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Resumo:
Neste trabalho generalizamos a equivaléncia entre estabilidade relativa
provada nos trabalhos de Porto-Loibel [P-L] e Porto [P] para uma classe
maior de conjuntos semi algébricos.
Comegamos dando condigfies para que um cbnjunto semi algébrico coincida
com a fechadura de seu interior e trabalhamos com conjuntos satisfazendo
esta propriedade (Lema 5 e Proposigao 7). No Teorema 9 provamos a
primeira parte de nosso teorema principal: estabilidade infinitesimal relativa
implica estabilidade relativa, e por tanto determinagao finita (infinita)
implica estabilidade relativa. '

No teorema 16 estudamos polinémios quase homogéneos e damos condigfies
para eles serem infinitesimalmente estéveis. Os teoremas 23 e 27 provam a
reciproca de nosso teorema principal via Teoria de Loj asiewicz, como em
[P].



Resumé

In this work we generalize the equivalence of relative stability and relative
infinitesimal stability proved in the works of Porto-Loibel [P-L] and Porto
[P] for a big class of semialgebraic sets.
We start by giving conditions for semialgebraic set to coincide with the
closure of its interior and then work with sets satisfying this condition
(Lemma 5 and Proposition 7). In theorem 9 we prove the first part of the
main theorem: relative infinitesimal stability implies relative stability and
hence finite (infinite) determination implies relative stability.
In theorem 16 we study quasi-homogeneus polynomials and we give
conditions for them to be infinitesimally stable. In theorems 23 and 27 we
prove the converse of our main theorem via Lojasiewicz Theory, as in [P].



Relative Stability‘o'n Algebraic Sets

BRASIL TERRA LEME and LEON KUSHNER

Introduction

In [P-L] and [P] it was given an equivalence between relative stability and relative

infinitesimal stability of function germs with respect to the group of germs of diffeomor-

phisms which are the identity on the semi-algebraic subset of R" defined by 3:1 3 0. In this

paper we generalize this equivalence to closed subsets of IR" which coincide with the clo-

sure of their interior. We give conditions for semialgebraic subsets to satisfy this property

and some examples are worked for polynomials in two variables and quasihomogeneous

polynomials in 77.- variables.

Notation. We shall work in s(n), the local algebra of function germs of IR" to IR. around

the origin. with maximal ideal m(n) . If f is a function germ. I = (i,,....in) a multi-

ail+”'+inj'
—(9.r§‘ ---3.rf;'

' Also for f we have its jacobian ideal
I

index then |I|= 21.1» and a——Tj;—_

<2!
0",

quo>the ideal of-sn( ) generated by its partial derivatives. Vf the gradient of f and
w|

for]()O :(f) will be the germ of common zeroes of f.



m(n)k. If 5 is a38The powers of m(n) will be denoted by m(n)" and m(n)°° =
k

subset of IR" cointaing the origin, int 5 and cl 5 will denote the interior and the closure
1

of S and G5 the group of germs of diffeomorph’isms ¢ such that ¢(:c) = 1: Va: 6 5. Also

for r. 6 IR", d(.7:. S) will denote the distance of a: to 5.

Finally for f a function germ, j"f(z) will denote the Taylor expansion of f at the

point 1 up to degree I: and its called the k-jet of f at x and J"(IR",IR) will denote the

IR- vector space for all k-jets of function maps at the origin.

Definition 1 Let 5 Q IR" be agerm of a closed set such that 6 E cl(int S). We say that

a germ f is S-stable if given g such that g(:z:) = f(:r) Va 6 S’ we have a difi’eomorphism

06 G5 such thatg=fo¢.

Examples

1. Let S' = {(;v.y) 6 IR2 | $3 — x2 — y2 2 0}, then Sis closed but 6 g cl(int S).

50 Let S = {(.r,y) E R2 |:1:4 — x3 — cry2 2 0}, in this case S = cl(int S).

3. S = {(.r,y, ~) I ::(;L‘2 + y2) — 3:3 S 0}, in this case 6 E cl(int S) but cl(int 5') 76 S'.

Notation 2 We let CSUR") be the lR-subalgebra of £(n) consisting of germs constant

at 9. It is a local algebra with maximal ideal £(5'.n), germs of (fa-UR") vanishing at. the

origin. In fact s(5’.n) is an ideal of e(n).

.I -

Remark If f E s(5’,n) then f E m(n.)m and if S = cl(int S) then 87 E s(.‘5'.n) VI

multi-inclex.



Proposition 3 [P-L] Let f E m(n)°°, then there exist 9 E m(n)°°, g(:2:) > 0 VJ: aé 5

and h G m(n)°° such that f = gh.

Corollary 4 We have the equality e(S,n) = niln)”e(5,n).

Proof: Let f E e(S,n) Q m(n)°°, hence f(x) = 0 Va: 6 S then h(a:) = 0 Va: 6 S and

therefore h E s(5,n), finally f 6 e(S, n)m(n)°°. The other inclusion is obvious. D

We want to give conditions such that if S' is a semialgebraic set defined by inequalities

of the form R-(E) S 0, 1 S i S s, then S =vcl(int 5). As examples 1 and 3 show, this is

not always the case.

Lemma 5 Let P1(-J:),...,P,(:c) polynomials in lR[:t'], I = (x1, . . . ,;1,'“), then

cl{.r I Pi(:c) < 0. 1S i S s} = cl(int {r I R-(x) S 0, 1S i S s}).

Observe that if P(a:) = —Xn:a:f then int {x I P(x) S 0} = IR" and {1‘ I P(1:) < 0} =
i=1

IR" — {6}.

Proof: Since {1' | Pits) < 0} g {rt | PM) so} it is clear that cl{1?IP,-(:L') <0} g

cl(int {.r I Pi(;v) S 0}). Now let sec 6 c1(int {93 I Pitt) S 0}) and suppose

$0 g cl {I I P,’(.L‘) < 0}, then there exists 5 > 0 such that BC(.’L'0) (“1 {w | P,-(.r) < 0} = 0.

Let .rJ —> .L'0. 1"; E Betta) and IJ’ 6 int {.1' I P;(;r) S 0}. Obviously there exists c,- > 0 will]

B(,(.rj) c {r I PM) 5 0} and 361m) c B((.L'0), hence Pitt) 5 o v; and w e B,,(.rj).

but P; are polynomials. hence Pg 5 0 Vi.

Remark The result is also true for analytic map using the same proof.
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Definition 6 Let A C ]R" a semialgebraic set defined by inequalities P;(:v) S 0,

1 Si <s . We say that A is good if when we decompose A: U Aj, {A }j—l disjoint
j=1

semialgebraic subsets each of them semialgebraically homeomorphic to a product (0,1)31

then given A! with s, < n, there existsj such that A; g AJ- and sj = n.

The example 2) is good, while the examples 1) and 3) are not good. We remark that

example 3 is homogeneous.

Proposition 7 Let P1(:r), . . . ,P,(x) polynomials, A the semialgebraic set defined by A =

{1‘ | Pi(x) S 0, 1 S i S 3}. Suppose that A is good, then cl {z | P;(:r) < 0, 15 i S s} =

{.r|P-(.r)<01<i<s}.

Proof: Let no such that .Pi($0) S 0 Vi, ifP,-(:co) < 0 Vi, 330 6 {so I P;(:c) < 0, 1S i S s}.

[f not. there exists io with Pgo(x0) = 0. Then there exists a sequence (xj) converging to .r

with Pi(.lfj) < 0 for 1 S i S s and for all j. The other inclusion is obvious. El

Corollary 8 For 5 a good semialgebmic set, we get 5 = cl(int 5).

Proposition 9 Suppose S is a closed subset of IR” containing [he origin and such that

i
5: l(int 5) If;(9.11) g <g—f> s(s.n) then f is S-stable.

Proof: The same proof as proposition 1.13 of [P-L] works. We recall our remark that
-1

if f 6 5(5'. 11) then 3—1 C 55'.( n.) for each I multi- index. Now let. g(:r ) germ such that
r

g(.r) = f(.r) Vr Eb .We define the trivial homotopy F(.'.1 t): tg(.c )+ (1 — t)f(.r) and

.\' = ('\'x|}(lR”+I)<;)—f>. [\ = CSXR(IR"+1)<;)F>. Sinceg —- I 6--(S'.n.). we have that
t,’ J:

4



ifh(:r,t)€N,(xh Fig—k .(Lt)=Za—Q(,)hxth(mt)+tza(f_g)h.-(z.t).
!_=1 1:1 i=l 33},-

a
h;(:c.t) e Cann(lR"+1). Bu t

—(—J;):g)
E 6(5.n) C <g—f> e(5,n), therefore N C K +

€,(S' n)N and by Nakayama’s lemma N C K, and hence we have e(5 x IR) < 8_f>_51,
OF
8—13,-

8 aF
$(5 x IR) <8_f> C 5(Sx><——-IR)<>. We now proceed as in the usual proof. D

x,- 8m.-

5(S x IR) . Now. since g_-— f E e(5’,n), we get by hypothesis gag: (g— f)6

Definition 10 A germ f is S-infinitesimally stable if e(5,n) C <g—f> e,(S' n).
117i

Remark The inclusion in fact is an equality.

Corollary 11 [ff is a finitely (infinitely) determined germ, then f is S-infinitesimally

stable and therefore S-stable for 5 = cl(int S).

g—f> for some I: 5 00 we get that
xi

e(5, n)C <——af——> .~:,(S n). We now use proposition 9. Cl

Proof: Since e(5.n) = m(n)°°e(5,n) and m(n )k C <

arc,-

Examples We will suppose 5 = cl(int 5).

I. Let f : (IR"0) (IR ,10,) =(f") such that £(5 n.) C IL, z(f) 0 int 5 = o

and fk E <fl‘_aai1— If h 6 £(5 n) h—— f‘g and then g(;r)= 0 VJ: 6 int 5.

so g E 5(5.n) ands (5.7 )C<fk l ig> e(5,n). Therefore fk is 5-infinitesimally

stable.

2. Let fl(.z'1. . . ...r.,,) = 21,2 f2(.z'1.. . . ..r,,) = I1 and 5 = {(1'1 ..... n)| .11 < 0}. We
i=l

clearly have :(f1l = {0} X m-'1~s~.3(f2l= {l-l‘h-u-J’n) |-l‘| = 0}, :(f1) 0 int. 5 = o

5



and z(f2) fl intS’ = 43. In both cases for any k we get e(5,n) Q ( ;)

(PTOP 5'4 Chap V, [T]). Moreover, g—f = 23,- for 1 < i < 3 and g-fi = 0
2: 1.1.

for “l > S hence Z<%f1_la——fl)x~ =f1—1 f]_-— fl We also haVe g? = 5h

(kronecker s delta) and Zfzfk— lgiim27.“ = fzk, By the previous example frk and ff
i=1 i

are S-infinitesimally stable (k 2 2) ([P-L]).

Lemma 12 Let f(IR",0) —> (lR,0) be a gem and qb : (IR",0) —> (IRn,0) a germ Of dif-

feomorphzsm. Then g 6 <aaf,- , g—xf> if and only zfgo 913 E <___0(£;¢)PH’ —a(£:n¢)>'

Proof: There exist h;,]...,hn germs such that g= 2—Bar - hi» bUt

" 5 3¢j . .
J _g—lf—I( )=§a(£1 ¢@))E;(y) where 1b IS the 1nverse of d). hence g(1J) —

d“ 0 (D) _’ M8714 _ ,;(; aw] < (1111 3x1)» 11, and go;(;8x1(a—; <¢(¢x11)(h. oom-

Therefore g o (b 6 a('g;¢) . For the converse use h = f o ab and 1b then 9 o (15 6

BE 0h . . 8(h 0 1b) 6(h 0 1b)
<().1'; """ drn> imphes g 0 ¢ 0 ¢ 6 <

(9x1
’ h ' " awn ' D

Theorem 13 Let P(;L',y) be a polynomial in two variables. We consider two cases

1) P(.1r.y) = .L'ky”Q(a:, y) and 2) P(;1:,y) = er(:1:,y) + y“. where .1: nor y (livid!

8P 0P
Q(.r._l/) Then P G <0? d_y> if and only 1f

Case 1: The-re erist h3(.r,y) and h4(;r.y) germs such that

a) Q(.1'._1J) = (AQ()(1: yH—{nraa—Q) 11.3(1.y)+(€Q(;r,1/)+y%§> I1.4(.r.y)/o1'A'> 0. l > O.

a—Q(r.y)l13(.zr.y) + (lQ(.1~.y)+ U 2052) [MU-fl) for k = 0- ( > 0'11 (111.111 = a}.



3P BP
6) P(I~y) = a—x($ay)ha($iy) + awl/MAM!) for k = f = 0-

Case 2: There exists h1(:c,y) and h4(x,y) germs such that

a) mm) = (kQ($~y)+x'(9—Q> h1(‘”»y)+-2?4Q—+wk —Qah4(w y)+£’y' ‘h4(x y)f0r5.7: I 3y By

k>Q€>Q
'

8 3b)Q(xy)= a—Qixmhlw y)+%a—Q+ a—Qh(gammy! 1h3(xy)fork—0

Proof:

Case 1: Fork>0and€>0
QP '_ i-” i, 6Q
aP _ 1: 1—1 I: l aQ
ay

— (ivy Q(x,y)+wy—ay
3P 8P 3

Now may)=h1(x,y)—+h2(x,y)—,thenny<w,y)= kyQ(z,y)+xy.—Q may”83: By dz

6
(1. Q((J: y) + By 3—62) h2(x.y). Since h1(0,y) E 0 and h2(a:,0) E 0, we get Q(;v,y) =

0
(MN-my) + x 8—3) h3(w,y) + (MM-my) “lg—(j) May)-

The proof is similar for b) and c).

Case 2: For A: > 0 and (’> 0

3p _ L-l , kg
8417

— A'T Q(liy)+r an:

QP
_ ,i.a_Q

By _ .l.
ay

+('

Then our case is equivalent to

J'kQU-y) + y" = (k-l'k‘thluy) + fig?) ltd-1:11) + (fig—$2 + Hf") fix-lay) -

-' ;/

7



Since h2(:r,y) = %+ xh3(z,y), we get

new): (kxk-‘Q<x,y)+x*—Q)h(a 10+“? 25+“lgfhax y)+exy‘ 1h3a y).
From here. h3(:c,y) = zk‘2h4(a:,y) and

W y =(ka((a: y)+ 2—2) h1<z,y>+ Egg—2+ kg—thu y)+ey‘ 1h4<rc y)

For k = 0 and t > 0 it is similar.

The case for quasihomogeneous polynomials is easier.

Definition 14 Let P be a polynomial in variables $1,...,xn. We say that P is quasi-

homogeneous if there exists numbers k1,...,kn and 8 such that P(tklml,...,tk"a:n) =

t/P(.L'1, . . . ,;L'.,,_).

Observe that if kl = = kn = 1 we have homogeneity of degree t’ and that for P

. OP .quasrhomogeneous —(tk‘x1,...,tk"xn) = te'k’a ($1, . . . ,:cn).
fb‘j6m,-

If we write P = Sam! for a quasihomogeneous polynomial we obtain for

1: (i1,...,in), 131k1+---+i,,k,, =e (a, 76 0).

0]?
Lemma 15 [f P is a quasihomogeneous polynomial then P(z) = ZcJ-rj a—_—,

where
j=l 1'J

(‘j = kj/V.

Proof. If P(.z =Za1r1, we get chij—_ 1 and 3—13: 2 an'~".L' 1 where ej is the
xJ

i, >1
canonical vector in IR" with l in its j-coordinate and 0 in all others. then

u

=w=2a1(2%’)~=zcm z: ‘=me_a:l 1 1:1 J: l
‘1121

ca



Theorem 16 Let P(r) be a quasihomogeneous polynomial and S’ a closed subset of IR"

containing the origin and such that S = cl(int 5). Suppose that e(S,n) g (P) and that

z(P) 0 int 5' = qt. Then f is S-infinitesimal stable. In the case S = {as | P(:t) S 0} we

only need 5 to be a good semialgebraic subset of IR".

613,“

:(P) 0 int 5 = qb gives the result using example 1 after Corollary 11. For the second

Proof: By hypothesis we get e(5',n) C (P) and P e <Q£>, this together with

part it is obvious that :(P) flint S' = (15 and since 5 is a good semialgebraic set, we finish.

El

Corollary 17 Let f(a',y) be a simple germ and gt the germ ofa difleomorphism such that

f o (15 is in canonical form. Then if S’ = {1c I P(:c) S 0}, f is S-infinitesimally stable,

where S = ¢(S").

Proof: From Lemma 12 we have to show everything for P the canonical form of f . From

the previous theorem we only reed the inclusion e(S, 2) g (P). Let I = (P), J|(I) =
013 013

. _ . k_<P’a_aa_y> hence :(J1(I)) = {(0,0)}and1f11 = <$2ztyk+1>, 12 _ <x2y+y ').
13 = ($3 + 1/4), [4 = (173 + $313), and 15 = (1:3 + ys) we get the following inclusions

(4.2 + we)“ 6 J1([1), (1-2 + yfllkfi+1 e J1(Iz),

(1-2 + W e Ji(13), (w? +W 6 M14), (x2 +W e nus).

Hence by Prop 5.4. Chap V. [T] the ideals J1(L-), l S i S 5, are Lojasiewicz and $(S", 2) Q

I,-.i§i§5. D



was

“at

it».

fit

Remark: The above corollary is true by adding a nondegenerate quadratic form in n — 2

variables and hence for the general Ak, D4, E6, E7 and'E8 singularities.

Examples:

1. Let P(x, y) = $2 + y3 + x2y3, one sees that P is not quasihomogeneous but P is

simple and directly

P(z,y) = (2:1:(1 + y3)) (g) + (3y2(1+x2))3—(1—i?5 .

2. Let P(r. y) = rzy +3323;2 +x3y3, which is not quasihomogeneous, using Theorem 13

we need to solve

1+ y + my = (2 + 2.11 + 3wy2)hs(:v, y) + (1 + 211 + 3wy2)h4(fc)

which has obviously many solutions, since the factors of 113 and In. are invertible.

Definition 18 a) Let S be a closed subset of IR"(6 E S) and f a germ with f(6) = 0.

We say that f satisfies a Lojasiewicz inequality for S if given K germ of a compact

set with 5 6 If, there exist constants c > 0 and a _>_ 0 such that |f(.1.')| 2 cd(.i'. X)"

for all .z' G If.

ii) Let I be a finitely generated ideal 0f£(n) and S the germ of its common zeroes. We

say that l is a Lojasiewic: ideal if there exists a germ f in [ satisfying a Lojasiewic':

inequality for 5'.

S S

Runarh: [f{f1 ..... fs} is a set ofgenerators ofa Lojasiewic: ideal I. then 2 ff. Z |fi|
i=l i=l

and max {ll2 ..... ff} also satisfy a Lojasiewic: inequality for 5.

10



c) Let f E m(n) and S be a closed subset of IR", 5 6 S, we say that f satisfies a

Jacobi-Lojasiewic: condition for S if [Vf(m)| does.

Definition 19 Let (b,-) a sequence of positive'real numbers converging to zero. We say

that a sequence of real numbers (of) is flat along (b;) if given r > 0 there exists a natural

number N = AV( r) such that fail S bf fori Z N. Vectors, matrices, oo-jets are flat along

a sequence (bi) if each entry is flat. A sequence is flat along a sequence (mi) of nonzero

vectors in IR" converging to the vector 5 if it is flat along the sequence (|x,~|).

Remark We can change r > 0,for r = n natural since for n > r b? S bf (0 S b,- S 1).

Lemma 20 A germ g does not satisfy a Lojasiewicz inequality for a closed subset S if

and only if there exists a sequence of vectors at,- 6 IR" —- 5 converging to the vector 6 such

that g(.1'.;) is flat along d(.r,-,S').

Proof: Necessity: We have a germ of a compact set K0 such that given constants on > 0

and an 2 0. there exists a point 11,1 E K0 — S with |g(.rn)| < cn d(;rn,5)“". We let

a“ = n, and c" = 1. we can suppose x" —> 6, hence given N, we have for n Z N.

|g(.r,,)| < (l(.rn,5’)" S (l(.rn,5')N.

Sufficiency: We have a sequence (.r,-) converging to fisnch that g(.1rf) is flat along (l(.r,>, S'),

hence for r > 0 there exists ;V = N(r) such that Ig(a‘,~)| S d(.r,»,5')r for i 2 N. If we

suppose that g is Lojasiewicz we would have for a germ of a compact set containing (.r,)

for i _>_ M that lg(lr,-)| 2 cd(.r,-.5')“ for constants c > 0 and o 2 0. Hence joining both

11



inequalities cd(rL',-,S)°’ S d(a‘,~,S)' for i 2 max{M, N}. If we choose r > a and let i —> 00

we get c =' O. D

Remark For 9 germ not identically zero we can" choose g(x,-) 76 0 W.

Definition 21 Let S be a closed subset oflR", then M(S,n) are the maps (15 : an—S' —> IR

such that if K is a germ of a compact set and k is a multi-z'ndea: of natural numbers, there

exists constants c > O and a > 0 such that |Dk¢(x)| S cd(:r,5’)'°‘ for all x in K — 5.

Theorem 22 Let d) E M(S,n) and f E e(S,n). Then we can extend of in a unique way

to a germ in e(5,n) denoted also by (bf.

Proof: Let x0 6 S and Kr0 g Km compact sets containing no such that, for a: E KI0

there exists ar 6 5 n [<sz with d(:c,5') = d(:c,a,). Let f E e(S,n), since f is flat along

5, given m natural number, there exists c’ (independent of f) such that IDkf(.l')| S

c’ |f|52° d(u7:,5)"“|kI Va: E Kt0 and Vlkl S m. Let a: E K — S and m to find, then

ID”(¢-f)(x)l 5 Z (i) ID’¢(w)I ID“’f(w)|
sSl

|/\ Z (filcd(z,xr°c'|f|f§*° datum-M
3S!

I/\ II I“; e r m— —s —ac |f|m° Z<‘)d($"\) If I

35!

S c"'|f|l,\1;° d(:r,X) for m 2 Il’l + a +1

Therefore D"'(o - f) extends continuously as zero in 5. Using Proposition 4.2, Chapter l\"

of [l]. o - f extends smoothly and it is flat on X. D

12



Theorem 23 Let f be a germ and 5 closed with S = cl(int S) and 6 E 5. Suppose that

f satisfies a Jacobi-Lojasiewicz condition at S. Thenf is S-infinitesimally stable and

therefore stable.

Proof: Consider g—— |Vf|2, we shall show that e(‘S, n) C e(S, n) <83_f>. Let K be a
271

compact germ and g1 representative of g, then for each k multi-index. there exists ck

1 ck”(ii (2) 5 wow“
inequality for 5, there exists c > O and a > 0 such that |g1(:c) |__> cd((1, 5)“ V2: 6 K and

1 LD (gm) <

he.—:.(Sn)andx¢5wehaveh(x)=

constant such that Vx E K. Since gl satisfies a Lojasiewicz

Ck 1mm W e K— S hence
9—1
e M(S, 11) Now for

Ma”) Mr)
9M) gum)

af _ afax). Therefore we get e(5',n) Q c(.5',n) <0_a:,-> and b)

Proposition 9, f is S-infinitesimally stable.

therefore

to a germ H in e(S,n)g1(x), extend

and we get h = Hg 6 e(S,n)<

D

Lemma 24 (Lemma 3.3, [W]) Suppose there exist a sequence (w;) in IR x J"(n,l)

(h 5 00), a sequence (mg) in IR" — {6} converging to the origin and a germ f such that

g;—_ .w—jWt1:),~ is flat along (x,) Then there exists a germ g such that j"g(x,~1) = (wij)

for (rt-J) subsequence of (xi).

Definition 25 Consider qi map germs from IR" to IR x J’“(IR". IR), 5 a closed set con-

taining the origin and (mg) a sequence in IR" — S' converging to the origin. We say that

(q,) a1eflat alo11g( If) if given r > 0 there exists IV: N(r ) such that |q,-(.r ,-)__|< d(.15")

Vi 2 N.

Lemma 26 Let f be a germ. (wi) sequence in [Rx .]"'(IR”, IR). (.1:,-) in IR" —.5' con verging

13



to zero, where 5 is a closed subset of IR" containing the origin. Suppose that (q,-(y)) —

(wi—jkf(y)) is a sequence flat along (x,) Then there exists a g such that (jkg)(:t,-) =w,' Vi

and j°°g(.r) = j°°f(:c) Va: 6 5.

Proof: Following Lemma 3.3 [W], we can suppose I; =‘ 00 by considering zero all terms of

order bigger than k. We define Q a. Taylor vector field given by q;(x,-) at x,- and the zero

series at 5. Moreover, given r > 0, there exists N = N(r) such that |q,-(x,v)| S d(;r,>,5)’

for i 2 N. It is enough to show that (R?Q)k(:r) = o (|:r — ylm'lkl), where (RyQy (cc) =

Q"(x) — Z Qk+L(y)(w —y)L/L! (Prop 1.5, Chapter IV of [T]).
ILISm—Ikl -

(i) If x and y are in {mi} U {6} same proof as Lemma 20.

(ii) If .U and y in S is obvious.

(iii) If I 6 {xj} and y e 5, (R’;Q)k (raj) = arm) and |Qk(z,~)| 5 d(zJ-,S)' 5 d(:rj,y)r,

put 1' = 771+ 1.

(I—I')
(iv) if.ce5anc1y=x,-,(R;Q)k(x)=- Z Qk+L(zj) u] , sameas iii).

k
Hence (RZ‘Q) (zr) = o (la —y|"“l’°|) and by Whitney Extension Theorem (Thm 3.1,

(Q'hapter IV of [T]) there exists a smooth germ q such that j°°q(;r.,v) = q,» and j°°q(:r) = 0

VJ' E 5'. let g = f + q, hence g has the desired properties. In fact if S = cl(int S), we get

qEOonSanclgEfonS.

Theorem 27 Let f be a germ, 5' a closed subset of R" with 5’ = cl(int S). HUNT if]
is S-slablc. l/ufn, |Vf| satisfies a Jacobi-Lojasiewic: condition for S.

H



Proof: We shall prove the theorem by contradiction. We have a sequence (xi) converging

to the origin such that for each natural number n there exists a natural number N(n)

such that [Vf(:z:,-)| < d(z;,5)" V i 2 N. Choose (y;) a sequence of regular values of f
converging to zero and such that lf (can) — ynl S d(a:n,,5')" Vn. Let m natural number.

then if n 2 m we get |f(.1:n) — ynl S d(:r,,,S)" S d(_xn,5')’", therefore the sequences

(Vf(1',-)) and (flag) — y,-) are flat along (mg) and so is (11,36) — (f(:v,),Vf(:r,-)). If we

denote qi(y) = (yifi) — (f(y),Vf(y)), by the previous lemma with k = 1, there exists a

germ g such that j‘g(a:,~) = (mil) and g — f E E(S,n). But since f is S-stable, f and g

must have the same critical and regular values, which is not the case, since the points y,-

are regular values for f, but critical for y. D

As a consequence of Proposition 9 and theorems 23 and 27 we get the following:

Theorem 28 The concepts of S-infinitesimally stability, S-stability and the Jacobi-

Lojasiewic: condition at S are equivalent for S = cl(int 5).
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