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Resumo:

Neste trabalho generalizamos a equivaléncia entre estabilidade relativa
provada nos trabalhos de Porto-Loibel [P-L] e Porto [P] para uma classe
maior de conjuntos semi algébricos.

Comegamos dando condigdes para que um con]unto semi algébrico coincida
com a fechadura de seu interior e trabalhamos com conjuntos satisfazendo
esta propriedade (Lema 5 e Proposigdo 7). No Teorema 9 provamos a
primeira parte de nosso teorema principal: estabilidade infinitesimal relativa
implica estabilidade relativa, e por tanto determinagéo finita (mfmlta)
implica estabilidade relativa.

No teorema 16 estudamos polindmios quase homogéneos e damos condigdes
para eles serem infinitesimalmente estaveis. Os teoremas 23 e 27 provam a
reciproca de nosso teorema principal via Teoria de Lojasiewicz, como em

[P].



Resumé

In this work we generalize the equivalence of relative stability and relative
infinitesimal stability proved in the works of Porto-Loibel [P-L] and Porto
[P] for a big class of semialgebraic sets.

We start by giving conditions for semialgebraic set to coincide with the
closure of its interior and then work with sets satisfying this condition
(Lemma 5 and Proposition 7). In theorem 9 we prove the first part of the
main theorem: relative infinitesimal stability implies relative stability and
hence finite (infinite) determination implies relative stability.

In theorem 16 we study quasi-homogeneus polynomials and we give
conditions for them to be infinitesimally stable. In theorems 23 and 27 we
prove the converse of our main theorem via Lojasiewicz Theory, as in [P].



Relative Stability on Algebraic Sets

BRASIL TERRA LEME and LEON KUSHNER

Introduction

In [P-L] and [P] it was given an equivalence between relative stability and relative
infinitesimal stability of function germs with respect to the group of germs of diffeomor-
phisms which are the identity on the semialgebraic subset of R" defined by z; < 0. In this
paper we generalize this equivalence to closed subsets of R” which coincide with the clo-
sure of their interior. We give conditions for semialgebraic subsets to satisfy this property
and some examples are worked for polynomials in two variables and quasihomogeneous

polyvnomials in n-variables.

Notation. We shall work in ¢(n), the local algebra of function germs of R" to R around

the origin. with maximal ideal m(n). If f is a function germ, [ = (¢;,....¢,) a multi-

n I ' "l+”'+in .
index. then |I| = Zz, and or_ 29 /

Also for f we have its jacobian ideal

I~ i i
2 MR

<)—/> the ideal of ¢(n) generated by its partial derivatives, V f the gradient of f and

for f(0) . z(f) will be the germ of common zeroes of f.



m(n)*. I S is a

8

The powers of m(n) will be denoted by m(n)* and m(n)® =

k=1

subset of IR™ cointaing the origin, int S and ¢/ S will denote the interior and the closure
of § and Gy the group of germs of diffeomorphisms ¢ such that ¢(z) =z Vz € S. Also
for r € R, d(x..S) will denote the distance of z to S.

Finally for f a function germ, j*f(z) will denc;fe the Taylor expansion of f at the
point r up to degree k and its called the k-jet of f at z and J*(IR",R) will denote the

R-vector space for all k-jets of function maps at the origin.

Definition 1 Let S C R” be a germ of a closed set such that 0 € cl(int S). We say that
a germ f is S-stable if given g such that g(z) = f(z) Vz € S we have a diffeomorphism
o € Gs such that g = f o ¢.

Examples

l. Let S = {(;r.y) eR? |23 —22—42 > 0}, then S is closed but 0 & cl(int S).
2. Let § = {(;v,y) eR* | —23 —2y? > O}, in this case S = cl(int S).

-

S ={(x,y,2) | 2(2% +y*) — 3 < 0}, in this case 0 € cl(int S) but cl(int S) # S.

..

Notation 2 We let Cs(IR") be the IR-subalgebra of (n) consisting of germs constant
at S. It is a local algebra with maximal ideal :(S.n), germs of Cs(IR") vanishing at the

origin. In fact £(S.n) is an ideal of g(n).

. . i orf .
Remark If f € z(S,n) then f € m(n)® and if S = cl(int §) then d_zj; € (S.n) VI

multi-index.



Proposition 3 [P-L] Let f € m(n)>, then there exist g € m(n)®, g(z) >0 Yz #0

and h € m(n)® such that f = gh.
Corollary 4 We have the equality ¢(S,n) = n:z(n)”e(s,n).

Proof: Let f € £(S,n) C m(n)™, hence f(z) =0 Vz € S then h(z) =0 Vz € S and

therefore h € =(S,n), finally f € ¢(5,n)m(n)®. The other inclusion is obvious. o

We want to give conditions such that if S is a semialgebraic set defined by inequalities
of the form P;(Z) < 0,1 <:<s, then S = cl(int 5). As examples 1 and 3 show. this is

not always the case.

Lemma 5 Let Pi(z),...,P(z) polynomials in Rlz], r=(z1,...,2.), then
cd{zx|P(z)<0, 1<i<s}=cl(int {¢]|Pz) <0, 1<i<s}).

Observe that if P(z) = —Xn:zf then int {z|P(z) <0} =IR" and {z | P(z) <0} =

i=1

R" — {0}.
Proof: Since {z | P(z) <0} C {z| P(z) <0} it is clear that ¢/ {z | P(x) <0} C
cl(int {« | P(x) <0}). Now let =zp€cl(int{z| P(x)<0}) and suppose
ry & cl{x | Pi(x) < 0}, then there exists ¢ > 0 such that B.(zy) N {x | P(r) <0} = o.
Let r; — 2o, v; € Be(wo) and zj € int {x | P;(x) < 0}. Obviously there exists ¢; > 0 with
B (r,) C {x] F(r) <0} and B (x;) C Bc(xo), hence Pi(x) =0 ViandVuee B (r)).

but P; are polynomials, hence P, =0 V..

Remark The result is also true for analvtic map using the same proof.
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Definition 6 Let A C IRR" a semialgebraic set defined by inequalities Pi(z) < 0,
1 <1 <s. We say that A is good if when we decompose A= U A;, {4; }3—1 disjoint
Jj=1

semialgebraic subsets each of them semialgebraically homeomorphzc to a product (0,1)%,

then given A, with s, < n, there exists j such that A, C A; and s; = n.

The example 2) is good, while the examples 1) and 3) are not good. We remark that

example 3 is homogeneous.

Proposition 7 Let P(z),...,P(z) polynomials, A the semialgebraic set defined by A =
{z | P(z) <0, 1 <i<s}). Suppose that A is good. then cl{z | P(z) <0, 1<:< s} =

{x| P(x) <0, 1<i<s).

Proof: Let zq such that P(zo) <0 Vi,if P(zo) <0 Vi,z0 € {z | P(z) <0, 1 <i < s}
If not. there exists 2o with P, (zo) = 0. Then there exists a sequence (;) converging to r

with P;(x;) < 0 for 1 <2 < s and for all . The other inclusion is obvious. O

Corollary 8 For S a good semialgebraic set, we get S = cl(int S).

Proposition 9 Suppose S is a closed subset of R" containing the origin and such that

S =cl(int S). Ifs(S,n) C <ng> £(s.n) then f is S-stable.

1

Proof: The same proof as proposition 1.13 of [P-L] works. We recall our remark that

B ot : .
il f € z(S.n) then of C £(S.n) for each I multi-index. Now let g(x) germ such that

ol
g(r) = f(r) Vo€ S. We define the trivial homotopy F(x.t) = tg(z) + (1 —t)f(x) and
N = ('\‘-XR(IR"+')<;N > K = Csxr(R™") <3F> Since g — f € £(S.n). we have that
£y €Iy
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if h(z,t) € N, h(z,t) Z t)—z xt z.t),
i=1 a 1=1 a i=1
ki(z,t) € Csxrn(R™'). But a(J;m 9) € ¢(S,n) C <-g—f> e(S,n), therefore N C K +
&(S,n)N and by Nakayama’s lemma N C K, and hence we have (S x ]R)<aaf>
I

JdF
(S x R) <d . Now, since g — f € ¢(5,n), we get by hypothesis %E (g - f) €

0 oF
(S xR) <a£> Ce(SxR) <6:r> We now proceed as in the usual proof. 0

Definition 10 A germ f is S-infinitesimally stable if €(S,n) C <gf> e(S,n).

Remark The inclusion in fact is an equality.

Corollary 11 If f is a finitely (infinitely) determined germ, then f is S-infinitesimally

stable and therefore S-stable for S = cl(int S).

Proof: Since (S,n) = m(n)®e(S,n) and m(n)* C <gf> for some k£ < co we get that
T

g(S,n) C <§f> £(S,n). We now use proposition 9. O
T
Examples We will suppose S = cl(int S).

L. Let f : (R",0) — (R = (f* such that £(S,n) C I, 2(f) Nint § = o

and f* € </I‘ ! > If h € e(S.n), h = f*g and then g(x) = 0 V& € int S.

so g € £(S.n) and (S.n <fL lgf> £(S,n). Therefore f* is S-infinitesimally
T
stable.
2. Let fi(awy.....x,) = Zlf folxys..o o) =2 and S = {(@y..... 2) | oy <0}, We
=1

clearly have z(fi) = {0} x R"™*, z(fa) = {(¢1,....2a) [ 21 = 0}, z(fi) Nint S =0

5]



and z(f;) Nint S = @. In both cases for any k we get €(S,n) C (fF)

(Prop 5-4, Chap V, [T]). Moreover, g—f 2:1:, for 1 < i < s and gfl =0
T; 2z
df of.
k=1 901 ke - 2 =6
for ¢ > s hence Z ( 61:,-) ; f, f¥. We also have o, 6,
(kronecker’s delta) and Z fi- lafz ;= f2'c By the previous example f* and f¥

i=1 Ti

are S-infinitesimally stable (k > 2) ([P-L]).

Lemma 12 Let f(IR*,0) — (IR,0) be a germ and ¢ : (R*,0) — (IR",0) a germ of dif-

feomorphism. Then g € <aaf ‘y af?f > if and only if go ¢ € <___0(,g;¢) Yooy —a(g:n¢)> :

Proof: There exist hi,...,h, germs such that g=zg§'hh but

nH awj
r)z ; W3, Oz;

z(z Aol ’( 4w) d‘ij( )) b and g(¢(x>)=i(i ol 2 (r)))(hfw)(w)-

=1 \y=1 1=1

(y) where % is the inverse of ¢. hence g(y) =

Therefore go ¢ € —M . For the converse use h = fo ¢ and ¢ then go ¢ €

32:,'
Oh Oh\ . A(h o) O(h o 1) -
<(').1',' ..... 0.1'n> implies godop € < et L iy &

Theorem 13 Let P(z,y) be a polynomial in two variables. We consider two cases

1) Ple.y) = 59'Q(z,y) and 2) P(z,y) = 2*Q(z,y) + y'. where & nor y divide

aP 0P

Q(r.y). Then P € <E d_l> if and only if

Case 1: There exist hy(x,y) and hy(x.y) germs such that

a) Qu.y) = (ﬂQ (e, y)+ gQ) ha(x.y)+ ((Q(;r,y)+y %g) hy(x.y) for b >0.(>0.

()—Q(.z'.y)hg(dr.y) + ((’Q(.r.y) +y %%) ha(x,y) for k=10.(>0.

b) Qu.y) = or



OP
c) Plry) = e holz.y) + 5o Dhula,y) o k= €=

Case 2: There exists hi(z,y) and hy(z,y) germs such that

o) 2Q(avs) = (4Q(a) +2 52) o) + 2 G ot D hfa, )ty (e for

k>0,0>0.

17}
b) Qe.y) = S hi(z9) + 4 %—f o g—fhs(x,y) 4ty ho(a.y) for k=0,

Proof:

Case 1: Fork>0and?¢>0

Ry . ,0Q
aP _ k, -1 k EOQ
- 2y Q(z,y) + 2"y 3y

oP OP 7]
Now P(z,y)=hi(2,y) 5= +ha(z,y) 5, then zy Q(z,y) = kyQ(a:,way.—Q hi(x,y)+
Oz oy oz

(xQ(x,y) + 2y g—f) hao(z.y). Since hy(0,y) = 0 and ho(z,0) = 0, we get Q(z,y) =
0
(k@) + 2 52 ) alos) + (000 +5 52 ) utan)

The proof is similar for b) and c).

Case 2: ForkA>0and (>0

P ki oy k99
817 - A.III Q(l’y)-*-‘r 0.’1,'
oP - ,9Q 1y
3y R 3y + 0y ™.

Then our case is equivalent to

HFQUuy)+y = (A-.z-""Q(.r. y) + .r"g—?) hi(e.y) + (z“;—Q + /;/’") ha(r.y) .
X Y

T



Since hy(z,y) = % + zha(z,y), we get

#Qley) = (ke Qle) + 452 b )“”j’gQ o441 Sl 42y Mholey).

From here, h3(z,y) = z*¥~2h,4(z,y) and

Qe = (1Q1e0) +2 52 o)+ 2 524 2t Bitan) + Mt

For k =0 and ¢ > 0 it is similar.

The case for quasihomogeneous polynomials is easier.
Definition 14 Let P be a polynomial in variables z,,...,z,. We say that P is quast-
homogeneous if there erists numbers ki,...,k, and ¢ such that P(t¥z,,...,thnz,) =

t’P(.l'l,...,;lfn).

Observe that if &y = --- = k, = 1 we have homogeneity of degree ¢ and that for P
: 0P .
quasihomogeneous ,a—(t"‘zl,...,tk"xn) =tk i (T1y.enyTyp).
a.l‘j 8@1
If we write P = Yasz! for a quasihomogeneous polynomial we obtain for

[ =(iry..nsin)y irky 4o +inks =€ (a7 #0).

P
Lemma 15 If P is a quasihomogeneous polynomial then P(z) = Zc,-.cj 9z where
=1 :UJ

('J' = /\,J/V

9P : :
Proof: If P(u Za,a , we get Y c;i; = 1 and = 3" ayijz!=* where ¢; is the
T; ;
i, 21

canonical vector in IR" with 1 in its j-coordinate and 0 in a.ll ‘others. then

n
- S = For (Sn) o = S, 8wt =S, 5
I [ =1 J=1

‘JZ

J

o5}



Theorem 16 Let P(z) be a quasihomogeneous polynomial and S a closed subset of R"
containing the origin and such that S = cl(int S). Suppose that (S,n) C (P) and that
z2(P)Nint § = ¢. Then f is S-infinitesimal stable. In the case S = {z | P(z) <0} we

only need S to be a good semialgebraic subset of R™.

6.’1:,'
z(P)Nint S = ¢ gives the result using example 1 after Corollafy 11. For the second

Proof: By hypothesis we get ¢(S,n) C (P) and P € <—a-£>, this together with

part it is obvious that z(P)Nint S = ¢ and since S is a good semialgebraic set, we finish.

O

Corollary 17 Let f(z,y) be a simple germ and ¢ the germ of a diffeomorphism such that
f o isin canonical form. Then if S’ = {z | P(z) £ 0}, f is S-infinitesimally stable,

where S = ¢(S5').

Proof: From Lemma 12 we have to show everything for P the canonical form of f. From
the previous theorem we only reed the inclusion £(S5,2) C (P). Let I = (P), Ji(l) =
dP 0P . e .
<Pd_ad_y> hence 3(J1(1)) = {(0,0)} and if [y = (z? £ y**'), b = (ePy +y*').

= (®+y"), [ =(*+2y°), and [5 = (z° + y°) we get the following inclusions

(2 + 2B € (1), (22 + )T € i(h),
(2% +y*) € Di(L), (2% + 7)€ Ji(L), (2® +4) € Ju(Ds).

Hence by Prop 5.4 Chap V. [T] the ideals J,(I;), 1 <i < 5, are Lojasiewicz and £(S5’,2) C

[;.i:<i<5. a



R

bl

Remark: The above corollary is true by adding a nondegenerate quadratic form in n —2

variables and hence for the general A;, Dy, Eg, E7 and Eg singularities.
Examples:

1. Let P(z,y) = 2* + y® + 2%y3, one sees that P is not quasihomogeneous but P is

simple and directly

P(z,y) = (2:1:(1 + y")) (g) + (3y2(1 +x2)) 5(1—:’_3—2) )

2. Let P(z.y) = 2%y + z%y% + 23y>, which is not quasihomogeneous, using Theorem 13

we need to solve

L+y+zy = (24 2y + 32y”)ha(z,y) + (1 + 2y + 3z3°)ha(2)
which has obviously many solutions, since the factors of 23 and h4 are invertible.

Definition 18 a) Let S be a closed subset of R*(0 € S) and f a germ with f(0) = 0.
We say that f satisfies a Lojasiewicz inequality for S if given K germ of a compact
sel with 0 € K. there exist constants ¢ > 0 and a > 0 such that |f(z)| > cd(v, X )"

forallre N.

b) Let I be a finitely generated ideal of <(n) and S the germ of its common zeroes. We
say that [ is a Lojasiewics ideal (f there exists a germ f in [ satisfying a Lojasiewicz
iequality for S.

s s
Remark: If{fi..... fs} is a set of generators of a Lojasiewicz ideal I, then Z f2. Z | fi]
=1 =1

and max {f?..... 12} also satisfy a Lojasiewics inequality for S.

10



c) Let f € m(n) and S be a closed subset of R, 0 € S, we say that f satisfies a

Jacobi-Lojasiewicz condition for S if |V f(z)| does.

Definition 19 Let (b;) a sequence of positive real numbers converging to zero. We say

that a sequence of real numbers (a;) is flat along (b;) if given r > 0 there exists a natural

number N = N(r) such that |a;| < & fori > N. Vectors, matrices, oo-jets are flat along
a sequence (b;) if each entry is flat. A sequence is flat along a sequence (z;) of nonzero

vectors in R™ converging to the vector 0 if it is flat along the sequence (|z;]).
Remark We can change r > 0.for 7 = n natural since forn > r 8 <8 (0 < b <1).

Lemma 20 A germ g does not satisfy a Lojasiewicz inequality for a closed subset S if

and only if there exists a sequence of vectors z; € R™ — S converging to the vector 0 such

that g(r;) is flat along d(x;,S).

Proof: Necessity: We have a germ of a compact set Ky such that given constants ¢, > 0
and a, > 0. there exists a point r, € Ko — S with |g(z,)] < cnd(zn,S)*. We let
a, = n and ¢, = 1, we can suppose r, — 0, hence given N, we have for n > N.
lg(e)] < d(en, S)* < d(z,, S)V.

Sufficiency: We have a sequence (;) converging to 0 such that g(x;) is flat along d(.r;,.S),
hence for r > 0 there exists .V = N(r) such that |g(z;)| < d(;,S) for i > N. If we

suppose that ¢ is Lojasiewicz we would have for a germ of a compact set containing (.r,)

for + > M that lg(;)| > cd(x;. S)* for constants ¢ > 0 and a > 0. Hence joining both

11




inequalities cd(z;, S)* < d(z;, S)" for ¢ > max{M, N}. If we choose 7 > a and let i — oo

we get ¢ = 0. ]

Remark For g germ not identically zero we can choose g(z;) # 0 Vi.

Definition 21 Let S be a closed subset of R", then M(S,n) are the maps ¢ : R"-S - R
such that if K is a germ of a compact set and k is a multi-indez of natural numbers, there

exists constants ¢ > 0 and a > 0 such that |D*¢(z)| < cd(z,5)~* for allz in K - .

Theorem 22 Let ¢ € M(S,n) and f € ¢(S,n). Then we can extend ¢ f in a unique way

to a germ in &(S,n) denoted also by ¢ f.

Proof: Let zg € S and K,, C K, compact sets containing zo such that, for z € K,
there exists a, € SN K,, with d(z,S) = d(z,a;). Let f € ¢(S,n), since f is flat along
S, given m natural number, there exists ¢’ (independent of f) such that |D*f(z)| <

c |f|,[,SL° d(z,.5)" " Vz € K., and V|k] < m. Let z € K — S and m to find, then

Do el < T (]) 10etal o)

s<¢t

IN

)3 (ﬁ)cd(z,z\’)‘°c'|f|£‘?° d(, X )™

s<¢t

IN

11 I“;‘ ( rym—{{—s|—ca
: lfIm°Z<,)d(w~\) =l

s<¢t

< |f|{,\1;° d(z,X) for m>2|{|+a+1

Therefore D*(¢- f) extends continuously as zero in S. Using Proposition 4.2, Chapter IV

of [T]. o-f extends smoothly and it is flat on X. o

12



Theorem 23 Let f be a germ and S closed with S = cl(int S) and 0 € S. Suppose that
f satisfies a Jacobi-Lojasiewicz condition at S. Then f is S-infinitesimally stable and

therefore stable.

Proof: Consider g = [Vf|?, we shall show that s(S n) C ¢(S,n) <§f > . Let K be a
I

compact germ and g; representative of g, then for each k multi-index, there exists ¢

1 Ck
b (;) )| < G P

inequality for S, there exists ¢ > 0 and a > 0 such that |g;(z)| > cd(z,S5)* Vz € K and

constant such that Vz € K. Since g; satisfies a Lojasiewicz

3 1 Ck 1
therefore | D* (m) < I+ g (z, §)el) Vz € K — S, hence o € M(S,n). Now for
h(z) h(z) :
h € 2(S.n) and z ¢ S we have h(z) = a1(z), extend to a germ H in (S, n)
9 (z) 91(z)
and we get h = Hg, € ¢(S,n) <8:f> Therefore we get £(S,n) C (S5, n) <g?f> and by

Proposition 9, f is S-infinitesimally stable. 0

Lemma 24 (Lemma 3.3, [W]) Suppose there ezist a sequence (w;) in R x J*(n,1)
(k < 00), a sequence (z;) in R™ — {0} converging to the origin and a germ f such that
gi = w; — j¥ f(z;) is flat along (z;). Then there exists a germ g such that j"g(a:;)) = (w;,)

for (x;,) subsequence of (z;).

Definition 25 Consider q; map germs from R™ to R x J*(R",IR), S a closed sef con-
taining the origin and (z;) a sequence in R™ — S converging to the origin. We say that
(¢i) are flat along (x;) if given r > 0 there exists N = N(r) such that |gi(x;)| < d(x;. S)"

Vi> N.

Lemma 26 Let [ be a germ. (w;) sequence in R x J*(R",R). (&;) in R" =S converging

13



to zero, where S is a closed subset of R" containing the origin. Suppose that (g;(y)) =
(wi—Jj*f(y)) is a sequence flat along (z;). Then there exists a g such that (7*g)(z;)=w; Vi

and j®g(z) = j*f(z) Vz€S.

Proof: Following Lemma 3.3 W], we can suppose L = oo by considering zero all terms of
order bigger than k. We define ) a Taylor vector ﬁéld given by ¢i(z;) at z; and the zero
series at S. Moreover, given r > 0, there exists N = N(r) such that |g(z;)| < d(z;, S)"
for « > N. It is enough to show that (R;‘Q)k(z) =0 (|:r - yl""l"|), where (R;"Q)k (z) =

Q) - > Q*(y)(z-y)t/L! (Pllop 1.5, Chapter IV of [T]).
IL}<m—|k| .

(i) If z and y are in {z;} U {0} same proof as Lemma 20.
(ii) If v and y in S is obvious.

(iii) If z € {z,} and y € S, (R;"Q)" (z;) = Q*(z;) and |Q*(z;)| < d(z;,S) < d(z;,y),
put r =m 4 1.

(iv) f r € S and y = z;, (R;';Q)k(x)=_ )3 Qk%(zj)(’”;!"’f), same as iil).

ILISm—k|

k
Hence (RZ‘Q) (z) = o (I;v —yl"““"l) and by Whitney Extension Theorem (Thm 3.1,
(‘hapter IV of [T]). there exists a smooth germ ¢ such that j%¢(x;) = ¢; and j*q(x) =0
Vo € S.let g = [+ q, hence g has the desired properties. In fact if S = cl(int S), we get

¢=0on Sandg= fonS.

Theorem 27 Lct f be a germ, S a closed subset of R™ with S = cl(int S). Hence if [
is S-stable. then |V f| satisfies a Jacobi-Lojasiewicz condition for 5.

14



Proof: We shall prove the theorem by contradiction. We have a sequence (z;) converging
to the origin such that for each natural number n there exists a na.tural number N(n)
such that [V f(z;)| < d(z:, S)* Vi>N. Choose (y:) ;a, sequence of regular values of f
converging to zero and such that |f(z,) - y»| < d(z,,$)" Vn. Let m natural number.
then if n > m we get |f(zn) = ¥ul < d(24,59)" < d(z,,S)™, therefore the sequences
(Vf(z;)) and (f(z:) — y;) are flat along (z;) and so is (y;,0) — (f(=:), Vf(2:)). If we
denote ¢;(y) = (v:,0) = (f(v), Vf(y)), by the previous lemma with k = 1, there exists a
germ g such that jlg(z;) = (3:,0) and g — f € (S, n). But since f is S-stable, f and g
must have the same critical and regular values, which is not the case, since the points y;

are regular values for f, but critical for g. a

As a consequence of Proposition 9 and theorems 23 and 27 we get the following:

Theorem 28 The concepts of S-infinitesimally stability, S-stability and the Jacobi-

Lojasiewicz condition at S are equivalent for S = cl(int S).
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