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RELATIVE BORSUK-ULAM THEOREMS FOR SPACES
WITH A FREE Z,-ACTION

DENISE DE MATTOS, THAIS F. M. MONIS AND EDIVALDO L. DOS SANTOS

ABSTRACT. Let (X, A) be a par of topological spaces, T : X — X a
free involution and A a T—invariant subset of X. In this context, a
question that naturally arises is whether or not all continuous maps
f: X — R* have a T -coincidence point, that is, a point € X with
f(z) = f(T'(z)). In this paper, we obtain results of this nature under
cohomological conditions on the spaces A and X. Also, we prove that
this results still being true when we replace the map f: X — R* by an
w.s.c. multi-valued map ¢ : X — R* with convex values.

1. INTRODUCTION

One formulation of the Borsuk-Ulam Theorem [1] is that there is no map
from S™ to S™ equivariant with respect to the antipodal map, when m > n.
In [6], it was proved that if X and Y are Hausdorff, pathwise connected
and paracompact spaces equipped with free involutions 7" : X — X and
S :Y — Y such that for some natural n > 1, HT(X;ZQ) =0forl<r<n
and H"*t1(Y/S;Zs) = 0, where Y/S is the orbit space of Y by .S, then there
is no equivariant map f : (X,T) — (Y, S). The first aim of this paper is to

generalize this result for the following relative case:

Theorem 1.1. Let X,Y be Hausdorff, pathwise connected and paracompact
spaces equipped with free involutions T : X — X and S:Y — Y. Let A be
a pathwise connected and T—invariant subset of X. Suppose that for some
n>1, H(A,Zy) =0 for1 <r <n-—1, i : H™(X,Zy) — H™(A,Zo)
is the null homomorphism, where i : A — X 1is the inclusion map and
H" (Y /T;Z3) = 0. Then there is no equivariant map f : (X,T) — (Y, S5).

The following theorem is an important consequence of Theorem 1.1.
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Theorem 1.2. Let X be a Hausdorff, pathwise connected and paracompact
space with a free involution T : X — X. Let A be a pathwise connected
and T—invariante subset of X. Suppose that for some n > 1, H"(A,Zs) =
0 forl <r <n-2andi: H"YX,Z) — H""Y(A,Z9) is the null
homomorphism, wherei : A — X is the inclusion map. Then, if f + X — RF
is a map with n > k, there ezists © € X such that f(z) = f(T'(x)).

The second aim of this paper is to prove that Theorem 1.2 still being
true when we replace the map f : X — R* by an ws.c. multi-valued map

p: X —o R* with convex values. Precisely:

Theorem 1.3. Let X be a Hausdor[f, pathwise connected and paracompact
space with a free involution T : X — X. Let A be a paracompact, pathwise
connected and T—invariante subset of X. Suppose that for some n > 1,
I:IT(A,ZQ) =0forl<r<n-—2andi: H1(X,Z;) — H*1(A, Zy) is
the null homomorphism, where i : A — X is the inclusion map. Then, if
¢ : X —o RF is an u.s.c. multi-valued map such that o(z) is convez for any
z € X and n > k, there ezists x € X such that o(z) N (T (x)) # 0.

The paper is organized as follows. In Section 2, we prove Theorems 1.1
and 1.2 and we show an interesting example for which Theorem 1.2 can
be applied. In Section 3, we recall definitions, fix notations, state results
needed on multi-valued map and prove Theorem 1.3.

Throughout the paper, we assume that all spaces under consideration are
Hausdorff spaces. H"( ,Zs) denotes the 7—dimensional vector space of Cech

cohomology with compact carries and coefficients in Zo.

2. PROOF OF THEOREMS 1.1 AND 1.2

In this section we prove Theorems 1.1 and 1.2 and we show an interesting
example for which Theorem 1.2 can be applied. We need first to prove the

following lemma.

Lemma 2.1. Let X, Y be Hausdor[f and paracompact spaces, equipped with
free involutions T : X — X and S :' Y — Y. Lete € HY(X/T,Zs) and
u e HY(Y/T,Zy) be the Euler classes of the Zy-principal bundles X — X/T
and Y — YT, respectively. If "1 # 0 and v = 0, then there is no
equivariant map f : (X, T) — (Y, S).

Proof. First consider BZs the classifying space for Zo, and denote by a €
H Y(BZ3,Z2) the Euler class of the universal principal Zo-bundle over BZs.
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Since X is a Hausdorff paracompact space, one can take a classifying map
h : X/T — BZ for the principal Zo-bundle X — X/T' , and from h* :
HY(BZy,7y) — HY(X/T,Z3) one gets the Euler class e = h*(a) €
HY(X/T,Zs) of X — X/T. Now suppose f : (X,T) — (Y,S) an equi-
variant map, and let g : Y/S — BZs be a classifying map for ¥ — Y/S.
Then g o f also is a classifying map for X — X/T and, therefore, it
is homotopic to the previous classifying map h : X/T" — DBZs, where
f: X/T — Y/S is the map induced by f. Since u = g*(a), we have that
e=h*(a) = (gof)*(a) = [rog*(a) = f*(u), and thus f*(u"*1) = €"*! #0,

which contradicts the fact that «"*! = 0. a

Proof of Theorem 1.1. Let é € H'(A/T,Zs) be the Euler class of the prin-
cipal Zo-bundle A — A/T and let i : A/T — X/T be the map induced by

inclusion 7 : A — X. We have that
i*(e)=ée H (AT, Zy),

where e € H'(X/T,Zs) is the Euler class for X — X/T.

Now, let us consider the following diagram

0 — HO(X/T) 2> HO(X) —> HO(X/T,) =% H'(X/T) — - -
S N

0 — HO(A/T) L HO(A) -~ HO(A/T) =% HY(A/T) —= - -

_>HT‘(X/T) LHT(X) _T)_HT(X/T) _"ﬁHT—!—l(X/T) — s G

. —= A7(A/)T) 2 B7(A) > H(A/T) == H™ 1 (A/T) — -

where the rows are Smith-Gysin exact sequences (see [2, 3; Section 3.10
(Sequence 10.5 of p. 161)]) and each square commutes by the naturality, p is
the quotient map and 7 is the transfer homomorphism. Since A is pathwise
connected, p* : HY(A/T,Zy) — HY(A,Zs) is an isomorphism, hence Ué :
HO(A/T,Z5) — HY(A/T,Zs) is injective and thus é=1U¢é € HY(A/T,Z5)
is a nonzero class. The fact that H"(A, Zy) = 0, for 1 < 7 < n—1 implies that
ué: H"(A/T,Zy) — H™(A/T,Zs) is an isomorphism for 1 < r < n —2
and injective for r = n — 1, hence é" € H"(A/T,Zs) is nonzero. Since
i*(e") = é™ # 0, we see that e € H"(X/T,Z) is nonzero.

Now, we will show that e®*' e H"(X/T,Zs) is nonzero. Suppose
e"tl = e"Ue = 0, then e™ € ker(Ue) = im(7) and there exists a nonzero class
a € H"(X,Zy) such that 7(a) = €. Therefore, i* o 7(a) = 1*(e") = & # 0.
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On the other hand, since i* : H*(X,Z;) — H"(A,Zs) is the null homo-
morphism and each square commutes in the diagram, we have that *or(a) =
704*(a) = 0. Thus e"* # 0.

Finally, since H"(Y/S, Zy) = 0, we have that u"+! € H"*(Y/S, Zy) is
zero. By Lemma 2.1 there is no equivariant map f: (X,T) — (Y, 5). O

Proof of Theorem 1.2. In fact, suppose f(z) # f(T ( ) for any = € X.
Then one has the equivariant map F : (X,T) — (S¥~1,a) given by
ra) = L) = ST
|f(2) = f(T(2)I
where a : S¥ ! — S*1 is the antipodal map. Since n > k&,
H"™(S§*71/a,Z,) = 0, which contradicts Theorem 1.1. O

Example 2.2. Let T, = 71 - 71 be the n-fold a connected sum of tori
Ty = S x S!, which is embedded in R3 symmetrically with respect to
the origin. Let 7' : T, — T, be the antipodal map given by T'(z,y,z) =
(—z,—y,—z). If n is even, there exists a loop A = {(z,0,2);2% + 22 =
1} C T, homeomorphic to S1, which separates T} into two components
symmetrical with respect to the origin such that T'(A) = A. We have that
*: HY(Tn,Zs) — H'(A,7Zs) is the null homomorphism, so by Theorem

1.2, for any continuous map f : 1, — R?, there exists € X such that

f(@) = f(T(2)).

Remark 2.3. In the Example 2.2, let us note that H'(7},,Z2) # 0 , and
therefore [6, Theorem 1 or Theorem A’] cannot be applied to show this

result.

3. PRELIMINARIES ON MULTI-VALUED MAP AND PROOF OF THEOREM 1.3

Let X and Y be two spaces and assume that for each point x € X
a nonempty compact subset ¢(z) of Y is given; in this case, we say that
© is a multi-valued map from X into Y and we write ¢ : X — Y. More
precisely, a multi-valued map ¢ : X — Y can be defined as a subset ¢ of
X x Y for which the following condition is satisfied: for every x € X the set
v ={y €Y | (z,y) € ¢} is a nonempty compact subset of V.
A multi-valued map ¢ : X —o Y is called upper semicontinuous (u.s.c.) if
for every open subset U of Y the set ¢~ (U) = {z € X | p(z) C U} is an
open subset of X.
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A compact space X is acyclic (with respect to the functor H*)if (X, Zs) =
Zy and HY(X,Z5) = 0 for all ¢ > 0. In words, X has the cohomology of a
point.

An w.s.c. multi-valued map ¢ : X —o Y is called acyclic if for every x € X
the set (z) is an acyclic set.

Let ¢ : X —o Y be an u.s.c. multi-valued map and consider
Ty ={(z,y) € X xY |y € p(2)}

the graph of ¢. We have two projections associated to ¢: the maps p : I'p, —
X and q: Ty, — Y given by p(z,y) = 2 and g(z,y) = y.

Below, we listed some properties of the u.s.c. multi-valued mappings.

Lemma 3.1. Let X be a connected space and ¢ : X —o Y an u.s.c. multi-
valued map. Suppose @(z) connected for every x € X. Then o(X) =

Uzex ¢(x) is a connected set.

Lemma 3.2. Let X be a compact space and ¢ : X — Y an u.s.c. multi-

valued map. Then p(X) is compact.

Proposition 3.3. Let X be a Hausdorff pathwise connected space and ¢ :
X —o RF an w.s.c. multi-valued map with convex values. Then p(X) =

Uzex ¢(z) is pathwise connected.

Proof. Let xg,x; € X be arbitrary points. It suffices to show that there
exists a path g : I — ¢(X) such that g(0) € p(zg) and g(1) € ¢(z1). In
order to prove, let v : I — X be a path such that y(0) = 2o and y(1) = 1.

Step 1. We will prove that for each € > 0 there exists a path g : I — R*
such that dist(g(t), o(v(¢))) < €, for every t € I, where

dist(g(t), () = _inf lg(t) il

Given y € RF, we denote B(y,e) = {x € R* | |ly — z|| < €} the open ball
centered at y with radius . Let K = ¢(v([0,1])) be the compact subset of

RF and consider the open covering

K c | B(ye).
yeK

Since K is compact, we can find y1,...,yn € K such that

K = B(y1,e)U - U B(yn,€).
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Let x; : K — [0,1], 1 < i < n, be a partition of unity dominated by
{B(y1,€),...,B(yn,€)}. Finally, define g: I — RF by

= max|x;(¢(y(t)))] )
g(t) = ; (Z?:l max|[x; @(W(t)))]) o

Fixe t € I and suppose max[y;(¢(7(t)))] > 0. Then, ¢(v(t)) N B(yi,€) # 0.
It follows that dist(y;, o(v(t))) < e. Since @(y(t)) is convex, if y;,,...,¥i
satisfies dist(yi;, 0(v(t))) < & j = 1,...,l, then any convex combination
Yy = 23:1 ajyi;, a; 20, 1 <j <1, 25':1 aj = 1, satisfies dist(y, p(v(t))) <
. This prove that dist(g(t), ¢(v(t))) < € for any t € I.

Step 2. We claim that we can define a sequence {gn} of continuous functions
from I to R* with the following properties:

(3.1) i), el i) 2—171- n=12.. tel

1
(3.2) lgn(®) = gn-1 (| < 55750 n=23,..., teL

In fact, for n = 1, it is enough to take e = 1/2 in Step 1. Now, suppose we
have defined paths g, satisfying (3.1) and (3.2) up to n = [. We shall define
gi+1 satisfying (3.1) and (3.2) as follows:

Let @ : I — R* be defined by

®(t) = B(gi(t),1/2') N p(y(1)).

By (3.1), ®(t) # 0 for every t € I. Thus, ® is a well-defined u.s.c. multi-
valued with convex values. Analogous to Step 1, there exists a path g : [ —
R* such that dist(g(t), ®(t)) < 1/28+1 for every t € I. Define gx+1(t) = g(t)
for every t € I. Since dist(g(t), ®(t)) < 1/2**! and ®(t) = Wﬁ
o(y(1)), it follows that dist(gk+1(t), p(v(t))) < 1/28F1, for every t € I,
proving (3.1). Moreover, fixed ¢ € I, there exists y € Blgi(t), 1/2F)No(~(t))
such that ||gr+1(t) — y|| < 1/2F1. It follows that
l9k18) = 0Ol < llgier () — vl + Iy = 91O < 557 + 5% < 5

proving (3.2).

Step 3. Since the series > 1/2™ converges, {gn} is a Cauchy sequence, uni-
formly converging to a continuous function g. Since ¢(y(t)) is closed, by
(3.1) it follows that g(t) € @(y(t)), for every ¢t € I. Thus, the proof is
completed. O
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Remark 3.4. In proof of Proposition 3.3, more than to prove that ¢(X) is
pathwise connected, we prove that for any path 4 : I — X in X there exists
a path g : I — (X) such that g(t) € @(y(t)), for every t € I. Thus, the

graph I'y, is pathwise connected too.

Lemma 3.5. Let X,Y be Hausdorff spaces and ¢ : X — Y a u.s.c.
multi-valued map. Then, for every convergent nets (€q)acs — ¢ in X and

(Ya)acs — ¥ in Y such that yo € p(za) for any a € J, we have y € ¢(z).

A continuous function p : X — Y is said perfect if it is closed, surjective

and p~1(y) is compact, for each y € Y.

Lemma 3.6 ([5], pp. 260). Let p: X — Y be a perfect function. If Y 1is

paracompact, so is X.

Lemma 3.7. Let ¢ : X — Y an u.s.c. multi-valued map. Then, the pro-
jection p : T, — X is a perfect function. In particular, if X is paracompact,

s0 is [y.

Proof. 1t is clear that p is continuous and surjective. Moreover, p~i(z) =
{x} x ¢(z) is compact because ¢(z) is compact. We need to show that p is
closed. Let F C T, be a closed subset of T'y. Let {Za}aca be anet in p(F)
and suppose z, — . For each a € A, there exists y, € ¢(z4) such that
(Ta,Ya) € F. Since K = {za}aca U {2} is compact and ¢ is u.s.c., we have
©(K) compact. Thus, the net {ys}aca has a convergent subnet in ¢(K).
Without loss of generality, suppose yo — y € @(K). Since ¢ is u.s.c., it
follows that y € ¢(z). Now, (4, ya) — (2,y) € [, and, since F' is closed in
T, it follows that (z,y) € F. Hence, x € p(F). Therefore, p is closed. U

In [7], we have:

Theorem 3.8. Let X,Y be Hausdorff paracompact spaces and p : X — Y
a continuous, closed onto map such that p~1(y) is acyclic for everyy € Y.

Then, the induced homomorphism
p*  HY(Y, Zy) HH*(X, Zs)
18 an isomorphism.
Proof of Theorem 1.3. Let ¢ : X —o R* be an w.s.c. multi-valued map such
that o(z) is convex for every © € X. Let X and A be the subsets defined
by
X = {(&, T(z),u,v) € X2 x B | u € (), v € p(T(z))}
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A= {(z,T(x),u,v) € A% x R% | u € (), ve T (x))}

The space X is the graph of the us.c. multi-valued map
®:{(z,T(z)) | z € X} — R given by

O(z, T(x)) = p(x) x o(T(z))

and A is the graph of ® restrict to the set {(a,T'(a)) | a € A}. By Lemma 3.7,
X and A are paracompact spaces. Moreover, since X is pathwise connected
and ®(z,T(z)) is convex for each z € X, by Proposition 3.3 and Remark
3.4, X and A are pathwise connected spaces. The map T: X — X defined
by

T(z,T(x),u,v) = (T(z),z,v,u)

is a free involution on X. Moreover, A is T-invariant. Now, using The-
orem 3.8, we can prove that FI"(A,ZQ) =0forl <r <n-—2andj*:
A"-1(X,Z,) — H"1(A, Zy) is the null homomorphism, where j : A — X

is the inclusion map. In fact, let s : X — X be defined by
s(z, T(z),u,v) =

and s| 7 : A — Abe the restriction of s to A. Then, s and s| 5 are continuous,
closed and onto maps. Moreover, s™1(z) = {(z,T(z))} x ¢(z) x (T (z)),
which is acyclic for each z € X. Hence, by Theorem 3.8, s* : H*(X,Zs) —
H*(X,Z9) and (s|;)* : H*(A,Z2) — H*(A,Zy) are isomorphisms. From the
isomorphism (s|3)*, it follows that HT(A,ZQ) =0for 1 <7 <n-—2. Note

that i o (s] ;) = s o j, following the commutative diagram

H""I(X, Zg) _]__> Hn—l(A, Z2)

s‘Tz 2T(8|A)*

I:In_l(X,Zz) _L>. Hn—l(A’ ZQ)

Since i* : H* (X, Zy) — H""1(A,Zy) is the null homomorphism and s*
and (s| ;)* are isomorphisms, it follows that j* : H—1(X,Z,) — H* (4, Zs)
is the null homomorphism.

Finally, define f : X — R* putting

f(z, T(z),u,v) = u.

If n > k, by Theorem 1.2, there exists (z,7T(z),u,v) € X such that

f(z,T(z),u,v) = f(T(z,T(z),u,v)). Thus, u=wv.
Therefore, u = v € p(z) N (T (z)). d
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Example 3.9. Let Ty, = 114 - - {71 be the 2n-fold a connected sum of tori
Ty = S' x S1, which is embedded in R® symmetrically with respect to the
origin. As in example 2.2, we have that for every ¢ : To, —o R2 w.s.c. with

convex values there exists x € Ty, such that o(z) N@(—z) # 0.

3.1. Maximizing simultaneously two related functions. Let f : X x
Y — R be a real map defined in a cartesian product, X x Y, where Y is
compact. For each 2 € X, let f, : Y — R be the map defined by fz(y) =
f(z,y), for every y € Y. Thus, f define a family of maps, {fz : Y — R}zex.
If X admits a free involution 7" : X — X, we ask if there exists a point
zg € X such that the maps fz, and fp(g,) can be simultaneously maximized,

that is, there exists a point yp € Y such that

fro(40) 2 fao(y) and fr(ze)(Y0) 2 fr(ao)(y), for every y € Y.

This problem is related to a Borsuk-Ulam problem for a multivalued map.

Namely, let a : X — R be the map defined by
a(z) = max f,(Y), for each z € X,
and ¢ : X — Y be the multi-valued defined by

p@) ={yeY | foly) = a(2)}.
Then, the maps fg, and fr(,,) can be simultaneously maximized if and only
if p(z0) N @(T(20)) # 0.

Let Y ¢ R™ be a convex subset. A function f:Y — R is said quasicon-
cave if, for each A € (0,1), we have f(Ay1 + (1 — A)y2) > min{f(y1), f(y2)},
for all y1,y2 € Y. In particular, if f : Y — R is quasiconcave and Y is
compact, then the set {y € Y | f(y) = max f(Y)} is a nonempty, compact
and convex subset of Y.

In view of Theorem 1.3 and Example 3.9, we can assert that:

Corollary 3.10. If Y C R? is a compact and convez subset of R? and f :
Ton XY — R is a continuous function such that fy : Y — R is quasiconcave
for each x € Tay, then there exists xg € Ton such that fo, and f_z, can be

simultaneously mazimized.
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