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Resumo

Neste trabalho mostramos que o problema de Cauchy associado a equagio de
Kadomtsev-Petviashvilli generalizada, a saber,

(Beu — iP(D)u + a(u)0,u)z + ¥0iu = 0

onde P(D) é um operador pseudo-diferential cujo simbolo é uma fungdo real,
impar e de crescimento polinomial, é localmente bem-posto nos espagos de Sobolev
H:(R?) e H*(R?), para s > 2. No caso periddico usamos a Teoria quasi-linear .
de Kato e no caso néo-periédico usamos regularizacio parabdlica. Em ambos os
casos provamos que o tempo de existéncia ndo depende do expoente de Sobolev,
s, desde que s > 2.
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RAFAEL JOSE IORIO JR. (IMPA/CNPQ)!
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ABSTRACT. We discuss the local Cauchy problem for the generalized
Kadomtsev-Petviashvili equation, namely (8;u — iP(D)u + a(u)d:u)-+
+76§u = 0, in the periodic and non-periodic settings.

1. Introduction

In this work we consider the Cauchy problem
(0w — iP(D)u + a(u)8;u); +702u = 0 (1.1)
u(0; z,y) = ¢(z,y) (1.2)

with periodic and non-periodic boundary conditions. In the periodic case
we assume that

(P(D)¥)(m,n) = p(m)(m,n) ~ (m,n)€2®  (1.3)
where p = p(m), m € Z is a real continuous function such that
lp(m)] < Ci|m|' |m|>>1 1€{2,3,...} p(0)=0 (1.4)

In the non-periodic case we make a similar assumption, namely

——— ~

(P(D)Y)(€,n) =p(E)$(E,m)  (€,m) € R? (1.5)
where p = p(£), f € IR is a real odd continuous function such that
Ip(€)] < Celél" 1€l >>1 1€{2,3,...} (1.6)

In the periodic case, our purpose is to extend recent results of Isaza, Majia
and Stallbohm ([5]) and in the non-periodic case we will extend the results
of S.Ukay ([14]) and J.C. Saut ([13]) . We will be more precise further on.

The usual Kadomtsev-Petviashvili equation (KP) (p(m) = m? or p(¢) =
= €3 and a(u) = u) describes, for instance, the propagation of long nonlinear
waves along the x-axis on the surface of a liquid when the variation along
the y-axis proceeds slowly. It is a two-dimensional generalization of the
Korteweg-de Vries equation (see [11]).

iThis work was made while the author was visiting IMECC-Unicamp. Partially sup-
ported by FAPESP.
{Partially supported by CNPq.
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The Cauchy problem associated to KP has been solved globally, using
the inverse scattering method, in the Sobolev spaces W*2(IR?) \W*!(IR?),
s > 10 ([15]). S.Ukai obtained local existence and uniqueness in the Sobolev
spaces H*(IR?) = W*?*(R?), with s > 3 and some further restrictions.
Uniqueness of solutions for (G-KP) (p(m) = m?) was obtained in [16] in the
periodic case . Global well-posedness for (KP) in L*(II), IT = [0, 27] % [0, 27],
was established by J.Bourgain in [2]. His method is based on an analysis of
multiple Fourier series and in his case 7 must be positive. Finally, the quasi-
linear theory of Kato ([6], [7], [8]) was used to show that (KP) is locally
well-posed in H*(II), s > 3 ([5]). In what-follows we show, in particular,
that their result can be extended to the case s > 2. This also extends
the results of [14] and [16]. J.C. Saut obtained a blow-up result for the
non-periodic case when a(u) =u?, p > 4 and v = —1 ([13]).

It should be remarked that in the periodic case we will apply the quasi-
linear Kato’s theory to prove the local well-posedness for s > 2. In the non-
periodic case the existence and uniqueness result will be established using
parabolic regularization (as in the proof of theorem (2.1) of [4]). Continuous
dependence can then be established using the Bona-Smith approximations
([3]). We pointed out below why we didn’t apply the Kato’s theory in the
non-periodic case.

Our main result are, as follows:

Theorem 1.1. : (periodic case)

1. Let $ € X3, s > 2 and a € C®(R) . Then there exist a T =
T(s,||¢lls) > 0 and a unique u = u(t) which satisfies

u € C([0,T); X;) n C'([0, T); X;~) (1.7)

solution of (1.1)-(1.2). Moreover, the map ¢ — ug4 is continuous in
the ||.||s-norm as usual, i.e., if pp € X2, ¢n — ¢ in X when n — oo
and u, € C([0,T,); X2)NC'([0,Ty); X:™") is a solution of (1.1) with
un(0) = @, then for 0 < T' < T there ezists a ng € N such that, for
n > ng, Uy = uy(t) exists on [0,T"] and

sup ||un(t) — u(t)||s = 0 when n — oo (1.8)
0<t<T

2. T can be chosen independent of s in the usual sense, i.e., if u is a
solution satisfying (1.7) and ¢ € X2 for some s’ # s, s' > 2, then (1.7)
is also true with s replaced by s' and with the same T. In particular,

ifo e X2 =), X: then (1.7) holds with s = co and the same T.

Theorem 1.2. (non-periodic case)

Let ¢ € X,(IR?), s > 2 and a € C®(IR; IR) such that a(0) = 0. Then there
ezists T > 0 and unique u € C([0,T]; X;) such that (1.1)-(1.2) is satisfied
with Oyu computed with respect to the topology of H*~'(IR?). The continuity
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of the map ¢ — uy holds ezactly as in the periodic case. T can be chosen
independent of s.

We will adopt the following definitions and notations: First of all * and v
will denote the Fourier transform and it’s inverse in both the periodic and
non-periodic settings. No confusion will arise from this. Moreover, in the
periodic case we will write,

= [0, 27] x [0, 2]

C®(IR?) = {1 € C=(IR?) : 4 is 2w — periodic in z and y}
M = {4 € CX(IR?) : [7"4(z,y)dz =0, y € [0,2]}

(d,%)s Z(m n)eZ?(l + m? 4+ n?)* gb(m,n)‘(/j(m,n), where ¢, € C° .

lls = (&, )s, where ¢ € C.
H:(R?) = C,$° e _ ¢he set of all periodic distributions ¢ such that ||¢||? =
=3 (mmezz(l + m? +n2)*|g(m,n)[? < co

X:(R?) = MF”'”’ = the closure of M2° with respect to the H: norm.

In the non-periodic case we will write,

H*(IR?) is the usual L? type Sobolev spaces the norm of which will be
indicated by ||.||s.

LA(IR?) = (H*(IR?))"

X,(IR?) denotes the set of all f € H*(IR?) such that

O e =L ‘2’ [En) ¢ 2 pey (1.9)

endowed with the norm

12 = A1 + 110z £1I: (1.10)
Fi (resp. F,) denote the Fourier transform with respect the variable x
(resp. y).
B(Y; X) = set of all bounded linear operators from Y into X, X, Y Banach
spaces.
B(X) = B(X; X).
C =C(.,...,.)are constants which are continuous and nondecreasing with
respect to their arguments.

This work is organized as follows. In section 2 we will study the linear
equation associated to (1.1) in the periodic case and present the proof the
theorem (1.1). While in section 3 we will repeat this program in the non-
periodic case.

2. The Periodic Case

In this section we will discuss problem (1.1)-(1.2) endowed with periodic
boundary conditions.
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First of all,

Lemma 2.1. : If ¢ € C®(IR?) then

2
/0 (PD)W)(a,y)dz=0 0<y<om (2.1)

The same hols for ¥ € H:(IR?) for s > k.
Proof: Let y € [0,27] be fixed and apply Parseval’s identity to obtain

/0 ﬂ(P(D)¢)($,y)dz = Z p(m)d(m,y)1(m) =0 (2.2)

meZ

since 1(m) = 0 for m # 0, 1(0) = 1 and p(0) = 0. O

Integrating the PDE (1.1) over the interval [0,27] we obtain

/ 62 (Lizyy)dz =0 (2.3)
so that
2T
[ wttia) e = attyy + 500 (2.4)
0
Since u(t; z,.) is periodic we must have a(t) = 0 which implies
2w
/ dzu(t;z,u) = B(1) (2.5)
0
We can show that (1.1)-(1.2) is equivalent to
du —1P(D)u + a(u)dzu + ‘7/ dz’ ('3:u(t;x', Y) = Gu)(y) (2.6)
0
u(0) = (2.7)
where
v 2m T '
aul) = [ ds [ Buta' )+ hutwoy)
T Jo 0
= Gy(y) + hy(¥,y) (2.8)
2m T
Caln) = l/ d:r/ dz' 92 (2’ y) (2.9)
21 Jo 0 !
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and hy = hy (1, y) will be chosen later. Therefore, the solution of (2.6)-(2.7)
must satisfiy (2.5). For (2.6) we also have,

/dy/ d:xut:ry—z/ dy/ dz P(D)u(t;z,y)

_/0 dy i da:a( (t,:v,y))azu(t§$7y)

2 2m T
_7/ dy/ da:/ dx'azu(t;:c',y)
2w 2w
/ dy/ dzgu(t) =i{) (210)

by lemma 2.1 and periodicity. This implies 3(¢) = constant, i.e.,

/0 u(t; z,y)dz = f(0) = /0 ”qﬁ(:r,y) dz y € [0, 2] (2.11)

We may consider , without loss of generality, 3(0) = 0. In fact, if 3(0) # 0
then w = u(¢;z,y) is a solution of (1.1)-(1.2) if and only if wi(¢;z,y) =

= u(t;z,y) — %(%is a solution of

dyuy —iP(D)uy + al(ul)arul + ‘}’/ dz’ 8§u1(t;x',y) = gul(t)(y)
0
ui(0) = ¢y
where a,(r) = a(r + %(7%1) and ¢,(z,y) = ¢(z,y) — 7=6(0), which is similar
o (1.1)-(1.2) and 3,(0) =0

We also observe that 3(0) = 0 is equivalent to

/ ’ dz p(z,y) =0,y € [0,27] (2.12)
0

and so we may consider, without loss of generality, the Cauchy problem
(2.6)-(2.7) where the initial data satisfies the constraint (2.12).

I. The Linear Equation.

As mentioned in the introduction, this section deals with the linear equa-
tion associated to (1.1), that is

O —i1P(D)u + 7/ dz (');u = Guu(y) (2.13)
0

w(0;x,y) = o(z,y) (2.14)

We have
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Definition 2.2. Let A, : D(A,) C X2 — X? be given by

D(Ay)={peX®: S |Ap)(mn)? <o}  (215)
(m,n)€Z?
(A, ) (m,n) = { o_i [”(m) +77n_2] $(m,n) m 7_“; (2.16)

where Y € D(A,).
Remarks 2.3. From (2.16) it follows that

@ 2T T
A = —iP(D)y +'7/ dz' 02 — l/ dz (/ d:c'azt,b) (2.17)
0 27 Jo 0
if e X3, s>k

m)

Now, we can show

Proposition 2.4. The linear operator A, given by (2.16) is the infinitesi-
mal generator of a strongly continuous unitary group {P(t)}icr on X2.

Proof: In view of theorem 10.8 of [12], it is enough to show that:
(i) D(A,) = X?, which is obvious.

(1i) A, is conservative, which it follows from

o n2 F~
R, Ayp)o =R Z P(m,n)i <p(m) + 7;) P(m,n)
(m,n) € Z*
m#0
=0 (2.18)

since p = p(m) is real.
(iii) [ £ A, is surjective, since that for n € X? if we consider ¥ = ¥(z,y)
given by

J(m,n) _ { n(m,n) [l -1 <p(m) +’y':n—2)]_l m#0 (2.19)
0 m =20

~

belongs to D(A,) and satisfies (m,n) + m(m,rz) = 7, which implies
(I + Ay)y = n, i.e., [ + A, is surjective. The case [ — A, can be dealt
similarly. a

Remarks 2.5. It can also be proved that P(t) = e~*' defines an unitary
group in X and u(t) = P(t)¢ is the solution of (2.13)-(2.14) in X:~', where
b e X2,
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2.2. The Non-Linear Equation. :

Now we will consider the non-linear periodic Cauchy problem (1.1)-(1.2).
Choose hy in (2.8) to be

bv(n) = 5 [ alvle' )ounay) b (2.20)

2m

where 1,7 € X:. We can show that u = u(¢;z,y) is the solution of (2.6)-
(2.7) if and only if

u(t) = P(t)v(t) (2.21)
is the solution of
0w + P(—t)(a(P(t)v)0: P(t)v) = P(—t)hpg)ue) (2.22)
v(0) = ¢ (2.23)
So, we apply the quasi-linear theory of T.Kato to
%v + A(t,v)v=0 (2.24)
v(0) = ¢ (2.25)

where the linear operator A = A(t,), which depends on ¢ € [0,7] and
Y € X3, is given by
A(t,p)n = P(=t)(a(P())0: P(t)n)
1 2
=
[n order to apply Kato’s theory we take X = X2 YV = X and W =

={ne X::|nlls <r} where r > 0.
Our first step is to prove the following lemma:

Lemma 2.6. : A(t,v) € G(X,1,8) with g = [(r), i.e., —A(t,¥) is infin-

itesimal generator of a Cy-semigroup in X = X? which satisfies

(A(t,¥)n,m)o 2 =BlInllg,n € CF° (2.27)

Proof: Since P(t) is unitary on X = X?, it suffices to show that (2.27)
holds for the operator a(P(t)y)d,. But

l

P(=t)(a(P(t)1)0z P(t)n) dz’ (2.26)

. 1
(a(P(0)) a0, w)o = =5 (Deal P()), 0o > —5 10sa( P llollo]l
Cs
> == sup_[la( ()l w3
< |Ylle<r
g 3 .
> == sup fla(n)] [l (2:28)

< Almlle<r
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and so, we take g = & SUP|jp(j,<- l1@(n)][s. This proves the lemma. m

Lemma 2.7. Let § = (1= A)P*?: Y = X3 - X = X°. Then S is an
isomorphism of Y onto X and

SA(t,$)S™" = A(t,¥) + B(t, ¥) (2.29)
1B, 9)llsx) < Allplly (2.30)
|1B(t, %) — B(t,¥)llsx) < plld" = dlly (2.31)

for ', p € W, where A = A(r), u = p(r) are constants depending only on r
and a. '

Proof: [t suffices to verify that
[S,a(P(t)¥)]8.5" € B(X) (2.32)

since P(t) is unitary on X, where [A, B] denotes the commutator of the
linear operators A and B.
Using the periodic version of Lemma A.4 of [10] we have

LS, a(P())]0=5" fllo < Cil18za(P(£)¥)lls-1[1025" flls-1
< G e lla(w)llsllfllo = Allfllo (2.33)

where A = A(7) = supy, < lla(w)|ls. So we obtain (2.30). The proof of
(3.51) is similar. a

Lemma 2.8. Let (t,%) € [0,T] x W. Then

Y C D(A(t, %)) (2.34)
At )y € B(Y; X) (2.35)
The map
A(L,¥): [0,T) —» B(Y;X) ,
to AL (2.36)
is strongly continuous for each p € W. For each t € [0,T], the map
A(t,): Y = B(Y;X) (2.37)

Y o= AL Y)

is Lipschitz uniformly on t, i.e.
AL, ") — At )llsvix) < wllY" = ¥llx (2.38)

where = p(r) depends only on r and a.
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Proof: Since P(t) is unitary on X it follows from (2.26) that (2.34) holds
and for f €Y
1A, %) fllo = la(P(£)¥)0= P () fllo
= Slelgllla(w)llallflln < ullflls (2.39)

where p = supjjy,<r ||a(w)]|s and so (2.35). Let t,t' € [0,T) and f,p € W.
Then )

1A, %) f — At %) fllo < II(P(=t) = P(=t))(a(P(t)%)0=P(t) f)llo
+ [[(a(P t) ) — a(P(t"))3=P(t)/llo
+ I(a(P(t)$)0=(P(t) — P(t)fllo — 0 (2.40)

when t’ — ¢, so (2.36).
For t € [0,T] we have
IA® ) = Al ¥) fllo < lla(P(2)%') — a(P(2)$)loll0= P(¢) flleo
< Cilld'(P(t)w)lleollv” = #lloll s
< Cs sup [la(w)[ls[I/1ls[1%" = llo

[lwlls <r
< ulld" = dlloll fls (2.41)
where p = C, sup|,.<- lla(w)][s, which implies (2.38). a

Proof of theorem 1.1 : In view of the previous lemmas, the quasi-linear
theory of T.Kato implies the existence of unique solution v € C([0, T]; X2) N
NC'([0,T); X:') of (2.22)-(2.23) which depends continuously on initial

data. Then the transformation (2.21) gives us a unique solution
ue C(0,Th X () C'([o,T); X2™) (2.42)

of (2.6)-(2.7) which, of course, depends continuously on initial data. For the
second part of the theorem we again follow closely the ideas of T.Kato in
[9]. For this reason we present only a brief sketch of the proof. It is enough
to consider the case s’ > s. The case s’ < s follows from uniqueness. It is
easy to see that if w = w(t) is given by

w(t) = 92u(t), : (2.43)

where v = v(t) is the solution of (2.22)-(2.23), satisfies the following evolu-
tion equation

o+ Althw + Clthw = (1) (2.44)
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where
A(t) = 0 P(—t)a(u(t))P(t) (2.45)
C(t) =2P(—t)a'(u(t))uz(t)P(t) (2.46)
1(t) = —P(=t)a"(u(t))u(t) (2.47)

where u € C([0,T); X?) is a known function.

Since v € C([0,7); X?) it follows that w € C([0,7T); X;~?). Furthermore,
w(0) = ¢pe € X2, because ¢ € X?'. Our purpose is to show that w €
e C([0,T); X$'=?), which will imply v € C([0,T); X¢') and so that u = u(t)
has the same property. '

The proofs of the next two lemmas are similar to those of lemmas (3.1)
and (3.2) of [9] and will therefore be omitted.

Lemma 2.9. : The family {A(t)}o<icT has a unique evolution operator
{U(t,7)}o<i<r<T associated with the spaces X = H?, Y = HY in the sense
of (8], where

—s<p<s—-2 1-5<5¢<s~-1 p+1<q (2.48)
In particular, U(t,7): H. — H! for —s <r <s-—1.
Lemma 2.10. : Let w € C([0,T}; H;_‘Z) be as before. Then

w(t) = U(t,0)pss +/(; Ut,7)[-C(m)w(r) + f(7)] dT (2.49)

Finally, we will prove part 2) of theorem (1.1). We have w(0) = ¢, €
€ X% and (2.47) implies that f € C([0,T); H:™') C C([0,T); H:-?), if
s’ < s+ 1. From (2.46) we can show ¢t — C(t) € B(H:~?) is strongly
continuous in ¢, if s < s 4 1. Since the evolution operator {U(t,7)}o<i<r<T
is strongly continuous on H? =2 to itself, it follows from lemma (2.9) that
(2.49) is a integral equation of Volterra type in H2 =2, which can be solved
by sucessive aproximations. Thus w € C([0,T); HS=?) if &' < s + 1. We
may now repeat the above argument to obtain the general case. ]

3. Non-Periodic Case

In this section we will consider the Cauchy problem (1.1)-(1.2) in IR*. We
will start with the linear equation and then discuss the non-linear problem.

3.1. The Linear Equation. :
In this section we will analyse the Cauchy problem

(('),u—iP(D)u)I—i-'y(‘);ju =0 3.1
uw(0;z,y) = d(z,y) (3.2)
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We begin with some formal computations. Integrate the PDE in (3.1)
from —oco to = to obtain

Opu — iP(D)u + 0, F(t; 2,y) = g(t; y) (3.3)
F(tz,y) = /_ dz'u(t; ', y) (3.4)

where g(t;y) denotes a constant of integration (with respect to z). Taking
the Fourier transform of (3.3) we get

e +ip(€)d =y F(t €m) = §(t; €,1) (3.5)
Using the fact that the Dirac d function can be written as
. L .—iE:c
oL = o /]Rdx e (3.6)
it follows that
§(t;6,n) = V2r(Fag)(t; m)é(€) (3.7)

Next, interchanging the order of integration we obtain

F(t;€,n) = / dye_"’y/ dz e—'fz/ dz'u(t; 2, y))

dye_"’y/ dz'u(t; 2’ y)/ dz e~ (3.8)

27T '
But
/ dz e % = / dz H(z — ') =
—iéz’
= pti( T )+ mé(€) (3.9)

wher p-v. denotes the principal value distribuition associated to the function

_<:

(%%

) and H(z) is the usual Heaviside function. It follows that

Pusgn) = S a3 [ aye [ dulse  @.10)

i€ o0 %0

Since in the nonlinear case we will be dealing with the solutions in H*(IR?)
with s > 2 we must get rid of the § functions. Thus if we choose

1 o0 . o0
V2m(Fag)(tin) = —77125/ dyc""y/ dz'u(t; z', y) (3.11)
we obtain

gll1) = %d;/ dz'u(t; ', y) (3.12)

0



it

12 IORIO AND NUNES

With this choice, u(t; z,y) satisfies
2

zi,+ip(§)ﬂ+i%—& =0 £40 (3.13)

Taking the inverse Fourier transform,

oo

u; — 1P(D)u + 783/ dr'u(t;z’,y) = %03/ dz'u(t;z’,y)  (3.14)

But
/z dz'u(t; 2’ y) - %/oo dz'u(t;z',y) =
- %(/_ a2l — /w d&u(t;z'y))  (3.15)
so that with : )
o' =5 s - [ a ) (3.16)
(3.13) becomes,
u, — iP(D)u + 70,07 'u =0 (3.17)
Note that 97! is exactly the antiderivative used in [1]. Moreover,
@ D€ = g ftem) (3.18)

which justifies the notation introduced in (1.9). These spaces were used by
J.C.Saut in ([13]).
Now let

Aof = —iP(D)f +10,0;"f
2 ~
= (i0(&) + 1 F(Em)" (3.19)
Lemma 3.1. [f¢p € X° then Agp € H*'.

Proof: Indeed,

/ de [ dn(1+€ + 027 |(€) — v 11 m)I? <
R R f

” , 2 N
<c /R t /R B (14 € + 7Y WP + b Ede, P

< Cllells + 1197 ll5) = 1913 (3.20)
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a

Lemma 3.2. Ey(t) = e~*4 ( defined in the obvious way using the Fourier
transform) is an unitary group both in H*(IR*) and X,(IR*). Moreover

du = lim ult + h; i [ (3.21)

in the topology of H*(IR?) with ¢ € D(Ao) where
2 -~
me={feH%mﬁwma—#guamNEQWw} (3.22)

and in the topology of H*~'(IR?) in case ¢ € X,(IR?).

Proof: The statements about H* are easy consequence of the definition
given above. It is also easy to verify that Ey(t) also defines an unitary group

in X,. Now, if ¢ € X,
Eo(h) -1 2

u(t + h) — u(t)
Aol iz = 12 Al =
ih(p(€)—y L 2
e €)—1 . n A
= [a [ an =L i) - DyPIde ) (3.23)
R R h 4
and the result follows from the dominated convergence theorem. O

Finally, we consider the regularized equation, namely

Ou+ A,u=0 (3.24)
u(0) = ¢ € X, (3.25)
where
A, =—plA + A >0 (3.26)
Let
E,(t) = e (3.27)

Since ¢ € X, iff p € H* and O;'¢p € H* it is easy to show that E,(t), u > 0
is infinitely smoothing in X;. Indeed, we have

Proposition 3.3. Lel ¢ € X,;. Then

=} e l o .
|E,()blsar < Ka(1 + (2—m>")‘/2|¢|, (3.28)

for all N\ >0, p >0, t>0 where Ky is a constant that depends only on A.

Proof: Same as that of Lemma (1.1) in ([4]). a
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3.2. The Non-Linear Equation. :.

In this section we will briefly discuss problem (1.1)-(1.2) endowed with
the non-periodic boundary conditions and point out how it differs from
the situation studied in the periodic case. We will employ the parabolic
regularization method. The reason for this is that we have not been able so
far to obatin convinient spaces (X and Y) and an isomorphism (.5) between
these spaces which are needed in the Kato’s quasi-linear theory (see Lemma

(27))

Consider
O+ Ayu + a(u)dzu =0 (3.29)
wlllj= & (3.30)

¢ € X,(IRz), s > 2. We will list a series of lemmas, most of which we will
leave unproved since their proofs a rather similar to those given in ([4]).

Lemma 3.4. For p > 0 problem (3.29)-(3.30) is equivalent to the integral
equation

lt) = Bt} = [ B (¢~ )00 (3.31)

where A(v) = [ a(r) dr. More precisely, if $ € X, then u € C([0,T]; X,)
solves (8.29)-(8.30) ( with dyu computed in H*~') if and only if u solves
(3.81).

Lemma 3.5. Let
Xo(T)={S € C([0,T]; X,) : |Eu(t) — bls < M, ¥t € [0,T]}  (3.32)
where M, T > 0 are fized. Then 3T > 0 sufficiently small such that the

map

(AN = B0) = [ de Bt = )@ANN) (3.33)
is a contraction in Xy(T').

Thus (3.31) has an unique solution in Y(7') and therefore (3.29)-(3.30)
also has this property. Standard arguments show that this is the unique

solution in C([0,T); X,). Here T = T'(s, |¢p|s, 1)-

Lemma 3.6. u € C((0,T); X&) where, Xoo = [, Xs provided with the
natural Frechet topology.

Lemma 3.7. The existence titne can be chosen independently of .
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Proof: Since this is the most important part of the proof of well-posedness
we look at it in some detail. Due to lemma (3.6) we have

(u:=wuy, p>0)
Oellun(®)ls = 2(uldu)s = 2(u| — Ayu)s — 2(ula(u)usz)s
= 2(u|pAu)s — 2 uleu) — 2(ula(u)ug)s

<2/dn/dfté, (&) - Diti1)

— 2(ufa(u) (3.34)

Since u(t;€,n) = u(t; —€, —n) because u is real-value and p(€) is an odd real
function, it follows that for each fixed (¢;7) (a.e) the integrand is odd in £
so the integral is zero. Therefore

at”u(t)”z < —2(ula(u)uz)s < 2[(ufa(u)us)sl
< a(flu@)llNNu@l < allu@)ls) )] (3.35)
in view of Lemma (A.5) in ([10]) and a is a positive monotone increasing

function depending only on a and s (see Lemma A.3 in ([10])).
Next we look at the behavior of ||07'u||?. Proceeding as before we obtain,

Olo7 u(t)ly < —2(07 'ulo7 (a(u)uz))s = —2(07 ' uld7 ' 0x(A(u)))s
< 2/(07 "ulA(u)sl < 07 ullslAw)lls < Coallulls)llullsluls

< afu(t)]s)lu(t)l; (3.36)
Therefore
Oelu(t)]; < allu(t)ls)lu(t)[; (3.37)
so that |u(t)|? < p(t) where whenever both sides are defined, where
dip = a(p'*)p
p(0) = |41 (3.38)

From now on the proof of existence and uniqueness for generalized KP
should follow the same lines as those presented in [4]. The continuous
dependence can be established using the Bona-Smith approximations as in
[3]) and will therefore be omitted.

Out next task is to show that the existence time T may be assumed to
be independent of s. We have established already the local well-posedness
for

Au —1P(D)u + a(u)dzu + 'y(');lazu = [) (3.39)
u(0;z,y) = d(x,y) (3.40)
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in C([0,Ts); Xs) (N C'([0,T); H°~®). Now, for ' > s > 2 and ¢ € Xy it is

easy to see
Taos T, (3.41)

We will prove that T, = T, for all s > 2. In view of (3.41), it is sufficient to

show that 75 = T, for some sq > 2.
Note that u = u(t) is a solution of (3.39)-(3.40) if and only if v(t) =

= P(—t)u(t) is a solution of

O + A(t,v)v =0 (3.42)
v(0;z,y) = ¢(z,y) (3.43)

where P(t) = e~ {(=iP(DI+3:'8) and A(t,y) = P(—t)(a(P(t)y)d, P(t).
We shall prove that the existence time for (3.42)-(3.43) can be chosen
independently of s (which is equivalent to show T = Ty, for some so > 4)

and so the same holds for (3.39)-(3.40).
Let so > 4, ¢ € X, s > so. Applying the operator 92 to (3.42) yields the
following linear evolution equation for w(t) = 9*v(t)

dw + A(t)w =0 (3.44)
‘LU(O) = 83¢ € Xs_z

where A(t) = 0, P(—t)(dza(u(t)))P(t)0;"' + 0 P(—t)a(u(t))P(t) =: As(t)+
+As(t) and u € € C([0,Ty,); X, ) is given. We know that w € C([0, T); Xsy-2)
since v € C([0,Ts,], Xs,). Moreover w(0) = 92 € X,_,. It is our purpose
to prove that w € C([0,T,]; Xs—2) which will imply v € C([0, Ty,], X;) so
that the same holds for u = u(t). To this end, we have to study the lin-
ear evolution equation (3.44), i.e., the evolution operator {U(t, T)}osfstsT,O
associated with the family {A(t)}o<r<i<T.,-

Lemma 3.8. The family {A(t)}o<r<i<T., has an unique evolution operator

{(j(t’T)}OSTStST!o associated with the spaces X = X, and Y = Xi in the
usual sense, where

4-359< h <39—3, 3—s0<k<s0—-2, k>h+1 (3.46)
In particular, U(t,7) : X, = X, ford —so <1 < 59— 3.

Proof:

(i) A(t) is an infinitesimal generator of a strongly continuous semigroup in
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X, and for z € X, we have
(Ai(t)z]2)x, = (A8 P(—t)(3za(w))d; " P(t)z|A"z)o +

+ (3;1AharP(—t)(ara(u))3;l P(t)z|3;1/\hz)0
= (A"0:((0:a(u))d; 'q)|A*q)o + (A*(8a(u))d; 4107 " A"q)o
= (A"(92a(u))d; " qlAq)o + (A (za(u))q|Aq)o

+ (A*(9za(u))95 'qlA" 97 9)o
= (82a(u)A"0 " q|Aq)o + ([A", B2a(w))0; ' qlA q)o +

+ (0za(u)A*q|A"0 )0 + ([A", Dea(u)]q| A" q)o

+ (Baa(u)A*; g |A"07 " g)o + ((A*, Bra(w))0; gl A*0; )0
2 - la(u(®)ll54ll%, = =All=Il%, (3.47)

sup
0<t<T

where ¢ = P(t)z, P(t) is unitary in X, commutes with 9, 97! and A =
= (1 — A)'/? . We estimate the first, the third and the fifth terms as usual
while, in order to control the other three, we employ Lemma 2.6 of [9].

(Aa(t)z]2)x, = (A0 P(—t)a(u) P(t)z|A"z)o
' + (07 'A* 0, P(—t)a(u) P(t)z]0;'A"z)o
= (A"(8za(u))qlA"q)o + (A"a(u)dzq|A"q)o + (A"a(u)qld; "A"q)o
= (0za(u)A"q|A"q)o + ([A", Bza(u)]q|A"q)o
+ (a(u)d:A"q|A"q)o + ([A", a(u)]0-q|A"q)o
+ (a(w)Aqlo7 A q)o + ([A", a(w)]ql07 ' ARq)o
> = sup () lally, = ~BalzI, (3.49)

<t<Ty

where we used the same ideas as above. Then, by (3.47) and (3.48), we
obatin

(A(t)z]z)x, > =Bll=%, B = B + Pa. (3.49)

(ii) Let S = A¥" : Y — X be an isomorfism from Y = X, onto X =
= Xj,. We have to prove that the operator B(t) := [S, A(¢)]S~! is uniformly
bounded in X = X, for t € [0, T%,].

We observe that P(¢) is unitary in X, commutes with d,, 97
= (1 = A)"% and so it sufficies to show that

Land A =

AP O A* Opa(u () AT*OTY + A0 [A* " a(u(t)) A"
=: By(t) + Ba(t) (3.50)



18 IORIO AND NUNES

is uniformly bounded in Xp. For ¢ € Xo we have

1B1(t)allx, = IIA"0o[A"", Bsa(u)]A™*0 g,
= [|A"8,[A*", Oza(u)] AT qlls
+ 1187 AP (A, Bza(u)] A0 qllg
= ||A"05[A*", Boa(u)] AT qllg + |AM[A*, Dza(u)]AT"0;  qllg
<c sup la(u())ll;llallx, , 0<t< Ty (3.51)

0<t<Ty,
where we apply Lemma 2.6 of [9]. In the same way

1B2(t)lI%, = IIA"0=[A"", a(w)]A™*q]%,

= [|A"0: (A", a(u)]A™*q|I§ + 1197 A" O- (A", a(u)]A™*qllo

= |A*9:[A, a(u)]A™ qllg + IAMAR", a(w)]A*qllg
la(u()llsllallk, » 0 <t < Ty (3.52)

< c¢ sup
0<t< Ty,

so (3.51), (3.52) imply that B = B(t) is uniformly bounded in X, for
t €[0,Ts,].
(iii) It is not difficult to show that
a) Y = Xi C D(A(t)), Vt € [0, T, ].
b) A(t) € B(Y; X), Vt € [0, Ts,]
c) A(.): [0, Ts,] = B(Y; X) is strongly continuous.

By Kato’s linear theory (see [8]) , we obtain an unique evolution operator
{U(t’T)}OS‘ST-o assoclated with {A(t)}USlSTso' a
[t is easy to see that

Lemma 3.9. We have
w(t) =U(t,0)w(0), 0<t< T, (3.53)
Using this lemma we obtain:
Lemma 3.10. w € C([0,Ty,]; X,-2), s > so.

Proof:
We observe that w(0) = 92¢ € X,_y — Xyy_2. If 50 < s < so + 1 then
{U(t.7)}o<i<r., is strongly continuous in X,_,. Lemma (3.9) then implies
the desire result. a
Finally

w € C([0, Tyl Xomz) = v € C(10, ToJ; Xo) = u € C([0, T J; Xo)  (3.54)

if so < s < sp+1. If s > sp+1 we will apply the above argument successively.
a
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