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Abstract

In this paper we investigate conditions to a cubic Lotka-Volterra system, i.e., systems of
the form
i = x(2—awr’ - anzy — any?), 1)
Y y(—3 4 baox® + bi1zy + bozy?),

to admit a first integral of the form ¢(z,y) = 23y*. .. in a neighborhood of the origin, in which
case the origin is termed a 2 : —3 resonant center. This system was studying in [12], where
due to computational constrains, the consideration was limited to the cases where either one
or both coefficients ai1,b11 in system (4) were equal to zero, or both coefficients were equal
to 1. Here we are conside the case where the coefficient a11 is equal to 1 and by1 is arbitrary.
Computation of focus quantities for the complexified system and decomposition of the variety
of the ideal generated by an initial string of them were used to obtain necessary conditions
and the theory of Darboux first integrals to show the sufficiency.
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1 Introduction

In this paper we consider polynomial vector fields in C? with a p : —q resonant elementary singular
point, i.e.,
t=px+ Py, 7=-qy+Q=y), (2)

where p, ¢ € Z with p,q > 0 and P and @ are polynomials. For such type of systems there arises the
problem to determine if the elementary singular point located at the origin is a resonant center. A
resonant center is a generalization of the concept of a real center to systems of ordinary differential
equations in C? of the form (2), see for instance [3, 21]. The classical real center problem goes back
to Poincaré and Lyapunov, see [16, 19], and has been studied extensively in hundreds of works, see
for instance [2, 10, 11, 21] and references therein. We have the following definition of a resonant
center coming from Dulac [6].

Definition 1. A p : —q resonant elementary singular point of analytic system (2) is a resonant
center if there exists a local meromorphic first integral of the form ® = x9yP + Zk+s>p+q OrsFys.

*the corresponding author (regilene@icmc.usp.br)



The most simple case is when P and @ in (2) are quadratic polynomials. The integrability
problem for the 1 : —2 resonance case is solved in [8] where 20 cases of the integrability are
given. Also in this particular case of 1 : —2 resonance the linearizability problem is solved in [3]
where necessary and sufficient conditions (15 cases) are given. Some sufficient center conditions
for the p : —q resonant singular point of a quadratic system are known in the literature, while
other resonances in the general quadratic case are open. The most studied case is the quadratic
Lotka-Volterra system, i.e.,

t=x(1+ax+by), y=y(—A+cx+dy), (A>0). (3)

Necessary and sufficient conditions for integrability and linearizability for 1 : —A resonance
with A € N of system (3) are known, see [3] and references therein. In [13] the methods introduced
in [3] and [8] for A € N allow to produce certain sufficient conditions for general A. Moreover
in [13] some methods are given which allow to find the complete set of necessary and sufficient
conditions for integrability and linearizability of system (3) in the particular case A = p/2 or
A = 2/p with p € N*. In [17] sufficient conditions for integrable Lotka-Volterra systems (3) with
3 : —q resonance are given. In the particular cases of 3 : —5 and 3 : —4 resonances, necessary and
sufficient conditions for integrability of system (3) are obtained.

The next case studied is when P and @ are homogeneous cubic polynomials. In such case the
1 : —3 resonant centers on C? were studied in [15]. Moreover in [1] the necessary conditions and
distinct sufficient conditions are derived for 1 : —g Lotka-Volterra resonant systems i.e., systems of
the form & = (1 —ag02? —a112y—ap2y?), ¥ = y(—q+baor® + b1y +boay?). Recently, integrability
of the Lotka-Volterra type systems of degree 4 was studied in [18].

All studied cases involve rather laborious calculations related to decompositions of affine vari-
eties defined by the resonant saddle quantities. The complexity of calculations for different pairs
p and ¢ is difficult to estimate in advance and it depends on the structure of the resonant saddle
quantities as described in Section 3 of [21]. Often decompositions of varieties of ideals generated
by resonant saddle quantities (which are also called focus quantities [21]) cannot be performed
in polynomial rings of characteristic 0, but it becomes possible replacing the ring Q[A] (where A
denotes the coefficients of system (2)) by the ring Z,[A] where p is a prime number. Although the
modular approach (which for the first time was successfully applied to study such kind of problems
in [7, 8]) does not provide a rigorous proof of the compliteness of the decomposition it is practically
sure that the obtained decomposition is complete. The probability of the opposite event is almost
Zero.

In this paper we focus our attention to the homogeneous cubic 2 : —3 resonant Lotka-Volterra
systems, i.e., systems of the form

& = (2 —azr? — anzy — agy?), (4)
Y Y(=3 + baox? 4 birxy + bo2y?).

This system was studying in [12], where due to computational constrains, the consideration
was limited to the cases where either one or both coefficients a11,b11 in system (4) were equal to
zero, or both coefficients were equal to 1.

The aim of our present paper is to complete the study of the integrability problem for system
(4). Here we are considering the case where the coefficient a;; is equal to 1 and by; is arbitrary.
In [12] the authors were not able to find the decomposition of the variety of the ideal generated
by focus quantities. Using more powerful computational facilities we now are able to perform this
task. Since by a linear transformation any system (4) can be transformed either to a system with
a1 = 1 or to one of systems considered in [12] the integrability conditions obtained in [12] and the
conditions of Theorem 2 give the necessary and sufficient conditions for integrability of system (4).

Theorem 2. System (4) with ayn = 1 and byy arbitrary has a center if and only if one of the
following conditions holds:



1. b1 = 0,—6 4+ agpbgz = 0,b29 = 0, 3age + 4bg2 = 0;

b1 = 0,6 + azoboz = 0,b29 = 0, ag2 — b2 = 0;

74 21y = 0, —15 + dboabao = 0, ags — boz = 0, 5ago + 2bag = 0
—23 4+ 4byy, —105 + 16bgabao = 0, ags — bos = 0, 5ase + 2bag = 0;

13 4 b11 = 0, =30 + bg2b2p = 0, ag2 — boz = 0, bagg + 2b29 = 0;

—21 + 8Dy = 0, —45 + 64bgabao = 0, agz — bys = 0, 5ase + 2bay = 0;

—10 + bo2bag, =11 + b11, aga — 5bg2 = 0, 5az0 + 2byg = 0;

S R R T

360 — 516b11 +240b%1 —36b?1 +396a02b20 —52b02b20 - 306(102b11b20 +24b02b11b20 +54(l02b%1 b20 +
27&%219%0 - 9@02[)02[)30 = 0, a0 — bg() = 0,’

9. —T+2byy = 0,—3 + 4boabao, agz — boz, azo — 2bag = 0;

10. =72 + 49bgabag = 0, —3 + by = 0, ags — boa, 3az0 — bag = 0;

11. —18 + Thoabog = 0, —30 + by = 0, ag2 — bz = 0, 3az0 — bag = 0;
12. —21 + 8b1y = 0, 64bogbos — 45 = 0, agz — bz = 0, 5asy — 6bag = 0;

13. by = 0, 184bgabog = 0, 296964 agz+395952 boa+5345352 boob11 +419004 boab?, +394200 boob? | —
354707 boabt; = 0, a0 + 3bag = 0;

14. =34+ 11by; = 0,121agoboy — 42 = 0, agz — bz = 0, 5asg — bag = 0;
15. 64bogbos — 189 = 0, ags — boa = 0, —27 + 8by1 = 0, 9agy + 2bag = 0;
16. boz = 0, -2+ by1,ap2 = 0;

17. by = 0,—=3 +b11 = 0,a02 =0;

18. asp = bog = 0;

19. —3agz — 4boz + 3ag2bi1 + 2bgabi1 = 0, —3ag + az0b11 — 2bag + 2b11b29 = 0, 3ag2a20 + a20bo2 —
2bgabag = 0;

Proof. The necessity. Following the approach described in [12, 21] and using a straightforward
modification of the computer code in [21, Figure 6.1], we compute 12 resonant saddle quantities
93,2, .-, §36,24 , Where 9q(2k+1),p(2k+1) = 0 for Kk =0,...,5, g6,4 = (1512@41110,20 + 216@02&%1a30 +
36(1%1&%0[702 — 1764a:131a20b11 — 288&02&11&%01)11 — 72&11@%01)021)11 + 672@%1@01)%1 + 72&02&%01)%1 +
20agobogb%1 — 84&11a20b§’1 + 1008&41111)20 + 2196&02a%1a20b20 + 63 a%z a%o bao + 576 a%l a20 boz2 bao +
21 ap2 a%o bog b20 — 1848 affl bll bQQ - 1386&020‘,11&201)11[)20 - 272&11&20602[)111720 + 10080,%1[)%11720 +
198@02&20[7%11720 + 20&20[702[7%1[720 — 168&11b£{’1b20 + 360&02&%117%0 + 1260,(2)20,20b%0 — 9760,%11)021730 —
468a02a11b11b§0 + 5120,11})02[)11()30 + 108&02[)%1 b%o — 40[)02()%1 b%O — 84a02b02b§0)/504. The other poly-
nomials are too large to be presented here, however they can be easily computed using any available
computer algebra systems. Then, we set in the obtained polynomials a;; = 1.

To obtain the necessary conditions for integrability we need to find the set of all parameters
aks, bsi, where all polynomials ge 4, 9128, - - - ;, g36,24 vanish, that is to find the decomposition of the
variety of the ideal Bia = (g6.4, g12.8, - - - » g36,24) (the ideal is defined by 6 nonzero polynomials).

This is a difficult computational problem requiring an efficient software and powerful computers.
The computational tool we used is the routine minAssGTZ [5] of the computer algebra system
SINGULAR [14] which computes the decomposition using the method described in [9].



As it is well known such computations are usually too laborious and cannot be completed
working in the field of rational numbers. However the approach based on making use of modular
computations as described in [20] turned out to be very efficient.

Computing the decomposition in the ring Q32003[a20, Goz, b20, b11, bo2] we obtain 19 components.
Applying now the rational reconstruction algorithm of [22] (an implementation in Mathematica
is presented in [12]) we obtain the components 1)-11), 13), 17)-19) listed in the theorem and 3
“fake” components, which in Zsag03[a20, aoz, b20, b11, bo2] are the following:

12’) b11 — 4003, bogbge + 7500, —14434 bzlllbog — 7677 b?lbog — 13988 b%lbog + 12573 b11bo2 + ags +
3136 bog, as0 + 12800 bgo;

14’) b11+8725, bagbgo—5027, 5872 bélll boo+13284 bzfl bo2+1265 b%l bo2+10327 by1bga+aga—1917 by, ase+
12801 bgo;

15’) b11+3997, bogbgo—503, 3691 b%1b02+3091 b%1b02—15426 b%1b02+13175 b11bo2+ag2+15576 bga, aso+
7112 byy.

The lifting to the field of rational numbers using the algorithm of [22] gives:

» 21 45 _ 65bgabl1l* | 93bo2b¥, | 10bo2b3; | 11bgobyy 79bg2 6bag .
12)b11*§’b02b20*@’* 51 t =5 -t st T as o T2~ THt a0 — TS

12bo2b} 14bg2b? 131bg2b?
14”) bll _ %,bogbgo + 143 02b1, 02074 + 02b71 + 1071;’0121711 + agy + 159602,&20 _ bao.

70 109 53 76 50 5
9 27 125 43bo2b7, 153bg2b3, 13bg2b?, 46bgabiy 7Tboa 2bsg
157) b1y — 5, bozbzo + 157, — e -+ Togs  — Time s — o ir ot + a0z — 78t azo + 5§

However the check with the radical membership test shows that under each of conditions 127),
147), 15”) not all generators of Byy vanish, so these conditions are not correct. Usual approach
in decomposition of varieties using modular computations in such situation is to recompute the
decomposition with a bigger prime number. However since such recomputing is time-consuming we
use our empirical observation that usually ”simple” polynomials of ”fake” components are correct.
So we add to the ideal Bia two polynomials of 127) — by; — %1 and agg — Gb% — and compute the
decomposition with minAssGT Z in the ring Qlasg, aoz, b20, b11, bo2] obtaining condition 12) of the
theorem. In similar way conditions 14) and 15) are derived.

Since modular computation and the ad hoc choice of polynomials (as described above) were
involved we have to check the correctness of the obtained decomposition.

Following the procedure described in details in [20] using the function intersect of SINGULAR
we compute J = N}2 Ji, where Ji are ideals defined by conditions 1)-19) of Theorem 2. Then,
using the radical membership test, we verify that each polynomial of By vanishes on V(J). To
check the opposite inclusion we have to check that for each polynomial 57 € J a reduced Groebner
basis of (1 — jw, Bi2) (where w is a new variable) is equal to {1}. We were not able to complete
computations over the field of rationals numbers, however calculations over fields Z, with few
different characteristics p always yield {1}. It indicates that conditions 1)-19) of the statement of
the theorem give the correct decomposition of the variety of the ideal Bi5 with a;; = 1. Thus, we
have obtained the necessary conditions of integrability for system (4) with a;; = 1 and by; arbitrary.

Proof of sufficiency.

In the cases 1, 2 and 13 we have b1; = 0 so they satisfy the condition 3 (4, 3 and 5 respectively)
of Theorem 3 in [12]. The case 8 and 18 (where asg = bag) were considered in the proof of Theorem
2 in [12] where the authors applied a blow up of the singularity to complete the proof.

Case 3. In this case system (4) takes the form

&= 2(2 — agr? — an1zy — agay?), § = y(=3 + boga?® + bryxy + boay?).



This system has four algebraic invariant curves: [y = z,ly = y and

3z2  wy
la=1+ 22 42
CR T
3z 9zt 9z3y  bpoy? 4
=1+t —5 - 3%y + — P
SRR T T - T S T

12 s
which allow to construct a Darboux integrating factor of the form p =1, *l3 *1, °. By Theorem
4.13 in [3], there exists an analytic integral in the form ® = x3y? + h.o.t.

Case 4. Here, the corresponding system is

123 . 10522y 23zy°

=2 — 2%y — boaxy?, =-3
F=2wd g =@y = boowy ] e T

+ b02y37

and it has four algebraic invariant curves: I; = x,l; = y and

2122 2
+ 2,

I3 =1
A T

2122 441z* 132y 14723y 49222

=1
YT B 25602, 2 32bgz 16

_z

yielding the integrating factor yu = li’lg’l§214 % and, therefore, a first integral ® = 23y? + h.o.t.
Case 5. The system of this case is written as

3 3 2

. 12z . T
b= 20+ —— — oy~ bogry?, = —3y+ =
boz boz

- 13a:y2 + bogyg.

It has three algebraic invariant curves: [; = x,l; = y and

1222 4 2423
T 36x + 162y — oY

Iy =1+ v
3 bo2 b2, 02

+ 4a%y?

_9

and it is possible to compute an integrating factor of the form p = I35l *. Integration yields the
4 6

first integral ® = —bo2/525000 + (—% + bo2 % + O(y)")x" + O(x)".

Case 6. The corresponding system is

9a3 . 4522 21xy?
— 2%y —bpozy®,  §=-3y+ Y Y

-
ST T 6dboy | 8

+ b02y3.

It has five algebraic invariant curves: I =z, lo = v,

92 81z4 3zy 87x3y  3x2y?

I3=1
5= 3, T a0062, T8 T hi2he | 32

922 81zt 1lzy  8lady  8lx2y?

=1 -
T T 30, 100602, T 4 2560y | 64
922 81zt 2123y booy?  932%y? 3
=14 o —— - 2 bosay®.
T o 200602, PV Gabge 3 64 g

The system has a first integral given by & = l?l%l;%;gl{) or o = (y4 — I’O?Tyﬁ +O[y]9) z8 +
0 Thooy” 9y* 963y°  25bgoy®
(% — Thoay’ 4 O[y]g) x4+ (—85’02 + 25 - P4 O[y]g) z® + Olz]’.




Case 7. The corresponding system in this case is

43 1 2
:1'c:2sv—i—i—:102y—5boggcyQ7 y=—-3y+ Y

+ 112y® + boay®. (5)
bo2 02

For system (5) we are not able to find more invariant curves except of the coordinate axes and
using these curves [y = x and [, = y we are not able to find a Darboux first integral or a Darboux
integrating factor. We use another method to prove the sufficiency in this case. We apply to
system (5) the following transformation Y = y/x, X = (x + bgay)?/x and we get the system

X = 4bge X +8X2 — 1103, XY, Y = —5bpyY +6XY — 502,72, (6)

after scaling time by the factor boa(1 + bg2Y"). System (6) which is an integrable Lotka-Volterra
system according to Theorem 13 in [4]. In [4] the quadratic Lotka-Volterra systems are written in
the form & = z(1+ azx +by), ¥ = y(—A + cz + dy). Hence system (6) has a = 2/bg2, b = —11bg2/4,
¢ =3/(2bo2), d = —5bp2/4 and A = 5/4 and satisfies statement (A4,) of Theorem 13 in [4] because
A+ c/a =2 € N. Therefore system has a first integral of the form ® = X5Y* + h.o.t However the
transformation Y = y/x, X = (x + boay)?/z does not give the correct first integral of the original
system. Therefore we use monodromy arguments to obtain the result. For proving statement (A,,)
of Theorem 13 in [4] it is showed that the monodromy of the finite critical points P; = (—1/a,0)
and P, = (0,\/d) on the X-axis (resp. Y-axis) is the identity if A4+c¢/a = n (resp. (b/d+1/A =n)
with n € N, n > 2. Moreover in the study of the singular point at infinity, it is considered the chart
(u,z) = (Y/X,1/X) and the intersection of the line at infinity with the X-axis gives the point
Px = (0,0). This critical point at infinity is a node which is always linearizable since there are two
analytic separatrices. Hence applying Theorem 9 in [4] we obtain that the origin of system (6) is
integrable. In our case the other two ratio of eigenvalues on the X axis are A+ ¢/a = 2 for P; and
(¢c—a)/(—a) = 1/4 (at infinity of Px). The first gives identity monodromy and the second gives a
linearizable monodromy since there are two analytic separatrices passing though the critical point
at infinity. Finally the monodromy around a small curve in the z-axis surrounding the origin of
system (5) gets taken to the monodromy in the X-axis about the origin of system (6). The latter
is integrable and hence so must be the former.

Case 9. In this case the system (4) takes the form

. 323 . 32 Txy?
b=2— 2 2%y —bay?,  g=-3y+ 2y Y

bo2y>.
2o dboy 2 102V

It has five algebraic invariant curves: I =z, lo = v,

6\/ b02 + 3\/§$ + 2\/§b02y
l3,4 ==+ )
6+/bo2
_ —4bgy + 322 + 4bgoxy

- =
g 4bgs ’

_5 5.3
which allow to construct a Darboux integrating factor of the form p = [ 2l52(l3l4)_1l5‘. By
Theorem 4.13 in [3], there exists an analytic integral of the form ® = 23y? + h.o.t.

Case 10. Here, the corresponding system is

2423 7222y

— x2y — bog&?yQ, =3y + 1900, + 3a:y2 + b02y3,

and it has four algebraic invariant curves: I; = x,l; = y and

122 oy
49bgo 7

l3=1



| 24xy | 3842y booy® | 962°y° 6

li=1 —boozy®
4 7 343Dy, 3 19 70ty

11 5
yielding the integrating factor u =1, ®I; 21, ¢, and, therefore, a first integral ® = z3y? + h.o.t.

Case 11. The system of this case is written as

623 1822y  30zy?
P op R 2 ;— 3 boot.
€ € Thoa ry 02LY" Y Y+ Thog + 7 =+ 02y
It has four algebraic invariant curves: l; = z,ls =y,
32 2xy
Il3=1—— — —%
° Thoe T
Lo—1_ 30y 12023y  15z2y>
e 7 49 7

a0 T
and it is possible to compute an integrating factor of the form p = li’lgl%l4 2. By Theorem 4.13 in
[3], there exists an analytic first integral of the form ® = z3y? + h.o.t.

Case 12. Without lose of generality we can assume that g = 1 obtaining the system

2723 45x%y  21xy?
P =2z — -2y —zy?, §y=-3 =+t 7
&=20 - —o- — Ty —ay, Yt —er tg TV (7)
System (7) admits the invariant quadratic curve f = —% - ?’ny - yg—z + 1. Using the substitution

X =x/fY2, Y =y/fY? and after a rescaling of time we obtain the system

. 27X3  X?Y  4XY? . 9X2%y
X =2X - Y =-3Y -Y3
+ 32 + 8 3 + 32
Now doing the linear transformation u = —X/8, v =Y we obtain a particular case of case 5 ()

of Theorem 3 of [12], which is an integrable system. Therefore system (7) is integrable as well.

Case 14. As above we can set bg; = 1. Then conditions of this case yield the system

4223 ) 21022 34xy?
S eyt =By o

121 11 ®)

T =2xr —

In addition to the invariant lines Iy = z,ls = y system (8) admits the algebraic invariant curve of

degree two

2122 2xy
— ——+1
121 11 +h

Iy =

and of degree six

4

2822425y 7056x%y? 58823y 2352x3y 4922yt 329x2y? n 2262y 42xy  y?
161051 14641 1331 1331 363 121 231 11 3
_11 _5
which provide the Darboux integrating factor p =1, *I$1, ©.
Case 15. As above we can assume that bgo = 1. Then the system is written as

2123
32

1892 27xy? :
Ty Ty +y3.
64 8

T =2z + — 2%y —ay?, y=-3y+

~1_1_53
It has the Darboux integrating factor of the form p =1, *l5 *1, ¢, where Iy =y,




and

9261x% 132325y  567x%y?  13232% 27233 105x3y+

4

~ 262144 8192 2048 4096 128 64
Case 16. In this case the system (4) takes the form
& =2z — agex’® — x?y, § = —3y + ooy + 2zy%. (9)

Now we do the substitutions v = zy and w = 2% and in these new coordinates system (9) becomes
0 =v(1 —v— (byg — ago)w), W = w(—4 + 2v 4 2azw). (10)

System (10) is a quadratic Lotka-Volterra system. These systems (as we mentioned in the in-
troduction) were studied in Theorem 7.1 of [3] where the linearizable and integrable quadratic
Lotka-Volterra systems written into the form

.’1'72.’13(1"1'0205(14‘0112/), y: y(—>\+d11m+d02y). (11)

for A € N\ {1} are classified. In fact system (10) corresponds to a particular case of the case (4,,)
which satisfy the condition mcog + di; =0, for m = 0,..., A — 2. In fact, in system (10) we have
co0 = —1 and dj; = 2 and therefore corresponds to the case with m = 2. Consequently, system
(10) has a linearizable saddle at the origin, i.e., there exist an analytic change of coordinates

vy =v(1+ 0w, w) = zy(1+ O(z,y), wy = w(1+ O0(v,w) = 2*(1+ O(x,y),

which brings the system into a linear saddle. This linear saddle has the first integral v{w; which
pulls back to a first integral of the form z5y*(1+ O(x,y)). Extracting the root of this first integral
we obtain a first integral of the form z3y?(1 + O(z,y)) for system (9).

Case 17. The corresponding system is

3

& =2z — agex® — 2%y, § = —3y + boory + 3y (12)

2

Following the same substitutions v = xy and w = z* we arrive to the system

0 =0v(1—2v — (byg — azo)w), w = w(—4 + 2v + 2azw). (13)

Now system (13) corresponds to a particular case of the case (A,,) which satisfy the condition
mcog + d11 = 0 with m = 1. Similar reasonings that in case 16 give also the correct first integral.

Case 19. Here, the corresponding system is

& =2z — agex’® — 2%y — 4boozy? 2002011 7Y>
* 3(—=14b11)  3(=1+b11)’

. 3&20x2y a20511x2y ) X

g v 2(=1+b11)  2(=1+bu) + @y =+ Sal,
and it has three algebraic invariant curves: [y = x,lo =y and I3 =1 — ‘123—:’32 +ay —buzy — %-
Integration yields the first integral

3—2by7 2 1 _2+T1,1

b = li’l%lgbufl = 1;3y2 <1 _ CLQ(;I - §y<3(_1 + bll)l' + bozy)> .



2
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