
with
F(¢) = £ (Cse,Sng), G(¢) =n(Cso.Sng),
where

E(z,y) = * 7 P(z,y) + ¥y Q(z,y), (13)
and 7(z,y) is defined in (2).

Taking the change of coordinates
ds
==

the above system goes over to
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where prime denotes derivative with respect to s,

0 =r(32). w0)=F6(37) (16

It is easy to check that f(0) and g(@) are 2m-periodic functions.

Now, we are able to prove Theorem 1 which discuss about the phase portrait of the vector
fields in Hpgm, provided that 7(1,y) has no zero and 1(0,1) # 0.

Proof of Theorem 1. First we shall prove that n(z,y) # 0 for all (z,y) # (0,0).
From Lemma 9(a) if follows that if = # 0, then

__ (1/p\p+g—14+m L)
U(i,y) - (‘7’ ) Ui (l» Iq/p ) (17)
As n(1,y) has no zero, from (17), we get n(z,y) # 0, provided that x # 0.
In what follows we shall prove that 7(0,y) # 0. Suppose it does not happen and there
exists y* # 0 such that 0 = n(0,y*) = —qy*P(0,y*). So
0= P(0,y") = (ly*]"/9)"~ "™ P(0, sgn(y"))-
where
P(0,1), if y* > 0.
0= P(0,sgn(y")) =

If y* < 0, then for any y < 0,
P(0,y) = (ly"/9)~*"P(0,-1) = 0.

As P(0,y) is a polynomial in the variable y and it is identically zero for y < 0, we have
P(0,y) = 0 and P(0,1) = 0. Hence we conclude that if there exists y* # 0 such that
n(0,y*) = 0, then n(0,1) = —¢P(0,1) = 0. This is a contradition with the hypotheses of
this theorem. Therefore, 7(0,y) # 0 for y # 0 and one obtain n(z, y) # 0 for (z,y) # (0,0).
Secondly we shall prove the statements (a) and (b). If n(z,y) # 0, then g(0) # 0 (see
(16)). It follows from (15) that
dr  rf(0)

o g(0)’

P(0,-1), if y* <0.

and the first return map is given by

71061-/\’7 if f(‘g) ; O’

r(2ymrg) =
To, if f(0)=0,
where ) )
. i
Iy = ——=dd,
Tl 906)

and (ro,0) is one point of the positive z-axis. From the first return map we deduce that
if Iy = 0, then the origin is a center. If Iy < 0 (vesp. Ix > 0), then it is a stable (resp.
unstable) focus.

To end this proof we must show that the sign of Ix is equal to the sign of I
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Let = Cs¢, y = Sn¢. Then

- _ o [T F(9) 2m £(z,y) 2 - -
Ix== ik W Pt —= iy = = (F, — I},
= o G(¢) 2 T pz2d+qy?r=1 z2-In(z, y) d T< i )

where
q 1/(2p)

* _g-1/en T2 (2,y)
If pis odd and z # 0, then

(g} = (@foyreime (1, 20, (18)

) m
where £(z,y) is defined in (13). It follows from (17) and (18) that

7 _ /q‘““’” £(1, )
L=

g~/ 29/Pn(L,y/za/P)

:p:g:i:;tp_1/(2’1)(1—(”/27’)1/(2‘1)

dy.

T=T 4

Let © = x4 and u = y/z¥?. Then v* = y? /2% and y* = u*/(p + qu*). Hence

i- /°° &(1,u) 1 d u?P P
T 29P(1,u) le=ay 2py?P—1 du \ p + quP “

/°° pé(1,u) du
—oo (P + qu?P)n(1,u)

When p is odd, (17) and (18) are also true for v = z_. Using the same arguments as
above, we get I_ = —/, and hence Iy = 2/,.

As
= p&(1, u) _ /°° P(l,u) , /°° u2p-1 B
/—oo (p + qu?P)n(1,u) du —oo N(L,u) = e B W”du =5
the statements (a) and (b) follows, provided that p is odd. 0

Our next step is to consider the case where n(1,y) has zeros or n(0, 1) is zero. To this we
consider the study of the finite and infinity singularities of X.

To study with more details the singularities at infinity, we use Poincaré-Lyapunov Com-
pactification, see for instance [9]. First we blow up the system (1) in the positive z-direction

by

1 2Imdt
:L=—,y:£,d7': , 2> 0.
2P 249 P
This yields the vector field
dz du
E = —ZP(].,U), E; = 7](1,11,). (19)

Each points (z,u) = (0, \) satisfying n(1,\) = 0 is an infinity singularity of system (1) and
they have their linear part given by

—P(1,)\) 0
( 0 %(m))' (20)
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Moreover, if P(1,A\) = 0, then 0 = 5(1,)) = pQ(1,)), so P(z, \x¥/?) = Q(z, \z¥/?)
= 0 for x > 0. Hence the algebraic curves P(z,y) = 0 and Q(z,y) = 0 have infinite
intersection points. As P(z,y) and Q(z,y) are coprime polynomials, it follows from Bézout
theorem [10] that P(z,y) = 0 and Q(z,y) = 0, what is a contradiction with our hypothesis.
Therefore, P(1,\) # 0 if n(1,A) = 0 but n(1,y) # 0. Hence all singular points of system
(19) are elementary.

Second we blow up the system (1) in the negative z-direction using the transformation

1 l_mdt
m=——,y:£,d7'=z , 2> 0.
2P 24 p
One gets
d du
Z =2P(-Lu), = =-n(-1u), (21)
All points (0, \) satisfying n(—1, \) = 0 are singular points of system (21). Their linear part
are given by
P(-1,)) 0 )
. 22
( 0 —&(-1y) (22)

The singular points of the system (21) are studied in the same way as the ones of system
(19). Moreover all of them are elementary.
Finally we blow up in the y-direction by

1 1—-mdt
.’L‘———l,yzﬂ:—,dez , 2> 0.
2P 249 q
which yields two vector fields of the forms
ey . 2 dv
Xi : EE = :FZQ(U) :t]')a d_T = :\‘:77(Ua :tl) (23)

We only need to determine whether the origin is a singular point of the vector fields X,
As 1(0,1) = 0 implies that z = 0 is an invariant line of X (see Proposition 10), one gets
P(0,y) = 0 and n(0,—1) = ¢P(0,—1) = 0. Using the same arguments as above, it is proved
that 7(0,—1) = 0 implies n(0,1) = 0. This yields that the origin is a singular point of
system X’f if and only if it is a singular point of system X*. We also have Q(0,£1) # 0 if
n(0,+1) = 0. Hence (0,0) is elementary singular point of system X$° if n(0, 1) = 0.

Lemma 11. Suppose that p is odd.
(a) (0,)) is a singular points of system (19) if and only if (0, (=1)9]) is a singular point
of system (21). Suppose that X\ is a zero of n(1,\) with multiplicity k, then
(i) If k is even, then (0, ) and (0, (—1)?\) are saddle-node of system (19) and (21)
respectively;

(ii) if k is odd and P(1,\)(0%n/0uF)(1,\) > 0, then (0,\) and (0,(=1)7)) are sad-
dles of system (19) and (21) respectively,

(iit) if k dis odd and P(1,\)(d%n/our)(1,N) < 0, P(1,A) > 0 (resp. P(L,)\)
< 0), then (0,)\) is a stable (resp. wunstable) node of (19), and (0,(—=1)7\)
is a unstable (resp. stable) node if m is even, a stable (resp. unstable) node of
system (21) if m s odd.



14 REGILENE D. S. OLIVEIRA AND YULIN ZHAO

(b) System X has a singular point at (0,0), if and only if system X has a singular
point at the origin, if and only if n(0,1) = 0. Moreover, suppose n(0,1) = 0, then
there exists positive integers k, | such that m = (k — D)p+ (I — 1)g+ 1, and

(i) if k is even, then system X (resp. X*°) has a saddle-node at the origin;

(i) if k is odd and Q(0,1)(0%n/0z*)(0,1) < 0, then system X (resp. X=°) has a
saddle at the origin;

(iii) if k ds odd and Q(0,1)(0%n/02*)(0,1) > 0, Q(0,1) > 0 (resp. Q(0,1)
< 0), then system X$° has a stable (resp. unstable) node at the origin, and
X has a stable (resp. unstable) node at origin if | is odd, a unstable (resp.
stable) node at origin if l is even, respectively.

Proof. (a) Since p is odd, it follows from (17) that
(=1, (=1)7A) = (=1)P**" (1, ), (24)

which implies that (1, \) = 0 if and only if n(—1, (—=1)?)\) = 0, and hence (0, \) is a singular
point of system (19), if and only if (0, (—1)7)) is a singular point of system (21). The equality
(24) also yields
akn(_lv (_1)qA) _ (k—1)g+m 3k77(1a /\)

o Y ok (3)
Since P(—1,(—1)9)\) = (—1)™P(1, \), the statements (i),(ii) and (iii) with £ > 2 in (a) follow
from Theorem 2.19 of [9]. If £ = 1,then all singular points are hyperbolic and the statement
in (a) follows from Theorem 2.15 of the same book [9].

(b) Using the same arguments as in the case for system X4, we get that system )_(j’f has
a singular point at (0,0), if and only if system X has a singular point at the origin, if and
only if n(0,1) = 0.

Suppose that 7n(z,y) has the form (4). If n(0,1) = 0, then there are k£ and [ such that
pk+qgl=p+q+m—1,cy #0and ¢;; =0 for i <k —1, where k > 1, [ > 1. This gives
(0%n/02*)(0, £1) = klcy(£1)%

If n(0,1) = 0, then P(0,1) = 0, which implies that P(z,y) has a divisor . On the other
hand, Q(0,1) = 0 also means that Q(z,y) has a divisor z. Since P(z,y) and Q(z,y) are
coprime, we have that Q(0,1) # 0 if n(0,1) = 0. The other statements in (b) follows by the
same arguments as in the proof of (a). O

Before ending this part some comments are necessary. If p is odd, then it follows from (24)
that (0, )\) is a singular point of system (19), if and only if, (0, (=1)?\) is a singular point of
system (21). In fact, the information found in the positive z-direction also covers the one in
the negative z-direction. However because of the proof of Lemma 11 is convenient to study
both, the positive and the negative z-direction.

Now, using similar arguments and local charts we have the study of the finite singular
points of the system (1). It is important to observe that using (p, ¢)-polar coordinates changes
one gets the vector field (15) which is defined on S' x R. Although the cylinder S' x R is
good surface for getting the phase portrait near the origin, it is often less appropriate for
making calculations, since we have to deal with expressions of (p, ¢)-trigonometric functions.
Hence we prefer to make the calculations in different charts.
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We are going to use the method of quasihomogeneous blow-up (see for instance [9]) in
local charts to study the singular point (0, 0) of system (1). We first blow up the vector field
in the positive z-direction by

._'m_ldt
x=F* y==, dr =2 ; & >0, (26)

yielding

z=zP(L,79), §=n(1,7). (27)
The points (0, \) satisfying n(1,\) = 0 are the isolated singular points of (27) on the line
{z = 0}. The system in these singular points has their linear part given by

( P(t,/\) Qﬂ((lJ,,\) ) _

9y
Since we have shown P(1,)) # 0, all singular points of system (27) are elementary.

Next we blow up the vector field in the negative z-direction, the positive y-direction and
the negative y-direction, respectively. Then we obtain three systems whose singular points
are elementary. Here we omit the details.

After blown up the origin we obtain elementary singular points so the singular point (0,0)
of (1) has been desingularized. After blowing down we get the phase portrait of system (1)
near the origin.

From the later considerations we have that the finite and infinite singularities of X are
determined by the zeros of 1(1,y) or 1(0,1). The following proposition guarantee that the
invariant curves of the system (1) determine the phase portraits of system (1).

Proposition 12. Suppose that (1,);), (1, \i+1) are two consecutive infinity singularities of
system (1), which correspond to the invariant curves Ly, and Ly,,, of the Proposition 10,
then these invariant curves are characteristic orbits at (0,0) and they determine one sector,
more precisely:

(a) if both are singularities of the node type at infinity then they define a hyperbolic sector
at (0,0),

(b) if both are singularities of the saddle type at infinity then they define a elliptic sector
at (0,0), and

(c) if both are hyperbolic and non equivalent singularities at infinity then they define a
parabolic sector at (0,0).

Proof. It follows from the study of the infinity and finite singular points of the system X
that they are determined by the zeros of 1 and each singular point is elementary. Moreover,
from the Lemma 11 if (1, ;) is a zero of 7 then there is an invariant curve which leaves (or
going to) an infinite singular point and goes to (or leaves) a finite singular point. So each
pair of zeroes defines a local sector in the disc. These sectors are hyperbolic, parabolic or
elliptic sectors because the singular points are elementary. O

It is important to comment that Proposition 10, Lemma 11 and Proposition 12 are funda-
mental to describe the different phase portrait of the system (1). They will be very important
tools in Section 4 to calculate the number of topological equivalence classes in 2,4,,,. In fact,
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the phase portrait of system (1) is determined by the zeros of equations n(1,\) = 0 and if
n(0,1) = 0. Moreover, from the later proposition follows that,to describe the phase portrait
on
—7(1, A) for each zero
1

of the system (1), it is enough to know the sign of the product P(1, \). 5
Y

of n(1,\) and the sign of P(0, 1).—22(0, 1),ifn(0,1) =0, .
Y

3. STRUCTURAL STABILITY

In this section we shall prove the Theorem 2 which characterise the set (g of the (p, ¢)-
quasihomogeneous vector fields of degree m in the plane which are structurally stable with
respect to perturbations in Hpgy,. As observed in the introduction we denote by E(X) the
induced (or extended) vector field on Poincaré-Lyapunov sphere and the coefficient topology
in Hpgm. Then we shall say that two vector fields X and Y in Hpg,, are equivalent it there
exists an equivalence h between the induced vector fields E(X) and E(Y) on the Poincaré-
Lyapunov sphere. In our case is redundant to required that the equivalence be near of the
identity map because the Poincaré-Lyapunov sphere is a manifold in the Peixoto condictions
and the coefficient topology is equivalent to the C' topology.

So we can start the prove of the Theorem

Proof of Theorem 2. Assume that X € H,,, is structurally stable with respect to perturba-
tions in Hpgm. Let us prove that (a) and (b) happen. If #(1,y) has no zero and (0, 1) # 0,
then it follows from Theorem 1 that the origin of the system (1) is a global center if Ix = 0,
and a global (stable or unstable) focus if Ix # 0. If Ix = 0 there exists a vector field Y in
any neighborhood of X in Hy,, such that the phase portrait of Y is a global focus. Therefore
X is not a structural stable vector field with respect to perturbations in Hpgy,. This yields
that if X € Hygm, then Ix # 0, i.e., the condition (a) is satisfied.

Moreover, the origin is the unique singular point of system (1)[16], and the phase portrait of
X is completely determined by the zeros of 1(1,y) and 1(0, 1) (see Lemma 11 and Proposition
12). If n(1,y) has a zero or n(0,1) = 0, then it follows from Proposition 10(c) that there is
no periodic orbits in the set of all solutions of the system (1).

If n(1,y) has a multiple zero then, by Lemma 11, we conclude that there exist vector field
Y in a neighborhood of X in H,gm such that X and Y have different number of sectors. So
X is not structural stable with respect to Hpgm. If 7(0,1) = 0 and 9n(0, 1)/dx = 0, then by
the same arguments we get that X is not structural stable with respect to Hpqm. Therefore,
the condition (b) is satisfied.

Now, we assume that (a) or (b) are satisfied and we shall prove that X is a structurally
stable vector field with respect to perturbations in Hp,,. First we suppose that (a) is true.
Then there exists a neighborhood V of ¥ and a neighborhood W of X in H,,y, such that if
y* € V then n(1,y*) # 0 and for all Y € W we have sign(Ix) = sign(ly). Then it follows
from Theorem 1 that X and Y are topologically equivalent and X is structurally stable with
respect to perturbations in Hpgm,.

Assume that there are s points (1,y;) such that n(1,5;) = 0 or n(0,1) = 0 and that
these zeros are simple. There exists a neighborhood U of X in Hygy, such that if Y € U
then there are exactly s points such that n(1,\;) = 0 or n(0,1) = 0. We can choose this
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neighborhood such that sign(Pxdnx/0u)(1, \;) = sign(Py0ny /Ou)(1,\;)), and if n(0,1) =0
then sign(Qxdnx/0z)(0,1) = sign(Qy (1, \)0ny/0x)(0,1). By Lemma 11 and Proposition
12 each vector field Y € U has the same local sectors as the vector field Y. So they
are topologically equivalent and we conclude that X is structurally stable with respect to
perturbations in Hpgn,. O

Here we shall present a concrete example.

Example 13. Let p = 1, ¢ = m = 2, then Hyy is non empty. In fact if X € Hya then
X can be written in the form X(x,y) = (a12* + agy, a3z® + aqzy) with (a1, a2,as3,a4) €
R*\(0,0,0,0). The question is, what are the conditions to X to be structurally stable? By
the direct computation we have n(z,y) = azz? + (ay — 2a;)zy — 2aq0y®. It follows from
Theorem 2 that X € Qo if and only if the following conditions holds: (i) as # 0, 4a?+ a2+
4(ayaq + 2aga3) < 0, Ix #0, (i) ag # 0 and 4a} + a3 + 4(a1aq + 2as2a3) > 0.

So the vector field X,(z,y) = (2* — y/2,23 + 2zy) and Xo(w,y) = (2 — y, 22> — 3zy)
are structurally stable vector fields. They are non equivalents and their phase portrait are
giwen in Figure 1. The vector field X, has a global unstable focus at the origin. On the other
hand, Xy has four singular points at infinity, two stable and two unstable nodes, therefore,
we observe four hyperbolic sectors at origin.

AN

(a) (b)

FIGURE 1. Phase portraits of X; and X, in the Poincaré-Lyapunov disc

4. THE NUMBER OF TOPOLOGICAL EQUIVALENCE CLASSES IN {50,
In this section we compute the number of topological equivalence classes in pgm.

Proof of Proposition 3. By Lemma 9 n(z,y) is a (p, ¢)-quasihomogeneous polynomial of de-
gree p + g +m — 1 having the form (4). Then (¢, ) in (4) is a solution of the equation

pi+qi=p+qg+m—1 (28)

The pair (i, ) is called an integer (resp. non-negative integer) solution of (28) if i and j are
integers (resp. non-negative integers). If (ig,jo) is an integer solution of (28), then all the
other integer solution are

{(io + lq, jo—1Ip): 1 €Z}.
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If (0,1) # 0, n(1,0) # 0, then the equation (28) has two integer solutions (0, ;') and
(¢/,0) satisfying ¢5' = p+ ¢+ m — 1 and pi’ = p + ¢+ m — 1 respectively. Since (p,q) = 1,
we have pg|(p + ¢ + m — 1). Hence there exists 7 such that p+¢+m — 1 = (r + 1)pg. Let
(ig, Jo) = (0,5") = (0, (p+q+m—1)/q) = (0, (r+1)p). Then all non-negative integer solution
of (28) are {(lg, (r+1—=0)p): 1 =0,1,2,---,r+1}, which yields 7(z, y) has the form, defined
in (5). On the other hand, if 7(0,1) # 0, n(1,0) # 0, then P(0,1) # 0, Q(1,0) # 0. This
gives that g|(p+m—1) and p|(¢g+m—1). As (p+m—1)/q = (p+q+m—1)/q—1 = (r+1)p—1
and (g+m—1)/p=(p+qg+m—1)/p—1=(r+1)g — 1, we get that P(z,y) and Q(z,y)
has the form, defined in (5), by the same arguments as above.

Suppose that 7(0,1) # 0, 7(1,0) = 0. As X € Quqm, it follows from Theorem 2 that y =0
is a simple zero of 7(1,y). By the assumption, the equation (28) has two integer solutions
(0,4"), (,1) respectively and ¢ ; # 0, ¢y 1 # 0, which implies that ¢|p+m —1 and p|m —1.
Let m —1 = k'p. Then p+m — 1= (k' + 1)p. Since (p,q) = 1 we have ¢|(k' + 1). Hence
there exists r such that p +m — 1 = rpg. All non-negative integer solution of (28) are
{ig;(r —p+1:1=0,1,2,---,r}, which yields that 7(z,y) has the form in (6). On the
other hand, if n(0,1) # 0, n(1,0) = 0, then P(0,1) # 0, Q(1,0) = 0. We get P(z,y) and
Q(z,y), defined in (6), by the same arguments as above.

If n(0,1) = 0 and 7(1,0) # 0, then (28) has two integer solutions (1,5"), (¢',0) and x =0
is a simple zero of n(z,1). Using the same arguments as above, we get (c).

If n(0,1) = 0 and 7(1,0) = 0, then (28) has two integer solutions (1,5"), (¢',1) and z =0
and y = 0 are simple zeros of 7(x, 1) and n(1,y) respectively. Using the same arguments as
above, one gets (d). O

Proof of Lemma 4. For the first part of this lemma, we only prove the case (a.l). Other
results are proved by the same arguments.
If (p,q,m) € ©1 N Oy, then

p+q+m—1=(r1+1)pg, m—1=(rqs—1)pgq.
Eliminating m from the above equations, we get
p+q=(ri— 14+ 2)py, (29)
which implies p|g. Since we suppose (p,¢) = 1, one obtains p = 1. Substituting p = 1 into

(29), we have 1 = (r; — 4 + 1)q. Therefore ¢ =1 and r, = r4.
The second part of this lemma is proved by direct computations. O

Proposition 14. Let p, q, m, r be the integers defined in Proposition 3.

(a) Suppose that p and q are odd, then m is odd (resp. even) if and only if r is odd (resp.
even,),
(b) Suppose that p is odd and q is even.
(1) If (p,q,m) € ©1 U Oy, then m is even,
(i) If (p,q,m) € O3 U Oy, then m is odd.

Proof. Suppose (p,q,m) € Oy, then p+qg+m —1 = (r+ 1)pg. If p and ¢ are odd, then
p+qg—1isodd. Asm= (r+ 1)pg— (p+ g — 1), we have that m is odd (resp. even) if and
only if 7 is odd (resp. even). If p is odd and ¢ is even, then p — 1 is even, which implies that
m=(r+1)pg—q— (p—1) is even.
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The other statements can be proved by the same arguments. O

Proposition 15. If X € Q,gm, then there exists a number k such that X has 2k singular
points at infinity with k <r+1 and k =r+1 (mod 2), where r is defined in Proposition 3.

Proof. Consider the quasihomogeneous polynomial 7(z,y), defined in (4). Since p is odd,
n(1,y) has at most r + 1 real zeros if (0, 1) # 0 and r real zeros if (0, 1) = 0. On the other
hand, z = 0 is a simple zero of n(z, 1) if n(0,1) = 0. The statement follows from Lemma
11. O

Let
Q2 = {X € Qpgm : E(X) has 2k singular point at infinity}.

pgm

The following corollary follows from Proposition 15:

2k
pgm’

Corollary 16. Suppose that v is as defined in Proposition 3, then Qpgn = Uk,e./m Q
where

"+ 1
Jm,r:{k:zj: OSJS7—}
if v is odd, and
.
J7M:{k:2j+1: 053‘55}.
if v is even, respectively.
If X and Y are two topological equivalent vector fields in 2,4, then they have the same

number of singular points at infinity. Let CX = be the number of topological equivalence

pgm
classes in Q2 . If k = 0, then by Theorem 1 C° == 2 (a global stable focus and a global

pgm* pgm
unstable focus). It follows from Corollary 16 that
Cpqm = Z Czl:qm' (30)
k€Jm,
To convenience, we call A = 400 (resp. A = —o0) a simple zero of n(1,u) (resp. n(—1,u))

if n(0,1) = 0 (resp. 7n(0,—1) = 0) and 9n(0,1)/0z # 0. Define sgn(dn(x1, +oo)/0u) =
—sgn(dn(0,+1)/0z) if n(0,£1) = 0. In what follows we suppose that A;, Ag, -++, \x are
zeros of n(1,u) and Agy1, Aera, -+ 5 Aok are zeros of n(—1,u) with —oo < Ay < Ag < -+ - < Mg
and 400 > Mgyt > Az > -+ > Mg respectively, provided X = (P, Q) € Q2

pgm*

Proposition 17. Let X = (P,Q) € Q2% = Then

(a) (On(1,:)/0u)(On(L, Ait1)/Ou) <0,i=1,2,--- k=1, k>2;

(b) (On(=1,\;)/0u)(On(—1,Ai41)/0u) <O fori=k+1,---,2k -1, k> 2;

(c) P(LA) £0, 6= 1,2, k, if A # +00, and P(=1,\) #£0, i = k+1,--+ 2k, if
/\gk 7£ — 00,

(d) Q(0,£1) #0 if n(0,%£1) =0; and

(e) (On(1,Ar)/0u)(On(=1, Ak1)/0u) > 0, (On(1, A1)/Ou)(In(—1, Ak)/Ou) > 0.
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Proof. As X € Qygm, all zeros of n(£1,u) are simple. The statements (a) and (b) follow if
A, # +00 and Mg # —00.

Suppose Ay = +oco, which yields 7(0,1) = 0 and 7n(1,u) # 0 for u > A¢_;. Proposition
3 shows that 7(z,y) has the form as (7) or (8). If 9n(1, Ak—1)/0u > 0, then n(1,u) >
0, u € (M_1,+00). This implies either ¢;,, > 0 in (7) or ¢ (—1)p+1 > 0 in (8). Since
either d1(0,1)/0z = ¢y, or On(0,1)/0z = ¢1,;—1)p+1 happens and sgn(dn(+1, £oo)/Ou) =
—sgn(0n(0,41)/0x), one gets (a) for « = k if In(1, \g—1)/Ou > 0. By the same arguments
we get In(1, \g)/Ou > 0 if N\, = +o00, (1, A\y—1)/0u < 0. This proves (a).

If Ao = —o0, then n(—1,u) # 0 for u € (—00, Agk—1). Repeating the same arguments as
the proof of (a), one gets (b).

The statement (c) and (d) have been proved in Section 2.

Finally we prove (e). Suppose that 7(z,y) has the form (5). From the definition of A
and A1 we have n(1,u) # 0 in the interval (A, +00) and n(—1,u) # 0 in the interval
(Aks1, +00) respectively. If n(z,y) has the form (5), then

77<i1a u) = 00,(1"+1)P'u‘(r—+_1)1J + (il)cl,rpurp +ot+ CT!]»]J(il)Tqup + C(r+1)q,0(i1)(7'+l)qa
which gives sgny(1,u) = sgnn(—1,u) as u — 400. As A and A4, are simple zeros of 7(1, u)
and n(—1,u) respectively, one gets (9n(1, A\)/0u)(On(=1, Ags1)/Ou) > 0. On the other hand,

sgnn(1,u) = sgnn(—1,u) as u — —oo, which implies (9n(1, A\1)/0u)(On(—1, o) /Ou) > 0.
Suppose that n(x,y) has the form (7), then Ay = 400, Ay = —00, and

n(z, £1) = &(crp(£1)? + crygeonp(ED) P2l + o+ cprg0”),
which yields sgn(dn(%1, £00)/0u) = —sgn(dn(0,£1)/0z) = —sgn(c1mp(£1)"?). As

n(£1,u) = (£1)(c1pu’™” + c1+q,(T_1),,(i1)%“"”7’ 4 oo Crprgo(ED)™),

sgn(n(—1,u)) = —sgn(cip) for u € (Ags1,+00) and sgn(n(1l,u)) = sgn(ci,(—1)"7) for
u € (—o0,)\;) respectively, which shows that sgn(dn(—1, Apy1)/0u) = —sgn(cip) and
sgn(9n(1, \)/0u) = —sgn(cimp(—1)""). The statement (e) follows.

If n(z,y) is defined as (6) or (8),then one gets (e) by the same arguments. O

Let S be the set of all sequence (o,v) = {(04,v)}iez such that o;,v; € {—1,1} and
0041 < 0 for all 4 € Z. For each k£ € N we denote

S%* = {(a,v) € S: (04,v3) = (Tisak, Vizar), for alli e Z}.

A sequence (o, v) is periodic of period | (or l-periodic) if | is the smallest natural number

such that (oy,1;) = (0ip,viq) for all i € Z. Obviously each sequence (o,v) in 5% is
periodic and is completely determined if the elements (o3, ;) are given for 4 = 1,2,--- ,l. As
0i0i+1 = —1, the period [ is an even divisor of 2k.

The above notations have been used in the study of the homogeneous vector fields in [17].
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From Proposition 17 we can associate a sequence of S** to each vector field X € Q2% by
taking

,sgn( —P(1,/\j))), i=1,2, . k-1,

,sgn(—P(1, )\ ))) if i =k, A\ # +o00;

) sgn( Q(o,1))), =, My = too

(62

(262

(= ,
sgn( =i ) sgn(P (—1,/\1.))), i=k+1,,2k—1;

(e

(%5

(2

(03, 13) = (31)

=LY sen(P(~1, ) ), i § = 2k, Do # =00

(Sgn e D) sgn(Q(0, —1))> =2k Ay = —oo,

where n(v,u) is defined by (2).

Proposition 18. Let X = (P,Q) € Q2 with 0 # k € Jn, and let (o,v) be the sequence
associated to X according to (31).

(a) Suppose that both p and q are odd, then (oirk,vVisr) = (=1)""Y(oy, 1) for i =
1,2,--- ,k;
(b) Suppose that p is odd and q is even.
(i) Ifn(0,1) # 0, then m is even and (Cog—it1, Vok—i+1) = — (04, v;) fori = 1,2,-++ k.
(ii) If n(0,1) = 0, then m is odd, (0ok—s, Vox—i) = (03, v5) fori=1,2,--- [k —1, and
(oo, var) = (—=1)"" Yok, k), where T is defined in (c) or (d) of Proposition 8.

Proof. It follows from Lemma 11 (or (24)) that if n(1,A;) =0, i =1,2,--+ ,k and A\ # +o0,
then n(—1,(-1)9\;) = 0.

(a) Suppose that both p and ¢ are odd. As A\ < A < -+ < A, we have (—1)9\
(=1)9\g > -+ > (—=1)9), which implies Aipx = (=1)%N;, i =1,2,--- k. As P(=1,\iyx) =
P((=1)7, (=1)2\;) = (=1)™P(1, \;), we get (Gitk, Virk) = (—1)" (o3, 1) from (25) for i =
1,2,--- ,k—1, and for ¢ = k if \; # 400 .

If A\, = 400, then it follows from Lemma 11 7(0,1) = n(0,—1) = 0, which implies
that 7(z,y) has the form as (7) or (8). If n(z,y) is defined in (7), then 9n(0,%1)/0z =
c1p(£1) = ¢1,5(£1)" and ¢ +m — 1 = rpq. By Proposition 14 91(0, £1)/0z = c1,p(£1)™.
As Q(0,-1) = (=1)~*+"Q(0,1) = (—=1)™Q(0, 1), one gets (oox, var) = (—=1)" (%, k).

If n(z, y) is defined in (8), then we get (oo, vor) = (—1)"™ ! (0%, vx) by the same arguments.

(b)  Suppose that p is odd and ¢ is even. If n(0,1) # 0, then Agx_iy1 = A;. By the same
arguments we get (og_is1, Vok—it1) = (—1)™ (o3, v;) for i = 1,2, k. On the other hand,
if 7(0,1) # 0 it follows, from Proposition 3 and Proposition 14(b)(i), that m is even. This
proves (i).

If n(0,1) = 0 and ¢ is even, then it follows from Proposition 3 and Proposition 14(b)(ii)
that m is odd and \; = —Mox = +00. By the same arguments as (a), we have Agp—; = A\
and hence (oog—i, Vok—i) = (04, v;) for i =1,2,-- [k — 1.

Vv
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If n(z,y) is defined in (7), then it follows from (7) that on(0,£1)/0v = c1,p(—1)",
Q(0,£1) = bo,p(£1)", which gives (ook,vor) = (=1)""'(ok,vx). If n(x,y) has the form
(8), then we get (ii) by the same arguments. O

Following the idea in [17], we say that (o,v) is m-admissible if there exists X € Q2

satisfying (31) for each pair (p,q). Denote by S the set of all sequence in S?* that are
m-admissible.

The next two proposition characterises the sequences in S?* that are m-admissible. It
follows from Proposition 3 that, if X € qn, then it is only necessary to consider the
numbers p, ¢, m and r that satisfy one of the equations in (9).

Proposition 19. Suppose that r is defined as in Proposition 3. Denote by s the number of

changes of sign in the sequence {vy,va, -+ ,vx}. Let 0 # k € Jp, and (o,v) = {(0i,vs) }iez
verifying

(i) (Gskr visk) = (—1)™ (o5, v3) if both p and q are odd,

(i) (ook—i+1, Vok—it+1) = —(0i,v5) if p is odd and q, m are even,

(iii) (oopis vor—i) = (05, vs) fori=1,2,-+- k=1 and (oo, var) = (=1)"" (0w, vk) if p, m
are odd and q is even.
Then
(a) If eitherk<r+1ork=r+1, s<r, then (o,v) is m-admissible.
(b) Ifk=r+1, s =r, then (o,v) is m-admissible if and only if there exists j € Z such
that o; = v;.

Proof. (a) To prove the statement (a) it is sufficient to find X = (P(z,y), Q(z,y)) such that
X € Q2 and (31) is fulfilled for i = 1,2, - , k.
We note that £ < r + 1 implies s < 7.
Case 1. (p,q,m) € ©y.
Let A\; < \g < -+ < )\ be the finite real numbers with A\; # 0, 7 =1,2,--- ,k and
k
n(z,y) = a(@® + )2 ] [ (yP — Ma?)
j=1
with @ € R, a # 0. Since k € Jp, it follows from Proposition 15 that (r + 1 — %)/2 € N,
and hence n(z,y) is a (p, ¢) quasihomogeneous polynomial of weight degree p+q¢+m —1=

(r + 1)pg, which implies that 7(1,u) has simple real zeros A1, Ag, « -+, Ax. Furthermore,
k
an(1, \; _ : .
——"7(0 ) = apAI (1 4 AT IT Of=x)#0, i=0,1,--,k
U
j=1,#i

If we choose @ = =1 in such way that sgndn(l,\;)/0u = oy, then n(x,y) satisfies
sgndn(l,\;)/Ou =04, i =1,2,--- k.

To determine P(z,y) we choose u; € (Aj, Aj4+1) if ¥; # vj41. So we obtain s real numbers
py < pig < -+ < s where s is the number of changes of sign in the sequence {vy, s, -, Ui}
Let

S

h(z,y) = [ [ — ulz?).

i=1
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If sgn(ah(1, 1)) = —vy , then define

(5,17 = (220 4 y2)=s=D/2(yp + (1 — NP)z9), if r — s is odd,
‘ (a2 £ ge)ir—an, if 7 — s is even,

If sgn(ah(1,\;)) = vy , then

B (220 + )=~ D2 (yp — (1 + \P)29), if r — s is odd,
(z,y)
(229 4 ) =s=D2(yP 4 (1 = M2 (yP — (1 + AP)a?), if r — s is even.

Define P(z,y) and Q(z,y) as follows

P(z,y) = —ga( Y h(z,y)y" ™, Qz,y) = pll_(n(w,y)quyP(m,y))-

As n(0,y) + quP(0,y) =0, Q(z,y) is also a polynomial. It is easy to prove that X = (P, Q)
is a (p, ¢)-quasihomogeneous vector filed of degree m. From Theorem 2 and Proposition 18
it follows that X € Q2F and (o, ) associated to X verifies either (i) or (ii). Therefore (o, v)
is m-admissible.

Case 2. (p,q, m) € O,.

Let \; < Mg < -++ < A be the finite real numbers with 0 € {A1, Ay, -+ , A\ }. Without loss
of generality suppose A\; = 0. Let

k
n(@,y) = a(@ +y?)02y T (P — Ma?),
1=1,1#l

a
P(z,y) = —aa(w,y)h(fc,y),

where a = £1, a(z,y), h(z,y) are defined in the same way as in Case 1. Define Q(z
the equation (2). Using the same arguments as in Case 1, X = (P,Q) € Q2 and (o,v)
associated to X verifies either (i) or (ii). Therefore (o, ) is m-admissible.

Case 8. (p,q,m) € O3.

Let \{ < Ay < -+ < Mg_1 be the finite real numbers with \; # 0, i = 1,2,--- ,k — 1,

Ar = +00, and
k-1

n(e,y) = az(@® + y?)r -2 [ (7 - Na9),
i=1
where a is chose in the same way as in Case 1. If sgn(ah(1,\;)) = —v; , then define

A= (220 + y?p)(r=s=1)/2, if r— s is odd,
a(z,y) = (220 4 y?P)r=s=D/2(yP 4 (1 — N))2?), if r — s is even.

If sgn(ah(1,\;)) = vy, then

e —z9(x29 4 ) =32 (yp 4 (1 — ND)z9), if r — s is odd,
hy) = —z9(z% + %) (1522, if r — s is even.

Let
a 1
P(z,y) = —gfcy”'la(m,y)h(w,y), Qz,y) = ﬁ(n(w,y) + qyP(z,y)),
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where h(z,y) is defined as in Case 1. Using the same arguments as in Case 1, X = (P,Q) €

Q2k and (o,v) associated to X verifies either (i) or (iii). Therefore (o,v) is m-admissible.

Case 4. (p,q,m) € O4.

Let A\; < Mg < -+- < Me_1 be the finite real numbers with 0 € {A\;, A\g, -+, A\e—1}, and
A = +00. Without loss of generality suppose A, = 0. Let
k-1
n(@,y) = azy(a® +y™) 02 T @ - Na?), Ple,y) = —=za(z, y)h(z,y),
q
i=1,i#l

where h(z,y) and a(z,y) are defined as in Case 1 and Case 3 respectively, a = = is chose
such that sgndn(1, A )/Ou = 0,. Define Q(z,y) by the equation (2). We get a a (p, q)-
quasihomogeneous vector filed X = (P,Q) of degree m which is structurally stable. The
sequence (o, v) associated to X verifies either (i) or (iii). Therefore (o, v) is m-admissible.

(b) Let k = r+ 1, s = r. Suppose that (o,v) is m-admissible, then there exists
X = (P,Q) € Q2 such that (0,v) associated to X verifies one of (i), (ii) and (iii) and
n(z,y), P(z,y), Q(z,y) have one of the forms listed in Proposition 3.

If n(0,1) 74 0, 7(1,0) # 0, then n(z,y) has the form (5), which implies that n(l,u) =
aHHl(uT’ A), where A\; < g < -+ < Appg with A; #0, 1 =1,2,--- ;r+1landa €R, a#

0. This gives
71

n(z,y) = @2y (1,2 = o [T - M.

/P
i=1

Since s = r, P(1,y) has r real zeros which belongs to the interval (A1, \g41). It follows from
(5) that P(z,y) is necessarily of the form

r

P(m7y) =0 (H(yp - /Lfi}q)) yp——l’ /\l < M1 < /\2 < e g )\7‘ < Hp < A1‘+1a
i=1

with b € R, b # 0. Q(z,y) is defined by the equation (2). Hence we have n(0,1) = a =
1

—gb = —qP(O ). Therefore oy = sgn(dn(1,\1)/0u) = sgn((—1)"a) = sgn((—1)"*'d) =
—sgn(P(1, M) = 1.
If n(0,1) =0, n(1 ,O) # 0, then n(1,u) has r+ 1 zeros Ay < Ao < -+ < A < Apyy = 400
with \; #0,4=1,2,---,7. By the same arguments as above, we have
T n=1
n(z,y) = az | [ — Mz?), P(e,y) = bz <H(y7’ ~ ufxq)> y!
i=1 i=1

with ab# 0, a,b € R, and A\ < g3 < Ag < -+ < 1 < A < 613 4+ 00. This gives

Q(z,y) = ;(aﬂy — Mg?) + gb (f[y — u} E”)U”)

i=1
Hence v, = sgn(—P(1,\,)) = sgn(=b), vp41 =sgn(—Q(0,1)) = sgn(—a — gb). Since we sup-
pose s = r, we have 1,141 = —1, which implies ab < 0. This yields oy = sgn(on(1,A\;)/0u) =
sgn(a(—1)""1), v, = sgn(—P(1, )\ )) = sgn(—b(—1)""1). Finally, one gets o; = 1.
If either n(0,1) # 0, n(1,0) = 0 or 7(0,1) = n(1,0) = 0, one gets o, = v; by the same
arguments.
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Conversely, if oy = v; and k =7+ 1, s = r, then there exist the vector field X = (P, Q)
such that (o, v) verifies one of (i), (i) and (iii), where P(z,y), Q(z,y) are defined as above.
This finishes proof. O

Proposition 20. Let 0 # k € Jp, and X, X' € Q2 . Denote by (o,v), (o/,V') € SZ¥ the
sequences associated to X and X' respectively. Then X and X' are topologically equivalent
if and only if there exists T € N (0 < 7 < 2k — 1) such that one of the following conditions
is satisfied for all ¢ € Z:

(o0, v5) = (U§+Ta U1IZ+T)7

(Ui’ Vi) - (U;k—i+1+r’ Vél\?—i-‘l-l-{-T)'

Proof. The statement is proved by following the arguments in the proof of Proposition 11 of
[17]. O

Let w = (0,v) = {w; = (04,1),1 € Z} € S*. Tt follows from Proposition 19 that the

sequence W = {W; = (041, Vi+1), ¢ € Z} also belongs S2. Define the application

m

R 5% ng

m

such that if w = (o,v) € S2*, then R(w) is the sequence of S2* verifying

Whenever f: A — A is an arbitrary application then a € A is called a [-periodic point of f
if f'(a) = a and fi(a) # a for i =1,2,--- ;1 — 1. The integer  is called the period of a. The
set C = {a, f(a), -, f"Ya)} C Aisa cycle of order | (I-cycle) of f if a € A is a I-periodic
point of f. These notation can be found in many papers, see for instance [17].

From (32) w € S?! is a [-periodic point of R if and only if w is a I-periodic sequence.

m
Therefore C C S?* is a l-cycle of R if there exists a [-periodic sequence w € S?* such that
C = {w,R(w), - , R} (w)}. Each sequence w € S2* belongs to some cycle of order I of R
where [ is an even division of 2k[17].
Define the application
U: G2k, g2k

m m

where if w € 52 then W(w) is given by
(U(w))i = wak—i1-
By the definition we know that W is the application that reverses the order of the elements
(o1,11), (02,v2),++ , (O2k, Var)-
The following two propositions have been obtained in [17] for homogeneous polynomial

vector fields. They can be proved in the same way for (p, ¢)-quasi-homogenous polynomial
vector fields. Here we omit the details.

Proposition 21. Let 0 # k € J,,,». The following statements are true:
(a) Yo = Id;
(b) ToR=R"100.

Proposition 22. Let 0 # k € Jp,, and X, X' € Qf,'q“m. Denote by w and w' the sequences

of S* associated X and X' respectively. Then X and X' are topologically equivalent if and
only if either w and w', or w and V(w') belong to the same cycle of R.



26 REGILENE D. S. OLIVEIRA AND YULIN ZHAO

Following the idea in [17], we define in S2* the equivalent relation: w ~ @ if and only if
one of the sequences w and ¥(w) belongs to the cycle {w, R(w), -, R=1(w)}. According
to Proposition 22, the number of equivalence classes of ~ in S coincide with the number
Ch.m of topological equivalence classes in Q2F .

Consider the cycle C' of % such that w € C. From Proposition 21(b), ¥(R'(w)) =
R~ (¥(w)), and hence the cycle of ¥(w) is C' = {¥(w) : w € C}. Therefore the equivalence
class of wis CUC".

A cycle C of R is called symmetric if C = C'. Denote by Df  the number of cycles of R
in S2¢ and E*  the number of symmetric cycles respectively. Then

m pgm
k k k k
C;qm _ E;,Cqm + qum g qum _ qum _; qum' (33)

The above expression has been obtained in [17] for homogeneous polynomial systems.

Proposition 23. Suppose that p and q are odd and 0 # k € Jy, .
(a) Ifr is odd and k < r + 1, then

D;chm = Z Pony Pon = % e Z [Py,

2nlk ln,l#n

(b) Ifr is even and k < r + 1, then

1
k - = n
Dl = Pons Pun=— [ 27— 3 1P
nlk lIn,l#n

(c) If r is odd, then Dyl = (325,11 Pon) — 1 with Poy, defined as in (a).

pgm

(d) Ifr is even, then DItl = (En|r+l Paon) — 1 with Pa, defined as in (b).

pgm

Proof. 1t follows from Proposition 14 that m is odd (resp. even) if and only if r is odd (resp.
even). The proposition follows by the same arguments as in [17]. O

k

o for

The sequences verifying Proposition 18(b) are not occurred in [17]. We study D
these sequences in the following proposition.

Proposition 24. Suppose that p is odd and q is even, 0 # k € Jp, ;.
(a) If (p,g,m) € ©1U O, then

Dyqum e Z PQna PZn = % 2" = Z ZPZI )

7
nlk lnl#n

fork <r+1, and DI} = (Zn|'r+1 Pon) — 1 for k =r + 1, respectively.

pqm

(b) If either (p,q,m) € ©3U Oy, then Dy . =3 Poy for 0 #k <r+1 and D}, =

pgm
(41 Pon) — 1 for k =1 + 1 respectively, where Pay is given in (11).
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Proof. We note that each sequence w = (o,v) € S? is periodic and its period is an even
divisor of 2k. Let w be the 2n-periodic sequence in S?* with 2n|2k. Then w is completely
determined if the elements (oy, ;) is given for i = {4+ 1,{+2,--- [ +2n for [ € Z. It is
obvious that w belongs a 2n-cycle of R. If Py, denotes the number of 2n-cycles of R in S,
then Py, = Mo,/ (2n), where Ny, is the number of 2n-periodic sequences in S2*.

(a) Suppose (p,q,m) € ©1UO,. If k < r+ 1, then it follows from Proposition 18(b)(i)
that there are 2"*! ways of choosing the elements (0x—pi1, Vkent1),

(Uk—n+2a l/k—n+2>= Tty (Jk, Uk)a AR (0k+na Vk+n)' Therefore

1
Ny, = 27 — Z Ny, and Py, = — | 27 — Z [Py

lIn,l#n & lIn,l#n
The statement (a) for £ < r + 1 follows by adding P, for all divisors 2n of 2k.

We note that the above computation are valid for the case k = r + 1, but, by Proposition
19(b), we have to rule out the two sequences satisfying o; = v; for all j € Z. Since these
sequence belong to the same 2-cycle of R, the statement for k = r + 1 follows.

(b). Suppose (p,q,m) € ©3 U Oy4. If k£ <7+ 1, then it follows from Proposition 18(b)(ii)
that there are 2" ways of choosing the elements (0k—nt1, Ve—ni1),

(Ck—nt2s Vk—n+2)s'** » (Oky V), *  (Oksny Vi4n). Therefore
1
Ny, = 2"+ — g Ny, and Po, = - 2* — g [Py |,
lIn,l#n lIn,l#n

which proves (b) for £ <7+ 1.
If k=741, then one gets Dl’qu by the same arguments as in (a). g

Next we are going to calculate E;qu. The following two propositions have been obtained in

[17] for homogeneous polynomial vector fields. They can be proved by the same arguments
as in [17].

Proposition 25. Let k € J,,,. Then C is symmetrical if and only if there exists w € C
such that ¥(w) = R(w).

Proposition 26. Under the assumptions of Proposition 25, if C' is a symmetrical cycle,
then there are exactly two elements of C satisfying V(w) = R(w).

Proposition 27. Let 0 # k € Jy,». Suppose that both p and q are odd.
(a) Ifr is odd and k <r + 1, then
Efn = I, where I, =2""" = Y I,
2n|k ln,l#n
(b) If r is even and k < r + 1, then
Erqum = Zlgn, where Iy, = 20"+D/2 _ Z Iy.
nlk ln,l#n

(c) If r is odd, then E7t! = (ZMTH Ion) — 1, where Iy, is defined in (a).

pgm
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(d) If r is even, then EjtL = (32,41 f2n) — 1, where Iy, defined in (b).

qm

Proof. 1t follows from Proposition 14 that r is odd (resp. even) if and only if m is odd (resp.
even). The proposition follows by the same arguments as in [17]. a

Proposition 28. Let 0 # k € Jy, . Suppose that p is odd and q is even.
(a) If (p,q,m) € ©1U Oy, then Ey, =2 for k <7 +1, and E}¥\ =1 respectively.
(b) If (p,q,m) € O3 U Oy, then

3 4 if risodd, k<r+1 3 if ris odd
k _ ) ) r+1 __ 3
Epam = { 2 if ris even, k <r+ 1. and Epgn = { 1 if ris even,

respectively.

Proof. We have known that the period of a symmetrical cycle of R is an even divisor of
2k. From Proposition 25 and Proposition 26, the number of symmetrical 2n-cycles of R
will be obtained if we divide by 2 the number of 2n-periodic sequence w in S2* such that

U(w) = R(w). Since the sequences w in a symmetric cycle verify ¥(w) = R(w), we have
Wok—i41 = Wit1. (34)

From now we suppose that w belongs a symmetric cycle.

(a) If (p,g,m) € ©; UBOy and k < r+ 1, then w verifies Proposition 19(ii), which gives
Wop—iy1 = —w;. 1t follows from (34) that w;y; = —w;. This implies that w; = (=1)""tw;.
Hence w is a 2-periodic sequence. We can take 4 ways of choosing the element w,. Therefore,
qum =2fork<r+1.

Since the sequences such that o; = v; for all j € Z verify U(w) = R(w) and belong to
2-cycle of R, we get EJ1) = 1.

(b) If (p, q,m) € ©3UBOy, then w verifies Proposition 19(iii), which gives wog_;+; = w;_; for
i=2,3,--+,kand wo, = (—1)""lwy. It follows from (34) that w;y; = w;_; fori = 2,3, , k.

If r is odd, then wy) = wsy. It follows from Proposition 15 that k is even. The equation
Wir1 = wi—; for 4 = 2,3,--- ,k and (34) imply that wop = wop—o = -+ = wy = wy and
Wop—1 = Wok—3 = + - = w3 = w;. Lherefore, w is a 2-periodic sequence. We can take 8 ways
of choosing the element w;, ws and hence E;’fqm =4,

If r is even, then it follows from Proposition 15 that k is odd. The equation w;y; = w;_y

and (34) imply that wo, = wop—2 = -+ = Wy = Wo and Wop_; = Wop—3 = *** = Wppp = Wk =
Wp_o = -+ = wWs = w;. Since r is even, we obtain w, = —wq, = —ws from Proposition
19(iii) and (34), which gives wy = —w;. Therefore, w is a 2-periodic sequence. We can take
4 ways of choosing the element w; and hence E;qu = 2
We get ETH) by the same arguments as in (a).
O

In the end of this section we prove Theorem 5.
Proof of Theorem 5. We use (30) to get Cpgm. One obtains C¥ . for k # 0 by (33), Propo-

pgm
sition 23, Proposition 24, Proposition 27 and Proposition 28. If (p,q,m) € O, U O3 U Oy,
then system (1) has at least one singular point at infinity, which implies that ngm =1().

If (p,¢,m) € ©1\(02 U O3 U Oy), then CJ, = 2 if r is odd, and C), = 0 if 7 is even,
respectively. The statements of Theorem 5 follows from (30). O
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5. LOCAL PHASE PORTRAIT AT THE ORIGIN AND AT INFINITY
We shall prove Theorem 6 and Theorem 7 in this section.

5.1. At the origin. Consider the vector field X = (P, Q) with

P=) Plzy), Q=) &) (35)
i>m i>m
where Pj(z,y) and Q;(z,y) are (p, ¢)- quasihomogeneous polynomials of degree p—1+1 and
g — 1 + 7 in the variables x and y respectively.
We would like to compare the local behaviour at origin of the vector field X given by
(35) and the vector field X,, = (P, @.,). For this we apply the quasihomogeneous blow-up
method as doing in Section 2. In the (p, ¢)-polar coordinates (r,¢) (see (12)) the system

associated to X is _ . _
r=>Y rF(¢), o= r'7Gi(¢),

>m >m
where

Fi(¢) = & (Cs¢,Sne) , Gi(¢) = ni (Cs¢, Sne), (36)

&i(z,y) = 2Bz, y) +y*7'Qilz, )
mi(z,y) = prQi(z,y) — qyPi(z,y)
Taking the changes (14), the above system goes over to

P = Z,,,i—m—%lfi(o)’ 9 = Zri_mgi(g)' (37)

i>m i>m

with

where prime denotes derivative with respect to s and

10 =r(3), a0 =F6.(32). 9

Doing the same transformations in the vector field X,, we obtain that it is equivalent to
the following differential system

r= Tfm(0)> ¢ = gm(o)a (39)
where f,,(0) and g,,(0) are defined in (38).

Proof of Theorem 6. We split the proof into two cases, as in Theorem 2.

Case 1. Xy € Qpem and nm(l,y) has no zeros, 1,(0,1) # 0. Using Theorem 1 and
Theorem 2 we conclude that the origin is a global focus (stable or unstable, depending on
the sign of Iy, ) of X,,. It follows from (36) and (38) that g,,(f) # 0 in this case.

As the critical point of X on 7 = 0 are determined by the zeros of g,,(0), r = 0 is a periodic
orbit for (37). Furthermore, since the dominant terms of (37) in a neighborhood of r = 0
are given by 7 f,, and g, the orbit » = 0 is a limit cycle with the same type of stability for
(37) and (39). Therefore the origin is a focus with the same type of stability for X and X,
when 7,,(1,y) has no zeros and 7,,,(0,1) # 0.

Case 2. X € Qpgm, and at least one of the following condition is satisfied: (i) 1nm(1,y)
has zeros, (ii) 1,,(0,1) = 0. From Theorem 2 all the zeros of n(1, y) are simple if there exists,
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and 9n,(0,1)/0x # 0 if 1,,(0,1) = 0, which implies that all zeros of g,,(0) are simple zeros
for 6 € [0, 27] by (36) and (38).

Comparing (37) and (39) we observe that the critical point on » = 0 are the same for
both systems, and they are determined by the zeros of g,,(¢). Furthermore the linear part
of these systems in a critical point (0,0*) are

<1MW) 0 ) ; <mww 0 )
Gms1(07) (07 0 gu6) )

By the definition of f,,(0) and g,,(0) we have that if g,,(0*) = 0, then f,,(0*) # 0. So all
the critical points of (37) and (39) are hyperbolic and the local phase portrait of (37) and
(39) in (0,6*) are locally topologically equivalent, provided that 6* is a simple zero of g,,(0).
As the same happens in each singular point and they determine the phase portrait of both
systems in a neighborhood of r = 0, we conclude that X and X,, are locally topologically
equivalent at the origin. a

5.2. At infinity. Now we can get the analogous of the Theorem 6 at infinity.
Consider the vector field X = (P, Q), with

P=3"P(y), Q=) Qizy) (40)
=0 i=0

where P;(z,y) and Q;(z,y) are (p, ¢)-quasihomogeneous polynomials of degree p — 1+ ¢ and
q — 1 + 7 respectively.

Applying the (p, g)-polar coordinates (7, ¢) to the vector field X given by (40) the associ-
ated system is

r=> r'F(¢), d=) r"'Gi(e),
i=0 i=0
where F; and G; are given in (36).

Doing p = — the system (40) is written as
7

m

p= —Zp%_gﬂ(@, ¢=Z_;%Gi(¢)- (41)

=0

m

Reparametrizing the time by dt/ds = p™~! the system (41) becomes
o = —p(F(@) + pPoes(9) + - + F"Fo()), (42
Q"/ == Gm(¢) i me—l((Zs) SREELE pmGO(Cé)'

where the derivative is with respect to s.
After these changes of coordinates the proof of Theorem 7 is analogous to the proof of
Theorem 6.

Proof of Theorem 7. Applying the same changes of coordinates described before to the vector
ﬁeld Xm e (ija Qm) = qum we obtain

pl = _me(¢)& ¢/ = Gm(¢)~ (4‘3)
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The infinity of X,, and X corresponds to the invariant circle p = 0 of the systems (43)
and (42). As X, € Qpgm, p = 0 is a limit cycle or contains a finite number of hyperbolic
critical points. Comparing the system (43) and (42) we observe that they have the same
dominant terms. Therefore, it follows from the same argument used in the proof of Theorem
6 that both systems are topologically equivalent in a neighborhood of p = 0. So X, and X
are topologically equivalent in a neighborhood of the infinity. U

The converse of Theorems 6 and Theorem 7 are not true. In [17], Proposition 19 is proved
that the converse of an analogous theorems to homogeneous vector field are not true. As a
homogeneous vector field is a (1, 1)-quasi homogeneous vector field of degree m the result
follows.
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