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SECOND ORDER CONDITIONS FOR
LOCAL CONTROLLABILITY

J. Basto-Gongalves*
e-mail: jbg@fcma.up.pt
Grupo de Matematica Aplicada
R. das Taipas, 135
4050 Porto - Portugal

Abstract
This paper presents second order sufficient conditions for small time local con-
trollability of affine smooth control systems, based on a very simple observation
that can also lead to higher order conditions; a second order obstruction for a cer-
tain class of systems is also discussed, as is the gap between the obstruction and
the sufficient condition. The new results are used for deciding local controllability
of systems for which a direct application of the usual criteria is not conclusive.

Sumario

Neste artigo sdo apresentadas condicoes suficientes de segunda ordem para a
controlabilidade local em tempo pequeno de sistemas de controle afins, analiticos
ou infinitamente diferencidveis, baseadas numa observagao muito simples que pode
levar também a condicées de ordem superior; sdo discutidas uma obstrugio de
segunda ordem para uma certa classe de sistemas e as situagdes intermédias entre
a obstrucao e a condigao suficiente. Os resultados obtidos sdo usados para decidir
a controlabilidade local de sistemas para os quais a aplicagdo dos critérios usuais
nao é conclusiva.
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1 Basic results and definitions

The control systems considered here are analytic or smooth affine systems,
of the form: \
&=X(z)+Y uX'(z), |ul <o (1)
i=1
where X and X* are analytic or smooth (C*®) vector fields on an analytic
(smooth) connected manifold M, and o; € R*. As the results are local, M
can always be identified with R", with n the dimension of M.

Let U be the set of admissible controls, piecewise constant maps from a
subinterval of a fixed interval [0, 7] C R into R*, with the topology induced
by the topology of L!([0, T}, R?).

The set A(p, T') of the points attainable from p in up to time T as the set of
points p’ such that there exists a continuous piecewise C! map c: [0,t*] — M
verifying:

e c(0)=p,c(t)=p with0 < t* < T;

e There exist tg, t1, ..., tm, with 0 =t < t; < ... < t,, = t*, such that
in ]¢;-1,t;[ the map c is an integral curve of X (z) + {_; w; X*(z) for
some constants u; with |u;| < ;.

A control system will be said to be small time locally controllable (STLC)
at p if A(p,T) contains p in its interior for any positive T

Very general results on local controllability at a point were presented in
(5] and[6], and subsequently generalized in [3] and [4]; the resulting sufficient
conditions for the systems of the form (1) to be STLC are recalled below.

A vector v € T,M is a regular variation of order « [4] at p if there exist
positive real numbers %, ¢, € and a continuous map 7(y,c,€), 7 : [0,7] X
[0,¢] x [0,] — U such that (in a convenient chart):

X e eyYe(p) =p+e*cw+o(ef), >0

where Y is the vector field corresponding to the control u = (v, c,€). The
variational cone K at P € M is the convex hull of all variations at p.

Let £(€) be the free Lie algebra generated by the s + 1 indeterminates
o, &1, ..., &, and T the ideal generated by &, ..., &. Substituting X for
& and X' for &;, a vector field Ax on M is associated to every element A of
L(€); Ax is the evaluation of A.



Given A € L(£), |Al; is the number of times &; appears in A; an admissible
set of weights w = (wp, w1, ..., ws) is a collection of s + 1 non negative real
numbers with 0 < wy < w;.

The w-weight of a bracket A is given by:

S

[Allw = > wilAl;
i=0
and an element in £(£) is w-homogeneous if it is a linear combination of
brackets of the same w-weight. The length of the bracket A is its weight for
the standard choice wy = wy = ... = w; = 1, or equivalently y7_, |A};.
Denote by V¥ the set of vector fields that are linear combinations of
evaluations of elements of Z with w-weight not bigger than ::

Ve = span{Ax : A € T, Al < i}
An w-homogeneous element A in £(£) is said to be w-neutralized if:
Ax € V¥, i< ||Allw

The obstructions to local controllability appear from evaluating the ele-
ments of the set BY, where:

B = span{A € ZI: |Al|pisodd,|Al; is even for every i > 1}
Bf = {A € B, A symmetric on the &, i > 1, with same weight}

It is proved in [4] that, given a bracket A, if all brackets with w-weight not
bigger than ||Al|, can be w-neutralized, then the evaluation of A at p is a
regular variation, even more, the evaluation at p of adf (A), j > 0, is a
regular variation.

Let r(w) be the biggest integer such that all obstructions of w-weight not
bigger than r(w) are w-neutralized, and:

V' ={Z:Z=adk(Y), YeVy, 20}
where ad}(Y) =Y and ad}'(Y) =[X,ad% (V)]

Theorem 1 ([4]) If K =T,M then the system is STLC at p; in particular,
a sufficitent condition for small time local controllability at a point p of a
control system is:

T,M => V*(p)



Example 1 Consider the analytic system on R? defined by:

0 0 3}
X = . 2_2b . 2_, X1:_ X2:_
(z — ax Ty — cy )82 o 5
with a; = ay = 1; the coeflicients a, b and ¢ are not all zero.
To use theorem 7.2 in [6], where all input vector fields have the same
weight, the obstruction that it is necessary to neutralize is:

X, X, XJN0) + DX, [X XT)(0) = 20 + ¢) -
and therefore only if a+c¢ = 0 is local controllability guaranteed at the origin.
Using different weights for the two input vector fields, both [X*,[X!, X]](0)
and [X?,[X?, X]](0) are obstructions, and then a = ¢ = 0 is needed.

On the other hand, the geometric methods presented in [2] show the
system is locally controllable at the origin if the quadratic form az? + 2bzy -+
cy? is indefinite, i.e. b2 — ac > 0, and not locally controllable if it is positive
or negative definite, b> —ac < 0; of course a = c=0= a+c =0 =
b — ac > 0.

A similar example is also considered in [1], and a different argument is
used to prove the non existence of local controllability, that the direction
field defined on the surface H, where X, X! and X? are linearly dependent,
by the plane spanned by the input vector fields has a focus at the origin. In
theorem 3 of [1] and in the subsequent example a necessary assumption for
that argument to be valid is missing: the input vector fields have to define

a two dimensional involutive distribution. That situation is dealt with in [2]
with the correct assumptions.

2 Second order sufficient conditions and ob-
structions

A very simple observation allows the extension of the above sufficient condi-
tion: define a new control system ¥4, with dynamics given by:

S S
t=X(z)+ Y wY'(z), Y= a;X’ lus| < o (2)
i=1 j=1
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If all real numbers a;; are sufficiently close to zero, small time local control-
lability of the above system (2) implies that of the original system (1); it
is straightforward to show that a regular variation for system ¥, is also a
regular variation for the original system.

As A can be chosen to be the identity, the criteria based on considering
all systems of the above form (2) are an extension of the previous sufficient
condition of theorem 1.

This approach leads to very general sufficient conditions, but second or-
der conditions present a clearer picture and are indicative of its power and
limitations.

In what follows, unless explicitly stated and for simplicity sake, it will be
assumed that M = R™ = R*® x R* and:

X@) =Y pwg—  X@=g

L =1,...
3.'123+j ’ ' ’ 0 ® (3)
with ¢;(0) =0 and dyp;(0) =0.
The second derivative of ¢; defines a bilinear form B* on R* and also a
quadratic form Q*(v) = B'(v,v) = H,,(v), where H,, is the Hessian of ¢;.
Define &; € R® by & = (a1, - . ., ais); a straigtforward computation gives:

0

oz 5+j

k
Zh =Y, [V, X]) = ;Bf(&-,&)

and therefore system (3) is STLC if it is possible to find s vectors & € RS
such that 3°5_,[Y?, [V, X]] = 0, or equivalently:

;Qj(fi)=gﬂw,.(@)=o, i=1,....s

with the vector fields Z* spanning RF.

Proposition 1 If one of the forms Q' = H,, is definite for some i, the
system s not locally controllable.

Proof: Assume Q* > 0 and define %(z) = z,. Then Lxitp = 0 and
LxY = ¢, and so Lyy = ¢ for any admissible vector field Y; as the
condition @* > 0 implies @ > 0 on a neighbourhood of the origin, it follows
that ¢ increases along admissible trajectories issuing from the origin, at least
for a small time, and the system cannot be locally controllable.

5



Remarks:

e This generalizes to multi-input systems, of the particular form (3), the
second order obstruction [X?!,[X!, X]] presented in [5] for single input
systems.

e The same reasoning leads to the following more general result: if the
first non zero derivative of some ¢; corresponds to a definite form the
system is not locally controllable.

e The form does not need to be definite: if it is semidefinite in all variables
and definite in the variables (z, ..., ;) the conclusion is still the same.

In the codimension 1 case, where k = 1, the technique used in [2] can be
extended in an obvious way to prove the following:

Theorem 2 Let M = R"™ and:

X@) = pla) g, X'(a) =5

If the origin is an isolated critical point of ¢ on {z, = 0} and ¢(0) = 0,
the system 1is not locally controllable at the origin if the critical point is a
mazimum or minimum and it is STLC otherwise.

1=1,...,n—1

Example 2 Consider the analytic system on R? defined by:

5} 0 0
X = :L‘2+a4—, X]‘:.—, X2=_
( v )Bz Oz oy
with @y = a, = 1. The criteria based on Lie brackets analysis are not

conclusive, but since p(z,y) = z? + ay* has an isolated critical point at the
origin if @ # 0, where it is zero, and the critical point is not a maximum nor
a minimum if a < 0, the system is then STLC at the origin if a < 0 and not
locally controllable if a > 0.

Thus in the codimension one case the geometric analysis of theorem 2 can
give an answer in situations where the other criteria do not apply, but its
extension to higher codimensions is difficult, and will not be pursued here.

In the codimension two case (k = 2) the approach described above leads
to a sufficient condition for small time local controllability but also to a class
of systems for which the method is not conclusive.

6



Proposition 2 Let s = k = 2; if both forms Q' and Q? are indefinite, i.e.
if:

(XY (X% Xls)® = (X5 (XY X)X, (X2, X]ls > 0

([Xla [X27 X]]4)2 - [Xl) [Xl’ X”4[X27 [XZ’ X”4 > 0

and their zero directions alternate in the projective line RP?, the system is
small time locally controllable.

Proof:
The condition on the zero directions implies the existence of £ and 7 such
that:

Q') =Q* &) >0, Q'(n)=@Qn) <0
If Q*(¢) = ~k*Q*(n), then:
QUE + Q' (kn) =0, Q* &) +Qkn) =0
On the other hand:
Q'€ + kn) = QH(€) + Qi(kn) + 2B (&, kn) = 2kBi(€,n), i=1,2
and the linear dependence condition

Q&) Q%)

B'(& kn) B*(€, kn) 2kB'(&,m) 2kB*(€,n)

is equivalent to Q' (& + kn) = Q*(€ + kn); as £ and 7 are uniquely defined
up to multiplication for a nonzero real number, this means that the vectors
&+ kn and &, or £ + kn and 7, are parallel, which is impossible.

The new system, defined by:

t=X(z)+u Y () +uY?(z), Y'=6X'46X% Y2=knX'+knpX?

_Qw@| ! '

and the original system are STLC at the origin since the second order ob-
struction can be neutralized:

[Y17 [Yle]](O) + [Yz’ [Y27X”(0) =
= (@H©) + Q)5 + (QP(E) + @ (k)50 = 0

and the vector fields Y'(0), Y2(0), [Y?,[Y?}, X])(0) and [V}, [Y?, X]}(0) are
linearly independent.



Next example shows that the condition on the zero directions of the two
forms cannot be ignored:

Example 3 Consider the analytic system on R* defined by:

0 %, %, b
X:a:y$+(10:cy—3w2—3y2)a_w, Xl:%’ Xzza_y

with a; = a3 = 1. The quadratic forms involved are:
Q'(v) = 2v1v, Q*(v) = 2(10v;v9 — 3v? — 3v3)

and to be able to reach a conclusion using our second order condition it is
necessary to to find € and n such that:

RQUE)+Q'(n) =0, QYO +Q*(n)=0

The first condition implies that £ and 7 belong to quadrants of different
parity, but as the maximum of @? in the second quadrant is smaller than
the symmetric of that maximum in the first quadrant, the second condition
cannot be fulfilled.

This example is not exceptional; in fact the possibility of applying this
method, i.e. finding a system of the form (2) which can be proved to be
STLC using theorem 1, implies the condition on the zero directions of the
two quadratic forms involved.

Assume there exist £ and 7 such that:

QIO +Q'(m) =0, Q*&+Q*n) =0

with Q!(£) and @Q?(£) not both zero. Then, considering a convenient multiple
of one of the forms if necessary, and this does not change the zero directions,
it can be assumed that:

Q&) =Q*§) >0, Q=) <0

The form Q' — Q? has zero directions defined by £ and 7, therefore it is
indefinite or identically zero; the second alternative implies the collinearity of
Y1, YL, X])(0), [Y?[Y? X]])(0) and [Y?,[Y?, X]](0) and thus only the first
alternative can be considered.



If the zero directions are not separated there exists a third vector ¢ such
that Q'(¢) = Q*(¢): the two graphs of @' and Q? on the projective line
RP? intersect transversally at [£] and [n], since Q' — Q? is indefinite, and
non separation implies a third intersection. Then Q' — Q? has three different
zero directions and it is not identically zero; the contradiction proves the zero
directions are separated.

The criteria are not conclusive, but that does not mean the system in-
volved is not STLC, just that a more detailed study will be needed.

The results of proposition 2 can be extended to all codimension two sys-
tems of the form (3):

Proposition 3 Consider the codimension two case, with k = 2 and s arbi-
trary; if there ezists a plane P such that the restrictions of both forms Q!
and Q? to P are indefinite and their zero directions alternate in the projective
line RP?, the system is small time locally controllable.

Proof:
As before, there exist £ and 7 such that:
RQUE=Q%) >0, Q'(M=@Q*n) <0
and:
QUE+Q (M =0, Q*&)+Q* =0
Consider the system ¥’ defined by:

£ =X(z)+uY'(z) +1.Yz), Y'=>&X, Y=Y pXt
i=1 i=1

The obstructions of length not bigger than three can be neutralized:
[YI’ [Yla X”(O) + [Yz, [Yza X”(O) =
0
= Q'O +Q M)z, — + (@) + @)

and so Y(0), ¥*(0), [Y*, [¥*, X]}(0), Y%, [¥%, X]](0) and (Y, [Y*, X]](0) are
regular variations of ¥'.

As remarked before, it follows from the definition of regular variations
that these vectors are also variations of the original system, and together
with the input vector fields X*, also regular variations, span the tangent
space at the origin. Therefore the original system is STLC.

=0

a51:.s'+1

9



Example 4 Consider the analytic system on R® defined by:

0 0
X = (z2 . y2)—~ + (3:2 + y% + 2% + 2azy + 2bzz + 2cyz)—

Bwl 6’!1)2
and
0 0 0
1 - 2 - X3 —
X oz’ X oy’ 0z

with 0] = Qg = 1.
It is clear that there is a second order obstruction when using the sufficient
condition of theorem 1. On the other hand, the quadratic forms involved are:

Q' (v) = 2(v3 —vi—v3), Q*(v) = 2(v?+v:+v] + 2av,v5 + 2bv U3 + 2cvyu;)

and the planes v; = 0 or vy = 0 satisfy the conditions of proposition 3, and
the system is STLC, if |c| > 1 or |b] > 1, respectively.

Remark: The sufficient condition of proposition 3, and the general method,
are valid for any system such that its second order jet has the form (3), i.e.
33(Z) = X and j?(Z') = X fori = 1,...,s; the third and higher order terms
do not affect the values at the origin of the vector fields involved: Z¢, [Z, Z7]
and [Z7,[Z¢, Z]).

For a general system of the form (1) proposition 3 is no longer a sufficient
condition: the linear parts of the drift and input vector fields provide new
regular variations, but can also lead to obstructions at the level considered.

Assume the control system has the general form (1), let the weights be
given by wy = w; = wy = 1, and define:

W = {Z:Z=adk(Y), YeV®, j>0}
W2 = {Z:Z=adk(Y), YeV j>0}

Proposition 4 ([4]) First order sufficient condition: A general affine
control system is STLC at p € M if T, M = W'(p).

If the first order condition is not applicable, the method discussed previ-
ously leads to the following:

10



Theorem 3 Second order sufficient condition: Let nq, ..., ny form a

basis of a complementary space of W'(p) in T,M, and define the quadratic
forms on R®:

v) = ) ajvivy, aj = (1x* X7, X1)(p), )
ij=1

A general affine control system is STLC at p € M if:

e There ezist s linearly independent vectors & € R® such that:
Y QE) =0, j=1,....k
i=1

o T,M =W?(p).

Proof:
Define, as before, a new control system %, with dynamics given by:

P=XE@+uYE, V=T EX mse O

Since the vectors & € RS are linearly independent, small time local con-

trollability of the above system implies that of the original system (1); in

particular the subspaces W!(p) and W?(p) are the same for both systems.
It was shown before that:

k

Y5 [V5 X0 () = 32 (&)s(&lx?, (X", X])(p)

Jit=1

and therefore the obstruction Y_I_;[V?, [Y?, X]](p) being w-neutralizable is
equivalent to:

(S0 Xl ) = S @) =0 r=1,. b

Thus, for system %, all vectors in W?(p) = T, M are regular variations;
therefore £, and the original system are small time locally controllable at p.

11
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Remark: As there are no obstructions of length 4, it is immediate to extend
theorem 3. Let:

W3={Z:Z=ady(Y), YeV¥ j>0}
Then the last requirement of the theorem can be:
o T,M =W:(p).

instead of T, M = W2(p). Of course the condition will no longer be dependent,
solely on the 2-jets of the vector fields involved, only the obstructions to be
neutralized are of order two in that sense.

Example 5 Consider the analytic system on R! defined by:

X—xa+ma+xa+x—%+2m _8_+
- 131174 261135 48$6 2 172 (91137

+ f§—|—2aca: ﬁ——i—x—a—
2 12 3.’138 73339

X'=2—, X'= =tz + L=

with a1 = Qg = 1.

Then W'(0) = R® x {0} and proposition 4 does not prove local control-
lability; a basis for the complement of W!(0) is given by n; = ez, ny = es,
ns = ey, N4 = €19, and the corresponding quadratic forms are:

Q' (v) = v2 +4dv1ve, Q*(v) =02 +4vve, Q*(v) =0, Q*v) =0

The existence of & and & such that the first condition of theorem 3 is
verified follows from the fact that the zero directions of Q!, namely v; = 0
and v; +4v, = 0, separate the zero directions of Q?, v, = 0 and vy +4v; = 0.
Here & = (1,1) and & = (k, —k), with k%2 = 5/3, are a possible choice.

To be able to reach a conclusion it is also necessary that T,M = W3(0);
this follows from:

X1, X)0) = e X 12 X0) = o
(X, (X5 (X X00)(0) = _53:—9’ (X1, (X1, X2))(0) = Ef_m

12



and therefore the system is STLC.
Note that
e, 0

X1 [X1, X])(0) + [X?,[X?, X])(0) = oz, + Org

is an obstruction to the use of theorem 1.
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