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Resumo

Neste manuscrito sdo provadas versoes dos teoremas de Poincaré e Siegel
para campos de vectores holomorfos dependendo de pardmetros. Um método
alternativo de linearizacao é também apresentado, permitindo considerar al-
guns campos de vectores com valores proprios ressonantes; as nao lineari-
dades admissiveis sdo caracterizadas por condigoes faceis de verificar. Estes
resultados sdo usados para obter uma versdo analitica de um teorema de J.
P. Dufour sobre a linearizacio de certas estruturas de Poisson.

Abstract
A version of the Poincaré and Siegel theorems is proved for holomorphic
vector fields depending on parameters. An alternative method is also pre-
sented, allowing the linearization of some vector fields with resonant eigen-
values; the admissible non linearities are characterized by conditions that
are easy to check. These results are used to obtain an analytic version of a
theorem of J.P. Dufour on the linearization of certain Poisson structures.
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Let X (z,w) be a vector field on a domain U in C" depending on param-
eters w in the domain W C C™; X is assumed to be holomorphic as a map
X:UxW—C"

The vector field X is assumed to have a singular point at the origin in
C" with linear part A independent of w:

Oa
X(z,w) = Az +a(z,w), a(0,w)= g(ﬂ,w) =0

X is said to be biholomorphically equivalent to its linear part if there
exists a holomorphic change of coordinates ( = {(z,w), depending on the
parameters w, preserving the origin, {(0,w) = 0, with inverse z = z({, w)
(as a function only of z) also holomorphic, such that in the new coordinates
the non linear part is zero:

a¢
0z

If we think of X as a vector field in U x W C C™™ with null component
along C™ then we have resonances on the linear part of X and the theorems
of Poincaré and Siegel on the linearization of vector fields (see [1]) cannot be
used.

In section 1 a version of those theorems including parameters is proved.
The analogous situation for the C'° case was solved by S. Sternberg [11] and
later R. Roussarie [10] proved a version with parameters.

The analytic linearizability of real analytic vector fields with all eigen-
values equal, therefore non resonant, and depending on one parameter, was
proved in [5]. In section 2 it is proved that the same method can be used
for complex holomorphic vector fields depending on parameters for a much
larger class of eigenvalues and allowing some non-linearities, when there is
resonance, characterized by conditions that are easy to check.

All results are also valid in the real analytic category, with standard
adaptations.

A very interesting application of the linearization of vector fields, due to
J.P. Dufour [6], is the linearization of a family of Poisson structures. The use
of these results allows the proof of an analytic version of his main theorem
which holds in the smooth category.

A. Weinstein [12] has proved that every Poisson manifold is locally a prod-
uct of a symplectic leaf through the point and a transverse Poisson manifold
through the point.

When the original structure P has constant rank, the transverse Poisson
manifold is trivial, i.e., the original structure is just a trivial extension of a
symplectic manifold. For variable rank the situation is completely different:

(2(¢, w), w) X (2(¢, w), w) = AC.
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there is no equivalent to Darboux’s Theorem for Poisson structures, two
Poisson structures having the same rank at a given point need not be locally
Poisson-diffeomorphic. The main obstacle is precisely the fact that the rank
can vary rather unpredictably around a singularity (see [5] for some badly
behaved structures). The scarch for a normal form in Poisson structures is
therefore quite a difficult task.

The linearization problem, i.e. the possibility of bringing P to a linear
normal form, has been studied by A. Weinstein ([12], [13]), J. Conn ([3],[4]),
J.P. Dufour [6] and Cahen et al. [2] among others.

In some cases the linearizability of P at zq is determined by its 1-jet: if
a Lie algebra g is semisimple then any Poisson tensor P for which g is the
linear approximation is linearizable in the analytic category [3]; this is still
the case in the smooth category if the Lie algebra g is also of compact type
[4].

These conditions (semisimplicity and compacity of the associated alge-
bra), however, are not necessary. There are examples of nonsemisimple Lie
algebras such that any Poisson tensor associated with them in the above
way, is smoothly linearizable: this is a consequence of a theorem proved by
J.P. Dufour [6]. In section 3 it is proved that similar results are valid in the
analytic category.

In some cases the linearizability of P at z; is not determined by its 1-jet:
for a given Lie algebra g there are Poisson tensors P, for which g is the linear
approximation, that are linearizable in the analytic category and others that
are not; k determinacy in this context means that the alternative can be
decided by studying the k-jet of the Poisson tensor. In section 4 some results
are presented, valid for the same type of Poisson structures considered in
section 3.

1 Poincaré and Siegel theorems with param-
eters

1.1 Statement of the theorems

Let A = (A1,...As) € C™ be the vector of the eigenvalues of the linear part A
of X; the eigenvalues are assumed to be all distinct, but this is not necessary
[1]. The approach here will be as close as possible to the one developed in that
reference, with the indispensable adaptations for the inclusion of parameters
and the treatment of vector fields instead of maps; the results obtained are
also valid for that case.



The eigenvalues are said to be resonant of order k£ if there exists m =
(my, ..., my), with m; non-negative integers and |m| = my+- - -+m, =k > 2,
such that for some s:

Ag=m - A

The vector A belongs to the Poincaré domain if zero is not in the convex
hull of the n points {A;,...A,} in the complex plane, and to the Siegel
domain if zero is in the interior of that set.

Theorem 1 Poincaré theorem with parameters: If A belongs to the
Poincaré domain and is non-resonant, X is biholomorphically equivalent to
its linear part in the neighbourhood of the singular point.

) is said to be of type (C,v) if, for any s:

Do Aom| >
|ml”
with m = (my, ..., my,), m; non-negative integers and |m| > 2.

Clearly if A is of type (C, v) is non-resonant; if A belongs to the Poincaré
domain and is non-resonant then it is of type (C,v) for convenient C and v:
every point in the Poincaré domain satisfies not more than a finite number
of resonances and has a neighbourhood where no other resonance relation is
satisfied [1].

Theorem 2 Siegel theorem with parameters: If A is of type (C,v), X
is biholomorphically equivalent to its linear part in the neighbourhood of the
singular point.

1.2 Outline of the proof

Consider the change of coordinates (in z) H(z,w) = z+ h(z, w) with inverse
G(z,w) = z — g(z,w); assume that h(0,w) = h,(0,w) = 0.
The vector field X can be written in the new coordinates as:

X(z,w) = Az+ (a(z,w) — Lah(z,w)) + R(a, h)(z,w)

Lah(z,w) = Ah(z,w) —%Z—L(z,w)Az

R(a,h)(z,w) = A(h(z,0) = g(2,w)) + a(z - g(z, ), w) — a(z,w) +

+.g_’§(z — g(z,w), w) (alz — g(z,w),w) + A(z — g(z,w)) +
—-g—Z(z,w)Az



If h is chosen to be the solution U(a)(z,w) of the homological equation:
Lah(z,w) = a(z, w)

then the above change of coordinates gives X (z,w) = Az + R(a, h)(z, w).
Let hy, Hy and a, be inductively defined by:

hs =U(as), Hs(z,w)=2z+ hs(z,w), as41 = R(as,h;)

with ao(z, w) = a(z,w).
The desired change of coordinates is given by:

H=1lim Hy;o---0 Hy

5§00

It is necessary to prove that the sequences hs, H; and a, are well defined,
‘and H; = H; o --- 0o Hy convergent, in the holomorphic category.

1.3 Order of operators

Let U be a domain in C" containing the origin, and f : U ¢ C* — B
a holomorphic (germ at 0) map into a Banach space B with norm || . |,
such that f(0) = 0. For any r such that f is holomorphic on the polydlsk
D" = {z € C", |z| = max|z| < r} and continuous on its closure D,

define a norm by
f(z
Ifll, = sup (MO}

0<|z|<r |z|

Remark: it follows from the maximum principle that, for f with values
in C", | f||- is an increasing function of r.

Let ® be an operator acting on (germs of) maps of the class described
above.

Definition 1 The operator ® has order d if there exist positive numbers d,
a and (3 such that, for every ¢ €]0,1/2[ and r €]0, 1],

12()lye-s < NLFII7672,

whenever || f||, < 6°

This relation will be written as ®(f) < f¢, or g < f¢if g = ®(f). It can
be extended to operators of n functions, but only n = 2 will be relevant:

Let © be an operator acting on pairs of (germs of) maps of the class
described above, and g = O(f1, f2).



Definition 2 O(f1, f2) < ¢(f1, f2), or g < ©(f1, fa), if there exist a poly-
nomial @ and positive numbers «, 1 and [ such that, for every ¢ €]0,1/2]

and r €]0,1],
||6(f11 f2)”re—5 < (P(”fluﬁ “fZHT)&_aa

whenever || fi|l, < 6%, i =1,2.

The following properties will be useful:

1.if f1 < fo and fs < f3 then f; < f3.
2. if g < o(f1, f2) and fi < ®(hy, hy) then g < @(Y(hy, ha), f2).

3. for f with values in C™ and g in C™, if there exist positive numbers K,
d, 8 and [ such that, for every 6 €]0,1/2[ and r €]0, 1], the estimate:

max |g(2)| < K max MG

|z|<re=?

is verified, then g < f¢.

1.4 Technical lemmas and estimates

Lemma 1 Let f(z,w) be a holomorphic map in D™ and continuous in
I_j,n+m, verifying f(0,w) = f,(0,w) = 0. The homological equation

Lah(z,w) = f(z,w)

has a holomorphic solution h(z, w) = U(f)(2z,w) such that h(0,w) = h,(0,w) =
0 and:
h<f

or equivalently, the operator U associating the solution of the homological
equation to its second member, h = U(f), has order 1.

Proof:
Under the non resonance conditions assumed, the homological equation
has a solution as a formal power series [1]; if:

f(z,w) = Z fi 2" wles,  h(z,w) = Z hj jz"w’e,

[1]22,]7120 [7]22,|720
where I € Z" and J € Z™ are non negative multi-indices and {e;,...,e,} is
the standard basis of C", then:
RSN Vi
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and in particular h(0,w) = h,(0,w) = 0 if h is holomorphic.
From the Cauchy inequalities:
M
il € Sy M = max |f(z,w)]

(z,w)|<r
and from A being of type (C,v) it follows that:

M1}
l I,Jl = W

M\I) N~ [w? M
S J
;,h“w < T Z r|J| = O~ ful/r)”

The number of multi-indices I such that |I| = p is bounded by c¢;p"~;
the constant ¢; depends on n which is fixed here. Thus:

and:

pu+n—1 |z|p

M
— L) J < cl
%= 2 2 WS G

[I=p J

Let [ = v +n —1 and take |z| < re~; noticing that then |z|/r < 7% and
p'e™?%2 has maximum (2/e)!6~! as a function of p, the following estimates
are obtained:

S < g
< %(2l/e)1M(_——'1|T_5—te—pa/2
¢ —
;sp < G(2/e)'M (1_|w|/r z;ewz
< KM(1_|3U|/T)m5—ll_e:5/2’ K=%(21/€)l

When § €]0,1/2[ and |w| < re™? then:

e~d _ 1 < 2 1 <
1—e 02 e —ef/2 =6 (1—|wl/r) =6

nNo

and
h(z,w)] <8, < 2K M
p22
Therefore h is well defined in the holomorphic category, and as:

max |h(z,w)| < 2™ K max z,w)|6~t-m1
|(2,w)|ST€_5| ( )| (zw)|<r If( )l

the operator U has order 1, h = U(f) < f.

2

S %

o p—— ’;

7 < Bivlioteca 3

= RN
"

n——

S
7, I
/5‘,-,\<




Lemma 2 Let h(z,w) be a holomorphic map in D™ and continuous in
Ern+m, verifying h(0,w) = h,(0,w) = 0. If H(z,w) = z — h(z,w) is a local
diffeomorphism as a function of z alone, with inverse G(z,w) = z — g(z,w),
and denoting by I the operator associating g to h, then:

1. I(h) =g < h
2. h—g =< h?
Proof:

Consider a point (2o, wp) in D™*7, with § €]0,1/2[; taking the Taylor
series of h at that point, which has a radius of convergence at least p =
r(1 — e%/2), it follows from the Cauchy inequalities that:

l Ohs 1 1 |h(z, w)|

zg, wo)| < — max h(z,w)] < ——=~ max
3zi( 0 wo)| < pl(z—zo,w—wo)ly| (2wl < (1 —e92) Guw)izr |(z,w)]

As before, it follows that, for any (z,w) in D75,

Ohs
97, (z,w)

< ||Al,67"

for some positive number ! independent of r and ¢
The map g is obtained as the limit, if it exists, of the sequence g; defined
by:
gi+1(Z,U}) = h’((z - gi(z,w), ’Ll)), a = h
If ||h||- < 6 with 8 > I, that sequence is in fact convergent, and from:

max _|git(z,w)] < max
|(z,w)|<re—? [(zw)|<re=?

+ max _|h(z,w)]

[(z.w)|<re=*

a i\%,
|(z,1IUr)1|S)T(€“s l9:(z, w)l +

Oh
a_zi(zv w)

it follows that:

gisillre-s < N1all-(1 + |lgillre-s67"),  lgnllre-s < ||A]l-
and therefore:

1
lgllre-s < IRl ; < hll67*

1- Hh”rd_
for some positive k. Thus I(h) = g < h.

Now h(z, w)—g(z, w) = h(z, w) =h(2—g(z, w), w) and |h(z, w) —g(2, w)| <
|A|l-07Yg(z, w)| for |(2,w)| < re~d, therefore:

7 = glire-s < NAllr07H|gllres < [|B)|267E+R)
and h — g < h%.



The proof of the lemma above can be generalized to obtain:

Lemma 3 Let h(z,w) and g(z,w) be holomorphic maps in D™ and con-
tinuous in ﬁrn+m, verifying h(0,w) = ¢(0,w) = 0. If © is the operator
defined by ©(h, g)(z,w) = h(z,w) — h(z — g(z,w), w), then:

O(h,g) < hg
Define the operators:

Ri(h)(z,w) = A(h(z,w) — I(h)(2,w)) = A(h(z,w) — g(2,w))
Ry(a,h)(z,w) = C;(;f — I(h)(z,w),w) — a(z, w)

R3(a,h)(z,w) = g(z — g(z,w),w) (a(z — g(z,w),w) + A(z — g(z,w)) +
——gg(z, w)Az

then:
R(a,h) = R,(h) + Rz(a,h) + Rs(a, h)

Lemma 4 Let Ry(h), Ry(a,h) and R3(a,h) be as above; then:
1. Ry(h) < h?
2. Ry(a,h) < ah
3. Rs(a,h) < h(a+ h)

Proof:

Ry(h) < h? is a consequence of || R;(h)|l;e-s < ||A||||h = I(h)||ye-s, and
Ry(a, h) < ah was proved in the previous lemma.

If v and v are defined by:

u(z,w) = —(z,w)Az, v(z,w) = A7 a(z — g(2,w),w) — g(z,w)

then R3(a, h)(z,w) = u(z — v(2)) — u(2), and Rz(a,h) < uv by lemma 3; on
the other hand, u < h and v < a + g < a + h, therefore R3(a, h) < h(a + h).



Lemma 5 The operator ®(a) = R(a,U(a)) has order 2.
Proof:

Ry(h) < h?, h=U(a) < a = R,(U(a)) < a®
Ry(a,h) < ah, h="U(a) < a = Ry(a,U(a)) < a?

R3(a,h) < h(a+h), h=U(a) < a = R3(a,U(a)) < a?
Thus:
®(a) = R(a,U(a)) = R1(U(a)) + Ra(a,U(a)) + R3(a,U(a)) < a®

1.5 Convergence

Construct the following sequences, depending on 7o €]0,1[ and & €]0,1/2]
and N > 0:
5,' = (53/2 Mo = (5(1)\’ Mi = Mzs_/f = 51N, Ty = 6—6i7”i_1

1—-1)

Let r, = lim;_,o, ;. The maps h;, Hy; and a; are well defined and holo-
morphic in D**™; only convergence of H; = H; o --- o Hy remains to be
proved.

Lemma 6 N and ro can be chosen so that ||a;||,, < M;, for alli > 0.

Proof:
Since R(a,U(a)) < a® there exist positive @ and 8 such that, if N > 3:

r < Mi =6 = llaiys = R(ai, U(as))llry, < MPO7* = 82V

@
Thus if N > 2q, then 61-2N < My, = 6? N/2 and therefore:

llaollr, < Mo = 6) => |la;

l», < M; for all i > 0.

Since ag = a and a(0,w) = a,(0,w) = 0, ag can be written as ao(z,w) =
22 f(z,w) with f holomorphic, and there exists a positive constant K such
that, for small |2| and |w], |ao(z, w)| < K|2|* and therefore ||aoll,, < Kro.
The value rq is chosen so that Kry < My = 6}'; then ||ag||,, < Mo.
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Lemma 7 N and dp can be chosen so that Hs is a Cauchy sequence on
D;‘“L"‘.
0/2

Proof:
As:
[Hs(2, w) — Hoor(z, )| < |hs(Homr(z, w))

the lemma follows from convenient estimates of [|hs|| on the images of H,_;.
Since U(a) < a there exist positive v and o such that, if N > o:

lailly; < Mi = 6 = ||hi = U@i)llrey, < Mid; " = 67"

All the above estimates are valid in |(z, w)| < 7., and, if N and &, are con-
veniently chosen, the images of |(z, w)| < ro/2 by the maps H, are contained
in that set:

;From the above estimates Ho(D)t™) C Di+™, with py = r9/2 and

p1 = po+ Jév 7o, and by induction
H; (Dn+m) c Drtm Pi+1 = p; + 55’—7

Pit1?

as long as these sets are contained in |(z,w)| < ..
Now 7, =rge™, where S = 3,506 =3 ;9 5872 and:

N-—y\} _ (N=)(3/2)}
p—zl_l)mpl— (1+Z§ 7)— <1+Z5 -7 >

>0 120
If N > 1+ then Yo 85" " < § and

r
26 >1+S=r, =ree’ > 30(1+S) > p.
The conditions are then:

N> max(2a, ﬂa g, 1+ ’Y)> 26_5 >1+ S where S = Z 6(()3/2)i

i>0
and this last condition is verified if dy is small enough.

The limit H = lim,_,o, H exists in D"J;’z" and it is a holomorphic local
diffeomorphism, giving the desired change of coordinates.
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2 Holomorphic linearizability of some reso-
nant vector fields

Let again X(z,w) be a holomorphic vector field on a domain U in C™ de-
pending on parameters w in the domain W C C™, with a singular point at
origin in C" and linear part A independent of w:

X(z,w) = Az + a(z,w), a(0,w)= %(O,w) =0

Let A = (\1,...\,) € C™ be the vector of the eigenvalues of the linear part

A of X; if:
_ i 07
a(z,w) = E apziw’e;
[71>2,]7]>0

the monomial z'w’e; is resonant if I - A — \; = 0.

The Poincaré-Dulac theorem [1] allows the elimination of the non resonant
terms by a formal change of variables, holomorphic under certain conditions,
but does not guarantee that the linearization can be performed if the non-
linearity a does not contain any resonant term, as the following example
shows:

Example 1 Let X(z,y) = (—z + 93,y + z'y) be a vector field in C?; the
eigenvalues are —1 and 1, therefore resonant, but the non linearity does not
contain resonant monomials, of the form z**!y*e; or z*y*+le,.

The first step in the Poincaré-Dulac method leads to the change of vari-
ables £ = z — y3/4, n = y, eliminating the lower order term of the non
linearity, but in the new coordinates:

3 "73 4 773 4
X(&n) = <_§—Z(§+Z) n°, 77+<§+z) 77)

and the resulting non linearity has now a resonant monomial, £3nle,.

Theorem 3 Let X be a holomorphic vector field on a neighbourhood U x W
of the origin in C™*™ which, in coordinates (z,w), can be written as:

X(z,w) = Az + a(z,w), A =diag {\,..., A}
If the non linearity a(z,w) 1is admissible, i.e. all I-X— X; are positive

integer multiples of a fized complex number for every monomial z'w’e; in a,
there ezxists a holomorphic change of coordinates (z,w) linearizing X .

12



Remarks:

e Without loss of generality it may be assumed that all I - A — )\; are
positive integers, since a change of coordinates that linearizes a vector
field also linearizes any multiple of it.

In the real analytic category the nonlinearity is admissible if all 7-A—\;
are positive integer multiples of a fixed real number.

e If there are no resonances between the eigenvalues and all are integer
multiples of a fixed complex number, they all can be taken as positive
integers and every non-linearity is admissible:

The Poincaré-Dulac theorem guarantees the existence of a holomorphic
(polynomial even) change of coordinates eliminating all (non resonant)
terms up to a certain order. It can be assumed that that change of
coordinates has already been performed and a;(z,w) has only terms
of order greater than )\; in 2; this implies that I - A — ); is a positive
integer for all monomials z/w”e; appearing in a.

Proof:

Suppose that 1 exists and let £{(y, w) denote its inverse (as a function

of z alone). Then ¢ will satisfy the system of partial differential differential
equations:

0&; 0

Myrg— + -+ A

5 B =N&+a(&,w) i=1,...,n. (1)

If the initial value problem composed of (1) and the following initial
conditions:
o

Oy

has a solution £(z,w) which is holomorphic at 0 € C"*™ the proof of the
theorem is finished, since (2) implies that ¢ is locally invertible, as a function
of y alone.

f(O,UJ) =0,

(0, w) non singular (2)

2.1 Change of variables
Let z = (21,...,2,) be defined by:

A Ai
Y1 =21, Y= 2%

13



and ¢ be the expression of £ in the new variables z; then:

((z,w) = f(zi\l,zi\zzz, . zi\"zn, )

o 10
0z A o +Z>\ “ Jayy

j=2

and (1) can be rewritten as:

3 i ‘
C = NG +a(¢w), i=1,...,n
oz
Introduce new unknown functions 7 by:
G=z2m, i=1,...,n
Then:
0Gi Xi—1 A O
— = N mi+ i
a2:1 % 7 “1 821
G Xi+1 3771
D = N 20
1621 z<z+ 1 azl
= XG+ai(C,w), i=1,...,n
and therefore:
on; '
i\‘+la 2 "ai(zi\naw)’ 21\77= (Zi\l'fh,...,Zf‘"’f)n) 71 = ]-,---,7?4.

2.2 Reduction to an ordinary differential equation

Thus the system of partial differential equations (1) can be written as a
system of non autonomous ordinary differential equations:

d .
d—zlﬂi—ai(zl,n,w), i=1,...,n. (3)

depending on parameters w. That o is holomorphic around the origin is an
immediate consequence of a being admissible:
Writing a;(z, w) as an absolutely convergent power series:

w .
a;(z,w) = Z ab; 2w’

11=2,]J]=0

14



then:

o0

_ IA=Xi=11,
ai(z1,m,w) = E , ay; 2" N in'w
{|=2,|J|=0

which converges for z; = 1 and |(n, w)| small enough.

Of course this system was obtained using changes of coordinates that are
not valid in a full neighbourhood of the origin, but nevertheless this system
is well defined even at 2; = 0.

;From the existence and uniqueness theorem for ordinary differential
equations in the complex domain [8], system (3) has a solution which is
holomorphic as a function of z;, the parameters and also the initial condi-
tions; it will be shown that it is possible to select the initial conditions so
that the map &, corresponding to 7, is holomorphic on a neighbourhood of
(y, w) = (0,0) and a solution of the initial value problem.

So let n(z, w) be the solution of (3) with initial conditions:

(0, 2,w) = (1,2), 2= 1(22,...,25)- (4)

Assume for the moment that the corresponding £ is holomorphic; & sat-
isfies:
G2, 2220, .. 2 2 w) = 2imi(2,w) i=1...,n (5)

and so £(0,w) = 0; taking the derivative with respect to 2;:

_ . On;
A §’+ZA] 2 lj——/\”* 17h+zi\’a—ni
Oy; 21

multiplying by z; and writing in terms of the y variables:

¢ 9%, O
)\11/1 +Z)\J ]8 _.)\zl’n,+zi\+1a:1 = N& +ay

shows that £ is a solution of the partial differential equations (1).

2.3 Conditions for the holomorphy of ¢

Writing 7;(z, w) as an absolutely convergent power series:

o0
E b, 2 w?

[I{,\J1=0

15



and taking I = (ig,...,%n), |I| = i3 + ... + i and = 22 ...z then it
follows from (5) that &;(y, w) is formally represented by the series:

w o A
S T gl
M1, 71=0

A monomial z/w’e; will be said to satisfy condition H if there exists a

non negative integer k£ such that:
ip=1-8=X\+kA.

A holomorphic map is said to satisfy condition H if all monomials with non
zero coefficients in its power series centered at the origin satisfy that condi-
tion.

A necessary condition for &; to be holomorphic is that n satisfies condition
H. In fact this is also a sufficient condition:

Lemma 8 Suppose that 3 )7 ;-0 b5 2'w’ converges absolutely in the disc
Drt™ for all t = 1,...,n, and condition H is verified. Then & is an holo-
morphic map in a neighbourhood of the origin in C™™,

Proof:
;From the Cauchy inequalities there exists C € R* such that
: o
1
16741 < TNl

Since condition H holds, &;(y, w) is represented by the formal power series:

Glyw)= D bk’
krliH‘]I:O
with iy =1 - A — X\ + kX > 0. Then:

oo =AM/ M AT T
§'w’|

o (
Z i kol T Z |v1
IbIJ hhyw I < c P+

k?lil»l‘]':O k’lflvlJI:O

and this last series is convergent if:
lyi| < 1, lys| < MM i >, lw| < r

These conditions define a neighbourhood A of the origin in C"*™ where the
formal power series corresponding to all &; are absolutely convergent. Then
¢ is holomorphic in N.

16



2.4 Holomorphy of ¢

That condition H is verified will be proved by induction on the order in 2,
of the terms in the power series of 7.
;From the initial conditions (4) it follows that:

m(z,w) =14+ 2Ri1(z,w), mi(z,w) =2+ 21 Ri1(2,w), i > 1

and therefore the terms of order zero in z; verify condition H: 1 = 2/, with
I =0 and k = 1, and similarly z; = 2’ with ¢; = 0 for all j except i; = 1,
and k = 0.

Now assume that condition H is verified up to order [, that is, 7; can be
written as 7; = 1t + 2 Ry 141 (2, w), where:

l

nf:Z b:”z[zle r=1-X—= X+ k) for some k

=0 j,J
The differential equations (3) can be written as:

d "y .
zla—m =2 /\tai(zi\naw)’ i=1,...,n (6)
21

and so, as the monomials appearing (i.e. with possibly non zero coefficients)
in n; are exactly the same as the ones appearing in z,dn;/dz;, and a; has no
terms of order less than A; + 1, the monomials up to order [ + 1 in 7 can be
determined from the knowledge of the ones up to order ! through equation
(6): they have to appear in z; *a;(2}', w), to be more precise, if

_ i I, J
w) = E ay ;T w
E:au z177

All these monomials have the form

they appear in

zl_’\" (z{\‘./\/ll)i1 ... (zi\"Mn)i"wJ (7

where M ez denotes monomials of 7}, therefore satisfying condition H.

If zw’e; and 2Xwle; satisfy condition H, then so does the monomial
27 20 2w 229 2K whey, and, by induction, all the products in (7) satisfy con-

ditlon H, and £ is holomorphic.
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2.5 Biholomorphy of ¢

The partial derivative of {; with respect to y; at the origin is the coefficient
of yie; in the series development of &; as y1e; = y'w’e;, with I = e; and
J = 0, the corresponding monomials in 7 are le;, if i = 1, and zi\‘_)“ei if
1> 1.

If Ay = A; with ¢ > 1, the coefficient of z{\‘_’\"ei = e; is zero, since
ni = z + z21Ri1(z,w); otherwise z{\l_’\"ei has to be a product of the form
TN (M) L (2 M), with |I] at least 2, as explained before. More
precisely,

=X _ o =Aif A kA=A An kAl =Anyin _ (kI)Ar=X;
2 T = (g e T (T ) —z§ M
Since z8#*' ™Y has zero coefficient if k; = 0, it is necessary that k- I = 1 with
with |I| > 2 and all k; positive.
As this is impossible, the coefficient of z;\“’\" e; has to be zero, and thus:
0 0&; .
ow =1, Euw=0i>1
Ay Oy1
The reasoning for the other partial derivatives is similar, leading to a
Jacobian at (0,w) equal to the identity; thus £ is a biholomorphic change of
coordinates, and the proof is complete.

Example 2 Let X(z) = Az + a(z) be a vector field in R*, with Az =
(z1, —T2,Z4, —T3); as the eigenvalues A = (1,—1,—1,7) are resonant and
the number of resonant monomials is not finite, classical results can only
guarantee the existence of a formal change of coordinates to a normal form
containing only resonant monomials besides the linear part.

The non linearity a is admissible (this is independent of parameters) when
it contains only monomials of the following types:

:L,Ic+l+2 l k+l L, m k+I1+1 .0 om+1
1

m,m m k+i+1,_ 1 m-1

m
Tye3, Ty ToTy Ty €4
If ¢ is an analytic map of R3 into R, the non linearity:

a(z) = (37%‘/31(?4)7 ©a(y), T12303(Y), T1Ta4(y)), y= (z1, 1T2, T3T4)
is then admissible, and theorem 3 guarantees the existence of an analytic
change of coordinates that linearizes X (z) = Az + a(z). As the proof is
constructive, it provides a method for the computation of that change of
coordinates; for ¢(y) = (ys,0,1,1) the corresponding vector field X(z) =
(x1 + 222374, — T2, Ty + T1T3, —T3 + T174) is linearized by:

1
Y(z) = (.’1:1 + —2—x1m3x4(e2”1 —1), zq, T36™, me’")

18



3 Analytic linearizability of some Poisson ten-
SOrS

3.1 Basic facts about Poisson structures

A Poisson bracket on a smooth (analytic) finite dimensional manifold M is
a Lie bracket {,} on the space C*°(M) (C*¥(M)) which in addition satisfies
Leibnitz rule:

1. {f,9} = {9, f}, {f,ag + bh} = a{f, g} + b{f, h}
2. {f,{g;B}} + {9, {h. f}} + {h.{f,9}} =0 (Jacobi identity)

3. {f,gh} ={f,g}th+g{f,h} (Leibnitz rule)

for all f,g,h € C*°(M) (C¥(M)) and a,b € R. The pair (M, {,}) is then
called a smooth (analytic) Poisson manifold.

Example 3 A symplectic manifold (M, w) is a Poisson manifold with bracket
given by:
{f,9} = w(Xy, X,)

where X stands for the Hamiltonian vector field associated with f.
Example 4 The dual of any Lie algebra (g, [,]) is a Poisson manifold with

bracket given by:
{7,9}(z) = (2,16 f(x), d9(z)])

where ¢ f(z) stands for df (z) seen as an element of g instead of an element of
(g*)*. This bracket is known as the Lie-Poisson bracket on g* and is a linear
bracket in the sense that it associates a linear function to any pair of linear
functions.

A Poisson manifold can also be defined as a pair (M, P), where P is an
alternating contravariant 2-tensor on M which satisfies [P, P] = 0, where [,]
stands for the Schouten bracket (see for example [9]). The relation between
the two structures is given by:

{f,9} = P(df,dg).
and in local coordinates z = (21, ..., Z,) on M:
d 0
P = Z P,J(Sv)a—zz- A 6_333

1<i<j<n
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where P,;j = {CEi,iEj}.

The rank of the Poisson structure at a point z is the rank of the matrix
P;; at zo; due to skew-symmetry of P, it will always be an even number. If M
is a symplectic manifold the corresponding Poisson structure has maximum
constant rank, equal to the dimension of M.

A Poisson manifold is locally a product of a symplectic leaf through the
point, a symplectic manifold of dimension equal to the rank of the structure at
the point under consideration, and a transverse Poisson manifold through the
point, a Poisson manifold having a point of rank zero [12]. This decomposition
reduces the local study of Poisson manifolds to a neighbourhood of a null rank
point.

Given a Poisson manifold (M, P) and z¢ a null rank point in M, P can
be written as:

8 9
= > (Zcm+0 )aa;i’\é"x_,-

1<i<j<n

The numbers ij are the structure constants of a Lie algebra, denoted by
A(M, P, z,), which can be identified with T; M. As described earlier, the
dual of this Lie algebra (i.e., T,;,, M) together with the Lie-Poisson bracket is
a linear Poisson vector space.

In suitable coordinates the Lie-Poisson bracket is given by:

- 3 (o) mra

1<i<j<n ayj

and is the linear approzimation to (M, P) at xy.

The (smooth, analytic) tensor P is (smoothly, analytically) linearizable at
o if there is a local (smooth, analytic) Poisson-diffeomorphism transforming
P into P°, a Poisson diffeomorphism being a diffeomorphism preserving the
Poisson tensor, and in particular its rank.

3.2 An analytic version of Dufour’s theorem

In what follows, an (n + 1)-dimensional Lie algebra g is said to be of type
A if it is the semi-direct product of the 1-dimensional Lie algebra R and
an n-dimensional abelian Lie algebra a, the action of R on a being by an
endomorphism . This means that there exists a basis 8 = {t,z1,...,z,} for
g and a matrix A, with eigenvalues A = (), ..., A,) € C" such that the Lie

brackets are given by:
n

el = aie;

i=1
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and all other brackets are zero. The matrix A = (a;;) is assumed to be in
Jordan normal form.

Theorem 4 Let P be an analytic Poisson tensor on a manifold M having
only 0- and 2-dimensional symplectic leaves. Let xo € M be a zero rank point
such that A(M, P, x,) is of type A, with eigenvalues nonresonant and of type
(C,v). Then P is analytically linearizable at x.

Proof:

Most of the proof is adapted from the proof of Theorem 1 in [6] using
the theorem of section 1 in place of Lemma 6 of [6], and verifying that the
remaining results are valid in the smooth and analytic categories; lemma 14
is different and its proof avoids solving an equation of the type Lxg = f for
g, with f analytic but depending on parameters.

Since the theorem is local it can be assumed that U is a neighbourhood
of the origin in R™*!, with coordinates (z,t) = (zi,...,T,,t) such that the
Poisson bracket {, } is given by:

{:Ei,t} = Zaijxj + ¢i($,t),

j=1
and:
{mi’xj} = Uij(z, t),
where ¢; and U;; are analytic in U and vanish to 2™ order in (z,t) at the

origin. ’
Denoting by X; the function {z;, ¢}, the vector field:

- 0
X:;X"a—z,-

is the Hamiltonian vector field associated with the function ¢.
Given an analytic function f in U, let f* be its homogeneous part of

degree k in z:
Az t) =) fi(t)e,
[I|=k

and similarly, let Y* be the homogeneous part of degree k of the analytic
vector field Y:

. 0 . 0
k _ k _ - ,
Y*(z,t) = iE:I Y (z,1) e where Y (z,t) E Yi(z, 1) Dz

=1
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Lemma 9 Up to an analytic change of coordinates, X° = 0.

0X; 4
Oz, (0,0)

is nonsingular, due to nonresonancy, the system of equations:

Proof:

Since:

Xi(.'I},t) = O,’I, = 1,...,7?,

of which the origin is a solution, defines an unique analytic map 6 in a
neighbourhood I of ¢t = 0 ([7]) such that:

X;(6(t),t)y=0,vte I, 6(0)=0.
The analytic change of coordinates:
(z,t) = (z — 0(1),t)
yields the result.
Lemma 10 There ezists an analytic vector field Z, defined up to a term of
the form fX, such that:
Uij = XiZ; — Z; X;.

Proof:
The fact that the rank of P is everywhere less than or equal to two implies:

{zi,z;} {=zi,z;} {zi 2} X;
{zj, 2} {zjz;} {=zj 2} X;

=0
{ze, 2} {zi,z;} {6, 20} Xk
-X; -X; - X 0
and therefore:
XiUjx + XUk + XiUi; =0 (8)
for all ¢, 7, k.
The map:

¢(z,1) = (X(z,1),1).

has a nonsingular Jacobian matrix at the origin, and restricting its domain
if necessary, it is a local diffeomorphism. Using the change of coordinates
given by ¢, U;; can be expressed in the new variables (X, t).
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Evaluating (8) at (X;, X;) = (0,0) we get U;; = 0, and this together with
skew-symmetry produces:

Usj(X) = Aij(Xij) Xi = Aji(Xij) X + Cii(X)XT = Cia(X) X3 + Dij(X) X1 X,

where X;; denotes (X, ..., X,,) without the components X;, X;; skew-symmetry
also implies D;;(X) = —D;;(X). Using (8) again one gets:

1. Aij(f(ij) = Akj(ij) for all 4,7, k. In particular each A;; is constant
and depends only on j;

2. Ci;(X) =0, for all 4, 5;
3. D;ii(X) + Djk(X) + Dy;i(X) =0, for all 4, j, k.
This means that we can write:
Uij(X) = A; X; — A X; + D (X)X X

The conditions on D;; imply the existence of functions E;(X), ..., E,(X) such
that:

Dij(X) = Ei(X) — E;(X),
(e.g., take Fy(X) =0 and E;(X) = D;;(X), for i = 2,...,n). This produces:
Ui;(X) = C;Xi — CiX; + (BEi(X) — E;(X)) XiX;,
thus it will be enough to take:
Zry =C + Ek(X)Xk

If n = 2 the above argument does not work, but the Jacobi identity for
z1, 2 and t implies that Uz = 0 if X; = X, = 0, and therefore Ujp(X) =
X125 — XoZ, for convenient Z; and Z,.

Changing Z by taking:

Z,’C = Zr+ [ X4

makes no difference whatsoever in the commutator X;Z; — Z;X; and this
concludes the proof of the lemma.
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Lemma 11 The Jacobi identity for z;,z; and t implies that:

dX ,
E—[X’Z]_.)‘Xa

for some analytic function f.

Proof:
Jacobi identity together with the previous lemma gives:

{XiZj - XjZi,t} + {Xj, IEi} - {Xi, Ij} = 0.
Using again the previous lemma and rearranging one gets:

X; (X(Zj) = Z(X;) ~- %) =X (X(Zi) —2(Xi) - d;?)

which means that X and [X, Z] — % are linearly dependent.

Lemma 12 With an analytic change of coordinates (¢Y(z,t),t), X satisfies:

dX

@ 0

for some analytic function g.

Proof:

Using the previous lemma, the evaluation at the origin gives Z° = 0; thus
Z can be seen as a time-dependent vector field with a critical point at z = 0,
and there is a well defined flow ¢;, with ¢¢(z,0) = . Then:

%(WX) =, (% - X, Z]) -
By definition we have:
S o= 704
or equivalently:
Cos=2(1 o).
Also: P
70 = —(d$)(2)
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l.e.:

d
Gfedt=—2(fos).

d

SO X = = (X(fodr) o)

- (¢”ﬁi—f) () + (2, X)(f 0 657 o 6

- ot (Lazn)

The change of coordinates (¢(z,t),t) is given by the inverse of (¢(z,t),1).

Lemma 13 Up to an analytic change of the time-variable by t — a(t), the
linear part (in x) X' of X is independent of t.

Proof:
From: iX
22— aX
it~ ?
we get:
dX! 0
—— =4'X".
it Y
Using the indicated change of coordinates X is replaced by bX, with
d
b=—a .
dt”
Therefore we get:
d(bX)? db
- [ = b 0 1
dt (dt +og > X

and taking the adequate b produces (bX)! independent of .

Now the conditions of Siegel theorem with parameters (theorem 2) are
verified, taking ¢ as the parameter, and X can be linearized: in convenient
coordinates X (z,t) = Az, with A in Jordan normal form.

The Poisson bracket with ¢ induces a linear map P on C¥(R" x R) by
h+— {h,t}; we are interested on its eigenvalues and eigenvectors.
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Let h* be the homogeneous part of degree k of a time-dependent function
h, seen as the value of a symmetric k-linear form B* of R" in R, depending

on the parameter ¢:
h*(z,t) = B*(t)(z, ..., )

As {z;,t} = X; = (Az);, the Poisson bracket with ¢ is then:
k
{h*(z,t),t} =Y B*(t)(,...,z,Az,3,...,1)

with Az in the i-th position.
The map:

BF s PE(B), PL(B*)(v1,... ZB"(t vy, ..., Aviy. .., Ug)

is a linear map on the symmetric k-linear forms, and its eigenvalues are all
possible expressions:

/\i1+---+/\ik

This is easy to prove if all eigenvalues of A are distinct, and as A is in the
Jordan normal form it is then diagonal, and a continuity argument proves
the result in the remaining cases.

If e;, are eigenvectors corresponding to the eigenvalues );;, and they al-
ways exist if A is diagonal, the symmetric k-linear form:

(v1, .., U) % Z (V1)o(in) " (Vk)o(ip) (9)

oeSk

is an eigenvector of Pk with eigenvalue \;, + ...+ Aig -

All eigenvalues of PX are obtained from the eigenvectors of A by a similar
process.

Denote by P4 the linear map that A induces in this way on the space of
all time dependent symmetric multi-linear maps of R™ in R. The eigenvalues
of P are the eigenvalues of P4, and its eigenvectors can be deduced from the
corresponding eigenvectors of P, as the monomials obtained by taking values
at (z,...,x); thus the monomial corresponding to (9) is z;, - - z;,.

The next steps will show that it is now possible to linearize each Uj; in
such a way that the vector field X remains unchanged.

Lemma 14 The vector field Z can be chosen to commute with X.
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Proof:
Applying again Lemma 11, now with X linear and time-independent,
gives:
[Z,X] = fX.

for some analytic function f. To prove that X and Z commute it is enough
to show that one component of [Z, X] is zero.

From {z;,t} = ;z;,1 + \;z;, with &; = 1 if z; belongs to a Jordan block
and 0 otherwise, it follows that:

{zi, 25}, 1} = eadmin, o5} + e5{mi, 350} + (N + X)) {23, 75}

If there exists at least one pair (z;,z;) such that their Poisson brackets
with ¢ verify:
{.’Ei,t} = /\ifEi, {xj, t} = )‘jmj

then {{z;,z;},t} = (M + Aj){z;,z;} and {z;,z,} is an eigenvector of P
corresponding to the eigenvalue A; + A;.
Then all monomial terms that appear in {z;,z;} are of the form

C](t):EI, I )= )\i + /\j

where all variables with non zero exponent ¢; are eigenvectors of P, thus
verifying {z;;,t} = Ai;zy;.

Since moreover {z;,z;} = U;;(X) = X;Z; — X;Z;, Z; can be chosen as
the factor of X; in that decomposition, and so it is a linear combination, with
time-dependent coefficients, of monomials 7 such that J -\ = Aj; the non
resonance hypothesis implies those monomials are just z; for which Ay = A
and as remarked before {zy,t} = A;z.

It is easy to see that then the i-th and j-th components of [ X, Z] are zero,
and the two vector fields commute.

If no such pair (z;, z;) exists, A is just one Jordan block:

7

{xl,t} = /\.’El, {xg,t} =T + )\.’132, {{xl,mg},t} = 2/\{$1,.’II2}

and again {z1, z2} is an eigenvector of P, now corresponding to the eigenvalue
2

clt
{331,(132} = C(t):l?f = %Xlz = X1Z2 —_ X2Z1

and then:

c(t
Zl = O, Z2 = %Xl = C(t).’l?l

As before the two vector fields X and Z commute.
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Lemma 15 The change of coordinates given by the inverse of the flow of Z
leaves X invariant and linearizes all U;.

Proof:
Let 1); denote the inverse of the flow of Z; X is invariant because [X, Z] =
0. Then:

WUy = Ujoty!
= (XiZj) ooy = (X;Z:) o gy
whereas the linear approximation to {i.z;,%,.z;} at the origin is given by:

aipt.mi a’gbt.IL‘j _ 8'(,0,51?1 th.xj N .81/),5..’171' .a’(/)t..’bi
2. < or, Ot ot Oz, Xr =Y Xi—g= = e X5

1<r<n
and now, because 1; is the inverse of the flow of Z:

6¢t-xj
ot

concluding the proof of the theorem.

=Zo;!

4 Finite determinacy and analytic lineariza-
tion of some resonant Poisson tensors

In what follows, the (n + 1)-dimensional Lie algebra g is of type A, and
the local coordinates are such that R acts on a by a diagonal matrix. The
Poisson bracket {, } is assumed to be given by:

{zi,t} = Nmi + ¢i(z,t), {4, 25} = Uss(z, 1),

where ¢; and U;; are analytic in U and vanish to 2"¢ order in z at the origin,
in particular, the linear part of the vector field X, as defined in the previous
section, is time independent.

Recall that the nonlinearity ¢(z,t) is admissible, in the context of real
analytic vector fields, if I-\ — ); are all positive (or all negative) integer
multiples of a real number for every monomial z’t’e; in ¢;(z,t)

Let o be the ratio:
_ max |R\|

" min |R\|

and denote by d the biggest integer not greater than o, d = [o].
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Theorem 5 Let P be an analytic Poisson tensor on a manifold M having
only 0- and 2-dimensional symplectic leaves. Let zo € M be a zero rank point
such that A(M, P, x,) is of type A, corresponding to a diagonal matriz, and
with eigenvalues in the Poincaré domain.
If
iU(X)(z,t) = Az

then P is analytically linearizable at xy.

Proof:

It follows from the hypothesis on the vanishing order of ¢;(z,t) that all
monomials in ¢;(z,t) are of the type z't/ with |I| > o.

As the eigenvalues are in the Poincaré domain, all those monomials are
non resonant, and as in the proof of theorem 2 the lowest order (in z) of the
monomials of the nonlinearity increases in each step, no resonant monomi-
als can appear and the linearization can be carried through in the analytic
category.

Now lemma 14 is still essentially valid, as Z can be chosen so that it
commutes with X (z,t) = Az though it is not necessarily linear:

All monomial terms that appear in {z;,z;} are as before of the form

C[(t)CL’I,

with T-X = \; + )j; since moreover {z;,z;} = U;(X) = X;Z; — X, Z;, the
vector field Z can be chosen by taking Z; as the factor of X; in that decom-
position. Then Z; is a linear combination, with time-dependent coeflicients,
of monomials z7 such that .J - X = \;; as A is resonant, those monomials are
not all lincar, the resonant monomials have to be considered.

Since A is assumed to be diagonal, X commutes with every resonant
monomial c;(¢)z”e; and therefore commutes with Z.

The same proof, but now using theorem 3 instead of therem 2 for the
linearization of X, leads to:

Theorem 6 Let P be an analytic Poisson tensor on a manifold M having
only 0- and 2-dimensional symplectic leaves. Let xo € M be a zero rank point
such that A(M, P, x,) is of type A, corresponding to a diagonal matriz. If
the nonlinear term ¢(z,t) of X vanishes to 2™ order in x at the origin and
s admissible, then P is analytically linearizable at x,.

If the eigenvalues are in the Poincaré domain, and:

3% X)(x,t) = Az + admissible term

then P is analytically linearizable at xy.
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