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Abstract

In this paper we obtain a result on simultaneous linearization for a class
of pairs of involutions whose composition is normally hyperbolic. This
extends the corresponding result when the composition of the involutions
is a hyperbolic germ of diffeomorphism. Inside the class of pairs with
normally hyperbolic composition, we obtain a characterization theorem
for the composition to be hyperbolic. In addition, related to the class
of interest, we present the classification of pairs of linear involutions via
linear conjugacy.
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1 Introduction

Involutions have attracted attention of several authors in a variety of contexts.
We mention the articles [6] and [10] where the classification of pairs of invo-
lutions is considered. It is worth saying that dynamical systems governed by
piecewise smooth vector fields have found widespread application in recent years,
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from control theory and nonlinear oscillations to economics and biology. The
motivation of the present work is their appearance in reversible dynamical sys-
tems. In particular, for discrete dynamical systems with a reversing symmetry
and no nontrivial symmetries it is well known that this reversibility is an in-
volution ¢1. Also, the generating diffeomorphism I of such a system is of the
form F = @ 0y, With ¢ being also an involution. References on reversibility
and related problems can be found in [4]. One question raised naturally here
regards the problem of local linearization around a fixed point; more specifically,
the relation between the linearization of a reversible germ of diffeomorphism and
the simultaneous linearization of the corresponding pair of involutions. Now,
the simultaneous linearization of 1 and 9 is a sufficient condition for the lin-
earization of ¢, o o, We refer to [6, Subsection 8.2] for a brief explanation on
this topic. In [9] Teixeira proves that pairs of involutions on the plane are simul-
taneously linearizable provided the composition is hyperbolic. In this case, the
fixed-point set of this composition reduces to a point. Here we extend this result
for a class in which the composition is normally hyperbolic (Definition 2.4), in
whose situation the fixed-point set can now be a local submanifold with positive
dimension. This is one of the three main results of this work. It is Theorem 2.6
and Section 4 is devoted to its proof. Inside the class of normally hyperbolics,
we also present a characterization of pairs of involutions for the composition to
be hyperbolic (Corollary 3.11).

The problem of simultaneous behavior of diffeomorphisms have leaded to
several interesting results in different settings. Among such results, we mention
the Bochner-Montgomery theorem (see [5]) which is a well-known and useful
result about linearization of a compact group of transformations around a fixed
point. This theorem is preceded by a related result by Cartan [1]. It then follows
that an s-tuple of involutions generating an Abelian group is simultaneously
linearizable. In particular, any involution is linearizable, and in Lemma 2.2 we
shall explicit a special formula for this linearization. As a consequence, for one
involution the normal forms up to conjugacy are given as follows: it is either I
or it is equivalent to

(‘Tl,'-'7$7l) = (_:El,"',_J"Cvmﬂ—l-ly'“ua"n)a

when the codimension of its fixed-point submanifold equals £ # 0. Now, two in-
volutions with normally hyperbolic composition generates a non-Abelian group,
and generally noncompact. In our setting, to establish a linearization result we
consider a parametrized foliation which is determined by the linear part of the
composition at the origin. This, in turn, restricted to each leaf is a hyperbolic
linear isomorphism. The conjugacy is guaranteed by Hartman’s lemma (see for
example [7]) and derived from a particular case of a result by Pugh and Schub
given in [8] in the presence of the parameters (Lemma 4.1). Moreover, some
properties are imposed on the involutions. Transversality is assumed through-
out and each involution must respect the foliation in consideration. We then
remark that, in our setting, the subtle point is the derivation of the extension
lemma (Lemma 4.2) for the pair of involutions satisfying the conditions that
appear in Hartman’s lemma.



In Section 3 we present the classification of pairs of linear involutions with
normally hyperbolic composition in the special case for which the fixed-point
subspaces are in general position. This classification is performed via linear
conjugacy and the normal forms are exhibited in Theorems 3.12 and 3.13. These
are the other two of our main results. In the deduction process of the normal
forms, we have obtained a series of results that shown to be very useful in the
treatment of the nonlinear case, giving to this section a particular importance
besides the classification itself. We have chosen to present the pairs in their
matricial form. This is motivated by the fact that it provides a clear illustration
that a pair of transversal involutions with normally hyperbolic composition can
be seen as a suspension of a corresponding pair of involutions, defined on a
vector space of lower dimension, whose composition is hyperbolic.

2 The linearization theorem

Definition 2.1 Let ¢ : (R",0) — (R",0) be a germ of diffeomorphism. We
say that ¢ is an involution if p oo = I.

Lemma 2.2 For any involution ¢ on (R™,0), the germ of diffeomorphism h =
$(I+dp(0) o p) of (R",0) is a conjugacy between o and the germ of its linear
part dp(0) at 0, namely dp(0) = hopoh™.

Given a map-germ f : (R",0) — (R",0), let F(f) denote the fixed-point
set of f,
F(f) = {2 € (R",0): f(z) ==z}
Using Lemma 2.2, for any involution ¢ on (R",0) we have that Flp) =
h=t(F(dp(0))); hence, F(p) is locally diffeomorphic to the linear subspace

F(dp(0)) of R™ Therefore, F(p) is a submanifold in (R",0) such that
ToF(p) = F(dp(0)), where ToF (i) denotes the tangent space to F(¢) at 0.

Definition 2.3 Two pairs (1, p2) and (¥1,%2) of involutions on (R",0) are
said to be (C°—equivalent) equivalent if there exists a germ of (homeomorphism)
diffeomorphism h of (R™,0) such that 1; = ho ;o h~t, fori=1,2.

Note that in the situation of Definition 2.3 the map-germ h satisfies
WF(pi)) = F(di), 1= 1,2.
Also, h is a conjugacy between ¢; o @9 and Y1 0 s :
Proty = ho(piopy)o h~t.

As mentioned in the introduction, in this work we deal with the lineariza-
tion problem for a class of pairs of involutions whose composition is normally
hyperbolic, according to the following definition:



Definition 2.4 Let f: (R*,0) — (R™,0) be a germ of diffeomorphism, f # I.
Suppose that F(f) is a submanifold in (R™,0) and that dim F(f) = k. We say
that f is normally hyperbolic if the spectrum of df (0) has, counting multiplicity,
n —k elements out of the unit circle S* C C.

Let us observe that if F(f) = {0} then the definition above reduces to the
concept of a hyperbolic germ of diffeomorphism. Corollary 3.11 characterizes
the hyperbolic composition of involutions inside the class of normally hyperbolic
germs of diffeomorphisms. If dim F(f) = k > 0, then 1 is an eigenvalue of df (0)
with same geometric and algebraic multiplicities, equal to k; in addition, we get
ToF(f) = F(df(0)). It then follows that df(0) is a linear normally hyperbolic

isomorphism provided f is.

We shall also require transversality of the two involutions, which we define
next:

Definition 2.5 Given two involutions ¢1,w2 : (R™,0) — (R",0), we say that
1 and @y are transversal if F(p1) and F(p2) are in general position at 0, i.e.,

R" = Toj:((pl) + Tof((pQ) (21)

Under transversality of the involutions ¢, and ¢, we remark that, up to
equivalence, it is no loss of generality to assume that the pair (o1, @2) satisfies

F(p;) = F(dpi(0)), i=1,2 (2.2)

in (R",0). In fact, being ¢; and ¢, transversal, we can take a germ of diffeomor-
phism h of (R™,0) such that h(F(¢1)) and h(F(ps)) are linear submanifolds,
that is, h linearizes simultaneously the submanifolds F (1) and F(p2). If we
now consider the pair of involutions (t1,%2), where 1); = ho ;0 h-1l,i=1,2,
then we have that (1,%2) is equivalent to (¢1,¢2) and

F(i) = Fds(0)), i =1,2
in (R™,0).

Yet for the description of the structure of the class of pairs of involutions
for which our linearization theorem applies, we consider L : R® — R™ a linear
normally hyperbolic isomorphism and take the decomposition

R"=E'@E"® F(L), (2.3)
where E* and E* are respectively the stable and unstable subspaces of L. Let

Rn _L) R?l,
! ke (2.4)



be the hyperbolic bundle automorphism covering the identity I, whose fibers
are all equal to E° @ E“.

We are now in position to state the theorem:

Theorem 2.6 Let (1, 92) be a pair of transversal involutions on (R™,0) such
that F(g;) = F(dpi(0)), i = 1,2, @10y is normally hyperbolic and locally each
@i respects the fiber bundle in (2.4) for L = d(py1 0 92)(0). Then, this pair is
CO-equivalent to (L1, La), where L; = dp;(0), i=1,2.

Section 4 is devoted to the proof of the theorem above. Therein we shall
also remark about the grounds which the last hypothesis relies on.

3 Classification of pairs (¢1,p2) of transversal
linear involutions with ¢, 0y normally hyper-
bolic

3.1 Preliminaries

We start with two general results concerning the composition of two linear
involutions that are essencial to all that follows. For L : R™ — R™ linear, we
denote by A(L) the antipodal subspace of L in R™ given by

A(L) = {zeR" : L(z) = —x}.
In the special case of a linear involution ¢ on R", we have the composition
R* = F(p) ® Ap). (3.1)

Proposition 3.1 Let ¢1,p2 be linear involutions on R™.  The following
equalities hold:

(a) Flprop2) = Flp1) NF(p2) ® A(p1) N A(e2),

F(p1) N A(p2) @ A1) N F(e2)-

(b) A(p1 0 p2)

Proof. Given z € R", having in mind the composition (3.1) for ¢;, i = 1,2, let
yi = (z + @s(x))/2 be the projection of @ on F(p;) parallelly to A(p;). Since

z € F(p10p2) & p1(z) = pa(z),

we conclude that

z € Flpropr) &y = Y2,
which shows part (a) of the proposition. The proof of part (b) is analogous,
observing that



z € A(pr092) & pi1(z) = —pa(a). <

Corollary 3.2 (of part (b) of Proposition 3.1) Let ¢1, @ be linear involutions
on R™. If A(py 0 p2) = {0}, then dim F(p;) = dim F(p2).

Proof. By hypothesis, F(o1)NA(p2) = {0}. So dim F(p1)+(n—dim F(p2))
= dim(F(¢1) + A(p2)) < n, which implies that dim F(p;) < dim F(p2). We
can now interchange ¢; and @9 to get dim F(p2) < dim F(p1). O

The following definition is the corresponding to Definition 2.3 for pairs of
linear involutions when the equivalence is realized by a linear isomorphism:

Definition 3.3 Let (@1, 2) and (1,%2) be two pairs of linear involutions on
R™. We say that (p1,p2) and (11,2) are linearly equivalent if there exists o
linear isomorphim h : R — R™ such that v; = hop;o h=t, fori=1,2.

In the condition of the definition above, we have, in addition to h(F(p;)) =
‘7:(1/)1:)7 that
WA(pi)) = A(hi), i =1,2.

A very useful result, with an immediate proof, is the following:

Proposition 3.4 Two pairs (p1,¢2) and (Y1,12) of linear involutions on R™
are linearly equivalent if, and only if, so are (—p1, —p2) and (=1, —2).

For two linear involutions ¢; and o on R", the transversality condition
reduces to

R" = F(p1) + F(p2). (3.2)

Remark 3.5 Considering the composition ¢; o @2 normally hyperbolic, note
that if transversality fails for ¢; and @2 but A(p;) and A(p2) are in general
position, then it is still possible to obtain the normal form of the pair (¢1,¢2)
applying the results to (—¢1, —p2). This is a consequence of Proposition 3.4
and of the fact that
F(-pi) = Algi), 1=1,2.

In certain dimensions, this provides the complete classification of pairs of linear
involutions with normally hyperbolic composition. These are precisely the cases
for which the normal hyperbolicity of ¢; o ¢o implies that either F(p1) and
F(pa) or A(p1) and A(pz) are in general position.

We end this subsection with two propositions. The first proposition gives
normal forms of pairs of transversal involutions and the other characterizes their
equivalence classes.

Proposition 3.6 Let 1,2 be transversal linear involutions on R™. Let r =
dim F(¢1) and s = dim F(p2). Then (@1, 92) is linearly equivalent to a pair

of involutions (P1,12) such that F(y1) is given by 21 = ... = Tn—p = 0 and
F(2) by Tp—rt1 = ... = Tan—r-s = 0. Therefore, 11 and 2 have matrices of
the types



_In—v‘ 0 [n,—r Bl
0 0
wl = A In—s ) '(/)2 - 0 —In_s . (33)
A3 0 L‘-{—s—n 0 B3 Iv‘+s—n

Proof. It is a direct consequence of the transversality condition that (¢1,¢2)
is linearly equivalent to a pair (t1,12) such that F(¢;) is given by z; = ... =
Tp_r = 0 and F(1ho) is given by &p—pt1 = ... = Tan_r—s = 0. Then ¢ and
have matrices of the types

Al 0 [71,—1' Bl
0 0
Py = A | In—s ) Py = 0 Bs
A.’j 0 Ir+s—n 0 Bd I7‘+s—n

Being 11 and 1, involutions, we have that
(a) A% — = (b) Ao+ AyA1 =0, Az + AzA; =0
(C) Bg — (d) B+ B1By =0, By + B3By =0.

We show now that (b) above implies that F(A;) = {0}, which, together with
(a), gives A} = —I,_,. Then, let (z1,...,2,—r) € F(A1). So

'l/)l(wly s awn—r)o, i 50) = (.’El, e ‘awn—mAZ(mla e a*’lf'n—‘l“)aA.'j(:Ely E amn—r))'

From (b) we get that Az(zy,... ,Tn—r) = 0 and Az(z1,...,2n—pr) = 0. Hence,

(®1,..,Tp-r,0,...,0) € F(2p1), which implies that z; = ... = zp_p = 0.
Therefore, F(A;) = {0} .
Analogously, using (c) and (d) we get By = —I,,_. O

The next proposition generalizes [6, Proposition 5.1], for pairs of linear in-
volutions.

Proposition 3.7 Let (¢1,%2) and (],v5) be pairs of transversal linear invo-
lutions on R™ with matrices as in (3.3):

_In—r 0 [n—r Bl
0 0
I‘l)l = A2 I, ) 7/)2 = 0 "In—s
AB 0 [7'+s—n 0 Bd [r-l—s—n




and

e In-r | Bi
0 0
'l/)ll = A’Q In_s ) 1/); = 0 —In—s
Afo, 0 Ir+s—n 0 Bé Iv‘+s—n

Then (¥1,%2) and (Y, ¥4) are linearly equivalent if, and only if, there exists an
invertible matriz

(al )n—r 0
0
f] = O (a2 )n—-s
o) Y ﬁr—}-s—n

such that
Aéa’l = a2A27
Bjias = a1 By,
Aéal = —20 + A2 + BAs
BéOJQ = (SBl = 2’7 + ,BBg
Proof. By a direct computation one shows that a linear isomorphism
h: R® — R™ satisfies 1} = ho; o h™!, i = 1,2, if, and only if, h has matrix
H as above. O

3.2 The classification
Let (p1,¢2) be a pair of linear involutions on R", n > 2, such that ¢ o g
is a normally hyperbolic isomorphism. As mentioned in the introduction, it
is direct from the normal hyperbolicity of the composition that the group
A = [ip1, 93], generated by @1 and 2, is non-Abelian, since, otherwise, 1 o o
would be also an involution. In particular, ¢1,p2 # I, —I, hence
(NH1) 1 <dimF(p;) <n -1, 1=1,2.

In addition, we also have that
(NH2) dim F(p1 0 p2) <n —2;
(NH3) A(p1 0 ¢2) = {0}

By Corollary 3.2, (NH3) implies that dim F(¢1) = dim F(p2).

The next two lemmas are concerned with the classification of pairs of
transversal linear involutions on R™, n > 2, under the condition (NH3).



Lemma 3.8 Let 1,02 be transversal linear involutions on R™ such that
A(py 0 92) = {0}. Let r = dimF(p1) = dimF(p2). Then (p1,2) is lin-
early equivalent to a pair (Y1,v2) such that ¥y and 2 have matrices of the
following forms:

_In—r 0 [n—r In—v'
0 0
1/)1 = A2 In—'r ) 1/)2 = 0 _In—'l' (34)
A3 0 [27-_71 0 BB 121'——11,

with Ao invertible.

Proof. From Proposition 3.6, (p1,p2) is linearly equivalent to a pair (1/;1,@/32)
such that 1; and 1), have matrices of the forms

_Iﬂ'—T‘ 0 In—r Bl
} : 0 y 0
11/)1 = AQ In—r ) 1/)2 G 0 _ITL-—’I‘ (35)
AB 0 IQT‘—n 0 BB 121'—11

_ Since A(p; o p2) = {0}, then also .A(’l;l o @2) = {0} and, therefore, Ay and
B are invertible.
Let h: R™ — R"™ be the linear isomorphism with matrix

Bf'| o
0
H = 0 In—r
0 0 121'—71

Considering the involutions 91 = ho ¥ih~! and ¥ = h ohoh~1, by transitivity
(p1,¢2) is linearly equivalent to (31, 2), with 1 and v, of the form 3.4. <

The next lemma, fundamental for the desired classification, is an immediate
consequence of Proposition 3.7.

Lemma 3.9 Consider the pairs of transversal linear involutions (1y,%2) and

(11, %3),

_In—7' O Iu—r In—r
0 0
'4}1 = AQ I'II—T ¢2 = —'In—r
A3 0 121'—11, B.j IQ‘I‘—TL




and

—I7L_7- 0 In—r I7'L—7‘
0 0
1/)1 = Alz Iy ) 7/); = 0 — Iy i
Aé 0 ]21-_” 0 B.’j [21'—n

Then the two pairs are linearly equivalent if, and only if, there exist invertible
matrices o« € M(n —r) and B € M(2r — n) and matrices 6,y € M((2r —n) x
(n—7)) such that

AIQ = OéAQOé_l

ha = —26 +yAs + BAs (3.6)
Béa = 6—2’Y+6B3.

We are now in position to characterize the orbits of pairs (¢1, ¢2) of transver-
sal linear involutions such that the composition ¢ o @2 is normally hyperbolic.
We first treat the case when the composition is hyperbolic, and this is done
in Subsection 3.3. We shall see that for the other possibilities the forms are
just suspensions of this case. Before we go into that, we state necessary and
sufficient conditions for that, among the normally hyperbolics, the composition
of the two involutions to be hyperbolic:

Theorem 3.10 Let @1 and pa be linear involutions on R™ with ¢10pe normally
hyperbolic. Then @1 o @2 is hyperbolic if, and only if, n is even, p1 and @2 are
transversal and dim F(¢1) = dim F(p2) = n/2.

Proof. First we notice that normal hyperbolicity of ¢; o ¢y implies that ¢
and ¢, are transversal if, and only if, dim(F (1) N F(p2)) = 2r — n, where
r =dim F(p1) = dimF(p2).

If ¢y 0 @ is hyperbolic, then F(p1 0 p2) = {0}. So by Proposition 3.1

F(e1) N Flp2) = Alpr) N Alpz) = {0}.

Hence,
n > dim(F(¢1) + F(p2)) = dim F(p1) + dim F(p2) = 2r.

Now, replacing F(@;) by A(y;), and recalling that dim A(yp;) =n -7, i = 1,2,
we get n < 2r. Therefore, n = 27.

For the converse, let n > 2 be an even integer number and ¢; and @2
transversal with dim F(p;) = dim F(p2) = n/2 = r. From Lemma 3.8 the
pair (p1,@2) is linearly equivalent to a pair (¢1,¢2) such that ¢; and ¢g have

matrices 7 7
—I. 10 . r r
¢1 = ( A Ir > y ¢2 = ( 0 '—Ir > ) (37)

10



with A invertible. From Lemma 3.9, the pair (¢1, ¢2) is linearly equivalent to a
pair (¢}, ¢5) of the same type

/o _Ir 0 ;o IT 17‘
¢1 - ( A/ Ir) ) ¢2 - < 0 ‘—Ir>

(A’ invertible) if, and only if, A and A" are similar. So the matrix A can be
considered in its canonical Jordan form.
Now we observe that

dim F(p; 0 ) = dimker(A — 41,.)
and that the characteristic polynomial of ¢ o ¢ is given by
Doropsz(A) = det(A\?I, — M(A = 2L,) + I,.). (3.8)

Yet from the normal hyperbolicity of ;1 o @2, we cannot encounter 4 as an
eigenvalue of A. Otherwise, the algebraic multiplicity of 4 in the characteristic
polynomial of A would contribute with twice this number in the algebraic
multiplicity of 1 in py,op,, which can be easily seen by taking A in its Jordan
form. This would imply that the algebraic and geometric multiplicities of 1 in
1 0 ¢ would be distinct, which contradicts the normal hyperbolicity. But 4
not being an eigenvalue of A is equivalent to F(p1 o ¢2) = {0}, which gives
hyperbolicity. )

The theorem above, concerned with pairs of linear involutions, generalizes
to nonlinear pairs:

Corollary 3.11 Let ¢, and @o be involutions on (R",0) with ¢y ope normally
hyperbolic. Then @y o o is hyperbolic if, and only if, n is even, p1 and p2 are
transversal and dim F(¢1) = dim F(p2) = n/2.

Proof. The proof follows directly from the previous theorem applied to the
involutions de1 (0) and dg2(0), recalling that ToF(g) = F(dg(0)) when g is an
involution or ¢ is normally hyperbolic. o

3.3 The hyperbolic case

Let ¢; and @ be linear involutions on R™ such that (1 o ¢ is hyperbolic.
By Theorem 3.10, n is even, o1 and ¢y are transversal and dim Flp1) =
dim F(p2) = n/2 (=r). Also, (1, ¢2) is linearly equivalent to a pair (¢1, ¢2) as
in (3.7), with A invertible. As already observed in the proof of Theorem 3.10,
the pair (¢1,$2) is linearly equivalent to a pair (¢}, ¢5) of the same type if,
and only if, the corresponding matrices A and A’ are similar. Therefore, in the
hyperbolic case, the classification of pairs envolves the classification of r x r
invertible matrices by similarity. The study shall then proceed considering the

11



matrices A in their Jordan form with an analysis of which of them lead to
hyperbolic compositions.

Hence, it remains to investigate the spectrum of A such that (3.8) does not
have roots on S! ¢ C. But this is a simple calculation and all the discussion
above can now be summarized in the following theorem:

Theorem 3.12 Let ¢, and @o be linear involutions on R™ such that ¢y 0y is
hyperbolic and r = dim F(ip1) = dim F(pa) = n/2. Then, the pair (1,¢2) is
linearly equivalent to a pair (¢1,¢2),

¢ = (’i" [0) , ¢ = <10 _11) (3.9)

for some invertible matriz A such that its possible real eigenvalues & satisfy
£ <0 or & > 4, with no restrictions on occurrence of non-real eigenvalues.

We end this subsection presenting the explicit classification relatively to
Theorem 3.12 for n = 2,4.

e The case n = 2. Here dim F(y;) = dim F(p2) = 1 and tr(p; 0 pz) > 2 or
< —92. The normal form for the pair (1, ®2) is give by (¢1, ¢2),

—1 0 ]
"= <?+tl‘(901°<p2) 1)* #a = (o —1)-

We remark that this normal form can also be obtained directly from the
classification that appears in [6, Theorem 6.2], as follows. First, the group
A1, p2] generated by @1 and s is non-Abelian. Also, since Apiop2) =
{0}, then F(p1) NA(p2) = {0}, which is the same as Im(pa — I) # F(¢1),
for Im(p2 — I) = A(p2).

e The case n = 4. Here dim F(p1) = dim F(p2) = 2. The normal form of
the pair is presented by taking the order-2 matrix A in (3.9) in its Jordan
form, which can be obtained via the original pair (¢1, p2) as follows. First,
we observe that the characteristic polynomial of A is given by

pa(N) = A2 — (tr(p1 0 p2) + )N + det(p1 © w2 + La).

Now, if A has a real eigenvalue £ with algebraic multiplicity 2, in order to
decide between the two possible Jordan forms of A, we use the fact that
for both cases the characteristic polynomial of the composition ¢ o @9 is

Pyoiops (A\) = q2()‘)=

with g(\) = A% — (€ — 2)\ + 1. The geometric multiplicity of £ is 2 if ¢ is
the minimal polynomial of ¢; o @2, and 1 otherwise.

12



3.4 The general case

Let @1, be transversal involutions on R™, n > 2, with ¢ o @9 normally
hyperbolic and 7 = dim F (1) = dim F(p2). The transversality and the normal
hyperbolicity imply that n/2 < r < n — 1. Moreover, from Lemma 3.8, (p1,92)
is linearly equivalent to a pair (11,%2) such that ¢; and 2 have matrices

-1y 0 I In_v
0 0
’([)1 = A2 [n—r ) wQ == 0 —[71—7‘
A3 0 127‘__” 0 Bd I?'r—n

for a certain invertible matrix As. Let us put

_In—r 0 ol In—r [n—r
¢1 N < AQ In—-r) ’ ¢2 B ( 0 "[n—r >

We then have that

dim F(¢; o ¢po) = dimker(Ag — 41, _,),

2r —n < dim F (g1 0 p2) < dim F(¢1 0 ¢2) + (2r —n)

and that the characteristic polynomial of ¢; o o is given by
Peiop2 (/\) = ()‘ - 1)21‘—”7)4)1%52(’\)
=\ —1)2""det(N\2Ip—r — AM(Az — 2In_r) + In_¢).

Now, the discussion of the preceding subsection allows us to conclude that, since
1 © g is normally hyperbolic, 4 is not eigenvalue of A. Furthermore, 4 not
being an eigenvalue of A, is the same as saying that dim F(¢; o ¢2) = 0, which
gives

dim F(p1 0 ) = 21 — n. (3.10)

Let us remark that with the pre-normal form (t1,12) of the pair (¢1,92)
in hand, we have a characterization for normal hyperbolicity condition. More
precisely, the fact that ¢; o ¢ is normally hyperbolic is equivalent to ¢1 o ¢z
being hyperbolic.

It is then natural to ask whether Az and Bj can be taken to be the zero
matrices in the pre-normal form. Our next aim is to show that in fact they
can; therefore, as mentioned previously, considering the decomposition R" =
R2(n—7) x R2~" the forms t; and % in the present case are just suspensions
of the forms ¢; and ¢y in R2("~7).

We now turn to Lemma 3.9. In view of the relations (3.6), we proceed as
follows. For a € M(n —r) a fixed invertible matrix, let

Lo : M((2r—n)x(n—7))xM((2r—n)x(n—r)) — M((2r—n)x(n—r))xM((2r—n)x(n—r))
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be the linear operator defined by
La(év '7) = ((_2(5 + '7A2)a—1a (5 - 27)(1_1)'

For each B € M(2r — n) invertible, let vag denote the pair of matrices in
M((2r —n) x (n —1)) given by

Vap = (/BABQ—l’BBBa—I)'

Hence, (11, 2) and (1}, ¥4) are linearly equivalent if, and only if, Al = aAra™!
and (A%, By) € Im(7,,, © La) for some a € M(n — r) invertible and for some
B € M(2r —n) also invertible, where 7,,, is the translation in the vap-direction
on M((2r —n) x (n—r)) x M((2r —n) x (n —1)).

Returning to our purposes, since 4 is not an eigenvalue of Az, we have that
L, is an isomorphism. So

Im(T,,, 0 La) = Im(La) = M((2r —n)x (n—71)) X M((2r —n) x (n—1r))

for any 3.
Then (1,%2) and (¥}, ¥}) are linearly equivalent if, and only if, (d1,02)
and (@}, ¢5) are linearly equivalent, where

—In—r 0 _ In—-r -[n—r
d)l = < AQ In—r) ) ¢2 - ( 0 _In—r>

/- "_In—r 0 /o [n-r In—v‘
¢1 - ( A/z In—r) ' ¢2 N < O _In—r )

Hence, according to the above, we can in fact take Az = Bz = 0 in our initial
form.
Therefore, we have established the following classification result:

and

Theorem 3.13 Let @1, 2 be transversal linear involutions on R™, n > 2, with
©1 0 g normally hyperbolic and let v = dim F(¢1) = dim F(pa). Then n/2 <
r < n—1 and the pair (o1, p2) is linearly equivalent to a pair (1, 9) such that
1 and 2 have matrices

_In——r 0 In—r In—‘r
0 0
’(/)1 = A In—r ) ¢2 = 0 —In—T‘ ’
0 0 I2'l‘—’IL 0 0 121'——7‘1,

with the submatrices

'_—[n—r 0 _ In—r ITL—-T
¢1 B ( A [71—1'> ’ ¢2 B ( 0 —In—r)

in the conditions of Theorem 5.12.
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We now apply Theorem 3.13 to present the explicit classification of pairs in
certain specific dimensions:
en>3andr=n-1

We first notice that in these dimensions the transversality is an implicit
property from the normal hyperbolicity. We have that tr(p1 0 p2) > n or
< n — 4, and the normal form for the pair (¢1,¢2) is given by the pair

(w17w2)7
-1 0 1 1

vi=| a 1 , o= 0 | . (3.11)

0 In_g 0 In—-2
with @ = 4 — n + tr(p1 0 2).

en>3andr=1
Here, the transversality fails for 1 and @o. However, with Remark 3.5 in
mind, we observe that the pair (—¢;, —2) is under the conditions of the
case above and, therefore, the normal form of the pair (¢1,2) is given by

(=1, —t2) with ¢y and v, as in (3.11).
en>bandr=n-—2

For such dimensions, transversality may not occur. Hence, we assume
this condition to apply Theorem 3.13. Therefore, the normal form of
transversal pairs is given by (1, %2),

-1 | 0 I | I
0 0
h=| AL  s=| 0|=h . (3.12)
0 0 In._4 0 0 171——4

where A is a Jordan matrix that can be taken in terms of the original pair
(p1,92) in the way that has been done in the end of subsection 3.3 for
dimension 4, with appropriate adaptations for the dimensions considered
here.

Remark 3.14 For linear involutions ¢; and o2 such as in the beginning of this
section, we conclude from equality (3.10) that

F(p1092) = Flp1) N F(p2), (3.13)

since the intersection also has dimension 2r — n. This is precisely what Propo-
sition 3.1(a) reduces to under transversality and normal hyperbolicity.
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Moreover, this result generalizes provided ¢; and @y are transversal involu-
tions on (R™,0) with normally hyperbolic composition. In fact, we can assume

in (R™,0). Hence, locally we have

Fp1) N F(p2) = F(d(r 0 92)(0)) = ToF (101 0 p2),

where the first equality is obtained from (3.13). So F(p1)NF(p2) is a submani-
fold of F (i1 0¢2) of same dimension and, therefore, F(p10p2) = F(p1)NF(p2)
in (R™,0).

4 The proof of the linearization theorem

In this section we prove Theorem 2.6. We start with a remark about the grounds
for the last hypothesis of this theorem. When ¢; and ¢, are linear, this assump-
tion is already a consequence of the normal hyperbolicity of the composition
@10, In fact, in this case, either of them takes the stable subspace E*(p10¢2)
of 1 0 @y to the unstable subspace E*(1 o ¢2), and vice-versa, so leaving the
sum E*(p1 0 p2) @ E¥(¢p1 0 p2) invariant. Also, from (3.13), we have

F(pr0p2) = Fp1) N Flp2) € Flei). i=1,2

Before we go into the proof itself, we need two lemmas.

Let CJ(R™) denote the space of bounded continuous mappings R" — R".
The first lemma is a particular case of the assertion that appears in [8, Theorem
2.1}, for the hyperbolic bundle automorphism (2.4):

Lemma 4.1 Let L : R® — R™ be a linear normally hyperbolic isomorphism.
There ezists € > 0 such that if g € C(R™) has Lipschitz constant bounded by €,
L+ g covers the identity I : F(L) — F(L) and F(L + g) 2 F(L), then there is
a unique homeomorphim h : R"® — R™ also covering I : F(L) — F(L), of the
form h = I+n, with n € C{(R™) and n|zLy = 0, which is a conjugacy between
L+ g and L.

Lemma 4.2 Let (¢1,¢92) be a pair of involutions on (R™,0) under the as-
sumptions of Theorem 2.6. Given ¢ > 0, there ewist involutory extensions
@1, P2 : R* — R™ of ¢1,¢2 in such a way that ¢, o P2 = d(p1 © ¢2)(0) + g,
where g € CY(R™) has Lipschitz constant bounded by €, ¢1 0 @2 covers the iden-
tity I+ F(d(p1092)(0)) = F(d(p10¢2)(0)) and F(p10@2) 2 F(d(p10¢2)(0))-

Proof. The extension process for each involution ¢;, i = 1,2, is the same. In
a neighbourhood V; of the origin we take the C* coordinate system h; defined
by hi = I + ki, where k; = 3 (dp;i(0) 0 ; — I). We then have that dk;(0) = 0
and, by Lemma 2.2, ¢; = h; ' 0 dp;(0) o h;. For any d; > 0, the neighbourhood
V; can be considered in such a way that k; has Lipschitz constant equal to d;.
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Since locally each ¢; respects the fiber bundle in (2.4) for L = d(w1 0 2)(0)
and d;(0) has also this property, it follows that the image of k; is a subset of
E*@ E*. Moreover, k; vanishes on F(g;), for F(¢;) = F(dp;(0)) by hypothesis.
We now consider B[0,7;] C V; be the closed ball with center at the origin and
ratio 7; > 0 and define I; : R — R™ by

ki(z), llzll <7
kilra) el >

K; is a bounded CY—extension of k;, which is zero on F(dy;(0)) and have Lip-
schitz constant equal to 26;. Taking §; < 1/2, we have that K; is a contraction,
so H; = I + I, is a homeomorphism on R™ by the perturbation of the iden-
tity theorem. Its inverse is written as H; U= ] + K;, with K; = —=K; o H_
and so K; € CY(R™). Furthermore, K; is Lipschitzian with Lipschitz constant
26; /(1 —26;).
Next we define
@i = H; ' 0 dyp;(0) o Hi,

which is obviously of the form @; = dg;(0) + g;, with dg;(0) = 0, and satisfies
@; o ¢; = I. In addition, we can compute g; to get

gi = dp;(0) o K; + K; 0 dyi(0) o H. (4.1)

Hence, g; € CP(R™).
Now, @1 0 @ = d(p1 0 p2)(0) + g, where
g =dp1(0) 0 g2 + g1 © $a.

It then follows that g is bounded and, based on (4.1), for a given € we choose
§; and &5 so that g is Lipschitzian with Lipschitz constant bounded by e.

Yet, it is easy to see that each @;, i = 1,2, covers the identity I : F(d(p1 o
©2)(0)) — F(d(¢1 0 ©2)(0)), so does @1 o . Finally, since

F(@s) = Hi(F(dwi(0)) = F(dei(0)),
then
F(B10@2) 2 F(p1) N F(@2) = F(d(1(0)) N F (d(02(0)) = F(d(sp1 0 92)(0)).

O

Proof of Theorem 2.6. Let ¢ > 0 be as in Lemma 4.1 for L = Ly o Ly. Given
this €, we can take involutory extensions ¢ and ¢ of ) and @2 as in the proof
of Lemma 4.2.

The composition @) 0 s = Ly o Ly + g is in the hypothesis of Lemma 4.1.
Hence, there exists a unique homeomorphism h : R™ — R™ covering the identity
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I: F(Ly o Ly) — F(Ly o Ly), of the form h = I+, with n € CJ(R") and

Nl 7(LioLy) = 0, which is a conjugacy between ¢ o @2 and Ly o Lo, i.e.,
ho (g1 o0@s)oh™ =Ljo Ly (4.2)

The last step is to show that h realizes the desired C°-equivalence. From (4.2)

we have
Li(ho@go@aoh™ ) o LT = Lyo Ly, (4.3)

then,
(Lyohogi)o(paopr)o(Lio ho@) ' =LyoL,.

Hence, the homeomorphism Lj o h o ) is a conjugacy between ¢, o ¢, and
Lo L; and, therefore, between 1 0 g and Ly o Ly. But Lj o ho; satisfies the
same other conditions of h described above. By uniqueness, this implies that

h=Liohoy,

that is,
Ll = }LOQOH Oh_l.

In the same way
Lo=ho@yoh™t
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