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Resumo

Considere I;..., I, ideais gerados por polinomios lineares ¢ S=H; U ... U H,
seus zeros comuns, onde os H; sio subespagos de IR". Neste trabalho
provamos que para um germem f, os conceitos de determinacdo finita pela

direita e determinacéo finita relativa a Gs, o grupo de difeomorfismos que
restritos a S sao a identidade e os mesmos.
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Finite Relative Determination on Bouquet of

Subspaces

LEON KUSHNER

Abstract

Consider Iy,...,I; ideals generated by linear polynomials and their common
zeroes S = Hy U ---U Hy, where H; are subspaces of IR". In this paper we prove
that for a germ f, the concept of finite determination on the right and finite deter-

mination relative to G, the group of germs of diffeomorphisms which are identity

on S, are the same.

1 Introduction

Let S be a germ of a subset of R™ containing the origin, we denote by G5 the subgroup
of germs of diffeomorphisms which are the identity on S. In particular if I is an ideal
of e(n), the R-algebra of C* germs, and S = z(I) the common zeroes of I (0 € z(I)),
we denote by I the ideal of smooth germs which vanish at S. Let f be a germ in m(n),
the maximal ideal of ¢(n). In [K]| we gave conditions on f and S in such a way that if
g € m(n) is such that j* f(0) = j*¢(0) and f—g € I then g is in the Gs-orbit of f. In this
paper we show that for S being a bouquet of subspaces, those conditions are equivalent
to finite determination on the right. We shall denote by (df) the ideal of (n) generated
by the partial derivatives of f.

I wish to thank Prof. Brasil Terra Leme for the proposal of the problem and for his

time in several conversations making this work flourish. My gratitude to him.



Definition 1 Let I an ideal of e(n), 2(I) the common zeroes of I and suppose that z(I)
conlains the origin, we let I =rad I the ideal of germs vanishing at the germ of z(I). We
say that I s radical if I = I.

As in [K], given I a radical ideal, there exists a natural number k = A(I) such that for

m >k I 0mn)™ =m(n)m* (I N m(n)k). We give an analogous theorem to Theorem

11 there.

Theorem 2 Let I be a radical ideal, k = A(I) and suppose INm(n)* is finitely generated.
Let ¢ be a natural number such that m(n)'1 C m(n)l (df). Then f is (k+£—1)-determined

relative to G'g, where S = z(I).

Proof: Let g be a germ such that ¢ = f on S and j*t*"1¢(0) = j5t*-1f(0). If we define
or

the trivial homotopy F(z,t) = tg(z) + (1 — t)f(x) we get da_t =g—femn)*nI and

af OF 41 (df ag).

8.7),' B (?:L’,' 5;,- 6:@
Since m(n)**t N1 C m(n)!l and Im(n)?»~!' C I Nm(n)? Vp, we get the usual inclu-

sion (m(n)kH n 1) e(n+1) CSm(n)l < 8F> g(n+1)+m(n) (I n m(n)"”) ge(n+1). By

83),'
, : : : K+t oF
Nakayarna’s lemma we arrive to the inclusion (m(n) N l)s(n—l—l) Cm(n)I{ =— e(n+l).

61,-
o Z ar .
KAl Zh;(m, t)—d——— with h;(z,t) = 0forz € S,t ~ ty (to fixed ). We now proceed
i=1 Ti
in the usual way. a

Hence

Remarks:

. If I = m(n) then k¥ = 1 and we get that m(n)*! C m(n)*(df) implies f is ¢-

determined on the right.

2. If I = (z,...,x,), then k = 1 and we get that m(n)’] C m(n)I(df) implies f is
¢-determined relative to Gs, S = {0} x R"™".

Theorem 3 [K] Let f be a m-determined germ relative to Gs, where S = z(I), I
radical ideal and k = A(]). Then we get I Nm(n)™*t' C I{df) for m > k.



Corollary 4 Let f be a germ, I a radical ideal, k = A(I) and I N m(n)* be finitely
generated. Suppose that m(n)® C m(n){(df). Then f is (k + £ — 1)-determined relative
to Gs, where S = 2(I). Hence finite determination on the right implies finite relative

determination.

Proof: Since m(n)t C m(n)(df) we get m(n)*I C m(n)I{df) and by Theorem 2 f is
(k + ¢ — 1)-determined relative to Gs. a

Let I be the ideal in £(3) generated by {zy,zz,yz}. It is easy to see that [ is a radical
ideal and A(I) = 2. Moreover if we set p; = zy, p, = z2z and p; = yz, we get that for
i1 # 7,1 # k, j # k, the closure of (z(p;) N 2(p;)) — z(pk) is a plane and does not contain
z(I), which is the union of the three axis, and does not satisfy the conditions of Theorem
20 [K], but the conclusion is still true. We give a proof since it will be important for a

converse of Corollary 4.

Proposition 5 With the above notation, if f is m-determined relative to Gs, where

S = 2(I) are the coordinate azis, then f is finitely determined on the right.

Proof: Let us suppose that m(3)™ NI C I{df), which is equivalent to m(3)™ %I C I{df).

We shall show that m(3)*"~2 C (df)m(3)?, and hence f is (2m — 4)-determined on the

right.

Any mixed monomial of m(3)?™~3 has a factor in I times a monomial of degree 2m — 5,
3

hence for m > 3 it is contained in the jacobian ideal. Now we give the proof for z?™~3,

the other two are similar.

af af

o of
2(zy) _zyjz;a—z—h11+zzza hg,-{-yzza hs;j . (%)
3. 0f
If we denote by ¢ = 2™ Z Bz, - h1;, we get that the zeroes of ¢ contain {z =10}
=

and the zeroes of z¢ contain {z = O} U {z = 0}, hence z¢ € T = I. From (%) we get



3 .
a" =1y —gi hy; + 24 and hence 2273 € m(3)%(df) , then m(3)*™3 C m(3)*(df) and
— xi

[ is (2m —_4)-determined on the right.

Remarks:

[. Consider the same hypothesis as in the previous proposition but now in the algebra

m=2  we consider p; and

£(4). We change our strategy, instead of considering x
pz arbitrary monomials in m(4)™~?, hence by multiplying the first by zy and the

second by zz, we get

(+ =3 g #(6) 2 (2= )
(**) P2 = Z ad:;:[ h2] + ¢$27 z(¢.1:z) 2 {y = 0}
j=1"7"2

If we multiply (%) by (xx) we get pyp; = ﬁ: %h&- + Goyduz but 2 (dyy - bes) =
#(fey) Uz (fer) 2 {z = 0} U {y = 0} hence pypaps € (df)m(d)™ + I m(4)"? for
ps € m(4)™"2 and pypyps € (dfym(4)?. Therefore f is (3(m —2) — 1)-determined on
the right.

2. In the general case €(n) we get the same result (n > 4).

We recall that if f: (R",0) — (IR,0) is an analytic germ and f®: (C",0) — €,0) its

complexification, f is finitely determined on the right if and only if the common zeroes
dfm afw
621 ’ 62.,1

partial result in this direction for our case.

of the ideal generated by } are at most one point (the origin). We give a

C
Proposition 6 Let I be an ideal of complex analytic map germs. Then z< 3f > C 2(1)
zt

K afe
if and only if for some k, I* C I 5o



. afw ‘ afm . :
Proof: Since z 5 C z(1) then 2 . 1| = z(I) and by Hilbert’s Nullstellensatz

0z; 25

: : . ofY .
there exists & natural number with 18 C [ jf . For the converse z(1) = z(1*¥) D
0z;

()= () a
(')Zi - (')zl-

[f I = m(n), this is a known result [B].

Lemma 7 Let {p;}, i < 1 < r, be linear polynomials which are linearly independent.

Then the ideal I generated by them is radical.

Proof: Let 11 be the subspace defined by the common zeroes of I, and p,q,...,p,
linear polynomials such that {p;}._, is a basis of all linear polynomials in n-variables.

Then o = (p1y...,pn) is an isomorphism and we have that S =0on H if and only if

r

Jop™' =0o0n {0} x R"". By Hadamard’s lemma we get f oo~ (zy,...,2,) = Z z;9;

=1

and hence [ = z pi(g: 0 ). a

i=1
Lemma 8 Let Iy,..., [, be radical idcals in e(n). Then their intersection is also a radical

ideal.

Proof: In general rad (ﬂ ]-) ﬂ rad(/;), hence we get ﬂ I; C rad (ﬂ li)
=1

=1 i=1 =1
T T

ﬂ rad(/ ﬂ I;. Therefore rad ﬂ ﬁ I;. O
i=1

=] i=1

Remark: Since z (ﬂ l,-) =z (H I,-), we get rad (ﬂ I,-) = rad (f[ I,-).
] =1

Example 1 Let / C ¢(3) be the ideal generated by z and yz, hence z(I) are the y
and z axis, nol in general position, but [ is radical. Let f € I then f(z,y,2) =
wgi (e, y, z) + yg2(x, y, 2) + zg5(x, y, 2), where g2(0,y,0) = 0 and g3(0,0,z) = 0. Hence by
Hadamard’s lemma we get that f(z,y,2) = zg/(z,y,2) + y (zhi(z,y,2) + zhy(z,y, 2)) +
z(xhs(x,y,z) + yha(z,y,2)), and [ € Ie(3). a

ot



Notation: Let I} = (pyy,...,p1s,) and Iy = (par,...,p2s,) where {p11,...,p15,} and
{Pais .-y Pas, | are lincarly independent, linear polynomials. We denote by (pyjpa) cither
pi; - pa 0 they are lincarly independent, or py i not, and by (fy ;) the ideal generated by

{{(p1jpai) }-

Proposition 9 With the above notation [, NI, is generated by {(pi;p2x)} and
I| N I2 - (I|Ig) .

Proof: We can suppose I} = (21,..., 2 ... 2g ) and Ip = (T1, .., T4, Tsy 415+« L5y 45p—t)
{

S1
with 0<1<s,. Let felynl, then we write [ = Z Tiqi; = Z T qa; +
=1

i=1
81 42—t
Z Tjq2j, hence ¢4 45,—¢ vanishes at z; = --- = z,,4,,4-1 = 0 and we get
1=s1+1
S1+sp—~t—1
q'Z,s,*}-Sz—l = Z €T; (12,.9|+.92~t,i y t’herefore
=1
s1 t S1+s2—t—1 s1+s2—-t—1
[ = in q1,i =Z$i q2,i + Z T;q2,; t Tsi+sp—t Z T1 Q2,51 +s2—tk | -
=1 =1 j=s1+1 k=1

Continuing in this way we get that [ is in the ideal generated by {z;|1 < <1} and
{ziz; |[t+1<i<s1,8+1 <5< s+, —t}. Therefore I; N I, C (I11;). The other

inclusion is obvious. O

Remark: If py,...,p, are linear polynomials, we define inductively (pip;---p,) and we

get (pr(pa--pn)) = (i{p2---pa)) = -+ = (ps (p2(- - - (pn=1pn)))) and Proposition 9 is
true for kideals 1 = (pr1y- -y Prsy )y s Ik = (Phyy -« o s Phsye) -

Corollary 10 Let I} = (p11,---3P1sy)s-- > Jk = (Pk1s- -y Prsy) , where {p;,...,pis;} are
k

linear independent linear polynomials, [ = () I; and I' = (I,... 1) . Hence we get the
i=1

cqualitics | =T =1"=1".

Proposition 11 Lel hy,...,h; be homogeneous polynomials of degree sy, ..., s, respec-
lively and let s be the mazimum of these degrees. Hence if I is the ideal genecrated by

hyy.o..oyhy, we get A(T) <'s.



Proof: We have to show that (INm(n))m(n)” = I N m(n)**" Vr > 0. Let [ €
I Nm(n)**", hence we have

f=gihi+ - gphk (*)

and

0= js+r—lf(0) — hljr-l—s—l—s1g1 (0) 4 + hk jr+s—1—skgk(0) (**)

subtracting (**) from (*) we get [ = gihy + -+ + gghi , where §; € m(n)"t*~%. Hence
each §: is a sum of elements of the form Alh with A € m(n)" and h! is a homogeneous

monomial of degree s — s;. Therefore f is a sum of elements of the form | &; hf) hf , with

h,-;lz € I'Nm(n)® and }:i € m(n)", hence f € (I Nm(n)*)m(n)". We have shown that

I Nm(n)** C (I Nm(n)°)m(n)” Vr > 0. The other inclusion is obvious. O

Corollary 12 With the condilions of the previous proposition I N m(n)® s finitely gen-

erated.

Proof: In fact, the proof of Proposition 11 shows that the set {h,—hf} where lf:{ is a

S8~ 3¢ S

generator of m(n)*~% generates I N m(n)®. O

We write Corollary 4 in this case.

Theorem 13 Let {pi1,.--,P1s1}s---s{Pk1sr---+Dis.} be sets of linearly independent lin-
ear polynomials and I,,... I, the ideals in e(n) generated by them. If f is finitely deter-
k

mined on the right, then [ is finitely determined relative to Gs, where S = U H; and

i=1

We state a result of linear algebra that will be helpful to us.

Lemma 14 Let V and Wy, ..., W, subspaces of R", then if cl denotes closure

s V o VW, ¢ VY
a) cl (v N m W]c) — lf J g J
¢ if VW, =V for some jo

i=1



h) If VW U---UW,, then V C W, for some jq.

Let Hy and Hy be subspaces of R™. By a linear isomorphism we can supposc
Iy, =z {a;}b,, Hy =z ({.’L‘i}‘;l U {11};‘::1:), where 0 < s < k.

Lemma 15 Let [, and I, the ideals in e(n) generated by {:Ili}:;l and {x;}_, U{:L]};":::_’l,
respeclively. Suppose that m(n)™ (1 1) C (df)(1112), then [ is finitely determined on the

right.

Proof: Let p; € m(n)™ and zi zo—s1k € ([112), then we get

Pj (:Bk To_spk) = (Z ém_ hi) Tk Tp—st+k+ 9 (*)
i=1 t
n
If we denote ¢ = p; — Z o h;, we get that ¢ is zero in the closure of the common
— (),
1=1 t

zeroes of ¢ minus {zx = 0} U {z,—s4x = 0}. Hence ¢ is zero in the union of the closure
ofsetsoftheform{z, = =z, =2;, = zi, =2j, =--2j, =0, Tp #0, To_syx # 0}
where s+ 1 <4 < <ig<k—landk+1<j < <jp<Ll—s+k—-1.1If
k> 1and £ > 1 we get z(¢) D z(I). Let p, € m(n)™, hence from (*) we obtain
Pi Pk = ( =1 %he) Pk + épk , since ¢px € I{df) we get m(n)?™ C (df)m(n) and f is
2m-determined. In the case k = | we have two sub-cases, Iy = (z1) and I = (z1,2,..., )
or Iy = (z;) and Iy = (z3,...,Z¢41). In the first subcase (/;I;) = (z;) and in the sec-
ond (I11I;) = (z1z;) 2 < j <€+ 1. Hence m(n)™(I113) C (df)(I11z) implies either

m(n)™ C (df) or m(n)™ 1, C (df)], respectively and we get that f is (m + 1)-determined
on the right and [ is (2m)-determined on the right respectively. [P-L]. a

FFor the case of three subspaces we start with
/-
Hl -7 ({.’E,‘}:___] U {$3+]‘};~=] U {x5+t+k}£=1 U {zs+t+‘r+q}q=(ls+t+r))

I,

z ({xi};n U {ws+j};~=1 U {Ze4w oy U {$z+u+a}?=_,(s+‘+"))

p—(s+r+u)>

Iy = =z ({15:‘};;1 U{Zoptah}imy U {Terw)yey U {1'3e+(m—(.¢+¢))+;3}ﬁ=l

where 0 < s < min {¢,m,p}, 0 <t <min{f{,m}, 0 <r <min{f,p}, 0 < u < min{m,p}.

8



Lemma 16 Let 11, 11,, Hs as above, I,, I, I3 the ideals in €(n) generated by their
monomials respectively. Suppose that m(n)™(11;13) C (df)(111215), then [ is finitely

delermined on the right.

Proof: The generators of (1 1,13) are {z;},{Zs+; Tstt+k}s{Tstj (L'g+w},{.’1,'s+]' me+(m_(3+t))+ﬁ},
{Zoprrk Torwhy {Tortak Terurats {Terw Tsprbrtahs {$s+t+r+q Touto $£+(m—(s+t))+ﬁ}-
The first, set of generators are the ones appearing in the three subspaces, the following six
in only two subspaces and the last in only one.

et p monomial in m(n)™, it is clear that z;p € m(n){df) for 1 < i < s. Now we

wani to imitate the previous proof.

a) We pick one z; being in two ideals but not in the third, let; us pick 2,41 and we
start with zs41Z54041 € ([11213), then if p € m(n)™, p = Z h + ¢, where ¢ is
zero in z(I7) U z(13) U z(13) and I] has as generators the same as I,~ except x4, and

Topir- We will get for an arbitrary ¢ € m(n)™, pqa,4 € (df)m(n).

b) We suppose z,4 is only in [, hence 2,4, does not belong to I, neither to I;. We

divide in two subcases.

i) We have an z; with £ > s and z, € I, N I3 hence z,4; 2, € (I11,13) and
p= Zn? (;’l{z h;+ ¢, where ¢ is zero in z(I]) U z(15) U z(I3) and I/ has the same
generators as [; excepl z,49 and xx. Then z,4,¢ is zero in 2(J/) U z(I3) U z(135).
We continue as in the previous case except if one of the ideals I, or I3 is princi-

pal, generated by z, in this case our hypothesis m(n)™ ([, I,I3) C (df {1, 1,15)
is equivalent to m(n)™(I112) C (df) (5 I2).

i) We don’t have such an z, hence we consider z,,1 €41 To4041 € ([11213) and
17
p= Z 6‘{ hi + ¢, where ¢ is zero in 2(1]) U 2(1;) U 2(3), therefore z,,,4 is
t—l i
zero in z(1) U z(15) U z(13). We now proceed as in ).

¢) This case is for a monomial z, of degree m which does not have as a factor any of

the generators of Iy, I, or I3. Consider {f]} the monomials generating (/,/513),



: of .
hence for z, monomial in m(n)™ we get, z, = Z 9z 4 + ¢;, and z(¢;) contains
=1 ¢

z(1},)U z(13;)U 2(13;), where I}; is generated by the generators of /; except the ones
appearing in the monomial f;, (if we cancell all the generators we shall understand

Z(Ifj):fﬁ)-

I for some jo, we get 2(1;1)Uz(l)Uz(13) C 2(11;,)Uz(13;,

YU z(1,

350 /7

inm(n)"™ we gel 24 25 € (df)ym(n). Ilvot, z(/,)Uz(13)Uz([3) € 2(I{;)Uz(1y;)Uz(13;), Vi .

In this case, for Tgys- -y Loy Monomials in the ideal m( )™, we can write T4, ... Loy =
N

Z df Q, + H ¢; and z (H d),) = 2(¢;). If U z(I) C U U (Ii;) we finish, if

i=1 (' 1=1 i=1 j=1

not, we can supp(m by Lemma 14, z(1;) ¢ 2(1};), Vl <:<3,1 <7< N. Fixe=1,

), then for zg mionomial

hence z(11) ¢ 2(Iy;) V7, this means that Vj, the factors of f; contain the generators of

1. Since degree of each f; is less or equal than 3, we have the following cases:
i) The ideal I; is principal. Same as before.

ii) If Iy = (z,y), necessarly I, and I3 are principal. Same as before.

iit) The case Iy = (x,y, 2) is impossible. a

Theorem 17 Let Iy,..., I, ideals of e(n), each of them generated by linearly independent

linear monomials and H,,...,Hy their common zeroes respectively. Then if

m(n)™ (I, ... It) C(df){I,... 1) hence [ is finitely determined on the right.

Proof: We copy the previous proof as in c¢). Let {fj}?,:] our generators (of degree
less or (‘qual than & ) of (... 1g). Let Zoys---,Tay be monomials in m(n)™. Hence

Z 92, ,;+ ¢;, where z(¢;) D U (Izlzg') and [y, is the ideal generated by the
guumtoxs of I, except the linear factors that appear in f;, with the convention that

z(1p;) = ¢ il all generators of I;; appear as factors of f;.
k

If for some jo, {J 2( U z(1,), then for x5 € m(n)™ we get z, g € (df)m(n) and
i=1

therefore f is (2m)- determmed on the right.

10




: . 0
In the other case, we consider the equality z,, ...z, Z f Q;: + H ¢; and

1=1 :
N N k kN
Ao = U 2e). 1Y 2(1:) < U U 21 Lh(an)JEI—](i (I ... 1))
1=1 7=1 =1 i=1 j=I 7=1
and for gy monomial of m(n)™, wp (L, - Tay) € (df)m(n). If this is not the case
we call SUppose z ( ) , 1 <1<k, <j < N. In particular, for 2 = 1,

z(h) ¢ = (1{j) \7’] , then each of the generators f;, 1 < j < N, has as factors the
variables appearing in ;. A similar argument as in c) of Lemma 16 finishes the proof.

O

Corollary 18 Lel Iy, ..., Iy ideals of e(n), cach of them generaled by lincarly independent
lincar monomaials and (I, ... 1) = [ is generated by {p;} | <1 < N. Suppose there ezists
p; such that X, the closure of the common zeroes of the set {p;}iz; minus the common
zeroes of p; contains the common zeroes of I. If a germ [ satisfies m(n)™1 C (df)], then

[ is (2m)-determined on the right.

Proof: Let ¢; an arbitrary monomial of degree m, hence as in [P-L] we get ¢;ip; =
) n a R
(Z (—f- h;) pi+g: and ¢; = E —f he+¢; , where ¢; vanishes at X , hence ¢; € I = I and
= Jx, = Oy
if ¢; is any other monomial of degree m , ¢; ¢; € (df)m(n). Therefore m(n)?*™ C (df)m(n).
O

Remarks
a) The case k = | of Corollary 18 was treated in [P-L].

b) The hypothesis of Corollary 18 is equivalent to the existence of p; € (/;... 1),
p; = zj - -xj, such that z(I1) U ---Uz(l) € z(I]) U--- U 2(I}), in other words
z(ly) C 2(I)),...,2(Ix) € 2(1],), where I is generated by the generators of I;

except the ones factorizing p;.

¢) In the case of Proposition 5, this condition does not verify, since for all j, z(/]) U

z(15) U z(1}) is a plane and the common zeroes the three axis.

11



d) From Theorem 17 we get a coarse bound for finite determination on the right. If N
is the number of generators of (1 ... 1), we get m(n)™N+1) C (dfym(n), therefore

fis m(N + 1)-determined on the right.

Adendum

The flollowing theorem was communicated to me by Prof. Brasil Terra Lema.

Theorem 19 Let A be a commutative ring, I, J, K ideals of A with I = {(gq,...,9x) -

Suppose that ag; =0 Vi, | <1<k anda € J*+ K impliesa =0. Then if 1J C IK we
gel J¥ C K.

k
Proof: Let my,...,m arbitrary elements of J , then m;g; = Z dijg;, Vewithl1 <: <k

5=1
(di; € K). In a matricial notation we can write
9 U
C =1 : where C = (8;;m; — d;j) (*)
9k 0

If we multiply (*) by the adjoint of C' we get (det C)g; =0Vz, but det C=my- - -mu+b,
with b € K, hence by hypothesis det C = 0 and m, ---my € K and therefore J* C K. O

Corollary 20 Let A=¢(n) J =m(n) orJ =m(n)*°, K = (df) and I = (g1,...,09%) -
Suppose that ag; =0 ¥i, | <i < k and a € m(n)™* + K (m(n)® + K) implics a = 0.
Then if Tm(n)? C I(df) (Tm(n)= C T{(df)) hence m(n)* C (df) (m(n)* C (df)) and [
is (Lk + 1)-determined (co-determined).
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