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Resumo

Considere Ii,..., 1k ideais gerados por polinomios lineares e S=Ht u u Ht

seus zeros comuns, onde 08 H 550 subespagos de IR". Neste trabalho
provamos que para um germem f, OS conceitos de determinagfio finita pcla
direita e determinagfio finita relativa a Gs, 0 grupo de difeomorfismos que
restritos a S séo a identidade 6 OS mesmos.



m1.

Finite Relative Determination on Bouquet of

Subspaces

LEON KUSHNER

Abstract

Consider Il,...,I;c ideals generated by linear polynomials and their common

zeroes S = H1 U U Hk, where H; are subspaces of IR". In this paper we prove

that for a germ f , the concept of finite determination on the right and finite deter-

mination relative to G5, the group of germs of diffeomorphisms which are identity

on S , are the same.

1 Introduction
Let S be a germ of a subset of lR" containing the origin, we denote by G5 the subgroup

of germs of diffeomorphisms which are the identity on S. In particular if I is an ideal

of e(n), the IR—algebra of C°° germs, and S = z(I) the common zeroes of I (0 E z(I)),
we denote by f the ideal of smooth germs which vanish at 5. Let f be a germ in m(n),
the maximal ideal of e(n). In [K] we gave conditions on f and S in such a way that if

g E m(n) is such that j"f(0) = j"g(0) and f—g E fthen g is in the Gs-orbit of f. In this

paper we show that for S being a bouquet of subspaces, those conditions are equivalent

to finite determination on the right. We shall denote by (df) the ideal of e:(n) generated

by the partial derivatives of f.
I wish to thank Prof. Brasil Terra Leme for the proposal of the problem and for his

time in several conversations making this work flourish. My gratitude to him.



Definition 1 Let I an ideal ofe(n), z(1) the common zeroes of] and suppose that z(1)

contains the origin, we let i: rad I the ideal ofgerms vanishing at the germ of z(]). We

say that I is radical if I = i
As in [K], given I a radical ideal, there exists a natural number k = A(]) such that for

7”. 2 It I (1 m(n)"‘ = 7n(n)"“k (I n 7n(n)k). We give an analogous theorem to Theorem

11 there.

Theorem 2 Let 1 be a radical ideal, k' = AU) and suppose Iflm(n)k is mitely generated.

Let t’ be a natural number such that m(n)l1 Q m(n)1(df) Then f is (k+€—l)-determined
relative to Gs, where S = z(I).

Proof: Let g be a erm such that g E f on S and jk+e‘1g(0 = ij‘If O . If we defineg
l

4Fthe trivial homotopy F(x,t) = tg(:c) + (1 — t)f(:1:) we get 27 = g — f E m(n)k+l n 1 and

8]_6F+t(8f 3g)6.7,- _ 67,- 67,- _ 6:7,
Since m(n)’°+£ H I g m(n)£] and 1m(n)”'1 g 1 fl m(n)” Vp, we get the usual inclu-

sion (m(n)’°‘H fl 1)e(n +1) g m(n)1<g—xp>e(n + 1) + m(n)(1 fl m(n)"+’) e(n +1). By

Nakayama’s lemma we arrive to the inclusion <m(n)k+£ fl l)e(n—l—l) g m(n)1<a—F>6(n+l).
3:15,-

(')I7 " OF . .Hence
0t = Zh,(z,t)Td—; w1thh,~(:1:,t) E 0 for x E S, t N to (to fixed ). We now proceed

i=l
m the usual way. [1

Remarks:

1. If 1 = m(n) then k = 1 and we get that m(n)£+1 Q m(n)2(df) implies f is t—

determined on the right.

2. If I : (x1,.. . 7$5) , then k = 1 and we get that m(n)£l g m(n)1(df) implies f is

t-determined relative to G5, 5 = {0} x lR"‘s.

Theorem 3 [K] Let f be a m-determined germ relative to G5, where S = z(1), I
radical ideal and k : A“). Then we get 1 fl m(n)"‘+' g l<df) for m 2 k.



Corollary 4 Let f be a germ, I a radical ideal, k = AU) and I n m(n)’c be finitely

generated. Suppose that m(n)l g m(n)(df). Then f is (k + E — 1)-determined relative

to G5, where S = z(]). Hence finite determination on the right implies finite relative

determination.

Proof: Since m(n)e C; m(n)(df) we get m(n)‘1 g m(n)1(df) and by Theorem 2 f is

(k + l — 1)-determined relative to G5. CI

Let I be the ideal in e(3) generated by {xy,:cz, yz}. It is easy to see that I is a radical

ideal and AH) = 2. Moreover if we set p] = my, p2 = xz and pg, = yz, we get that for

i 76 j, i 7g k, j 96 k, the closure of (z(p,~) fl z(pJ-)) — z(pk) is a plane and does not contain

z(1), which is the union of the three axis, and does not satisfy the conditions of Theorem

20 [K], but the conclusion is still true. We give a proof since it will be important for a

converse of Corollary 4.

Proposition 5 With the above notation, if f is m-determined relative to G5, where

S = z(1) are the coordinate axis, then f is finitely determined on the right.

Proof: Let us suppose that m(3)m 0 I Q I(df), which is equivalent to m(3)m"21 g I(df).
We shall show that m(3)2’"_3 Q (df)m(3)2, and hence f is (2m — 4)—determined on the

right.

Any mixed monomial of m(3)2m“3 has a factor in 1 times a monomial of degree 2m — 5,

hence for m 2 3 it is contained in the jacobian ideal. Now we give the proof for cum—3,

the other two are similar.

3f 3f(Ii—m 2(1L‘y) zzyj—Elaafh1j+ zzga—flflj h3j (*)
z]

h2j+yZijZ::16—xj

3

If we denote by d) = 33“ —2 66—14th , we get that the zeroes of (15 contain {2—— 0}
.=1

and the zeroes of acct contain {2= 0} U {x = 0}, hence and E f = I. From (*) we get



3 .

mm" = xZ Edi 1111+ xgb and hence arm—3 6 m(3)2(df) , then m(3)2m"3 g m(3)2(df) and
1— mi

f is (2m ——4)—determined on the right.

Remarks:

1. Consider the same hypothesis as in the previous proposition but now in the algebra

m—Z, we consider pl and€(4). We change our strategy, instead of considering x

pg arbitrary monomialsm m(4 )m‘ ,hence by multiplying the first by my and the

second by 332, we get

am m= Za—fl awn, Z(¢zy)2{z=0}

4 a
(w) pz=Za—f2h21+¢u, z(¢u);{y=0}

If we multiply (*) by (**) we get plpg = i ghaj + ¢zy¢zz but 2(¢xy . (bu) :
z<¢zy1u zen) 2 {z z 0} u {y = 0} hencézllnga e (df)m(4)m—2 + ,m(4)m_2 for

P3 6 "MW" and 771sz E (df)m(4)"’- Therefore f is (3(m —2)-—1)-determined on

the right.

2. In the general case €(n) we get the same result (n 2 4).

We recall that if f : (lR”,O) ——> (IR,O) is an analytic germ and f“; : (Ginfi) ——1 (13,0) its

complexification, f is finitely determined on the right if and only if the common zeroes
dfc aft
621 i 62"

partial resultm this direction for our case.

of the ideal generated by {— } are at most one point (the origin). We give a

«3

Proposition 6 Let 1 be an ideal of complex analytic map germs. Then z <an > Q z(1)
Zi

k _5’__f'L
if and only iffor some k, I C I 67



N afw
‘

aft ' 7Proof: Snice z 0 g 2“) then 2 d— 1 = z(1) and by H1lbert s Nullstellensatz
21' Z,“

dffl For the converse z(l) : :(lk) 2
dz,

. a: i a;

z I df 2 2
df

-
D

Uzi (Jzi

H I = m(n), this is a known result [B].

t!l1(r<!(xis1s A: nallnal number with 1k C I

Lemma 7 Let {pi}, i S i S r, be linear polynomials which are linearly independent.

Then the ideal I generated by them is radical.

Proof: Let ll be the subspace defined by the. common zeroes of I, and p,.+1,...,p,,,
linear polynomials such that {a}?_1 is a basis of all linear polynomials in n- variables.

Then 99 : (p,,...,pn) is an isomorphism and we have that f E 0 on H if and only if

f o<p"'_— 0 on {O} x IR" T .By Hadamard’ s lemma we get f ogo (x1,...,xn) = Z wig,-
i=1

and hence f = Z pi(g,- o (p). [1

i=1

Lemma 8 Let ll , . . . , I, be radical ideals in e(n). Then their intersection is also a radical

ideal

fl

Proof: In general rad (H ]-)C Qra(l(1,hence we get H 1,- Q rad (fl Ii)
i=1

‘
i"!

r i]: r
i=1

n ladll =fl 1. Therefore rad ml]- zfl Ii. D
i=1 i: 1 i]: i=1

Remark: Since 2 (H I) z z (H I;), we get rad (h Ii) = rad (111 If).
i=l i=l '= i=1

Example 1 Let I g 6(3) be the ideal generated by z and yz, hence z(1) are the y

and z axis, not in general position, but 1 is radical. Let f E i then f(w,y,z) =
.-1:y,(:1:,y_,z) + yg2(:r,y, z) + zg3(w,y, 2), where g2(0,y,0) E 0 and g3(0,0,z) E 0. Hence by

l'ladamard’s lemma we get that f(:c,y, z) = mgl(3:,y,z) + y (xh1(:1;,y,z) + zh2($,y,z)) +
Z(.’L‘lt3(.’l,',_’l/,Z) + yh4(:1:,y,z)), and f E le(3). El

01



Notation: Let I, = (7)”,...,pm) and 12 : (])21,...,])252) where {p1,,...,p,5,} and

“1-H, . . . mm} are linearly independent linear polynomials. We denote by (pup-2k) either

p” - pzk it" they are linearly independent or pi, it not, and by (11 12) the ideal generated by

{(Plfl)2k) }-

Proposition9 With the above notation 11012 is generated by {(p1jp2k)} and

I|nI2=-‘(I|12).

Proof: We can suppose I, : (x1,...,r¢,...,:1:sl) and 12 = ($1, . . . ,:t:¢,.1:s,+1,. . . ,ws,_,_32_t)
t51 ,

with U S t 5 3]. Let f G I, 01-2 then we write f = Z mtg“- = 217021 +
i:] i=|

3|+32-—t

2 1'j q”, hence q2,51+32_¢ vamshes at 9:1 = : 375141244 = O and we get
j=S|+l

51+32—t—1

q'Z,s,+S;—t : Z m1(12,.91+.92—t,t7 therefore
i=l

s; t 51+32—t—1 31+52—t—1

f = 235i q1,,~ = 233i (12,1' + Z 5131“ (12,1' + x51+32—l 371‘12,s1+sz—t,k -

i=l i=l j=s1+l k=1

Continuing in this way we get that f is in the ideal generated by {ml 1 _<_ i _<_ t} and

{miscj | t + 1 S i 3 31,31 +1 SjS 31+ 32 — t}. Therefore [1 m 12 g (1112). The other

inclusion is obvious. D

Remark: lf p1,...,ps are linear polynomials, we define inductively (plpz - - -pn) and we

get (71,012 - - -pn)) = (11,012 - ~ ~1)n)) : --- : (7)1(7)2(- ~ - (pn_1pn)))) and Proposition 9 is

true for Ir ideals I] : (7111,...,[)|sl),...,1k = (pkl, . . . ,pk3k> .

Corollary 10 Let I] = (p11,...,p131),...,1k : (pk1,...,pksk), where {pil,...,p,~si} are
Ic

linear independent linear polynomials, 1 : m If and 1’ = (11...1k) . Hence we get the
i=1

equalities I z I z I’ z I’.

Proposition 11 Let I21,...,Itk be homogeneous polynomials of degree 31, . . . ,sk respec-

tively and let 3 be the maximum of these degrees. Hence if] is the ideal generated by

h,,...,hk, we get AU) 3 3.



Proof: We have to show that (Iflm(n)s)m(n)' = 1 fl m(n)s+r Vr 2 0. Let f E

1 fl m(n)5+’, hence we have

f291h1+"‘9khk (*)

and

O : js+r—lf(0) : hljr+s—1—s1gl(0) + . . . + hkjr+s—1—skgk(0) (**)

subtracting (**) from (*) we get f = 51711 + + fihk, where g”,- E m(n)"+s"‘. Hence

each 57,- is a sum of elements of the form hfhf with hf E m(n)’ and hf is a homogeneous

monornial of degree 3 — si. Therefore f is a sum of elements of the form h,- hf) hf , with

hill? 6 In m(n)3 and h? E m(n)’, hence f E (lflm(n)’)m(n)r. We have shown that
I F] m.(n)"+T g (1 fl m(n)’)m(n)’ Vr 2 0. The other inclusion is obvious. D

Corollary 12 With the conditions of the previous proposition 1 fl m(n)’ is mitely gen—

erat ed.

~ ~
Proof: In fact, the proof of Proposition 11 shows that the set {hflig} where h? is a

generator of m(n)”‘" generates 1 fl m(n)s. D

We write Corollary 4 in this case.

Theorem 13 Let {p11, . . . ,p13,} , . . . , {171m . . . ,pk,,‘} be sets of linearly independent lin-

ear polynomials and 11, . . . [k the ideals in e(n) generated by them. Iff is finitely deter—
k

mined on the right, then f is finitely determined relative to G5, where S = U H,- and
i=1

We state a result of linear algebra that will be helpful to us.

Lemma 14 Let V and W1, . . . , W3 subspaces of IR", then if cl denotes closure

at) cl(Vflfi W;) =
1:1

V if VflWjQVVj
¢ if VflWj0=Vforsomej0



b) IfVQWlU-“Ul/Vs, thenl/QWJ-0 forsomejo.

Let [h and [12 be subspaces of IR". By a linear isomorphism we can suppose

ll. 2 2 {mi}sz 1/2 = z({:i:,-}f=| U{.1:J}f:£:), where 0 S s S k.

Lemma 15 Let I, and [2 the ideals in e(n) genemtedby{.1:t}f__I a1zd{mi}:;U{wj}ki£;1,

respectively. .S'uppose that m(7i)’”(1112) Q (df)(1112) , then f is finitely determined on the

right.

Proof: Let pj E m(n)m and ask $[_s+k E (1112) , then we get
" 8

pi (33k xe_s+k) = (Z awl hi) 33k zi—s+k + 9 (*)
i=1 1

0fIf we denote d) = pj —— Z——
114

hi, we get that gtis zero in the closure of the common

zeroes of g minus {wk zfill} U {30ka z 0}. Hence qb is zero in the union of the closure

Olsetsoltheform {x1 = = x5 = mg] = ---:1:,-<x = (Ejl = “urn : 0, wk 76 0, $g_s+k 76 0}

wheres+l Si1< <ia S k—landk—l—l Sj1< <jg St—s-l—lc—l. If

k > 1 and [i > 1 we get z(</>) D z(1). Let pk E m(n)"‘, hence from (*) we obtain

Pj Pk = ( it 1 afhifiwc + ¢Pk, Since ¢Pk E ltdfl we get mt" )2m E (df)m(n) and f is

film-determined. In the case [C = l we have two sub-cases, I] = ($1) and 12 = ($1,332, . . . , we)

or I, = (3:1) and 12 = ($2,...,.’Ee+1). In the first subcase (1112) = ($1) and in the sec-

ond (1112) : (m1 svj) 2 S j S t+1. Hence m(n)m(1112) Q (df)<1112) implies either

771017") Q(df) or m(nn’") 12 Q (dfflz respectively and we get that f is (m + 1)—determined

on the right and f is (2m)-determined on the right respectively. [P-L]. [II

For the case of three subspaces we start with

f— rH] = “(lit li=1 U {$s+j}j_1 U {x5+t+k}k_1 U {zs+t+r+q}q=(13+t+ ))

II? “(lift }i=1 U{ws+j}1=1 U {$l+w}w=1 U {$l+u+a};n=_1(s+t+"))

p— (s+r+u)”3 : H({Ki};-=| UlTs+z+k}k_1U{Ez+w}w= U{Ei+(m— (s+t))+fi}fi= >

where 0 S s S min {t,m,p}, O S t S min{t,m}, 0 S 7' S nlin{t,p}, O S u S min{m,p}.

8



Lemma 16 Let III, ”2, H3 as above, I], 12, 13 the ideals in e(n) generated by their

monomials respectively. Suppose that m(n)m(111213) Q (df)(]1]213) , then f is finitely

determined on, the right.

Proof: The generators of (111213) are {$i},{$s+j $s+t+k},{$s+j (L'[+w},{.’133+j $g+(m_(s+t))+fi},

{flit-+1“- 1772+w}, {$s+¢+k $e+u+ala {$e+w $s+z+r+qla {$s+t+r+q x€+u+a I52+(m—(s+t))+fi}-

The first set of generators are the ones appearing in the three subspaces, the following six

in only two subspaces and the last in only one.

Let p monomial in m(n)m, it is clear that amp 6 m(n)(df) for 1 S i S 3. Now we

want to imitate the previous proof.

a) We pick one x,- being in two ideals but not in the tl1i1d letaus pick ms“ and we

start with ms+1z3+¢+1 E (111213), then if p E m(n)’" ,p— 238~;fi,~h + d), where (1515

zero in z(1,’) U z(]§) U z(1§) and I: has as generators the same as$1,- except 1's.“ and

newt“. We will get for an arbitrary q E m(n)"‘, pqm3+1 E (df)m(n).

b) We suppose 375+] is only in 11 , hence (115+1 does not belong to 12 neither to 13. We

divide in two subcases.

i) We have an 33k with k > s and 93k E [2 F1 13 hence ms+1xk E (111213) and

p—z 2? g—mfi h + qt, where (1515 ze10 in z(1’) U z(1’) Uz(1’ ) and 1’ has the same

generators as Ii except 1113+, and 22k. lhen $s+1¢1s zero in z(11)Uz(1§) Uz(1§).
We continue as in the previous case except if one of the ideals 12 or 13 is princi-

pal, generated by zk, in this case our hypothesis m(n)m(111213) Q (df)(]11213)

is equivalent to m(n)’"(11]2) g (df)(11]2).

ii) We don’t have such an ark, hence we consider 333+] 331+] ccs+t+1 6 (111213) and

p = 2; Si h, + (75, where 45IS zero in z(1’) U z(15) U z(g), therefore ws+1¢ is

zero in z(/,) U z( 12) U z(l3). We now proceed as in i).

c) »'J.‘his case is for a monomial rec, of degree m which does not have as a factor any of

the generators of 11, 12 or 13. Consider {A}?=1 the monomials generating (111213),



3fhence for ma monomial in m(n)’" we get, $0, = Z —d.—
q? —I— ¢J~, and z(¢J~) contains

i=l I

z(I{,-) U z(l§j) U z(l§j), where Ifj is generated by the generators of 1,- except the ones

appearing in the monomial fJ, (if we cancell all the generators we shall understand

Z(Iijl:¢l'
If for somejo, we get z(11)Uz(12)Uz(13) Q z(11'J0)Uz(l§]-0)Uz(1§j0

in m(n)“ we get $0 1,716 (df)m(n). lfnot, z(11)Uz(12)Uz(13) ¢ z(11’J-)Uz( £,~)Uz( éj), Vj.
In this case, [th ma”. . ,.’EaN monomials in the ideal 3m(n )m, we can write ma, ”ma” =

N

Z g—f-Qi + H ¢J~ and 2 (H ¢J)—_ U z(¢J-). If U] z([,{) C U Uz((1,2) we finish, if
1:1 1“: 1 i=1 J'=1

not, we can suppose by Lemma 14, z(1,) ¢zz( llj)’ V1 5153, l S j _<_ N. Fix i z 1,

), then for mg monomial

hence z(]1) gZ z(1{j) Vj, this means that Vj, the factors of fJ~ contain the generators of

I,. Since degree of each fJ- is less or equal than 3, we have the following cases:

i) The idea] I] is principal. Same as before.

ii) If I] : (any) , necessarly 12 and [3 are principal. Same as before.

iii) The case I, : (m,y,z) is impossible. [1

Theorem 17 Let 11, . . . , 1k ideals ofe(n), each of them generated by linearly independent

linear monomials and Hl,...,Hk their common zeroes respectively. Then if

m(n)"‘(1, ...]k) g (df)(1, . . . 1k) hence f is finitely determined on the right.

Proof: We copy the previous proof as in c). Let {A}?! our generators (of degree

less or equal than k ) of (I ...]k) Let ma,,...,maN be monomials in m(n)"‘. Hence

22 g—f q,c + q’>J~ , wherezz(d>J-) 3 U2 (fly) and 12,- is the ideal generated by the
generatozrs of 117 except the linea1 factors that appear in fJ, with the convention that

z(l,’,]») = d) if all generators of I“ appear as factors of fJ.
k k

If for some jo, U z(1,~) Q U z(l,{jo), then for m5 6 m(n)m we get ma ml; 6 (alf)m(n) and
i=l '1:1

therefore f is (2m)— determined on the right.

10



N deQ+H¢JandIn the other case, we consider the equality are“ ”ac,
i=1 (131

N N k k N
,-; HiJ zUz ((/>J-) irUz(l,~ )<_:(1’UUz-),thenH¢J-E i_1( :,<1...1,,>)

.l=| .l=l l=| i=l j=l
and for my, monoinial of m(n)’", .r:/,(a',,] ---:r(,N)€€((lj)m(ln). ll this is not the case

W0 can suppose z(/|) (Z z(lJ{J-) ,
1 S i S k, i S j S N. ln particular, for i : l,

z(l,) gZ z (lb) Vj , then each of the generators fj, l S j S N, has as factors the

variables appearing in I]. A similar argument as in c) of Lemma 16 finishes the proof.

El

Corollary 18 cht I, J . . . , [k ideals of5(n), each of them generated by linearly independent

linr-ar monomials and (I, Ik) = I is generated by {pi} l S i S N. Suppose there exists

pJ- such that X, the closure of the common zeroes of the set {pi},¢j minus the common

zeroes opr- contains the common zeroes of 1. If a germ f satisfies m(n)’”] Q (elf)! J then

f is (2m)-determined on the right.

Proof: Let q, an arbitrary monomial of degree m, hence as in [P-L] we get qipj :7L ') d(E (—f' hz) Pj-l-gi and (Ii_— 2—f hH—qfit , where ¢J~ vanishes at X, hence d), E I——. I and

if qJ is any other monomial of degree m, (1qu E (df)m(n). Therefore m(n)2m Q (df)m(n).
D

Remarks

a) The case k = l of Corollary 18 was treated in [P-L].

b) The hypothesis of Corollary 18 is equivalent to the existence of pJ- E (I, ...lk),
])j = 3ch ~--zJ~J such that z(11) U U z(1k) Q z(1{) U U z(1,’c), in other words

z(11) Q z(1{|),...,z(]k) g z(1J-’k), where If is generated by the generators of 1,-

except the ones factorizing pj.

c) In the case of Proposition 5, this condition does not verify, since for all j,z(1{) U

z(].§) U 7415) is a plane and the common zeroes the three axis.

11



(I) From Theorem 17 we get a coarse bound for finite determination on the right. If N

is the number of generators of (I, ...Ik), we get m(n)”‘(N+'l g (df)m(n), therefore

f is m(N + l)—detcrmined on the right.

Adendum

The following theorem was communicated to me by Prof. Brasil Terra Lema.

Theorem 19 Let A be a commutative ring, 1, J, K ideals ofA with 1 = (g1,...,gk).
Suppose that (Lgi = 0 Vi, l g i S k and a G J’c + K implies a = 0. Then if [J g 1K we

gel, Jlc Q K.

k

Proof: Let m1, . . . ,mk arbitrary elements of J , then migi = Z dijgj, Vi with 1 S i S k
j=1

(dij E K). In a matricial notation we can write

91
U

C = ; where C = (60-771,- — dij) (*)
9k 0

If we multiply (*) by the adjoint of C we get (det C)g,- =0 Vi, but det C=m1- - -mk+b,

with be K, hence by hypothesis detC = O and 7n1~~m1c E K and therefore J’c Q K. D

Corollary 20 Let A = e(n) J = m(n)‘ or J = m(n)°°, K = (df) and T = (g1,. . . ,gk) .

Suppose that agi = 0 Vi, 1 g 7: 5 k and a 6 mm)“ + K (m(n)°° + K) implies a = 0.

him if im<h>f g i<df> (fm(n)°° g fun) hm mm)“ g <df> <m<n>°° g (M) and f
is (12k- + l)-determincd (co-determined).
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