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LINEARIZABILITY AND CRITICAL PERIOD BIFURCATIONS OF
A GENERALIZED RICCATI SYSTEM

VALERY G. ROMANOVSKI»?34 WILKER FERNANDES®, YILEI TANG®* AND YUN TIAN!

ABSTRACT. In this paper we investigate the isochronicity and linearizability problem for a
cubic polynomial differential system which can be considered as a generalization of the Ric-
cati system. Conditions for isochronicity and linearizability are found. The global structure
of systems of the family with an isochronous center is determined. Furthermore, we find
the order of weak center and study the problem of local bifurcation of critical periods in a
neighborhood of the center.

1. INTRODUCTION

A classical problem in the qualitative theory of ordinary differential equations is to char-
acterize the existence of centers and isochronous centers. A singular point of a planar au-
tonomous differential system is called a center if all solutions sufficiently closed to it are
periodic, that is, all trajectories in a small neighborhood of the singularity are ovals. If all
periodic solutions inside the period annulus of the center have the same period it is said that
the center is isochronous.

Poincaré and Lyapunov have shown that the existence of an isochronous center at the
origin of a system of the form

(11) .T:—y+P(LE,y), y:a:+Q(a:,y),

where P(x,y) and Q(x,y) are real polynomials without constant and linear terms, is equiv-
alent to the linearizability of the system. This equivalence has made the studies of the
isochronicity problem simpler, since the linearizability problem can be extended to the com-
plex field, where the computational methods are more efficient.

The investigation on isochronicity of oscillations started in the 17th century, when Huygens
studied the cycloidal pendulum [23]. However, only in the second half of the last century the
isochronicity problem began to be intensively studied. In 1964 Loud [29] found the necessary
and sufficient conditions for isochronicity of system (1.1) with P and @ being quadratic
homegeneous polynomials. Latter on, the isochronicity problem was solved for system (1.1)
when P and ) are homogeneous polynomials of degree three [31] (see also [25]) and degree
five [32]. However in the case of the linear center perturbed by homogeneous polynomials of
degree four the problem is still unsolved, although some partial results were obtained [5, 21].
The reason is that linearizability quantities (defined below) have more complicate expressions
in the case of homogeneous perturbations of degree four, than in the case of homogeneous
perturbations of degree five. There are also many works devoted to the investigation of
particular families of some other polynomial systems, see e.g. [1, 4, 7, 12, 30, 34] and references
therein. Many works also deal with investigation of isochronicity of Hamiltonian systems, see
e.g. [10, 13, 22, 24, 26] and references given there.

1



2 V.G. ROMANOVSKI, W. FERNANDES, Y. TANG, Y. TIAN

The problem of critical period bifurcations is tightly related to the isochronicity problem.
In a neighborhood of a center the so-called period function T'(r) gives the least period of the
periodic solution passing through the point with coordinates (z,y) = (r,0) inside the period
annulus of the center. For a center that is not isochronous any value r > 0 for which 7"(r) = 0
is called a critical period. The problem of critical period bifurcations is aimed on estimating
of the number of critical periods that can arise near the center under small perturbations. In
1989, Chicone and Jacobs [9] introduced for the first time the theory of local bifurcations of
critical periods and solved the problem for the quadratic system. Local bifurcations of critical
periods have been investigated for cubic systems with homogeneous nonlinearities [35], the
reduced Kukles system [36], the Kolmogorov system [8], the Zs-equivariant systems [6] and
some other families (see e.g. [14, 20, 38] and references therein). In [18] a general approach
to studying bifurcations of critical periods based on a complexification of the system was
described, and some upper bounds on the number of critical periods of several cubic systems
were obtained.

Recently Llibre and Valls [27, 28] investigated the planar differential system

i=fy), §=g22)y"+g()y+ go(x),

which is called the generalized Riccati system, since it becomes the classic Riccati system
when f(y) = 1. In this paper we study a subfamily of the generalized Riccati system, cubic
systems of the form

& = —y+ apy® + aozy®,
(1.2) 3y = (boz + b122)y? + (b1 + b2y + (x + bogx? + bsoz®)
= 2 + baox? + b1y + boay? + bgoa® + barz’y + braay?,

where x,y € R? and all parameters a;j,b;; are in C or R. Note that system (1.2) is the
so-called reduced Kukles system when age = agz = 0.

The aims of our study are to obtain conditions on parameters a;; and b;; for the lineariz-
ability of system (1.2), to study the global structures of trajectories when the system has an
isochronous center, and to investigate the local bifurcations of critical periods at the origin.
In Section 2 we present our main result on linearizability, Theorem 2.1, which gives conditions
for the linearizability of system (1.2). In Section 3 we study the global dynamics of system
(1.2) when the origin is an isochronous center. The last section is devoted to the investigation
of local bifurcations of critical periods in a neighborhood of the center.

2. LINEARIZABILITY OF SYSTEM (1.2)

We first briefly remind an approach for studying the isochronicity and linearizability prob-
lems for polynomial differential systems of the form

n n
(2.1) T=-y+ Z apqxPyl, y=x+ Z by qxPy?,
p+q=2 p+q=2

where 2,y € R, and a4, bp4 in C or R.
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System (2.1) is linearizable if there is an analytic change of coordinates

(2:2) ri=r+ Y mat™y", 1=y+ Y dpar™y",
m+n>2 m-+n>2
which reduces (2.1) to the canonical linear system &; = —y1, 91 = 1.

Obstacles for existence of a transformation (2.2) are some polynomials in parameters of
system (2.1) called the linearizability quantities and denoted by ik, jr (kK =1,2,...).
Differentiating with respect to ¢ both sides of each equation of (2.2) we obtain

T1 =T + E mcm,nxmilyn z+ E ncm,nxmyni1 Y,
m+n>2 m+n>2

yl :y + Z mdm7n$m—1yn T+ Z ndm,nxmyn_l y
m+n>2 m—+n>2

Substituting in the above equations the expressions from (2.2) and (2.1), one computes the
linearizability quantities iy, ji step-by-step (see e.g. [19] for more details).

Thus, the simultaneous vanishing of all linearizability quantities iy, ji provides conditions
which characterize when a system of the form (2.1) is linearizable. The ideal defined by the
linearizability quantities, £ = (i1, j1, 92, j2, ...) C Cla, b], is called the linearizability ideal and
its affine variety, V, = V(L) is called the linearizability variety.

In order to find a linearizing change of coordinates explicitly one can look for Darboux
linearization. To construct a Darboux linearization for system (2.1) it is convenient to com-
plexify the system using the substitution

(2.3) z=x + 1y, w =z —1y.
Then, after a time rescaling by i we obtain from (2.1) a system of the form
(2.4) Z2=z+4+ X(z,w), w=—-w-—Y(z,w).

System (2.1) is linearizable if and only if system (2.4) is linearizable.
A Darbouz factor of system (2.4) is a polynomial f(z,w) satisfying

of . of .
gz—i-a—ww—f(f,

where polynomial K (z,w) is called the cofactor of f. A Darbouz linearization of system (2.4)
is an analytic change of coordinates z; = Z;(z,w), w1 = Wi(z,w), such that

Z1(z,w) = Hfjaj(z,w) =24 Z1(z,w),

which linearizes (2.4), where f;, g; € C[z,w], o, B; € C, and Z1 and W, have neither constant
terms nor linear terms.
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It is easy to see that system (2.4) is Darboux linearizable if there exist s+ 1 > 1 Darboux
factors fy,..., fs with corresponding cofactors Ky, ..., K, and t + 1 > 1 Darboux factors
9o, ---, g+ with corresponding cofactors Lg, ..., L; with the following properties:

(i) fo(z,w) =2z4---but f;(0,0) =1 for j > 1;
(ii) go(z,w) =w+--- but g;(0,0) =1 for j > 1; and
(iii) there are s 4t constants ai, ..., as, 51, ..., Bt € C such that

(25) Ko+ K1+ --+asKg=1 and Lo+ B1L1+---+ 6Ly = —1.

The Darboux linearization is then given by the transformations

2= Hi(z,w) = fofe - &, y1 = Ha(z,w) = gogh* - - - g".

The readers can consult [11, 30, 34] for more details.

Regarding to the linearizability of system (1.2) we obtain the following result.

Theorem 2.1. System (1.2) is linearizable at the origin if one of the following conditions
holds:

(1)
(2) biz = a2 = bao = boz = b1 = agz = bz — b7, = 0,

(3) biz = agz = b1y = bag = bzo = ba1 = 9ap3 + 4bg, = 0,

(4) blg = b30 = b21 = ap3 = 2b02 + 5[)20 = 10&02 - 3[)11 = 4b%1 + 251)%0 = 0.

Proof. Using the computer algebra system MATHEMATICA and the standard procedure men-
tioned above for system (1.2) we have computed the first nine pairs of the linearizability
quantities i1, j1, ..., 79, jo. Their expressions are very large, so we only present the first pair

21 :106132 + 9ao3 + 4b(2)2 — agabi1 + b%l — 3b12 + 10bgabygy + 10b%0 — 9b3y),
J1 =2a02bo2 — bo2b11 — b11b20 + b21.

biz = agz = bgo = ba1 = agg = boz + bag = b2, + 4b3, =0,

The reader can easily compute the other quantities using any available computer algebra
system.

The next computational step is to compute the irreducible decomposition of the variety
V(Ly) = V({i1, 71, -, 99, J9)). Performing the computations by the routine minAssGTZ [16] of
SINGULAR [15] over the field of characteristic 32452843 we obtain that V(L) is equal to the
union of the varieties of four ideals. After lifting these four ideals to the ring of polynomials
with rational coefficients using the rational reconstruction algorithm of [37] we obtain the
ideals

bi2, @02, b3o, ba1, aos, boz + bao, bT) + 4b3),

J1 =(

J2 =(b12, aoz, b2o, boz, ba1, a3, 930 — b3,),

J3 =(b12, aoz, b11, b2o, b3o, ba1, 9aos + 4b3,),

J1 =(b12, b30, ba1, o3, 2bo2 + 5bao, 10ag2 — 3b11, 4b3, + 25b3).
The varieties of J, Jo, J3 and Jy provide conditions (1), (2), (3) and (4) of the theorem,
respectively.

To check the correctness of the obtained conditions we use the procedure described in

[33]. First, we computed the ideal J = J; N Jo N J3 N Jy, which defines the union of all four

sets given in the statement of the theorem. Then we check that V(J) = V(Lg). According
to the Radical Membership Test, to verify the inclusion V(J) D V(L) it is sufficient to
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check that the Groebner bases of all ideals (J,1 — wig), (J,1 — wji) (where k = 1,...,9
and w is a new variable) computed over Q are {1}. The computations show that this is the
case. To check the opposite inclusion, V(J) C V(Ly), it is sufficient to check that Groebner
bases of the ideals (L9,1 — wf;) (where the polynomials f;’s are the polynomials of a basis
of J) computed over Q are equal to {1}. Unfortunately, we were not able to perform these
computations over Q however we have checked that all the bases are {1} over few fields of
finite characteristic. It yields that the list of conditions in Theorem 2.1 is the complete list
of linearizability conditions for system (1.2) with high probability [3].

We now prove that under each of conditions (1)—(4) of the theorem the system is lineariz-
able.

Condition (1). In this case bj; = +2bgpi. We consider only the case by; = 2b9gi, since when
bi1 = —2byoi the proof is analogous. After the change of variables (2.3) system (1.2) becomes

5 =2z + by,

2.6
( ) W=—w— b202’2,

which is a quadratic system. Obviously system (2.6) is Darboux linearizable and, therefore,
system (1.2) is linearizable if condition (1) holds.

Condition (2). After substitution (2.3) system (1.2) becomes

1
z2=z+ 5(—181’1711,22 + 18ibyw? + b2, 23 + 302, 22w + 3b3, 2w? + b3 w?),
(2.7)

1
w=—w+ 5(181'6112'2 — 18ib1w? — b3, 2% — 3b3, 22w — 303, 2w? — b3 w?).

It has the Darboux factors

b b b
l1 =2+ %22 + Z%zw + %uﬁ
B tb11 5 ib11 tb11 o
lo =w — 12,2— 6zw— 12w,
b b? b b? b?
l3=1— %z + %zz + %w + %81210 + %wz,
: 2 ; 2 2
ly :1—%2—#%22—{—%10—}—%210%—%102
with the respective cofactors
b ib b b
kl—l—%z—zélw, kgz—l—%z—%w,
Zbll ibll Zbll Zbll
k ——z— ky=——— —
’ 6 6 * 3 3

It is easy to verify that (2.5) is satisfied with a3 = 1, ag = —1, 1 =1 and 5 = —1. Hence
the Darboux linearization for system (2.7) is given by the analytic change of coordinates

2= LIS, wi = LIS,

Thus, system (2.7) is linearizable and therefore the corresponding system (1.2) is linearizable
as well.
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Condition (3). In this case after substitution (2.3) the corresponding system (1.2) is changed
to

1
z2=z+ %(7%0222 + 18bgazw — Maw? — 2b352° + 6bayz*w — 6b3gzw? + 2bZ,w?),
(2.8)

1
w=—w-+ %(9()0222 — 18bgazw + 9bgaw? — 2b252% 4 6b2y2%w — 6byzw? + 203,w).
System (2.8) has the Darboux factors

h=z— 1)10—2222 + b%sz — bl%uﬁ,

ly =w — %22 + b%zw — %wz,

O I e e
ly =1— b%z-i- blg8222 - b—?w— b§2zw+ 1%82102,

which allow to construct the Darboux linearization

2 = LSS, wy = IR,
where a1 =1, ap = —3, /1 =1 and By = —3.

Condition (4). For this condition it is easy to see that b1 = +5bagi/2. We consider only the

case by; = bbaoi/2, since when b1y = —5bagi/2 the proof is analogous. After transformation
(2.3) system (1.2) becomes

1
z=z+ E(legoZQ — 6bygzw + bzowg),
(2.9)

1
w=—w-+ T6(—27b2022 + 18bggzw — 7b20w2).
System (2.9) has the Darboux factors

1 1 1
l1 =z + —3b20z2 + *bQOZ'UJ + —b20w2,

16 8 48
1 3b b
ly =w + EngOZQ + %zw + %gw27
27b3 32 352

13 =1+ 3b20z + 72022 + bQOw _ 420 2w + 820w2,

3by | 9b3y 5 | bao 303, b3y o
Iy =14+ —= 20 )
s=l4 ==+ 202 4w+ —Frw £ S

yielding the Darboux linearization

2= LISNS2, wy = 1IN,

where a1 =1, ap = =3, 1 =1 and 2 = —3.
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3. GLOBAL DYNAMICS OF SYSTEM (1.2) HAVING AN ISOCHRONOUS CENTER

Global phase portrait of a planar autonomous system is usually plotted on the Poincaré
disc, which is obtained using the Poincaré compactification. We remind the procedure briefly,
for more details see for instance [2, 17].

Consider the planar vector field

~ 0 ~ 0
X = P(Jf,y)% + Q(xﬁg)aiya
where P(x,y) and Q(z,y) are polynomials of degree n. Let S? = {y = (y1,92,93) € R3 :
v+l + y§ =1}, S! be the equator of S? and p(X) be the Poincaré compactification of X
on S?. On $? \ S! there are two symmetric copies of X, and once we know the behaviour of
p(X) near S', we know the behaviour of X in a neighbourhood of the infinity. The Poincaré
compactification has the property that S! is invariant under the flow of p(X). The projection
of the closed northern hemisphere of S? on y3 = 0 under (y1,v2,y3) — (y1,¥2) is called the
Poincaré disc, and its boundary is S'.

Since S? is a differentiable manifold we consider the six local charts U; = {y € S? : y; > 0},
and V; = {y € S? : y; < 0} where i = 1,2, 3 for computing the expression for p(X). The dif-
feomorphisms Fj : U; — R? and G; : V; — R? for i = 1,2, 3 are the inverses of the central pro-
jections from the planes tangent at the points (1,0,0),(—1,0,0),(0,1,0),(0,—1,0),(0,0,1),
and (0,0, —1) respectively. We denote by (u,v) the value of F;(y) or G;(y) for any i = 1,2, 3.

The expression for p(&X') in the local chart (Uy, F}) is given by

vl ~ (1 = (1
v v v v v v

for (UQ, FQ) is

and for (Us, F3) is
= P(u,v), ©=Q(u,v).

The expressions for V;’s are the same as that for U;’s but multiplied by the factor (—1)
In these coordinates v = 0 always denotes the points of S!. When we study the infinite
singular points on the charts U U V3, we only need to verify if the origin of these charts are
singular points.

It is said that two polynomial vector fields X and Y on R? are topologically equivalent if
there exists a homeomorphism on S? preserving the infinity S! carrying orbits of the flow
induced by p(X) into orbits of the flow induced by p()), preserving or not the sense of all
orbits.

n—1

In this section, we study the global structures of system (1.2) in Poincaré discs for the case
when it has an isochronous center at the origin and all parameters of the system are real.

Theorem 3.1. The global phase portrait of system (1.2) possessing an isochronous center at
the origin is topologically equivalent to one of phase portraits in Fig. 1.
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FIGURE 1. Global phase portraits of system (1.2) possessing an isochronous
center at the origin.

Proof. From Theorem 2.1 we have that under conditions (1)—(4) system (1.2) is linearizable.
Under conditions (1) and (4) real systems (1.2) becomes the linear system & = —y, y = z
and its phase portrait is presented in Figure 1.A.

Under conditions (2) and (3) system (1.2) becomes

b2
(3.1) = -y, y=x+bzy+ #m?’
and
. 4.9 3 . 2
(3.2) T=-Y - §b02?/ : Y=+ bo2y”,
respectively.

Note that if b1 = 0 in (3.1) and bp2 = 0 in (3.2), then both systems are the canonic linear
systems and have a global center shown in Figure 1.A. Thus, we consider the cases when
b11 # 0 and bgz # 0. In both cases by a linear change of coordinates we can reduce systems
(3.1) and (3.2) to systems

23
(33) b=y g=atayt
and
. 4 3 . 2
(3.4) t=—y—gy,  g=rEy
respectively.

System (3.3) has only the isochronous center at (0,0) as a finite singular point. Now we
analyze its singular points at infinity. In the local chart U; system (3.3) becomes

1
U= §(1+9uv+9v2+9u22}2), v = uv®.

This system has no real singular points. So the unique possible infinite singular point is the
origin of the local chart Us. In the local chart Uy system (3.3) becomes

1 1
(3.5) U= §(—u4 — 9u?v — 9? — 9u*v?), 0= —guv(u2 + 9v + 9v?).
It is clear that (0,0) is a singular point of (3.5) and the linear part of (3.5) at (0,0) is the

. Applying the directional blow-up in the v-axis twice we obtain
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that the behaviour of the orbits close to the origin of Us is as in Figure 2. Therefore, the
global phase portrait of system (3.3) is topologically equivalent to the one in Figure 1.B.

v \
L

FIGURE 2. Behaviour of FIGURE 3. Behaviour of
the orbits close to the the orbits close to the
origin of system (3.5). origin of system (3.6).

Now we study system (3.4). This system has only the isochronous center at (0, 0) as a finite
singular point. For the infinite singular points, in the local chart U; system (3.4) becomes

1 1
(3.6) U= §(4u4 + 9u?v + 90? + Ju?e?), 0= §uv(4u2 + 9v?).

This system has only (0,0) as a singular point, and the linear part of (3.6) at (0,0) is the null
matrix. Applying the directional blow-up in the v-axis twice we obtain that the behaviour
of the orbits close to the origin of U; is as showing in Figure 3.

In the local chart Us system (3.4) becomes

1
(3.7) U= §(—4 — 9uv — 9v* — Yu*v?), b= —v3(1 4+ w).
As it is mentioned above, we need to study only the origin of this chart, but (0,0) is not a
singular point for system (3.7). Thus, the global phase portrait of system (3.4) is topologically

equivalent to the portrait in Figure 1.C. U

4. WEAK CENTER AND LOCAL BIFURCATION OF CRITICAL PERIODS

Let o = (ag0, a1, -.., b2o, b11, -..) be the string of parameters of real system (2.1). Changing
the system to the polar coordinates x = rcosf, y = rsinf and eliminating ¢, we obtain
dr xd + yy rH(r,0,«a)
do Txy‘—yﬁv T 1+G(r0,0)
where H(r,0, «) and G(r, 0, ) are polynomials of 7, a, cos € and sin §. The solution r = r(6, )

of equation (4.1) satisfying the initial condition 7(0, ) = 9 > 0 may be locally represented
as a convergent power series in rg,

(4.2) r(0,a) =Y w0, ).

k=1

(4.1)
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Substituting (4.2) into (4.1), one can find coefficients v (0, &) (k > 1) by successive integra-
tion.
Assuming that I',, is the closed trajectory through (rp,0), we can compute the period

function as )
T = dt = _—

70
The period function is even and has the Taylor series expansmn

(4.3) T(ro, o) = 27r+2 par(@)rg”,
where 79 < ¢ and coefficients pyi’s are polynomlals in parameters of system (2.1) (see e.g.
[1, 9, 30, 34]).

If po = ... = por, = 0 and pog42 # 0, then the origin of X (z,y, ) is a weak center of order

k. If por. = 0 for each k > 1, then the origin is an isochronous center. For a center which is
not isochronous, a local critical period is any value 7y < ¢ for which 7"(7) = 0.

By classical results of local critical period bifurcations [9], at most k local critical periods
can bifurcate from the period functions related to weak centers of order k. In order to prove
that there are perturbations with exactly k local critical periods, we remind Theorem 2 of
[38] as follows.

Theorem 4.1. Assume that the period constants paj (j =1,2,....k) of system (2.1) depend
on k independent parameters ay, az, ..., ax. Suppose that there exists a = (ay, ag, ..., ax) such
that

p?j(N) = p?j(dlv dg, ceey dk) = 07 ,7 - 17 27 ceey ka

Pak+2(a) #0

a(p27p4>' ap2k)
det < 8(al,a2, ...,ak) ( )) # 0

then k critical periods bifurcate from the center at the origin of system (2.1) after small
appropriate perturbations.

and

Because bifurcations of critical periods are bifurcations from centers, to study them for
system (1.2) we need to know the center variety of the system. Due to computational diffi-
culties the center variety of system (1.2) has been found only in the case when ag3 = 0 [39].
So, from now on we assume that in system (1.2) ags = 0 and consider the system

& = —y + a2y’

(44) . 2 2 3 2 2
Yy=x+ (bgox + bnxy + b()Qy ) + (b30.’L‘ + bo1x Y+ blgxy )

The centers of system (4.4) are identified in the following theorem.

Theorem 4.2 ([39]). System (4.4) has a center at the origin if the 7-tuple of its parameters
belong to the variety of one of the following prime ideals:

(1) I = (ba1, bao, bo2),

(2) I = (b3o, b1z, bo2, b11b2g — ba1),

(3) I3 = (bso, ba1, b12, —2bg2bdy + 4b3sbao — b3 bao, 2a02b11 + b3y — 4boabao, 2a02bo2 — bo2bi1 —
bi1bao, 4agy — by — 4b3),
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(4) 1y = (ba1,b11, a02),

(5) I = (aoz2, bo2ba1 + b11b30, 2bo2b12 + br2bao + bo2bso, bo2b11 + bi1b2o — ba1, b3y + bo2bao +
bs0, b12baoba1 — 2b11b12b30 — b11b3g, b11b2oba1 — b3 — b3, b0, br2b3g — 4b12bso — boabaobso —
203, b11b12b2g — 2b12b91 + b11bapbso — baibso, —(b12b3;) + b3 b12b3o + b2,b%,),

(6) Is = (ba1,b12, b11,bo2),

(7) I; = <b21, b12, b3, 3bg2 + 5bog, bags — bi1, 6b%1 + 25b%0>

We consider the local bifurcations of critical periods for system (4.4) when all param-
eters are real. Because in R” the variety of I7; consists of one point which is the origin
(0,0,0,0,0,0,0) € R”, we only need to consider varieties of first six ideals I; — Ig.

Theorem 4.3. Suppose that the origin O : (0,0) of system (4.4) is a weak center of a finite
order.

(1) Then the order is at most 3. More precisely, the order is at most 3 (resp. 0,0,3,2,2)
when parameters belong to the variety of the ideal Iy (resp. Iy — Ig).

(2) Moreover, at most 3 (resp. 0,0,3,2,2) critical periods can be bifurcated from the weak
center O of system (4.4) and there exists a perturbation with exactly 3 (resp. 0,0,3,2,2)
critical periods bifurcated from O when parameters belong to the variety of the ideal I (resp.

I — Ig).

Proof. When the parameter o = (ag2, b2o, b11, b12, bo2, ba1, bso) belongs to the variety of the
ideal I, we found that the first four period coefficients of (4.3) are

pra(e) = 10a(2)2 — agabi1 + b%l — 3b12 — 9b3p,

prale) = 1540agy + 700a3,b11 + 21adsb?, — 2a02b?; + bi; + 84adybia + 300a2,bs
+6a2b11b12 + 18a02b11b30 — 67, b19 — 66071 b3g + 93y + 54b1ab3g + 513b3,,

prele) = 3403400aS, + 3303300ad,b11 + 690690ag,b3, — 699a2,b1; + 281340a3,b11b30
—1396%, + 1261260ag,b12 4+ 1455300a85b30 + 346500a3,b11b12 + 11935a3,b3,
+7263a2,b% 1 b1a — 499503503130 — 3366a02b3,b1a — 2538a02b3,b3g 4 417ag2bd;
+1251b11 b2 + 1377b3,b3o + 6966025035 + 31860a2,b12b30 — 52650a2,b%,
+13878a02b11b12b30 — 4455a02b11b3) — 332167, b7, + 2025b%, + 5265b7,b30
—7614b3,b1abso + 41391b%, b3 — 13365b12b3) — 382725b3 + 7209a02b11b35.

We omit the expression of p; g(«), since it is long and the number of its terms is 55.

We compute the decomposition of (p1.2, p1.4, P16, P1,8) With minAssGTZ and obtain {agg, b, —
9b30, b12>. That iS, the condition P12 = P14 = P16 = P18 = 0 yields that b12 = ap2 = b20 =
bo2 = ba1 = apg = 9b3g — b%l = 0, showing that the origin is an isochronous center of system
(4.4) in this case by Theorem 2.1.

Solving the equation p; 2(a) = 0 we get

(4.5) b12 = 512 = (10/3)61(2)2 - (1/3)@02b11 + (1/3)b%1 - 3b30.
Substituting (4.5) in py 4(cv), we obtain

43203, + 48(ady — b3, )bso + 1920ad, + 672a3,b11 + 48a2,0%, = 0.
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Thus, when —1439ag, — 504a3,b11 — 38a3,b?; + b}, < 0 the origin O is a weak center of order
1. When —1439ag, — 504a3,b11 — 38a2,0%, + b}, > 0, from p; 4(a) = 0 we find that

~ 1
bao = bao = 7 (= By + b + 1/ ~1439a8, — 504afybus — 383,03, + b ).

We now employ the procedure Reduce of computer algebra system MATHEMATICA for the
set of equalities and inequalities {b12 = b2, b3g = b3o, —1439%‘2 — 504a32b11 — 38a32b%1 +b‘111 >
0,p16(c) = 0,p18(cv) # 0}, and find that this semi-algebraic system is fulfilled if and only if
ap2 75 0 and

—128966505300a0 — 131928442900ag,b11 — 62892021225a8,b%, — 18497447700a8,b3;
—3614043210a,b7, — 467726370a5,b3; — 37088580a0,b%; — 1472760a3,b1;
(4.6)  —19938a2,b%, + 1650a02b7; + 125619 = 0.

Assuming that aga = 1/2, we can calculate one of solutions by; ~ —2.405222225 from above
equation, which indicates the existence of solutions of above equation with respect to pa-
rameters age and b1y in real field. Moreover, computing with MATHEMATICA the rank of the
matrix

8(]91,2, P14, P1,6)
d(apz, bi1,biz, bzo)’

we find that it is equal to 3 if b5 = b1a, bsg = bsp and (4.6) holds. From Theorem 4.1 there
exists a perturbation of system (4.4) with exactly 3 critical periods bifurcated from weak
center O of order 3 when « belongs to the variety of I.

When the parameter oo = (ag2, b2o, b11, b12, boz, b21, bzo) belongs to the variety of the ideal
I, we have the first period coefficient in (4.3):

p22(a) = 10ady — ag2bir + b3y + 1063,

which cannot be equal to zero in the real field, since 10a32 — agabi1 + b%l > 0 unless agy =
b11 = 0. That is, the center at the origin is of order 0 in this case.

When the parameter a = (ag2, b2, b11, b12, bo2, b21, b3p) lies in the variety of the ideal I3,
we compute the first period coefficient in (4.3):

ps2(a) = 10ady — agebiy + b3 + 4b3y + 10bgabag + 1003,

finding that ps2(«) # 0 unless all parameters vanish. Thus the center O is of order 0 in this
case.

When the parameter o = (ag2, bao, b11, b12, bo2, b21, b3p) belongs to the variety of the ideal
I, or I, we can see that system (4.4) is a reduced Kukles system. The variety of ideal I
(resp. I5) for center conditions corresponds to the center type Kjsr (resp. Ky or Kry) in
[36]. Applying Theorems 3.3, 3.4 and 3.7 of [36] we obtain that the order at the origin is
at most 3 (resp. 2), and there exists a perturbation with exactly 3 (or 2) critical periods
bifurcated from O when parameters belong to the variety of the ideal I (resp. Is).
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When the parameter oo = (ag2, b2o, b11, b12, boz, ba1, bsg) belongs to the variety of the ideal
I, we found that the first three period coefficients in (4.3) are

pe2(a) = 10ad, + 1063, — 9bso,
peale) = 1540a8, + 200a2,b3, + 154003, + 300a3,b30 — 330003,b30 + 51303,
pes(e) = 136136a5, + 38808agyb3y + 13080ad,bsy + 1657045, + 58212ag,b30

—17496a3,b3b30 — 546588b3,b30 — 2106a2,b3, + 341334b2,b3, — 15309b3,.
Eliminating b3 from ps 2(«) = 0 we find
bso = bso := (10a3, + 10b3,)/9.
Letting b3p = bso we obtain from pe.4 = 0 that
ATagy — 35a2,b3, — 28b3, = 0,

yielding

ags = Qg2 := :|:\/35/94 + (3/94)\/ 721 byg.
Eliminating b3p and age by substituting b3y = bso and ags = Ggg into D6.,6(¢), we obtain
b5, (3578681 4 142373V/721),

which does not vanish if byg # 0. Therefore, the order of the weak center is at most 2, and
there exists a perturbation with exactly 2 critical periods bifurcated from O when parameters
belong to the variety of the ideal I by Theorem 4.1, since the rank of the matrix

3(196,%]?6,4)
d(apz2, bao, bso)’

is equal to 2 if b3y = 1330, a2 = Qg2 and by # 0. Notice that when bsg = 0 and ags # 0 the
center O is a weak center of order 1, and when byy = aga—g the center O is either the linear
isochronous center or the order is 0. O
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