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ON THE CONTINUATION OF SOLUTIONS OF NON-AUTONOMOUS
SEMILINEAR PARABOLIC PROBLEMS

A. N. CARVALHO?', J. W. CHOLEWA*, AND M. J. D. NASCIMENTO#

ABSTRACT. In this paper we study evolutionary problems which fall into a class of singularly
nonautonomous parabolic equations with critical exponents in a Banach scale {E,,0 €
[0,/¢)}. We obtain existence-uniqueness result concerning a suitable notion of Ej..-solution
and describe continuation properties of this solution. This concerns both a situation when
the solution can be continued as FEj..-solution and a situafion when Eji.-norm of the
solution ‘blows-up’, in which case a piecewise-Ej+¢-solution can only be constructed. This
extends the results reported in Journal of Mathematical Analysis and Applications (2005),
doi:10.1016/5.jmaa.2005.02.024, [11], to essentially larger class of parabolic problems. We
furthermore show that for singularly nonautonomous problems moduli of continuity of the
main part operator can influence the growth of the nonlinear term, for which the problem
can be well posed in Ej.

1. INTRODUCTION

In the studies of long time behavior of dynamical systems governed by differential equations
it is of fundamental importance to establish that the problem is suitably well posed in a large
space of initial data. Once this is done questions concerning further regularity properties of
solutions and the existence of a suitable notion of attractors can be addressed, which enables
then to obtain more relevant information about the behavior of the system.

In an infinite dimensional space well posedness results are far from obvious and the theory
is far from complete. For example, if we are interested in questions concerning well posedness
of the Cauchy problem for the nonlinear equation of the form

(1.1) u + G(t,u) =0, t > T,

where G : R x D ¢ F — FE is an unbounded map, then even very simple situations can
bring a negative answer. Specifying £ = L2(Q), D = H*(Q) N H}(2) and G(i,u) = —Au
one gets a sample problem which is known to be ill-posed. It is thus crucial to investigate
some suitable conditions on G which would lead to well posedness of (1.1) in a large space
of initial data.

tResearch partially supported by CNPq 305447/2005-0 and 451761/2008-1, CAPES/DGU 267/2008 and
FAPESP 2008/53094-4, Brazil.
*Research partially supported by FAPESP # 2011/51704-2, Brazil.
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When
(1.2) G(t,u) = Au+ f(t,u)

and —A generates a C analytic semigroup in 7, let us say A = —A, then such conditions are
already known, including the case of critical exponents, as one can consider [ as a Lipschitz
map satisfying suitable boundedness conditions with respect to A. When

(1.3) G(t,u) = A(t)u + f(t,u),

that is if the operator A is also allowed to depend on time variable, the theory does not seem
to be complete and extensions of the results known from the time-independent case, if they
are possible, require some special attention.

To indicate a sort of difficulties that may arise in that latter case and, simultaneously, to
exhibit a sort of assumptions that may be needed when G is as in (1.3) let us mention that
(1.1) can be then looked upon from another perspective as an equation of the form

(1.4) w(t) + Au(t) = F(t,u(t), A(t), t > T,

with a linear main part operator A equal now to A(s) for some fixed s € R, that is being
independent of time variable, and the right hand side given by

Ft,u(t). A(t)) = F(t,ut)) + A(t) — A(s).

This indicates that without suitable assumption on boundedness of A(L) — A(s) relative to
A, the problem may be easily ill posed.
Following ideas of [3, Chapter V] we will consider next a family of Banach spaces

(1.5) {Ee,0€[0,14 )}

with some 1 € (0.1]. In applications (1.5) can be characterized as an interpolation or a frac-
tional power scale and it will naturally enjoy dense embedding properties, which sometimes
will even be compact.

We remark that a situation does arise in applications when only a “portion of a scale”
defined by a lincar part of the equation is “cffectively available” (see [15, 21]), for which we
mention a sample nonautonomous fourth order equation in L?(RY)

w + Ayu= f(t,z,u), where A, = A? —m(z)Id.

As shown in [15], for “poorly integrable potentials” m(-) of the class L, (R") with p,p’ >
r > max{%, 1}, the associated fractional power spaces can be characterized with the aid of
Bessel potentials spaces as /7)7(R") as long as ¢ € [~1 — 4—],\,;—, + &1+ f; — &) and that
on this portion of the scale the autonomous process U(t,s) = e t=9)4m o0 > ¢ > s > —o0
governed by —A,, : D(A,,) C LP(RY) — LP(RV) satisfies, for some w € R,

oW (t—s) J N ] 7

e N N N N

”(](t?S)HE(H;%"(RN),H;S‘(]RN)) < Al[([——:)f__‘; t > S, 0 € [—1 = 4_[)/ + E, 14 4_[) . Z[—]
Note that the length of the latter interval is equal to 2 + % - —;—i and that it actually tends
to one as r \, & and N = 4.
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In this paper, given a family of Banach spaces {E,,0 € [0,1 4 p)}, and given a family of
unbounded operators A(t) : Iy C Ey — Ey, t € R, we consider a Cauchy problem of the
form

(1.6) {ﬁ(f) £ AWu() = Fltu(t), ¢ >,

w(T) =Yg,

with /' satisfying suitable Lipschitz and growth conditions and with w, lying in some large
“phase” space of admissible initial data.

Our main concern is the situation when the linear main part operator essentially depends
on the time variable, that is the problem is in this sense singularly nonautonomous (see [13])
in contrary to the case when the time dependence enters merely the nonlinear term 7. On
the other hand our concern will be critically growing nonlinearities, that is roughly speaking
we will allow F(¢,u(t)) to exhibit the same order of magnitude as the linear main part
operator A(t) (see [7, 8, 13, 11]. As mentioned above the latter leads to essential difficulties
as even for globally Lipschitz perturbations, like F'(t,u) = 2A(t)u, the problem may be ill
posed. On the other hand note that in the singularly nonautonomous case some previous
results concerning continuation and asymptotic properties of solutions, see [11], cannot be
directly applied and require essential modifications. This will be our main goal in the present
paper.

We remark that even very simple problems, like

w+ V(O(t,2)Vu) = f(u), t >7, 2 € Q,
(1.7) u(t,z) =0, t >0, z € 99,
©(0, z) = uo(z),z € Q,

where  is a bounded domain in RY with a smooth boundary 0%, can still bring questions
that are not immediate to answer. Namely, assuming that there exists some p > 1 such that
|f(w)| = O(|ul?) and 0,0, ,...,0, € Cf (R x ©Q,R) for some p > 0, is (1.7) well posed in
L2(2)? Without being to exhaustive we merely remark here that the value of u influences
the smoothness property of the process associated with the linear main part, which in turn
determines possibility of a satisfactory treatment of the critical exponents. This will be
described in larger capacity in the main body of the paper, including also more general
applications than (1.7). From this it will be seen that the exponent p for which (1.7) is well
posed in L?(Q2) actually depends on p. Namely, when u > %, local well posedness in L2(()
can be obtained for p € (1,1 + %] including the critical case p = 1 + + and, with some
additional conditions on [, continuation result holds as well even in an almost critical case.
In contrary, for p < %, N = 3, one can observe that local well posedness in the critical case
p= % can hardly be proved.

In what follows, to describe our results better, we will need some assumptions and defi-
nitions. For this it seems reasonable to look first at the variation of constants formula for
(1.6)

uw(t) =U(, T)u, + / U(t,s)F(s,u(s))ds,
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where

t
Ut, 7) = e~ 240 4 / U(t, s)(A(T) = A(s))e~ =740 g

T

(see [23, (1.5), (1.8)]). From these formulas one gets the expression

t 2
u(t) = e~ =AMy, +/ Ult, s)(A(T) — A(s))e” ANy ds +/ U(t,s)F(s,u(s))ds

and hence it becomes clear that, above all, we need to ensure suitable integrability properties
of the functions under the above integrals, which in turn leads to a number of technical
conditions concerning both linear and nonlinear part of the equation.

We thus turn our attention towards a singularly nonautonomous linear problem

(18) {u(w + A(Mu(t) =0, t> T,

u(7) = u,,

for which we will assume that it defines a process in Ey, which possesses suitable smoothing
properties. Recall that a two parameter family {U(/,7) : ({,7) € R?, | > 7} of maps
U(t,7): V — V is an evolution process in V (process for short) provided that

U(r,7)=1d and U(t,0)U(o,7) =U(t,7) forany t >0 > 71 €R.

If, in addition, V is a topological space and {(t,s) € R : t > s}xV 3 (¢, 7,v) = U(t,7)v €V
is a continuous map then we say that the process {U(t,7) : ({,7) € R?, { > 7} is continuous.
Concerning the linear part of (1.6) we will need the following assumption.

Assumption 1.1. Given a family of Banach spaces { E,,« € [0, 1)} there exists a continuous
process {U(L,7) : (L.7) € R*, L > 7} C L(Ey) defined by (1.8) in Ey. Furthermore, given
any point T € R there is a certain “time” interval I C R centered at T such that for any
0< (<o <14 onecan choose a positive constant M for which we have

(1.9) MU )o@y S ME=7)77, t,r €1, t> 1.

Concerning the nonlinear part of (1.6) we will assume that for a certain e € (0, /1) the right
hand side term /7 belongs to a class of maps satisfying a suitable Lipschitz type condition
relative to { £, a € [0, 1) }; see Definition 1.2 below. Note that any such F falls in particular
into the class of z-regular maps originally considered in [7].

Definition 1.2. We say that a continuous function F' : R X E1., — E, ) is of the class
L(g,p.v(g),n,Cy) of Lipschitz maps relative to {E,, o € [0,1+ u)} with constants p > 1,
0<e< min{%,u}, v(g) € [pe.1), n > 0 and C,, > 0 if and only if for any bounded time
interval I C R there exists ¢ > 0 such that for each v,w € Ey,., t € I we have

(110) P = Ftwlle,, < el —wla. bl +nlwls?, + )
and
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It may be sometimes useful to consider constant C', of I’ depending on time as well. If
I is a fixed bounded time interval, let us say I = [0,77], then one can replace C,, in (1.10)
and (1.11) by C,()t=77¢) and C,(t)t~7*) respectively, requiring then that C,(t) is a certain
nonnegative function converging to zero as ¢t — 0 (see [7, 13]). Nonetheless, since we
do not restrict our consideration to any particular time interval, we will not pursue this
generalization here.

Let us single out for special attention the case when in (1.10)-(1.11) one can only have
7(¢) = pe and not y(g) € (pe, 1) as this exhibits the case of critical ezponents according to
(7], that is the largest growth allowed for the nonlinear term in a given class of initial data

(see [7]).

Definition 1.3. In the case when for a certain n > 0 (1.10)-(1.11) hold with v(c) €
we say that I is subcritical. When for a certain 1 > 0 (1.10)-(1.11) hold with v(¢) =
not with y(g) € (pe, 1), I is called critical and p is then called a critical exponent.

(pe,1)
pe but

For critical F', we also single out for special attention the situation when 1 > 0 can be
chosen arbitrarily small as the solutions will then enjoy much of the properties specific for a
subcritical case.

Definition 1.4. In the case when ' is critical relative to (FEy, Ey) and (1.10)-(1.11) hold
with any n > 0 we say that I is an almost critical map.

Let us make a technical remark that when /' is subcritical, then without loss of generality
one can always assume that the parameter > 0 in (1.10)-(1.11) can be chosen arbitrarily

small, which may not be the case when F' is critical. Indeed, given p > 1, ¢ € (O,/l)),

e < u, y(¢) € (pe,1) we can choose p > p in such a way that we will have ¢ € (0, %) and

v(e) € (pe,1). On the other hand the term r)[|u]|7li5 can be then estimated with the aid
of Holder’s inequality by F}H“”?“:s + ¢4y, which yields (1.10)-(1.11) with parameters ¢, y(¢)
as before, p being replaced by /5 > p chosen suitably close to p and 7 replaced by 7}, which
we can fix as small as we wish. Note that after this change the parameters ¢, y(¢) and ¢ in
(1.10)-(1.11) remain the same and the only difference will come from the replacement of ',
by C, + cj,,, which will not influence the heart of our consideration.

We will introduce next a suitable notion of solution of (1.6) (see [13]; also [7, 8, 11]).

Definition 1.5. Given F of the class L(e, p,(g),n, C,) relative to {E,,a € [0,u)}, 7 > 0,
u, € Fy and given an interval [, T], we say that v : [7,T] = F11.UFEy is a mild I54.-solution
(Eyic-solution for short) of (1.6) on the interval [7,T] if and only if

(7;) u € L?:c((T:T]v -E1+E):

(ii) there exists the limit lim,_,,+(t — 7)%||u(t)| £. =0,

(iii) w(7) = u, and u satisfies on for a.e. L € [7,T) the variation of constants formula

(1.12) w(t) = U(t, 7)ur + / U(t, s)F(s,u(s))ds.

If, given a € (1,00|, u is an Eyi.-solution of (1.6) on [7,T] for any T € (7.a), then we
say that u is an E),.-solution on the interval [1,a).
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To describe a possibly large set of initial data for which (1.6) will possess the unique
Ey 4 c-solution we will consider under Assumption 1.1 a linear subspace €T of Ey

(1.13) €l = {p € Ey: there exists hH}}_(/, =7 U(L, 7)el gy = 0}
t—T
Then the function | - Hf; 1 €7 x €I — [0, 00) below is well defined for any § > 0,
(114) Il = sup (¢ = VNV llenn, ¢ € €.
te(r,7+4)

and for any &7 we have
lollsf =0 as 6 — 0%,
Remark 1.6. Note that with the Assumption 1.1, given 7 € R, ¢ < i and assuming the

inclusion Eyy. C Ey, we have that Ey,. C €7 and || - H?E is the norm in CL. If By, is dense
in By and Ey C Ey it is easy to see that By C €7 and, following (13, Lemma 3.2],

(1.15) lirrh(t = 1)U, 7)ol g, = 0 uniformly for ¢ in compact sets of I;.
t—=7

In what follows, given wy € €7 and § € (0, d,,] we define
(1.16) B (wo,) = {¢ € € : o — woll & < 1},
We also let B(a,b) = fol s (1 —s)""1ds, a,b > 0, denote Euler’s Beta function and define
(1.17) Bep i =max{B(l — pe.v() —¢), B(y(e) —¢,1 - ¢)}.

Remark 1.7. If Assumption 1.1 holds then SUPse(r,r4a) (8 — T)ENU (s, T)0llErye < M|l
for any ¢ € Ey. If in addition Ey.. is dense in Ey and F; C I, combining this with
Remark 1.6, we obtain that Bég (wo,r) contains a ball in ) centered at wy of radius T
where M is as in (1.9).

With the above set-up we state the following local well posedness result, which comple-
ments earlier consideration of [7, Theorem 1], [11, Theorem 2.1] and [13, Theorem 3.1].

Theorem 1.8. Suppose that Assumption 1.1 holds and F is of the class L(e, p,v(¢),n, Cy)
relative to {E,, o € [0, 1) }.

Then,
i) given ty € R and wy € €l and gwen T in a certain interval J C R centered at to there
exist o9 € (0,1] such that for any initial condition ., satisfying

(1.18) Uy 1S Bg‘z (wo, )
with

= 1
(1.19) 6 € (0,00) and r:=

4(8cz'r/MBE’,,)7>i_1 ’
where M = M(1 +¢.v(¢),J) and B., are as in (1.9) and (1.17) respectively, there ezists
the unique Ey.-solution u = u(-,7,u;) of (1.6) on [r, T+ &),
i) when I is subcritical or F is almost critical, the time of existence Jy can be chosen
uniformly with respect to initial condition . € Bez (wo,r) for arbitrarily large r,

6



i41) in the case when either wy € Ery. C Ey orwo € By C Ey and vy is dense in Ey, the
time of existence &y can be chosen uniformly with respect to 7 € J.
Furthermore, for any 0 < 6 < min{~(¢), u} we have
(1.20) lim+(t — 7)Y ult, T, u,) =0, u, € BY (wp,r) N &,
t—T C

H51+o

(1.21) [Jult, 7, ub)=u(t, 7, u2)|l5? < C(0) (|lul—u2||5 +|lub —u?|

¢
(50

), ur,ul € Bgz,(u,'o, r)NE&;

and the right hand side of (1.21) is bounded by a multiple of ||ul — u2||p, provided that
’U&.,UZ € [ C Fy.
Finally,

(1.22) if lim (t — 7)°|U(t, T)ur — ||y, = 0 then lim (£ — 7)°||u(t, 7, ur) — u- gy, =0,
t—rt t—71t+

whenever 0 < 6 < min{vy(e), n} and u, € B(‘i_% (wo. 7).

Remark 1.9. Under the assumptions of Theorem 1.8 if u(-, T, u,) is the unique Iy, .-solution
from Theorem 1.8 then

(1.23) u(, T, ur) € L7, 7+ o], E14e) whenever u, € Eyy..

Note that the above consideration generalizes the concept of e-regular solution introduced
in [7] (see also [8, 11, 13]).

On the other hand note that more smoothing properties of the linear process will translate
into more smoothing properties of F..-solutions. In particular, with Assumption 1.10 below,
FEy 4 .-solutions will “immediately” be Holder continuous in £y ..

Assumption 1.10. Given any point 7 € R there is a certain time interval I C R centered
at T such that whenever 1+ > (¢ >0 20, 1 2 (—o0 > 0 one can choose a positive constant
M for which we have

(1.24) WU, 7) = Id|| gy S M(E—7)77, t,T e, t>T.

Theorem 1.11. Suppose that Assumption 1.1 is satisfied, F' is of the class L(g, p.v(¢),n, Cy)
relative to {Ey, 0 € [0, )}, T € R, u, € €7 and u = u(-, 7, u,) s the unique E14.-solution
of (1.6) on [r,7 + &).

If, in addition, Assumption 1.10 holds then w € Cj, ((7,7 + o), F1+9) for any 0 < 0 <

min{vy(e), u} and v € (0,v"), where v* = min{y(e), u} — 6.
Given 7 € R and u, € Fy we next define
[(u,) := {T € (7,00) : there exists the unique £j.-solution of (1.6) on [r,77]}
and
(1.25) T, :=sup [(u,).

Due to Theorem 1.8, I(u,) # 0. Thus, given 7 € R and u, € €I, the problem (1.6)
possesses the unique £ .-solution u on 7,7, ). Note also that, due to (1.25), u cannot be

continued as Fj4.-solution of (1.6) on any time interval /, larger than [7,7,.). The interval
7



[7, T..,) will be called mazimal interval of existence of E..-solution and u on [7,T,,) will be
called mazimally defined F1..-solution.

We now give the results that involve characterization of the maximal time of existence
of Ey,.-solutions in terms of F; or Ej,.-norm. Note that F,. is the space on which a
nonlinear term is well defined (see Definition 1.2) whereas F; plays a role of the “phase”
space in which (1.6) defines a continuous process (see Remark 3.15).

Theorem 1.12. Suppose that Assumption 1.1 holds, I is of the class L(e,p,v(g),n,C,)
relative to {Eqy, € [0,10)}, 7 € R, u, € €7 and u(-) = u(-, 7,u,) is E1y.-solution of (1.6)
on a mazimal interval of existence [1,T,,). Suppose additionally that E,.. is dense in E,
and Ey C Ey.
i) If Fis subcritical or F is almost critical, then
(1.26) T, <oo implies that limsup ||lu(t, 7,u,)|r = cc.

t—T,,
ii) In either case when F is subcritical, almost critical, or F is critical, T., < oo implies
that there does not exist even one sequence t,, — T,., for which {u(t,, 7,u.)} converges in
Ey; in particular the map [1,T,,) 3 L — u(t) € By cannot be uniformly continuous.

Proposition 1.13. Suppose that Assumption 1.1 holds, I is of the class L(z, p,v(g),n, Cy)
relative to {Ea,a € [0, 1)}, 7 € R, u, € € and u(-) = u(-, 7,u,) is E1y.-solution of (1.6)
on a mazimal interval of existence 1, T,.). Suppose additionally that I}1,. C Fy.

Then

(1.27) T., < oo implies that limsup |[u(t)] g, = oc.

t—Tu,

Due to Theorem 1.12 i), an a priori bound of Ej.-solution in F; actually implies that the
solution exists for all ¢ > 7 even in a certain critical case. This is significant from the point
of view of applications as in many problems Fj, .-estimate required in Proposition 1.13 may
be impossible to find, whereas the estimate in £; may follow from the natural properties of
phenomena described by the equation like, for example, energy dissipation.

A situation may arise that F is critical, not subcritical or almost critical, and boundedness
of Iy .-norm of the solution can hardly be ensured. Hence it is reasonable to consider
another notion of solution of (1.1) (see Definition 1.14 below) and investigate a possibility
of continuing an E).-solution even though its Ej..-norm may blow up as ¢t — T,_.

Definition 1.14. Suppose that F is of the class L(e,p,v(g),n,Cy) relative to {E4, a €
0,1)}, 7 >0, v9 € €7 and I, C R is an interval of the form [7,a) or [7,0).

We say that U : I, — [y, U Iy is a piecewise- 51, .~solution of (1.6) on I. if and only
if U(T) = u, and, for each T € I, \ {7}, there exist a number Ny € N and partition
T=T0< 7T <..<7Tng <T =7np41 of [1,T) such that

(1.28) UL) = U(Tie1) in Eo ast = 774, i=2,..,Nr+1,
(129) U e [/?00(,(<77,;_1.TL'),E1+5)., b= l,NT+1,

R [—)Ti-tl .
(130) (,’ - Tl‘“l)h“u(/‘»)HElJrs — 0: ti= 17 o iy, ]VT + ]-,x
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and

(1.31) U(t) = U, Tin)Usp,_, + U(t,s)F(s,U(s))ds a. e. in 1,7, i=1,.., Np+1.
Ti-1
If the interval I, = [7,a) is finite, U : [1,a) = Fi4e U Ey is a piecewise-Ey .-solution of
(1.6) on I, = [,a) and a is a limit of a strictly increasing sequence {7;,i € N} of times such
that limsup,_, - [|{U(t)|| g,,. = o0, then a is called an accumulation time of singular times.

The following result describes some natural situation allowing for continuation of an Fy .-
solution of (1.6) as a piecewise- £ 4.-solution.

Theorem 1.15. Suppose that Assumption 1.1 holds and F is of the class L(z, p.y(¢),n,Cy)
relative to {L,,« € [0,p)}. Suppose additionally that Iy, is dense in [y C Ey, £y is
reflexive and, given any 7 € R, u, € Fy,
(1.32) sup ||u(t)]|z < oo
Le[r, 1)
whenever T' € (7,00) and [4.-solution u(-) = u(-, 7,u,) of (4.14) exists for allt € [1,T).
Finally suppose that
whenever T € R, u, € Fy and T,. < co, the map

(133) [T5 T“«‘r) 2 = ’ll.(t) = EO) where 'U,(') = U’(')T: u'r)
is I14.-solution of (1.6), is uniformly continuous.

Under these assumptions, given 7 € R, u, € E; and the unique Ey,.-solution u(-) =
u(-,7,Ty.,) of (1.6) for which T,, < oo, there exist a € (T,,,,cc] and the unique extension

U :[r,a) = I of u(-) such that U is a piecewise- ;. .-solution of (1.6) on [r,a) and either
a = oo or a is an accumulation time of singular times.

Note that in Theorem 1.15 the continuation of Ej,.-solution wu(-,7,u,) is defined on a
larger interval than its maximal interval of existence [r,7,.). Such a continuation will thus
possess singularities in finitely or infinitely many points in which F;,.-norm will blow-up.

The proofs of the results stated above will be given in Section 2.

In Section 3 there are included some of the related technical results, crucial for the con-
sideration of this paper. Therein we consider families {A(¢) : ¢ € R} of unbounded positive
operators generating C° analytic semigroups being all of the same type. We discuss condi-
tions guaranteeing that the associated fractional power spaces D(A%(t)) will coincide and
the graph norms will be equivalent uniformly for ¢ in bounded time intervals. In particular
we ensure validity of Assumption 1.1 and Assumption 1.10 in an appropriate portion of the
extrapolated fractional power scale generated by (X, A(t)), t € R (see Theorem 3.12).

In Section 4 we show how the abstract results work in applications. This includes in partic-
ular a singularly nonautonomous wave equation with a structural damping and a singularly
nonautonomous semilinear parabolic initial boundary value problem of order 2m.

Acknowledgement. This work has been carried out while the second author visited Depar-
tamento de Matemética, Instituto de Ciéncias Matemadticas e de Computacio, Universidade
de Sao Paulo-Campus de Sao Carlos, Brazil. He would like to acknowledge the great hospi-

tality of the people from this Institute.
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2. ABSTRACT RESULTS

In this section we prove the abstract results stated in the Introduction.

2.1. Local well posedness result: proof of Theorem 1.8. The proof will be divided
into three main parts. Part I will be devoted to the existence of Fi,.-solution. In Part II
we will obtain the uniqueness of Fi,.-solution. In Part III we will show that, under some
additional assumptions on ' and {F,,o € [0,14 1)}, the time of existence of F;,.-solution
can be chosen uniformly with respect to suitable sets of initial data u, or/and initial times

7. Finally, in Part IV, we will prove some additional properties of 7, .-solution stated in
(1.20), (1.21) and (1.22).

2.1.1. Part I: the existence of F1..-solution. The existence result will follow in three steps.

Step 1. Let us fix an interval [ around ¢y such that (1.9) holds with ( = y(¢) and 0 =1 + <.
Let us also choose an interval [J centered at to such that 7\ 7 is the union of two intervals
of length [ > 0.

We first note that if §* € (0,1), 7 ) € (0,1] N (0,6*), v € L2((7,7 + 9], Br+e),
AV, 1) = supserg{(s — 7)%[lv(s )I|L1+e} R O, t € (r,7 + 4] and A(v,t) < R then, by
Assumption 1.1 and (1.11), we have

IO $)F (s, v(s)ll mrge SNV )|y s 1F7(550(5) 2,
< M(t = )7 c(nllv()E,,, + Cn)

E e

(2.1)

and consequently

(t—7) H/ U(t,s)F(s,v(s))ds|| g, € cCoM(L—T)* /(/ — g) ey

(2:2) +enM(t -7 /Yf )5 = 1) (5 = 1) [[0(5)l| )Pl
< eMB(1 = pe,y(e) — €)[Cy(t = 7)™ + A (v, )] € M Be ,[Cy(t — 7)Y + R
Also, if v, € L2 (1,7 + 8], Frye), t € (7,7 + 0] and A(v,t) < R, A(#,t) < R then, with a

similar usage of Assumption 1.1 and (1.10), we get

u/lfrwrsv<> F(s,5(5))]ds] ..
\dawa—7>/Xv—@lﬂ@fw—Trwswp«s—ﬂww@—ﬂwmaﬁ}

+enM(t - T)E/ (t =)™ (s — )7 (((s = ) lv(s) ]l 2™
+((s = DN pre)* ™) (5 = 7)Mlv(s) — B(S) e s

Hence, letting

(2.3) T.(t) := cM B, [Cy(t — 7))~ 1 2y RFY),
10



we conclude that

(t — )% / U(t, $)[I(s,v(s)) = I'(s,8(s))]ds|| g
< Te(t) sup {(s = 7)[lv(s) = 0(s)l| vy }-

se(,t)

(2.4)

We now choose
Ry>2R>0 and ¢ >0

such that
. 1 .

(2.5) enM B. , RS = and  cCyM B, 071 = mm{ ,o*,l}.
We also define _ _

R _ Ry _ 1

4 S 4 —

4(8?17/\/’/1 p) P T
and, since lim,_,,+ ||(t — 7)5U (¢, 7)wo|| .. = 0 we choose & = do(R) € (0, 5] such that
R

(2.6) 1t = 7)°U(t, T)woll grpe S BX T << T+ 0.

Step 2. For arbitrarily fixed dg € (0, 50] consider the set
(2.7) K(R,7) =A{v € Ly (1,7 + 0], Brse) : sup {(t — 7)°[lv()ll s} < R}

te(,7+d0]

and the function d: K(R,7) x K(R,7) — [0, 00)

dv,9) = sup {(t = 7)%|lv(t) = T()||Erye }s v, 0 € K(R, 7).
Le(r,7+0]
One can easily see that d is a metric in K (R, 7) and that (K (R, 7),d) is a complete metric
space. We will show that there exists a unique function in K (R, 7), which satisfies variation
of constants formula (1.12) on (7,7 + do].
Choosing arbitrary u, € Béo (wp,7) as in (1.18) we will consider the map

t

(T)(t) =U(t,T)ur + | U(t,s)F(s,v(s))ds, ve K(R,7), t € (1,7 + .

a\

It follows from (1.18), (2.2) and (2.5)-(2.6) that
t
16 = DT Dl < (6= DN+ [ Ul 5) s ()

t
<@ = 1)U, T)ur|| By + cM(E — T)E/ (t = 8) O~ (nllv(s)||%,,, + Cn)ds
<t = 1)U, T)(ur = wo)ll By +I(E = 7)°U R T)woll By
+eMnBe ,RP+cMC, B, 607

<r+ ||t = 7)) U, T)wol| Brye + MnBe ,RP + cMCyB: , O"(t) " < R,
11



which yields that 7 takes K'(R,7) into K (R, 7). Furthermore, applying (2.3)-(2.5) we get

1
d(TUl, 7_?.)2) g -2—d(‘U1, UQ).

Consequently, due to the Banach fixed point theorem, we infer that 7 has the unique fixed
point w(-, 7, %) in K(R, 1)

Note that, for any u, € By, (wo,r) and 7 € [—79, 70), u(-, 7, u,) is defined on an interval
of the same length d.

Step 8. For the fixed point u(-) = u(-, 7, u,) we now show that lim,_, .+ ||(t = 7)*u(t)| ... = 0.
Adapting (2.2), we have for each ¢ € (7,7 + d¢)

(t = 7)) prye < (= T)ENUE T)ur|| Brye + M Be f[Co(t = 7)) + RPN (u, 1)),
where by assumption, given any & > 0, we can choose h € (0, ) such that
(t=7)NUE T)ur gy, <& for te(r,7+h).
Hence, we get
(t = 7 Nlu@)|| Brye S &€+ M B, ,[Coe™® + nRPIN(u,t)], t € (7,7 + h).
Since the right hand side above is a nondecreasing function of ¢, we obtain
Au,t) € E+ eM B, [Co"® + R\ (u, 1)), L € (1,74 h),
and, via (2.5),
—;—/\(u, t) €+ cMB, ,C, "), t € (1,7 + h).
This yields
(2.8) Au, 1) = Sup]{(s = 7)

“’(S)HEHE} 30 88 T3 7"

and ensures that (¢t — 7)u(t) — 0in Fy,. ast — 77.
Thus the fixed point u(-)u(-, 7, u,) obtained above is an F1-solution of (1.6) on [7, 7+ dy].
The proof of the existential part of Theorem 1.8 is thus complete.

2.1.2. Part II: the uniqueness of E1.-solution. In what follows we turn our atteantion to the
uniqueness of Fy.-solution of (1.6). Given —oco < 7 < T < oo we define a linear subspace
ML of L ((7,T), B11e)

(29) M= {p € LR 7], Brae) s fim (¢ = )@l = 0

Lemma 2.1. If o, € M7 satisfy a. e. in [r,T] the variation of constants formula
AP ; Yy

t

u(t) = U(t, 7)u, + / Ult,s)F(s,u(s))ds

with a certain u, € Ey then ¢, @ are identical elements of MY,
12



Proof: By assumption we have
t
) — 251 < CC'nI"f/ (t =)@ p(s) = ()| s ds

t
+ 0771“// (8= 871 o(s) = @) s (o, + 16 5rs,)s ¢ € (1, T).

Since ¢, ¢ € MT given ¢ € (0,1), there is a certain h € (0,¢) such that

(=7 Ol Erye + (= TINEDN Erye <& LE (1,7 + D).

Using this and restricting ¢ to the interval (7,7 + ) we obtain the estimate

(= 7)Mle(t) = el 511
< CMB(E) ~ 6190 sup (5= 7)llels) = Blo)la.
se(r,7+h
+ P2 MB(1 — ep,y(e) —€) sup (s —7)°
se(r,m+h)

(p(s) - YE(S) ”1‘71+e'

We remark that the inequality above will hold true if we replace its left hand side by
SUPse(r,r+h) (8 = T)¥|l0(5) — 4(5)| £y On the other hand note that since p > 1 and y(¢) > ¢,
then & > 0 can be chosen small enough to ensure that the right hand side is less than
% Supsé(r,r—i—h)(sm’]‘)e an(s) _{/5(3)“31+5' This yields that Supse(r,f—’rh)(SHT)EHQP(S) '-(IE(S)HEIJre -
0 and thus ¢ = @ in [, 7 + h] for some h > 0.

Now, if 7* € (7,7 + h] is such that o(7*) = ¢(7*) then applying the variation of constants
formula with the initial time 7* and with the initial value o(7*) = $(7*) we get

p(t) — () = / Ut 9)(F(s,¢(s) = F(s,(s))ds in [, 7]

" * ) - ~ n—1
and hence, letting ¢ = sup,e(.- 1 ([[o()l5,,, + 1E()E,..),

l

lle(t) = 2Ol e < M(C, + TIC*')/ (t = )74 llp(s) = @() s ds.

Consequently, by singular Gronwall’s inequality, we obtain that ¢ and ¢ coincide. a
Lemma 2.1 yields the following uniqueness result.

Corollary 2.2. Let I} denote an interval of the form [r,a], [r,a) or [T, 00) and suppose that
@ and ¢ are Eyy.-solutions of (1.6) on I and I* respectively.
Then ¢ and ¢ coincide on I¢ N 12

The existence uniqueness result stated in Theorem 1.8 i) is thus proved.

2.1.3. Part III: uniform time of existence with respect to u, or/and 7. In this part we prove
the statements ii)-iii).

Proof of 4i). The result will follow from Corollary 2.3 below.
13



Corollary 2.3. Suppose that Assumption 1.1 holds, F': R x Ey. — E. . is continuous and
there exist constants p > 1, 0 < ¢ < min{%,/z}, v(¢) € [pe,1) such that for each n > 0 there
is a certain C,, > 0 and, moreover, for any bounded time interval I C R there exists some
¢ > 0 for which we have

IF(tw) = Ptz < cllo = wllo. @llol!, +nllly?, + Gy, v,w € By, tel,

E1+s El+5
and

IF(¢ )y < ctllvllg,,, +Cr)s viw € By, tE€ T

E1+s

Then, given any ty € R, 7 in a certain interval J C R centered at o and given any ro > 0,
there exists g > 0 such that for any initial condition u, € ng(o, ro) there exists the unique
Eiie-solution v = u(-, 7,u,) of (1.6) on [r,7 + &).

Proof: Letting wg = 0 and coming back to the proof of Theorem 1.8 we observe that given any
7o > 0 one can now choose 7 > 0 such that 7 in (1.19) satisfies 7 > ro. Then, proceeding as
in the proof of Theorem 1.8, for any u., € ng,(o ) we obtain the existence of E;..-solution
w=u(-,7,u,;) of (1.6) on [r,7 + do]. O

Proof of iii). We now exploit the additional assumptions on {E,,o € [0, 1)} to ensure that
the time of existence can be chosen uniformly in a certain neighborhood of a given point
lo € R. Actually, following the proof of existential part of Theorem 1.8 in §2.1.1, it suffices
to ensure that the number dy(R) in (2.6) can be chosen uniformly with respect to 7 € 7.

Note that this is obvious if wy = 0. Also note that if 0 # wy € FE1,. then using (1.9) we
obtain this via estimate

o R
(2.10) sup ||(t = 7)°U(t, T)wol| rmyye < Mollwollpyy. < =, 7€ T,

T<t<'r+30 2

which holds for some constant M = M(1 + ¢) and & = Q—MHT)};"I—IE——
“1+¢
On the other hand, if wy € Fy and Fi.. is dense in Fj, then via (1.9) for any ¢ € Fy.

we have

sup H(t - T)EU(t, T)'LUOHF)1+5 < sup ”(t - T)El/r(t7 T)(w() - (rb)HE1+s

(2 11) T<tLT+30 T<t<T+d0
' + sup_ |(t = 1)U )¢l gy < Mlwo — lls, + ollglle,. T € T
TLt<T+00

Since ¢ can be chosen such that AM||wy — ¢||g, < % and then dy can be chosen such that

dol| gy < £ we again conclude that SUD, c1ras, |(E—T)EU (L, T)wol| pyye < & forany 7 € 7,
and some 0g(/?) which does not depend on 7 € 7.
Both statements ii) and iii) in Theorem 1.8 are thus proved.

2.1.4. Part IV: further properties of Ei,.-solution. In this part we prove the conditions
(1.20), (1.21) and (1.22).

)
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Using a similar argument as in (2.2), for 6 € (0,v(g)) N (0, ) and for the unique F,..-
solution u(-) = u(-, 7. u,) of (1.6) we get

(t = )Nl Brye < (& = 1) NUCE 7Yl By + (8= 7)° / [, 5)F(s,w(s))] By.ols

< (¢ = 1)U Tucllyyy + MCyy(e) = 8) 71 — )7
+neMB(1—ep,y(e) — 0)(sup {(s = 7)°||u(s)|| 5y })*-

T8t

Recalling that u., & Bgf:, (wo, ) N €y and using (2.8) we conclude that (¢ — 7)%||u(t)] — 0

as t — 7T, which proves (1.20).
For § € (0,v(e)) N (0, s¢) analogously as in (2.4) we next have

(¢ = e, 7, ) = (e 762y < (6= DNV (d = )

+ (¢t — T)e/ UL, s)[F(s, uls, 7,ub)) = F(s,u(s, 7, u2))]|| 5, ds

|11+0

(2.12)
< (@t =7)NU7)(uy = u2)|| By
+Ty(t) sup {(s—7)%|u(s, 7, ul) — u(s, /,7/T)HL1+E}
TL<T+d0
where
Dy(t) = cM(140.v(e), T) max{B(v(g) =0, 1—¢), B(1—pe,v(g)=0) }[C, (t—7)" ) =0 - 2n RP~1].

Taking 0 = ¢ we get

(¢ = P¥llult, 7, 0) = u(t, 7,0y < (= TNV D)0 = 02 s
+Te(t) sup {(s = 7)|Juls, 7, ul) — u(s, 7, u2)|| prye }

T<8LT+00

Since I'c(¢) is increasing with respect to ¢ and, by (2.5), I':(7 4+ dy) < 5 we conclude that

sSup {(s - T)EH'“'(S’ Ty “’1) - “’(51 Ty “'72-)||151+s} <2 sup (S - T)EHU(S’ T)(“‘i e “’72-)||151+e'

T<s<T+b0 7L<+

Consequently, using the above inequality and (2.12) we get (1.21) with constant
C(60) = 1+ 2cM (1 +0,74(e), T) Be o Cyy(t — 7)7 4 2 RP-1],

where B; ,9 = max{B(y(e) — 0,1 —¢), B(1 — pe,~v(c) — 0)}. If furthermore u},u? € I} C [y
then using (1.9) we also conclude that

(2.13) ||k — 112||(50 + ||lut - u?H < M7t = w2 gy,

)
where M = max{M (1 +0) + M(1+¢)}.
Assuming that 0 < 0 < min{v(¢), u} and limy_,+ (¢t — 7)°||U (¢, T)ur — ur||5,,, = O we now

show that lim,_, +(t — 7)’||u(t, 7, u;) — uz|| g, = 0, for which we first use the variation of
15



constants formula and (1.9), (1.11) to get for each ¢ € (7,7 + o]
(t = 7)°Nut) = urlle s

1
< (¢ = DN e = el + (= 7)° / 10, $)F (s, u($)) 5,55

< (= YN0 s = sl
t

+ cM(t - 7)9/ (t — 8)O1=0(C 4 n(s — 7)7%||(s — 7)°u(s)||% . )ds

Eite
T

(2.14)

< (= 1)U T)ur — ||y, + Oy MB(L — pe,v(e) — 6)(t — 7)7®
+ cMnB(1 — pe,v(e) — 6)A°(u, ).

Thus (1.22) is a consequence of (2.14) and (2.8).
The proof of Theorem 1.8 is now complete. O

2.1.5. Proof of Remark 1.9. In what follows we show that the F,.-solution of (1.6) will be
bounded in E'¢ up to the initial time 7 provided that u, € E, ..

Given u, € Ey4, and numbers Ry, do(RR) as in the proof of Theorem 1.8 one can define
Ke(R) = {v € L®((r, 7+ &), F1+:) : sup ||¢(t) —u.|| < R}, R € (0,Ry), €>0.
te(r,7+¢€]

Then there exists some suitably small & € (0,dq(R)], such that the Banach fixed point
theorem will yield the existence of & € K¢ (R) satisfying variation of constants formula
(1.12) a. e. in [7,&]. We also have that @ € 97 (see (2.9)) and, since the solution
u(-. 7, u;) from Theorem 1.8 belong to M7+ as well, we conclude via Lemma 2.1 that u and
@ coincide on (7,7 + £]. Condition (1.23) now follows easily.

2.1.6. Certain extension of the local well posedness result. It does happen in applications that
F decomposes into a sum of maps that belong to a class described in Definition 1.2 although
with some different parameters (see [8, pp. 385-386]). We remark that if in Theorem 1.8,
instead of assuming that F' is of the class L(e, p,v(¢),n, C,) relative to {F,, o € [0, )}, we
will assume decomposition condition (D) as below:

(D) there exist maps F; of the class L(e(i), p(),v(¢(7)). n, C,) relative to {E,,a € [0,p)},
i=1,...,n,such that

(2.15) F=>"F,
i=1
(2.16) min{y(e(2)); 1 <i < n}=:7>&:=max{e(?); 1 <3< n},

then, given o € R and wy € &7, there exist § € (0,1] such that for any 7 in a certain
interval 7 C R centered at [y and for any initial condition w, satisfying

(2.17) Ur € Bg‘:. (wo, 1)

where dy € (0,0] and » = r(n) — oo as n — 07T, there exists the unique Fj,z -solution
w=u(-,7,u,;) of (1.6) on [r,7 + do].
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Furthermore, for any 0 < 0 < min{y, pu} and u,, ul,u? € /?g‘?s,.(u,vo,v*) N €7 we have (1.20)
and (1.21). Also implication (1.22) is satisfied for any 0 < 6 < min{~y, u}, u, € B, (wo, 7).

2.2. Holder continuity of E;,.-solution: proof of Theorem 1.11. Theorem 1.11 will

be a consequence of the following lemma.

Lemma 2.4. Supposc that Assumption 1.1 is satisfied, F' is of the class L(c, p,v(<),n, C,)
relative to { By, € [0, 1)}, 7 € R, u, € €7 and u = u(-, 7, u,) is the unique 7y, -solution of
(1.6) on the interval [1,T) for some T € (0,00). Suppose also that Assumption 1.10 holds.

Then, given 6 € (7,T), we have that u € C"([0,T), Er4o) for any v € (0,v.), where
v, = min{vy(g),u} — 0 > 0.

Proof: Due to Assumptions 1.1, 1.10, given a bounded time interval [-7,7] C R and any
0 < (<o <1+ p,onecan choose a positive constant A/ for which we have

(2.18) WU ey S ME=7)"C"0 T2t >72-T.
and,if 1 > o0 —-( >0,
(2.19) WU (L, 7) = Tdll e,y < M(t - N T2t>T>2-T.
On the other hand, due to (1.20), for any ¢ > 7 close enough to 7 we have
[ut, 7, ue)l|Brye < (E=7)7%, LE(T,0),
in which case letting ¢ = ¢(n + C);) we deduce from (1.11) that

(2.20) F(s,u(s)||e,., <&((s—7)"+1), t €(7,9).

Not loosing generality we will assume that ¢ > 7 is close enough to 7 and (2.20) holds.
Since u is Ejy.-solution and § > 7 then ||ul| Lo ((5.7),5:4.) < €5 and by (1.11) we conclude
that

(221) mg .= HF(/;, ’u([,))||Loo((,5’7~)‘[5_'(5)) <, 100
From the variation of constants formula, for 7 < § <t <t + h < T we infer

lut + 1) = w2 < NUE+ A7) = UL 7))ur |51,

t+h
S / (Ut + h, s)F(s,u(s))|| 5 ods
t
(2.22) t
i / WU+ h,s) = U(t, $))F(s, u(s)) || 5yyeds
s

§
+/ (U@ + R, s) = UL, $)F(s,u(s))ll gygpds =: J1+ J2 + J3 + Ju.

Choosing arbitrary

(2.23) g€ (6,p)N(0,7(e))
17



and applying (2.18)-(2.19) we get

.]1 = H([](I: + /'I.-, [) - ](])U(t T)UTHI;;HO
(2.24) SNUQE+ R, t) = 1| nieyy e, mr ) 1U T (o, e 0] 2o
S MPREO (L — 1) ||y < MPRETO(0 — 7) 78 | .
i

Using (2.18), (2.21), (2.23) we also obtain

t+h
Jo = / “U([ + A, S)IIL(E-,(s)zE1+9)HF(S’ ?‘L(S))HE'Y(E)(IS
(2.25) ‘

t+h
< /\/[777,5/ (t+ h — 5)7E=0"1ds < Mmy(vy(e) — )N (T — 7)Y =EpE=0,
t

On the other hand, by (2.19), (2.21) and (2.23) we have

t
Jgg/\
1)

t
< MQmé-/ REO(t — s)1O18ds < M2 (~(e) — &) " mgh0(t — §)7)¢
5

Ut + h,t) = 1d|| (e, m ) 1U S 9l Lz, o) 2o |1 F (5, u(s)) |2, ds

(2.26)

< M?(vy(e) — &) 'mshs (T — )72

whereas using (2.20) we obtain
5
Ja < / [U+ R, t) = Il r(my e, ) 1 U@ $) 18y v 1 (55 () 2,
5
= 61\12/ ROt — )Y O1=2((s — 7)™ + 1)ds

t t
< (71\,/"2}115----() </ (/, n 8)7(5)...,1....@(3 " T)W'Epdb' +/ (L i S)ﬂ,f(;-)...,l.,_édﬁ>
T T

(Yjur s 7‘)7(5)_‘5

< EMPh0 () —é,1— _
cM*h <B(7( )—¢E,1—¢p) =

+ (1) = &) (T, ~ T>7<E>-°‘) |

As a consequence of the above estimates for any § > 7 close enough to 7 there exists ¢ > 0
such that for each 7 < d <t <t+ h < T, we have

ot + ) =~ u(Dls < HE.

Recalling that & could be any number satisfying (2.23) we get the result. O

2.3. Proofs of continuation results. In this subsection we prove the results concerning
continuation properties of F.-solution of (1.6).

2.3.1. Proof of part i) in Theorem 1.12. Recalling the statements of Remarks 1.6 we assume
that 7%, < oo, limsup,_,p- |[u(t, 7, u.)||g < r* for some 7* > 0 and for any n € N large
18



enough we define 7, :==T,, — %, Uy, = u(T,, — 3,7, u.). Let us consider now the Cauchy

1 T - n
problem

(2.28) {am + AWu(t) = F(,u(l)). ¢ > 7,

wlF) = W,

Note that all initial conditions u,, defined above belong both to 214, and to a ball Bg, (0, r*)
in Iy of radius r*. Also, the initial times 7,, converge to T, .

We then have sup,e(s, r+q(s = ) IU(s, Tu)tn, | £rpe € M|lur,|lz, < Mr* and hence
Us, € Bgsm (0, Mr™).

Due to Corollary 2.3 there is the unique bounded F;.-solution of (2.28) on [7,, 7, + &g,
where Jy does not depend on n. Also, due to Lemma 2.1, the latter solution coincides with
u(-,7,u,) on [, T, ] for each n sufficiently large. From this we infer that, by concatenation,
u = u(-,7,u,) can be continued as an [ .-solution of (1.6) onto the interval [7,T,, + dp),
which contradicts the definition of T, . ]

2.3.2. Proof of part ii) in Theorem 1.12. Recalling the statements of Remark 1.6 assume
that T, < oo and 7,, = T, is such that u(7,, 7, u,) = wo in E; as n — oo. We then have
SUDPye(r,mt0] (5 = Tu) S INU(8: 7o) (tr, — wo)ll2ye € MlJuir, — wo|sz,. Therefore, if + is chosen
relative to wo as in Theorem 1.8 and N € N is such that ||u,, — wol|lr, < {7 for each n > N
then what was said above yields that u,, € Bg;n (wp,r) for every n > N and any ¢ > 0.
Due to Theorem 1.8 there is the unique bounded E;.-solution of (2.28) on [7,, 7, + ),
where ¢y does not depend on n. Also, due to Lemma 2.1, the latter solution coincides with
u(-, 7, ur) on [, Ty, ] for each n sufficiently large. From this we infer that, by concatenation,
uw = u(-, T,u,;) can be continued as an £y .-solution of (1.6) onto the interval 7,7, + d),
which contradicts the definition of 7, . O

2.3.3. Proof of Proposition 1.15. Recalling statements of Remark 1.6 assume that T, < oo
and limsup,_r+ [|u(t, 7, ur)|[ 5y < r* for some r* > 0. For any n € N large enough we
define 7, : =T, — %, U, 2= (T, — %, 7,u,) and consider the Cauchy problem (2.28).

Since u,, belongs to a ball Bg,  (0,7*) in E;,. centered at zero and of radius r* > 0,
then for any J > 0 small enough we have that sup,e(,, -+5(5 = 7)) NU(s, 7)tr, |y <
Mé||ur, || prye < Mor*. Hence, if r > 0 is chosen relatively to wy = 0 as in Theorem 1.8 and
6 € (0, =5;) then we observe that u., belongs to Bg;n (0, 7).

As a consequence of Theorem 1.8 the problem (2.28) has the unique Fi,.-solution on
[T, T + 0], where Jy does not depend on n. Also, due to Lemma 2.1, the latter solution
coincides with w(+, 7, u,) on [r,, T\, )] for each n sufficiently large. From this we infer that, by
concatenation, u = u(-, 7, u,) can be continued as an Ej..-solution of (1.6) onto the interval
[7, T, + o), which contradicts the definition of T, . a

2.3.4. Proof of Theorem 1.15. By assumption, given 7 € R and u, € [F;, we obtain from
Theorem 1.8 that there exists the unique Ej,.-solution u of (1.6) on the maximal interval
of existence [, T, ), for which we denote ug := 1, Ty, := Tyy-
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If T,y < oo then, using (1.32)-(1.33) and reflexivity of Ej, we conclude that there exists

. : =Ty
a certain u; € [ such that hml_ﬂf lu(t, 7,ur) — w1l g, = 0 and w(t, 7,u,) —" u; weakly
in Fy. Thus u(t, 7,u,) can be extended to a function Uy : |7, Ty — By U Ep satisfying
Uy € L2.((7, Tup), Frae), Uo(T) = 1y = g, Up(t) B Up(To) = 1y € €™ as ¢ — T~ and

¢
Uo(t) = U(t, T)ug —I—/ U(t, $)F(s,Up(8))ds for a. e. 1€ [r,Ty)

By Theorem 1.8 there exists the unique Ej.-solution u(-,T,,,u1) of the Cauchy problem

uw(t) + A u(t) = F(t,u(t), t > Ty,
w( T ) = 4,

which can be continued on the maximal interval of existence [T, 7,,). Now, if Tul < 0,
repeating the above argument we find up € Ey such that lim, ;.- ||u(L i ul) — 0

Ty i
and u(t, Ty, u1) g uy weakly in Ey. Thus u(t,T,,,u;) can be extended to a function
U 1 [T, Tu] = Frye U Fy satistying Uy € Lis,((Tugs T )s Free), Un(Tup) = wa, Un(t) 2t
U (Ty,) = us € QS Tt as 1= T~ and

ul

L
Uy(t) = U(t, Ty )us -+—/ U(t,s)F(s,Uy(s))ds fora. e. € [Ty, T,
1

el
uQ

If there is & € N such that, proceeding as above, we obtain in a (k + 1)-th step that
T., = oc, then function U : [0,00) — Fi.. U Ey given by concatenations of the maps U;,
j=0,...,k+1is an extension of u into a piecewise- £, .-solution on [7, o0).

Otherwise, proceeding inductively we will obtain a sequence of maps U; : [1,T,] —
Eyi:UEy, 7 =0,1,..., and by concatenations we will again define a piecewise- £ .-solution
on [7,a), with a := 3772, T,,;. In this latter case it is evident that either a = oo, or if a < co
then a is accumulation time of singular times 7 := Z?:o I, 1 €N,

The above construction ensures that the extension of Fi..-solution to a piecewise-F,.-
solution is uniquely defined and hence the proof is complete. ]

3. SINGULARLY NONAUTONOMOUS LINEAR PARABOLIC PROBLEMS

3.1. Families of sectorial operators in Banach spaces. In what follows X denote a
Banach space. Our concern will be a family of unbounded operators in X generating C°
analytic semigroups, which are all of the same type. Specifically we will show that As-
sumption 1.1 and Assumption 1.10 do hold under some general conditions on the operators
appearing in the main part of (1.6).

Definition 3.1. The family {A(t) : t € R} of closed operators A(t) : Dx € X — X in a
Banach space X, which are defined on the same dense subset Dy of X, is locally uniformly

sectorial (of the class LUS(Dx, X) for short) if and only if for each t € R the complex
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half plane {X € C: ReA < 0} is contained in the resolvent set p(A(t)) of A(L) and for any
bounded time interval I C R there exists a certain M > 0 such that
M

3.1 M= A®) Moy € —=
.1) IOV = 40) o < T3

If {A(t) : t € R} is of the class LUS(Dx, X) then, for each s € R, —A(s) generates a C°
analytic semigroup {e™4®* : ¢ > 0} in X, which is exponentially asymptotically decaying
as t — oo. Actually, for a family {A(¢) : ¢ € R} of the class LUS(Dx, X) we have that
Reo(A(s)) > a > 0 and

Rex<, tel.

; C
A)e 09| Lk < g g5 ]
s

where constants a,C, C; > 0 are independent of s > 0 and on ¢ varying in bounded time
intervals (see [23, §1.1]. Consequently, as in [18], the fractional powers A%(1) can be defined
as the inverse of A7(1) : X — R(X),

(3.2) A= () = (1a)

Also, one can consider the associated fractional power spaces X“(t), a > 0,
(3.3)  X°(t) := D(A%(t)) with the norm ||¢||yeq) = [|[A%(¢)¢]|x for ¢ € X, a >0,

where for oo = 0 we set

G—A(t)s“[/(x) < C/v(ﬂ—a.s’ s> 07

o0
/ ¢ le=AWsds o > 0.
0

At) :=1d, X°(t) := X.
As in [23, §1.9, (1.56)] we then have
(3.4) | A%()e™ 09| Lixy € ca™s7, 5> 0,

where ¢, neither depends on s > 0 nor on ¢ varying on bounded time intervals.
Since A(t) coincides with the inverse of A~!(t), then X'(1) coincides as a set with the
domain Dy for every ¢t € R. Concerning topologies we have the following result.

Proposition 3.2. If {A(t) : t € R} is of the class LUS(Dx, X) and I C R is any set such
that

(3.5) sup [|A(t) A7 ()] rx) < oo,

t,sel
then the corresponding spaces X'(t) are independent of t, except for norms, which are uni-
formly equivalent on I.

Proof: Evidently, for the graph norms we have
il = 1Al x = IADA (A lx < cllA)bllx = elltllxagas ts € 1,
which gives the result. O
If A(t) belongs to a class of operators having locally uniformly bounded purely imaginary
powers, that is if A(7) is a positive operator satisfying

(36) 3£>0 sup H/li""(/,)”[l(x) < 0,
SE|—e€,€
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then the associated fractional power spaces can be characterized with the aid of complex
interpolation as

(3.7) X(-0e408 = [X(t), XP(t)]p, 0< <1, 0< a < f < ooy

see [25], also [5].

Definition 3.3. We will say that the family of positive operators {A(t) : t € R} is of the
class BITP(X) if and only if, given any t € R, A(t) has the property (3.6).

Corollary 3.4. If {A(l) : t € R} is of the class LUS(Dx, X)NBIP(X) and I C R is any

set such that (3.5) holds then X°(t), 6 € [0,1], are independent of L € I, except for norms,
which are uniformly equivalent on 1.

Following (3], given {A(t) : ¢ € R} of the class LUS(Dy,X), we will consider the
extrapolated space X ~!(t) generated by (X, A(t)), where
X7Y(t) is the completion of (X, | A71(¢) - ||x).

If this is the case, we will also extend .4(¢) to a closed operator in X ~!(t), for which we will
use the same notation.

Whenever ¢,s € R are such that A~!(s)A(t), A"} (t)A(s) : Dx € X — X are bounded
operators, which happens in particular when the domains of the adjoint operators A’(1) and
A'(s) are the same, then X ~!(l) coincide with X ~!(s) algebraically and topologically as for
some constants ¢y, co > 0 we have

allA7N(s)z||x < |A(t)z A™Y(8)z||x, z € X,

(see [4]). This ensures that the following counterpart of Proposition 3.2 holds for the extrap-
olated spaces.

Proposition 3.5. If {A(l): t € R} is of the class LUS(Dx, X) and I C R is any set such
that the operators A (¢t)A(s) : Dx C X — X are uniformly bounded for t,s € I; that is for
the closure A=1(1)A(s) we have

(38) sup (| AT A l0x) < oo,

tsel

x < ¢

then the associated spaces X ~Y(t) are independent of t € I, except for norms, which are
uniformly equivalent on I.

On the other hand, due to [3, Proposition V.1.31], if {A(¢) : ¢t € R} is of the class
LUS(Dyx, X) then (the closed extension of) each A(t) belongs to a class Lis(X, X !(t)) of
linear isomorphisms from X into X ~!(¢). Furthermore, we have that {\ € C : ReA < 0} C
p(A(t)) and for any bounded time interval / there exists M > 0 such that

M
1+ |Al
Letting Y (t) = X '(¢) and applying (3.2) we then associate with (Y (¢), A(%)) the fractional
power scale {Y“({) : & > 0} and, as in [3, p. 266], we consider
(3.10) Xe(t) == Y*t(t), a € [~1,00),

which is the extrapolated fractional power scale of order 1 generated by (X, A(1)).
92

(3.9) (AT = A(®)™

L(X (1)) g 5 Re) S 0, tel.



Corollary 3.6. If {A(t) : t € R} is of the class LUS(Dy, X) N BIP(X) and I C R is
any set such that (3.5) and (3.8) hold, then for each 8 € [-1,1] spaces Y1 (t) = X°(t) are
independent of t € I, except for norms, which are uniformly equivalent on I; that is for every
0 € [—1,1] there exists ¢ > 0 such that

4l xoqy < cllllxoes), st €1,

for every ¢ from the set X°(t) = X(s).

In what follows, given ty € R, o € [0,1) and letting s := 1 — ag we consider a family of
Banach spaces

(3.11) B =Y (to), |- llp, = AT (o) - v, @ € [0, 1 + po].

Lemma 3.7. Suppose that {A(t) : t € R} is of the class LUS(Dx, X)NBIP(X), conditions
(3.5), (3.8) hold on each bounded time interval I C R and {E,, a € [0,1+ 0]} is defined as
m (3.11), where pg is a strictly positive number.

Then,
i) {A(t) : t € R} is of the class LUS(Dg,, Fo) with Dg, = I,
i) for any bounded time interval I C R and o € [0,1 + pg| there exist constants ¢, ', " > 0
such for each t,s € I we have

(3.12) 6llz, < A% ()¢5 < cl| A% ()l < NS, ¢ € Eo

Proof: Recall that {Y*(¢) : a > 0} is the fractional power scale generated by (Y(t), A(t)).
Hence (realization of) A(( ) can bo viewed as a closed densely defined operator in Y*0(¢) with
the domain Y*0*1(¢). The resolvent set of A(t) in this setting will still contain the half-plane
{A € C: Re\ < 0} and for each bounded time interval [ there will be a certain constant
M > 0 such that

(3.13) [N = A1) @llyaoy <

M
T+ A

Part i) is thus a consequence of Corollary 3.6 and (3.9).

Concerning part ii) we first observe that, due to Corollary 3.6, if ¢ € E° then ¢ belongs
to each of the sets Y77 (¢) and Y779 (s) as these sets coincide for each t,s € R and
A7(t)¢, A?(s)¢ are the elements of E° = Y °°({y) (actually A7(t), A?(s) are one-to-one from
I, onto [%). Given a bounded time interval / C R we can thus use equivalence of norms
stated in Corollary 3.6 to get, for some constants ¢, ¢, ¢ depending on / but not on ¢,s € I,
that

‘H(r) yeo, REASO, tel, ¢ Y.

A7)l 2o = 147 () @llveo o) S A% ()llveory = EllDllyoraory < Ell¢]
= cl|A7(s)@llyeo(s) < EllA%(5)@llyeoie) = EllA7(5)Pl &
whenever ¢,s € I. Similarly, using again the equivalence of norms, we also have

yeo+ag (q)

61, = l$llyetaoy) < EllGlly A7 dllyeoy < E|A7(L)Pllyao(re) = ElIAT(L) | 5,
and
1A7(s)9llEy = A7 (8)Plly o0 (1) < EIA7(8)@llveo(sy = Elldllyorao(s) < Elldllyorany) = EllSllE,

which proves ii). a
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Corollary 3.8. Under the assumptions of Lemma 3.7 we have that for anyh bounded time
interval I C R and o € [0,1 4 po| there exists a constant ¢ > 0 such that

(3.14) AT () A7 (s)||(mo) < ¢ for each t,s €1,

where g is a strictly positive number.

Proof: It suffices to note that A?(t), A7(s) are one-to-one from £, onto Fy and then use
(3.12). 0

3.2. Smoothing properties of singularly nonautonomous linear problems. We will
now assume that a family {A(l) : ¢ € R} is of the class LUS(Dy, X) and that, in addition,

(3.15) Fue1) Y130 350 Yo se-ray 1(A(L) = A(T) AT (8)lloexy < Ot — 7]

Under these assumptions, following [3, 13, 17, 20, 23], we will consider in X a singularly
nonautonomous linear problem

(3.16) {u(w + AU =0, 1>

Recall that a continuous function [7,00) 3 ¢ — u(t) € Fy is a classical solution of (3.16) if
it is continuously differentiable in (7, 00), u(t) € Dy for each ¢ > 7 and both relations in
(3.16) are satisfied.

Concerning solutions of (3.16) the following result is known (see [13, §2] for the proof).

Proposition 3.9. Suppose that {A(t) : t € R} is of the class LUS(Dx,X) and (3.15)
holds.

Then, there exists a continuous process {U(t,7): t > 7 € R} C L(X) defined by (3.16)

) d
in X such that given T € R and u. € X, the map [1,00) 3t = w(t) = U(t,7)u, € X is a
classical solution of (3.16).

We remark that [/(Z,7) can be viewed as a fundamental solution of the evolution equation
u(t) + A(t)u(t) = 0, see [17, p. 109], which nonetheless we will not pursue here. Instead we
will turn our attention towards the smoothing action of U(t, s).

Proposition 3.10. Under the assumptions of Proposition 3.9 for each bounded time interval
I = [=T.T] there is a positive constant N such that

(3.17)  [JATUE, ) A (NDleexy SNt =77, 0<(<o<1+p -T<r<t<T,
where 11 is as in (3.15).

For the proof of (3.17) we refer the reader to the classical work [23] (see also [13, Theo-
rem 2.2]).

In Proposition 3.11 below we will focus on another smoothing property of the linear
process. For this we will need the following additional assumption:

(3.18) V145650 Y750 Jeso Virep-rr) |A @A) || L) <
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Proposition 3.11. If {A(t) : ¢t € R} is of the class LUS(Dx, X') and (3.15) holds then

(3.19)  Vpso V 2630 Inso Vorerauer AU, T) = TdJA™(T) |1y < N(t—7)°.
Actually, if also (3.18) is satisfied then

(3:20) 750 Virypcooso nso Vorerarcr [|AT OV 7) = 1A ()00 S N(L= 7).

Proof: From [23, (1.53)] we infer that

y
U(t,7) A (1) = 140 4=<(1) +/ =940 [A(s) — A@W)U(s, T)A™S(1)ds,

where the function under the integral above is integrable in L(.X) over s € (0, (), which will
be clear from the estimates below.
We next rewrite A?(¢)[U(¢,7) — [dJA~%(7) as a sum J; + Jo, where

Ji = A°() [0 — Td)A™(7) and J, = / A (1) el=940[A(s) — AU (s, T)A™S(7)ds.
Note that taking s = 7 in (3.15) we obtain that (3.5) holds on any bounded time inter-

val I ¢ R. Thus note that, under the assumptions that {A({) : ¢ € R} is of the class
LUS(Dx, X) and (3.15) holds, one obtains as in [23, §1.9, (1.59)] that

(3.21) Viz¢>e20 V>0 Jes0 Virel-1,1] HAé(t)A*g(T)HL(X Se
Without (3.18),if1 > (>0 >20and 0 <0 < C o < 1 then applying [18, Theorem 1.4. 3]
we can estimate ||J1UH,\ for every v € X by sci-s(t — 7)°||A°7 () A=¢()v||x, which via

(3.21) can be bounded on [T, T] by scc1-s(t — 7)°||v]|x.
On the other hand, if 1 + ¢ > ¢ > ¢ > 0 and (3.18) holds, then choosing §=C(C—-o0
and applying again [18, Theorem 1.4.3] we estimate ||Jiv|x for each v € X by 3¢,_5(t —

7| A () A=) x = 'C‘};Cl«{—%-a(t — 7)77||AS(t) A~ (7)v]|x, which is now bounded on
[-T,T) by -C—%—;ccl._,_<+(,(t — 7)¢79|v]|x due to (3.18).
Consequently, for .J; we obtain by assumption that
1l < {5001 s(t—7)% 0< < ¢ — o, not assuming (3.18),

ng“/l—CJra(’ — 7)¢79, assuming (3.18).

Jo is equal to f; A7 (£)et=AO(A(s) — A(t)) A1 (8)]A(s)U (s, T) A~¢(7)ds, where by (3.4)
and (3.15) we have
147 ()= M O[(A(s) = A A ()] nex < et —8)77(L = s)".
Note that if 0 < ¢ < 1 we obtain from (3.17) that
[A(S)U (5, 1) AT ()llzex) S e(s =)0
On the other hand, if 1+ ;¢ > ¢ > 1, then A(s )U(s VA1) = A(s)U(s, )AL (r) AY=¢(7)

and

IASU (s, ) A (Dl < NAG)U (s, AT oollA (DL < «
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as in this case A1¢(7) = A" D(7) = L~ [ o s¢ 2435 is a bounded operator and
T(¢-1)

i Cooe o,
AT (M) < f(_g——l)/ §$2e%ds = Cal~¢.
. 0

Since t. 7 vary in bounded interval for 0 < ¢ < 1 we thus infer that

|2l Lexy < 5/"(7‘, — s (s =) Mds <@t - T Bl 4+ p—0,0)
= &BEI +pu—o, )t =7t -7 <et —-1)°57°,
whereas for 1 4+ p > ¢ > 1 we have
| 2|l rxoy < 5/[(t — ) ds = ¢(t — T)'THT = 8t — )Mt — 7)< E(t - 7).
T
Combining the above estimates we get the result. g

3.3. Validity of Assumption 1.1 and Assumption 1.10. In this subsection our concern
is to describe a general mechanism that leads to validity of Assumption 1.1 and Assump-
tion 1.10.

Theorem 3.12. Suppose that {A(t) : t € R} is of the class LUS(Dx,X) N BIP(X),
conditions (3.5), (3.8) hold on each bounded time interval I C R and {E,,« € [0,1+ o}
is defined as in (3.11). Suppose furthermore that

(3'22) El/tE(O,/lo] vT>0 EiCj>0 VI‘,T,SE[—T,’I'] H(A( ) - 1( )) A~ 1( )H/ (19) X Clt = TI”.

Under these assumptions:
i) there exists a continuous process {U(l,7) : L > 7 € R} C L(Ey) defined by (3.16) in
Ey such that given 7 € R and u, € Ey, the map [7‘ o) 3t — ult) =U(,7)u, € E® is a

classical solution of (3.16); furthermore,

@) Ut T e, eay < J\/(l’ —7)7,0<(<o<1+pu -T<T7<t<T, and

Z’L’L) HU(t,T)—[dHL(]_;jg‘ ’\[(t T)C 14+ >C>020,12 C o >0, -T<7 <t<T,
where M in 4i)-113) is a certam posztzve constant which can depend on (,o,T but does not
depend on t, 7 € [=T,T].

Proof: Due to Lemma 3.7 we obtain that {A4(¢) : ¢t € R} is of the class LUS(Dg,, Fy) with
Dg, = E;. From this and (3.22) we obtain via Proposition 3.9 (applied with X = Ej) the
statements in part i).

Then, from Proposition 3.10 (applied with X = Fj), for each bounded time interval I ¢ R
there is a positive constant N such that

(3.23) AU, T)A™(T)|leeey S N(t—=7)7, 0< (¢ <o<1+pu, tel

Since A%(7) is an one-to-one map from E, onto Ej, the inequality in (3.23) can be rewritten
equivalently as

(3.24) IAT (U (L, 7)dllz < N(t =) A7)l g0, ¢ € Ex,
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and by (3.12) also as
(3.25) Ut )lls, < M=) l6]lec. 6 € B,
which gives ii).

Finally, taking into account the result of Corollary 3.8 we can apply Proposition 3.11 with
X = Ey and obtain from (3.20) that

(326) V7‘>0 V1+,i,::~g~fn>o 3[\[>0 v....7‘<T<L<7‘ /la(/)[[](/ T) = ](i] /'/'l_c(’r)”[j(/jo) < /V(/ - ’T)C—J.

Again the inequality in (3.26) can be rewritten equivalently as
1AW, 7) = Td]llm, < N(t = 7)* N A7)l oy ¢ € E,
and by (3.12) also as
NV 7) = Tdlgls, < M@= l6l5,, 6 € B,
which gives iii). O

Let us remark that condition (3.22) can be expressed equivalently as in the proposition
below.

Proposition 3.13. Suppose that {A(t) : t € R} is of the class LUS(Dx, X)) N BIP(X),
conditions (3.5), (3.8) hold on each bounded time interval I C R and {E,, o € [0,1+ po]}
is defined as in (3.11).

Then (3.22) is equivalent to

(3.27) A() € C* (R, L(E,, Ey)).

“loc
Proof: On any bounded time interval / C R condition (3.22) implies that
1(A@) — A(T)llg, < Clt — 7|"||A(s)llz, and [[A()@ |y < cll A(s)S]|

whenever (,7,s € I, ¢ € Dp,. Due to (3.12) we then have ||[(A(t) — A(T))¢|lz, < C|t —
7|*||p|| g, for ¢, 7 € I, which proves that A(-) € C*(I, L(E1, Ey)).

On the other hand, if A(-) € C}. (I, L(Ey, Ep)) then, given a bounded time interval I C R,
we have that A(-) € C*(I, L(E4, Ep)). Combining this with (3.12) we obtain that |[(A(t) —
ANY|le, < Clt = 7M1¥lle, < Clt — 7|#||A(s)Y|| 5y, t, 7,8 € I, ¥ € Ei, and letting ¢ =
A71(s)y we get (3.22). O

Note that under the assumptions of Theorem 3.12 both Theorem 1.8 and Theorem 1.11
apply provided that the required assumption on F holds. Actually in applications we often
have some 14 € (0,1) such that for each bounded time interval / C R and any B bounded
in [, there exist constant ¢ > 0 such that

(3.28) F(t,v) — F(s,w)

B Sc(lt=s|”+|v—w|p..) t,s€l, v,we B,

in which case F4.-solution of (1.6) will have the properties of a classical solution (see
Proposition 3.14 below).

Proposition 3.14. Suppose that {A(t) : t € R} is of the class LUS(Dx, X) N BIP(X),
conditions (3.5), (3.8) hold on each bounded time interval I C R and {E,,a € [0, 1+ o)} is
defined as in (3.11). Suppose also that (3.27), (3.28) are satisfied and that I is of the class

L(e,p,v(€),n, Cy).
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Then {A(t) : t € R} is of the class LUS(Dg,, Ey) with Dg, = E, and Theorems 1.8
and 1.11 apply. The unique By, -solution, u = u(-,T,u,), is of the class C*((7,7 + &), Eo),
u(t) € Dg, fort € (1,7 + do] and u(t) + A(t)u(t) = F(t,u(t)) for each t € (1,7 + ).

Proof: By Theorem 3.12 we know that Theorems 1.8 and 1.11 apply. Hence there is the unique
By -solution of (1.6), u(-) = u(-,7,u,) and u € C¥ ((0,T,,), E14c) for some v € (0,1). The

~loc
latter property and (3.28) yield that I'(-,u(-)) € C7.((0,Ty,), Fo) for o = min{ry, v}. The
result now follows as in [20, §5.7, Theorem 7.1] and [13, §2.3]). 0O

Remark 3.15. i) Following [13, Lemma 3.5] one can prove that lim,_,,+ ||U(L, 7)u, —u.|| g, =
0 in which case (1.22) yields that limy_, -+ ||u(t, 7, u;) — ;|| g, = 0. Applying this and (1.21)
with 0 = 0 we obtain that . --solution u(t, 7,u,) of (1.6) is continuous in Fy with respect
to (t,ur) € [1,7+ &) x Fy.
ii) Following [27, Theorem 3.10] we obtain that, under the assumptions of Proposition 3.1/,
the Eit.-solution u(-) = u(-, 7,u,) of (1.6) possesses the following properties

A(u(-) € C((1, 7 + &), o)

d
E?ll() & ]:1,(7(,/_‘ T+ (50], Eo)
where F17 (7,7 4+ &), Eo) is defined in [27, page 05].

3.4. “Singularly nonautonomous” makes difference. Note that the fact that we deal
with singularly nonautonomous problems matters a lot. A strongly damped wave equation

ug + N(—=A)u + (—A)u = f(t,u), t >0, z € Q,
(3.29) uw(0,2) = uo(z), w(0,2) =vo(z), © € Q,
u(t,z) =0, t 20, z € 09,

considered in a bounded smooth domain 2 C R™ can serve here as an example.
For fixed n > 0 the problem (3.29) is known to fall into a class of abstract parabolic
problems in the “energy” space X = Fj(£2) x L?(£2). Namely, (3.29) can be rewritten as

d

(330) E [’ILI'] + [—~OA _—]':]A] [?’] i [fc(?,u)] ) L> 05 [‘llj’]tz-r . [l'{:]?

where f¢ is a Nemitskil operator associated with [ and [_OA __IT,A} can be viewed as a

negative generator of a C? analytic semigroup in 773(Q2) x L2(2). In addition, [_OA __',, A]
will also has bounded purely imaginary powers. Then one can show as in [9, 10] that, if 7 is
a constant, the problem (3.30) is well posed in Hg () x L?(Q) provided that f grows with
respect to w not faster than |’u,|%{£%).

When 7 depends on time variable #, then the domain of the main part operator A(t) =
[_OA _,/(LI) A] will in the above setting depend on ¢ and hence (3.30) requires a more advance
approach (see e.g. [4]). On the other hand note that if one tried to verify the condition (3.15)
this would fail anyway as recalling the precise definition of A(t) in X = H}(Q) x L*(Q) we
have

(3.31) A@) [7] = [_A(élffz(ow)] )



where
(8] € Dx(t) :={[5] € H3(Q) x HY}(); v +n(t)y € HA QN Hy ()}

Hence, given [4!], one might not be able to apply A(t) — A(s) to A~1(7)[34] whilst formal
calculations would indicate anyway that (A() ~ A(s))A~!(7) might not be bounded in L(X).

4. APPLICATIONS

In what follows we show how the abstract results apply in sample problems. This involves
singularly nonautonomous wave equations with a structural damping and a sample 2mn-th
order singularly nonautonomous parabolic equation.

4.1. Singularly nonautonomous wave equation with structural damping. In this
example, following [9, 11, 10], we consider the initial boundary value problem of the form:

U + () (=) 2w, + vuy + (~A)u = f(t,u), t>0, z€Q,
(4.1) u(0,z) = up(z), w(0,z) =wo(z), €,
ulb,z) =0, 20, =z&df,

where (ug,vg) € H}(2) x L2().

Assumption 4.1. We assume that 2 is a bounded smooth domain in RN with N > 3, v is
a nonnegative parameter and

(4.2) n € C,

loc

(R, (0,00)) for some p € (0,1].

Note that due to (4.2), given any bounded time interval / C R, there are constants
K1, ke > 0, such that 7n(t) € [k1, ko] for each ¢ € 1.
Letting v = @ we rewrite (4.1) in the form (1.6)

d 7l u u wr
(4.3) o B+ AQ R =F@ED, >0, [Fl, =[],
where A(t) and F'(t,[y]) can be viewed in matrix form as
0 T "
(4'4) A(t) . [—A 7;(A)(—A)%+u1] ) F(t> [U]) = [J'“((z.u)]

and f¢ denotes a Nemitskii operator associated with f.
We set in this example

X = HAQ) x [3(Q), Dx = (H*(Q)N HYQ)) x HL(Q)

and, referring to [12, proof of Lemma 1 iii)] and [9, Proposition 1], we conclude that { A(¢) :
t € R} is of the class LUS(Dx, X) N BZP(X). Furthermore, since for each ¢ € R we have

A7) = ["l(t)(:?)“% (—AO)‘I }, we obtain for any £, s € R that

=1 — 0 A n(s)(—=A =4 pu(=A)"L (=AYl | — y 0
ADAT(E) = [y b [P0 R et = [ )

and

A"Y(s)A(t) = [r/(s)(—m“":};w(—m*l (-A)“l] [

0 -1

— () —n()) (=AY %
& I7(t)(—A)%+U[} — [é (n(s) 17(t)[)( A) ] .

o



Consequently, for any bounded time interval I C R, we have

¢
(45)  sup A()A7(s) L(A~>—fgegll[;ﬁlp I o1ty o] xS (1 +252)
) X=

and

(4.6)

AT AD 0 =sup sup || [ #+00-m-0F0 | e < (14 20),
sel A,selll[(p]”‘(zl P
L;,) <

which are counterparts of (3.5) and (3.8).

Let us denote by {Z% o > —1} the extrapolated fractional power scale generated by
(L*(Q),=A). As in (3.11), choosing ag = 0, we define the spaces E,, o € [0,2]. Due to [9,
Theorem 2] they are characterized as

(4.7) E,:=Yo() = 2% x Z°T, a€l0,2).

Note that, followmg [3, Theorem V.1.38], Z~*(t) can be viewed for o € (0, 1) as a completion
of (L2(€), [[(=2)7 - |l r2(y).

With this set-up we now prove that

(4.8)  A() € Cl(R,L(Ey, Ey)) with By = Hy(Q) x L*(Q) and Ey = L2(Q) x H™Y(Q),

“loc

where 4 is as in (4.2). Indeed, given ¢, s € [T, T| we immediately have

sup  ([A() — A(s)] [£] ll = | br-smaree |||,
1§z, =1 ||[¢]||E1—1 o
= () =n(s)l  sup  [[(=A)2¢],_y <cft - s
N[5z, =1

Due to Proposition 3.13, (4.8) is equivalent with (3.22) and what was said above allows
us to apply Theorem 3.12. Consequently, Assumption 1.1 and Assumption 1.10 are both
satisfied, which leads to the following conclusion.

Proposition 4.2. Suppose that Assumption 4.1 holds and let I, = Z % x Vi fora €0, p),
where y1 is as in (4.2).

Then there exists a continuous process {U(t,7) : (t,7) € R%,¢t > 7 € R} C L(Ey) associ-
ated in Ey = L*(Q) x Hy'(Q) with a singularly nonautonomous linear problem

! 1 U Ur
A)’lf-i-u] [L]:O /’>O7 [U]f:T:[UT]’

d U 0 -
(49) E [‘U] 55 [ A (-
and {U(t,7): (t,7) € R*t > 7 € R} enjoys the smoothing properties (1.9), (1.24).
Remark 4.3. Besides (4.8) we also have

A(-) € CER, L(Ey, By)) with By = H2(Q) N HA(Q) x H(Q), By = HY(SQ) x L*(5)
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s (4.2) yields

0
sup  [|[A(t) = A(S)] [8] e = sup H [["/(t)—n(s)](—a)%w”
I3]0z 1[5 ]1e,=1

= |n(t) — n(s)] ? S]up 1(=A) 500 < et — o]
I | llEy=1

whenever t,s € [—T,T] for some T > 0.

E il

We now turn our attention towards Lipschitz properties of the nonlinear term. Assuming
N 2 3 we define a number
_N+2
/7c s N _ 2‘,

which in this example plays a role of a critical exponent.

Remark 4.4. To keep the notation short let us adapt throughout the rest of the paper the
Landaw symbols O(p), o(¢). Namely we will write that h(t,z,s) = O(p(s)) if, given a
bounded time interval I C R, |h(t, x,s)| < c|p(s)| for some constant ¢ > 0, which does not
depend on s € R, v € Q and t € I. We will also write that h(t,z,s) = o(p(s)) if, given a
bounded time interval I C R, limy -0 % = 0 uniformly with respect to x € Q and t € I.
Proposition 4.5. Suppose that N 2= 3, [ € C(R%,R), f! € C(RxR,R) e = 242

for « € [0, 1), where p is as in (4.2).

i) If filt,8)= (c,7+77| |7=1) for somen >0 and p € (1, p.), then the map F(t,[%]) in (4.4)
is of the class L(e. p,v(g),n, C,) relative to {E,, « € [0, 1)} and is subcritical.

it} If fit,s) = O(c,,+77\.s(”0‘1) for some n > 0 and i) does not apply, then the map F(t,[%])
in (4.4) is of the class L(g, p,~(e),n,C,) relative to {E,, o € [0, 1)} and is critical.

wi) If fli(t,s) = o(|s|**™!) and i) does not apply, then F(t,[%]) in (4.4) is of the class
L(e,p,v(e),n, C,) relative to {E,,« € [0, 1)} and is almost critical.

Proof: Parts i)-ii) follow in a similar manner as [9, Lemma 3 and Corollary 2]. Part iii) can
be proved analogously as in [10, Lemma 3.1 and Corollary 3.1]. O

Corollary 4.6. Suppose that Assumption 4.1 holds and let E, = 2% x 75 for a € [0, p),
where 11 is as in (4.2). Suppose also that the assumptions of Proposition 4.5 are satisfied; in
particular that fl(t,s) = O(c, + n|s|P==) for some 1 > 0.

Then Theorem 1.8 applies and, gwen any 7 € R, [i7] € HI(Q) x L (Q) the abstract
counterpart (4.3)-(4.4) of (4.1) has the unique Eyy.-solution (4] = [4] (-, 7,[%7]) defined on
the mazimal interval of existence [7, T, .,).

With additional assumption on f there will exist an “energy” functional L,

(@10) (85D = sl + 2I(-A)burEagey - / / J(s)dsdz, [2] € By,

decreasing along [¥] (¢, 7, [ ]).
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Lemma 4.7. Suppose that | = f(u), that is [ does not depend on L. Then L in (4.10) takes

bounded subsets of Iy into bounded subsets of R and, given any sufficiently smooth solution

[v] of (4.3) on the interval I,, L ([%]) is a nonincreasing function of time variable t € I..
If AP denotes the first positive eigenvalue of the negative Dirichlet Laplacian —A in L? (RM)

and

(4.11) lim sup J(s) <A\

lslvo0 8

then L us also bounded below. Consequently, all sufficiently smooth solutions of (4.3), as
long as they exists, satisfy the estimate

(4.12) N7 [ Dlle, < L) + de,
for some constants d;,dy > 0.

Proof: Multiplying the first equation in (4.1) by v = 1, we have

1
(4.13) L)) =-n®l(— A)“"”i?(m . V”T’Hi?(m <0,

which yields that E([“]) L([%7]) as long as the solution exists.
On the other hand, using (4.11), we obtain for any 0 > 0 small enough that

wy
// f(s)dsdx > -

where Ny is a certain positive constant. Consequently we get the estimate
IET § 1 - w
L([w]) = 5‘\‘1‘||(“A)2"U1H3,2(sz H“’2”12 () = Ns|Q|, [w;] € En,

and the result now follows easily. O
Theorem 1.12 now leads to the following conclusion.

Corollary 4.8. Suppose that Assumption 4.1 holds and assume for [ € C*(R,R) that (4.11)
is satisfied and fi(s) = o(|s|’*™!); in particular assume that f does not depend on time
variable.

Then, given 7 € R and [y7] € By = HY(Q) x L3(R), there exists the unique global By..-
solution of (4.1).

Suppose finally that we have fI(s) = O(1 + |s|?*"!) but not f/(s) = o(|s|*<1). Note
that (1.27) is rather uneasy to verify as the estimate in Ej,.-norm can hardly be derived.
Nonetheless, since we know (4.12) and, in addition,

“’lUl %2(9) = f\/r,)‘ Q|,

1

(—A)~ 29 + n(t)v + v(- A)_%’l) + (—A)%u = (—A)72 f(u),
we infer that
ue WH((0,T,, .,), L*(), we WH((0,T,

WU, Ur

). HHQ)).
Hence we conclude that
0,7y, .,) 21— {“(i‘“””")] € Eo = L*(Q) x H71(Q) is uniformly continuous,

7 Ut 1v([,71¢7.’11,r)

in which case (1.33) holds and thus Theorem 1.15 applies.
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Corollary 4.9. Suppose that Assumption 4.1 holds and assume for [ € CYR,R) that
fi(s) = O(1 + |s|P=~!) and (4.11) is satisfied; in particular assume that f does not depend
on time variable.

Then, whenever 7 € R and u. € Ey are such that T, ., is finite, there exist a € (T, 0]
and the unique extension U : [7,a) — Iy of maximally defined 1 ¢-solution u of (1.6) such
that U 1is a piecewise-I514.-solution of (1.6) on the interval [7,a) and either a = oo or a is

an accumulation time of singular times.

4.2. Singularly nonautonomous 2m-th order parabolic problems. Consider singu-
larly nonautonomous initial boundary value problem

w+ A u= f(t,z,u), t >0, 2€ QCRY, N >2m > 2,
(4.14) Bou=...=B,-1u=0, >0, € 0,
u(0,2) = ug(x), z € Q,

where Q is a bounded smooth domain in RY, [ is a suitably smooth real valued function,
A(t) is a 2m-th order linear differential operator

(4.15) A) = (=" > a.t,m)D7, t € R,
|o|<2m
and
(4.16) Byj= ) _ @)D, j=1,...,m,
|o|<my
are boundary operators of order m; € {0,1,...,2m — 1}.

Without being too exhaustive we will require of each A(t) with ¢ € R to satisfy the so
called a-root condition for some a € (0, %), see [6, p. 650], which implies in particular that,
given t € R, the operator A(t) 4+ (=1)"eD2™ is for each § € [~a — Z, o + Z] uniformly
elliptic in € x R. This can be achieved requiring that each A(¢) is a uniformly strongly
elliptic operator, that is for each ¢ € R we have

(417) 3<:>0 V;EEQ V£6RN R€( Z (LU(.’C, t)fg) > C|f|2m:

|o|=2m

(see [6, p. 659)]).
In what follows we suitably adapt from [6, p. 661] the notion of a regular parabolic initial
boundary value problem.

Definition 4.10. We say that a family {(A(t), {B;},Q,0Q), t € R} is of the class RPIBVP

of regular parabolic initial boundary value problems of order 2m if (A(t), {B;}, 8, 082, &) is a

strongly c-regular elliptic boundary value problem of class C° and order 2m for every t € R
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as in [6, p. 655] and, in addition, (4.18) below holds.
There exists i € (0,1] such that for each bounded time interval I C R

" and for any |o| < 2m map I 3t — a.(t,-) € C(Q,R) is of the class
de) CH(I,C(,R)); in addition, for any |o| = 2m, modulus of continuity

of maps Q3 x — a,(t,x) € R can be chosen uniformly for t € I.

We will next consider spaces /75() as in [25]. For p = 2 they are Hilbert spaces and will
be denoted by H°(€2). Following [25] we also define

5 5y () = {0 € HJ(Q) : Viet;. o1} Bidblan = 0}

Assuming that {(A(t), {B;},Q,09), t € R} is of the class RPZBVP we have the following
estimate

(4.19) ol zzm ey < (TAWD@llr i) + lellre), @ € Hyfp, (), t e,

where / C R is arbitrarily chosen bounded time interval. We emphasize that ¢* > 0 actually
depends on Q, m, N, p, a, moduli of continuity of the top order coefficients of A(t) with
L € I, coefficients of boundary operators /3; and certain constants related to the notion of
a-regular elliptic boundary value problem which are specified in [6, Theorems 12.1] (see also
[1, 2]). Thus for the problems as in Definition 4.10 the constant ¢* in (4.19) is independent
of ¢ varying in a bounded time interval / C R.

We remark that, due to (4.15), (4.18) and properties of /2™ (2)-norm we also have

(4.20)

AWellr@) < callelluzm@), © € HI™MQ), tel,

where c. depends on €2, m and L®(I,C(Q, R))-norms of coefficients of A(t).
We now summarize the conditions on (4.14) that we will need throughout the rest of this
subsection.

Assumption 4.11. We assume that N > 2m, Q is a bounded C?-domain in RY, A(t), B;(t)
(teR, j=0,...,m—1) are given by (4.15)-(4.16) and {(A(1),{B;},2,09), t € R} is of
the class RPIBVP. In addition A(l), L € R, are all selfadjoint operators in L*(S) and they
are bounded from below by a positive constant that can be chosen uniformly for t in bounded
time intervals T C R, that is,

(4.21) (A, D) 120 = s:llPllT2 (s

where s, > 0 can depend on I but not ont € I.

Example 4.12. There are number of problems, for which Assumption /.11 holds. This
happens e.g. when

p=2,m=2, N >4, A(t) =0()A% t € R,
6 e ) (R,(0,00)) for a certain yu € (0,1]

loc
() .
and also {Bj, j=0,1} —{ ; 3=0,1}
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Proposition 4.13. Suppose that Assumption 4.11 is satisfied and that

{([[ﬁ(Q); HEL (Do), a€[0,1),

4.23 b, = _
(4.23) [L2(Q), Hig (D]a-1. o € [1,2],

where p is as in (4.18).
Then there exists a continuous process associated in Ly = (Hfg,;}(Q))' with a singularly
nonautonomous linear problem

w+Au=0,t>0, z€ QCRY, N>2m>2,
(4.24) Bou=...=Bp_1u=0, {t>0, z € 09,
w(0,z) = uy € L*(Q)

and possessing smoothing properties (1.9), (1.24).

Proof: We will ensure that Theorem 3.12 applies with

X =L*Q) and Ey = (H{E,(Q))"
First note that, proceeding as in [14, Proposition 1.3.3], we get [|(A —A(£))@|lx = 272 |A—s.|
whenever ¢ € H{Q[J,j}(Q), t € I, Re(\) < s,. From this we conclude that {A(l) : ¢ € R} is
of the class LUS(Dx, X). On the other, since by assumption purely imaginary powers are
unitary operators, we also have that {A(¢) : t € R} is of the class BZP(X).

We now fix a bounded time interval / C R and concentrate on points ¢t € /. Using (4.21),
Schwartz’s inequality and (4.19) we get

(4.25) [l zm@) < (L +sT MA@l 120y, 0 € HiE (D), Le T,
where s, is as in (4.21).

Now, to obtain (3.5), we apply (4.20) with p =2, ¢ = A~(s), ¥ € L3(£2), and then use
(4.25) with ¢ = s and = A™!(s)® to conclude that

AR A ()Yl L2y < cll AT ()Yl roma) < e (L4 7)Yl 12y, ¥ € L2(Q), t.s€ T

In the proof of (3.8) we adapt the idea of [4, Remark 6.6 (c)]. Note that from above
consideration we have sup, ;c; [[A(s) A (t)||L(z2(0) < N. Combining this with the fact that
the operators are selfadjoint we get

|<¢),A‘l(t)A(S)’lr/OLQ(”)l < ]\”‘(f)”[}!(g)||1ﬁ||L2(Q), QJ) € L2(Q), '{/) S [__I%ZI]}(Q), [ sel.

This ensures that the set {A™1(t)A(s)y : s € [, € H{Q,’;;}(Q), |19]| 2@y < 1} is bounded
in L*(2) and hence

A=) Als) 2@y < &
where constant ¢ > 0 does not depend on t,s € I.
Letting ap = 0, we define next spaces Eo, a € [0,1 + po] = [0,2] as in (3.11), which
characterized here as in (4.23).
To ensure that
(4.26) A() € CL (R, L(E, Ey)) with By = L*(Q) and Fy = (H{Qg;}(S'Z))'
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we observe that, whenever ¢ € L2(R") and ¢, s € R,

1(A(L) = A(s)) @l g sup | [ (A(l) = A(s))¥l.

(@  Wlgem =1 Jo
CH(B; ™

Hence, for any ¢,s in a bounded time interval I C R, using (4.15) and (4.18) we get via
Schwartz’s inequality that

sup [[[A(t) = A(s)]ollg, =  sup sup I/qu(A(t)—A(s))u’)l

”¢”E1=1 ”¢’“L2(Q)=1 Hw”H%gj}(ﬂ)zl
< sup sup Z |0]|ax(t, z) — as(s,z)|| DY
I"MIL?(SZ):l ”wHH%gj)(ﬂ):l |o|<2m i
< sup sup > llao(t, ) = ao(s, le@r 2w | D70l 2y < clt — s]™.
|I‘f’”1,2(n)=1 ||"/’||H%7]31 }( = |0|<2m
]

This proves that the assumptions of Theorem 3.12 are satisfied. Hence, applying Theo-

rem 3.12 we get the result. O
Remark 4.14. Besides (4.26) we also have
(4.27) A(-) € CL (R, L(Ey, Ey)) with By = ]]{2]’3”}(9), B = L*Q)

as (4.18) yields
I(A®) = A()ellz, = I(=1)" Y (a0(t,7) — as(s,2)) D765,

lo|<2m
<llao(t: ) = ao(s. Mle@ D, 1D70le < It = s/*I4ll
lo|<2m

whenever ¢ € Fy and s, vary in a bounded time interval I ¢ RY.

Having obtained the relevant information about the linear part in (4.14) we now turn our
attention towards the analysis of a nonlinear term. For this we define
N +4m

N
which will be a critical exponent for (4.14) with initial data in L?(Q2). To describe properties

of the Nemitskil operator I" associated with f we again use the Landau symbols O(y), o(y)
as in Remark 4.4.

Pe =

Proposition 4.15. Suppose that N > 2m, f, f/ € C(RV*2 R) and E, are as in (4.23) for
a € [0,p) and e is as in (4.18). Suppose additionally that

N 2
(4.28) 0> (1 - —-).
dm Pe
i) If [tz s) = O(c, + nls|P™t) for some n > 0 and p € (1,p.), then the map F(L,u) in
(4.14) is of the class L(e, p,(g),n, Cy) relative to {E,,a € [0, 1)} and is subcritical.
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i) If [i(t, 2, ) = O(c,+n|s|”™) for somen > 0 and i) does not apply, then the map F(t,u)
in (4.14) is of the class L(e, p,~(g).n, C,) relative to {E,,a € [0,1)} and is critical.

i) If fo(t,2,8) = o(|s|”~") and i) does not apply, then F(t,u) in (4.14) is of the class
L(e,p.v(€),n, Cy) relative to {E,, a € [0, 1)} an is almost critical.

Proof: Restricting time variable ¢ to a fixed bounded time interval I we will show that there
are constants ¢ > 0, C;, > 0 and ¢ € (O, =), € < iy, pe < v(e) < 1 such that

(429)  |F(v) = F(t, 0l < clv = wlle (Cy + ol +allwlg?), v,w e B

Furthermore, we will describe admissible triples (p, ¢, v(¢)) for which (4.29) holds and prove
that the map is indeed critical for p = p, whilst it is subcritical for p € (1, p,).
Observe that due to (4.23) we have

2 =
S

Eyye = L*(Q), € € [0,1], 2me — , 8= 2,

(4.30) | 2N
Fye < L7(Q), +(e) €[0,1), + +4m(1 = ~(s))

N N
2

Lo<£2, 0>1,

. 2N o
where Mm@y > 1 provided that

dm — N
(431) ’7(:) > T

Using (4.30) and taking into account that f!(¢,z,s) = O(c, -+ n|s|[’*~!) we have

“(t,v) = F(t,w)lg,,, <élF(tv) - F(t,u})HLNJF_Mz(%m(Q)
< @lllv = wl(ey +nlvl”~ +nlwl)||

=:4 > 0.

2 :
11N+4m 1—-~(e (Q)

Applying next Holder’s inequality with ¢ = W, ¢ = 'Z:Ell"' Nl( ;if))), i

the embedding H?"¢(Q) «» [ Wi (), and assuming that

> ¢, recalling

N(p=1)

(4.32) H*™(Q) — La-1t07 (Q),
we obtain
= p=1 . i1
”F(tv) 4 F(t,U))HE'Y(E) S CHU B UJH Nl% (£2) ||C" £ ﬁlU‘p = r}|w]" ||L2m{1 () +e) ()
clly — a1 p—1
Bl ~ w0l e o (el ey gy + 11t o Wbl e )
< cllo = wl£(Cy + ol + nllwllg?), v w e B,

where (4.32) requires that
(dme — N)(p—1) +4m(1 +¢)

5 Al +e) = Nip—1)

4.33 = v(e =:
( ) 7 4dm 2 e) 2 4dm £
We remark that for p € (1,1 + %] and = > 0 we have 5 > 7> 0and ¥ > ep. We
also have 1 > 7 if ¢ € (0, Nifr;l)). Furthermore, ¥ > % and Z% > ¢ > 0 if and only if
1\ ) 2
€€ (max{O 4£np } 4m)
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The above analysis ensures that any triple (p,e,7(g)) such that p € (1,1 4+ 2], ¢ €
(max{0, Xe=21 ‘min{,, Xe=U1y and 4(c) € [pe, 7] N [v,7 N (3,7 =: Z(e) is admissible.

dmp dinp
Therefore the proof of parts i)-ii) will be complete if we justify that I(5)|p —pe = 1€Pc}

Note that for any admissible triple (p, €, v(£)) the left hand side inequality in (4.33) implies
. N + 4m — dm~(e)

RS N —dme
and since v(g) > pe we then have p < XEdn—dmee which holds if and only if p < V+4’" —
! P f N —dme P =

From the above consideration it becomes clear that p = p. cannot be attamed for any
v(e) > pec and therefore p = p. necessitates y(c) = zp,. Note that Vipmpe = EPcS that is for
p = p. we have Z(g) = {ep.}. This completes the proof of i)-ii).

Part iii) now follows easily as having |f'(¢,z,s)] < O(c, + n|s|?*!) for each n > 0 we
obtain (4.29) for any 7 > 0. O

Corollary 4.16. Suppose that m € N, N > 2m, f, f/ € C(RN*2 R) and E, are as in (4.23)
for o € [0, 1) and ju as in (4.18).
Suppose in addition that

(4.34) 1- 2 <0,
Pe
that is N > 4m.
Then in either case i), 1) or iii) of Proposition 4.15 number ¢ > 0 can be chosen as small
as we wish. Furthermore, whenever t varies in a bounded time interval I C R, there exists
a certain ¢ > 0 such that

£ O)llee < c(L+161l%,), ¢ € Er.

Remark 4.17. It can be seen from the proof of Proposition /.15 that € > 0 may not be in
general close enough to zero. Namely, to ensure in the critical case that the set of admissible
triples therein is nonvoid one needs to assume that = > max{0, T;/)ZZ} This in turn implies
that the number ji, which measures Hdolder reqularity of the coefficients in the main part of

the equation cannot be too small either (see (4.28)).

Corollary 4.18. Suppose that the conditions in Assumption 4.11 are satisfied and E, are
as in (4.23) for a € [0, uu), where p in (4.18) satisfies also (4.28).

Then Theorem 1.8 applies and, hence, given any 7 € R, u, € L*(Q), the initial boundary
value problem (4.14) has the unique Ej..-solution u = u(-,7,u,;) defined on the mazimal
interval of existence [1,T,.).

We will now derive an L2(§2)-estimate of the solutions.
Lemma 4.19. Suppose that
(4.35) sf(t,z,s) < C(t,x)s* + D(t,z), t e R, = € Q,
for some C' € L (R x RV, R) and D € L}, (R, L}(Q)).
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If T € R, u, € L*(Q), then for each T > 7 and for any sufficiently smooth solution u of
(4.14) which eists for allt € [r,T) we have that

(4.36) |lu(t, 7, uT)Hiz(RN) < 9(7, Jurll 2, T), ¢ € [1,T),
where g : R x [0,00) % (0,00) = [0,00) is a certain continuous function.

Proof: Note that we restrict here time variable to the interval 7, 7"), which in turn allows us
to choose the constant s, such that (4.21) holds uniformly for ¢ € [r,T). In a similar vein
we also define
C*:= sup 2|C(tz)|
(t.a)E[r,T]x 0
Multiplying now the first equation in (4.14) by v in L*(Q2) and using (4.21), (4.35) we
obtain for any A € (0, s.) the estimate of the form
1d
2dt
Solving the above inequality we get

lu@ 2@ + (5« = CMu®)llZz@) < IDE ey, ¢ € [7,7).

t
||U('[')Hg,2(sz) < ll“v”?ﬂ(sz)e_%(s*_c )+ 2/ ID(s, M prye 2==ds, t € [r,T),

which completes the proof. O
Theorem 1.12 now implies the following result.

Corollary 4.20. Suppose that the assumptions of Corollary 4.18 and Lemma 4.19 are sat-
isfied.

If [i(t, 2, s) = o|s|P=™1) then, given any T € R and u, € L*(Q), the unique E\..-solution
of (4.14) exists globally in time.

Proof: It suflices to note that if the maximal time of existence Ty, of Ey4.-solution u(-, 7, u,)
was finite, then Lemma 4.19 would imply that sup, 7, ) |lu(t, 7,u,)|| 2@~y < oo. Then,
applying Theorem 1.12 with £ = L*(Q2), one would reach contradiction. O

Note that in the critical case p = p. some better estimate of the solutions can be sometimes
obtained if additional conditions are imposed on (4.14). For example in the autonomous
case F'()-estimate can be found as in [26] or if the maximum principle applies, which does
happen if m = 1, then L*°(2)-bound on the solutions may be known. However, without
any such specific assunption, one can hardly find the estimate of the solutions in ) .-norm
needed to apply Proposition 1.13. On the other hand, Theorem 1.15 will yield the existence of
a piecewise- IV} .-solution on some larger time interval than the maximal interval of existence
of Fj..-solution.

Lemma 4.21. Suppose that the assumptions of Corollary 4.18 and Lemma 4.19 are satisfied.
Assume in addition that (4.34) holds.

Under these assumptions, whenever 7 € R, u, € Ey = L*(Q) and Ty, < o0, the map
[7,Tu,) Dt = u(t) € By = (1‘[{2'1’3”]1}(9))’, where u is Ey.-solution of the problem (4.14), is
uniformly continuous.
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Proof: From the differential equation in (4.14) we infer that
Hut(f)H(Hfgj}(sz))' < HA('[)’Z-L(’)||(Hfgj}(m)' + 11 (¢, ':7")||(H%gj}((2))’> t € (1, To.).
Using (4.15) we have

1Az o = swp | [ wA©U] < @y max ot Moqsy ¢€ (7 7)

”w”H?m =1 |U <2m
(€2}
{B;}

and by (4.18), (4.36) we then get

AU’)“’HL°°((7',Tur),(H?m )y S cg(T, H?-LTHL?(Q),TLLT)-

{B;}

From Corollary 4.16 we deduce that || f(t, '=U)H(Hfg,)(m)' is bounded by a multiple of
J

(14 [|u(t)] ?fé(sz)) and therefore, using again (4.36), we conclude that

/¢, -, ‘U')”Lm((r,y‘w),(f-lfgj)(sz))/) < oL+ [g(7 lurll 20y, T ))™).

Since the above estimates ensure that u(:,7,u,) € W'((r.T), (H{3,(€))') the proof is
complete. O
Theorem 1.15 and Lemmas 4.19, 4.21 now lead to the following conclusion.

Corollary 4.22. Suppose that the assumptions of Corollary 4.18 and Lemma 4.19 are sat-
isfied. Assume in addition that (4.34) holds.

Then, whenever 7 € R and u, € L*(Q) are such that T,, < oo, there exist a € (T, ]
and the unique extension U : [t,a) = Ey of Eyy.-solution u(-,7,u.) of (4.14) such that U
is a piecewise-Ey,.-solution of (4.14) on the interval [r,a) and either a = oo or a is an
accumulation time of singular times.

Remark 4.23. It remains an open problem whether the result in Corollary 4.22 holds without
the assumption (4.34) that is under the assumptions of Corollary 4.18 and Lemma 4.19 only.

4.3. Closing comments. To present our ideas better we have used in applications a Hilbert
space setting, in which case needed assumptions are much easier to verify. This is due to
the fact that the purely imaginary powers of selfadjoint operators are unitary operators and
that, in general, the estimates of the resolvent operators in Hilbert spaces become more
straightforward. Without being too exhaustive we nonetheless mention that in a similar
manner one can consider in applications a Banach space setting.

Specifically we remark that the singularly perturbed wave equation with a structural
damping, (4.1), can be locally well posed in W,?(Q) x LP(€2), which generalizes the results
from autonomous case obtained in [12]. On the other hand well posedness of the 2m-th
order singularly perturbed parabolic equation, (4.14), could be studied in HziTBj}(Q) as in
the classical work [23]. It is true that the usage of a general L?(Q)-setting would lead to a
better regularity properties of the solutions as, by embedding, the solution would “enter”
some other scales with suitably larger exponents p. Nonetheless this is the matter we will
not pursue here.

We finally remark that, in contrary to the autonomous or nonautonomous case, for singu-

larly nonautonomous problems the modulus of continuity of the linear part of the equation
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may indeed determine possibility of solving the semilinear problem. Note that the main
idea that drives the argument in the above approach lies in the smoothing properties of
the linear evolution process. This is exhibited in estimates (1.9), (1.24), which are valid
for (.o € (1,1 + p) with p determined in applications by the moduli of continuity of the
coefficients in the linear part of the equation. As shown in the analysis carried out in Propo-
sition 4.19, if values of the moduli of continuity of the coefficients are not large enough, then
in the critical case the order of magnitude of nonlinearity may become too large to handle
the problem in the described manner; in particular condition (4.28) may fail for small .
Then, for critically growing nonlinearities, local well posedness of (4.14) with initial data in
L2(£2) becomes an open problem.
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