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Abstract

We prove o local existence and unigqueness theorem for abstract parabolic prob-
lems of the type # = Az + f(t,z) when the nonlinearity f satisfies certain critical
conditions. We apply this abstract result to the Navier-Stokes and Heat equations.

1 Introduction

In this paper we consider problems of the type

&= Ax+ f(t,2), 1>t
x(ty) = xy,

(1)

where the linear operator A @ D(A) € X? — X% is a scctorial operator in the Banach
space X", We will denote by X, & > 0 the fractional power spaces associated to the
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operator A (see [HE, AM]) and by e4! the analytic semigroup generated by A. Without
loss of generality we can assume that it is uniformly bounded, that is

M| xo < M||z||x0, >0

(2)

leAto)| xo < Mt=\|z)lx, > 0.

In order to initiate the discussion let us consider for a moment that the map f is time
independent and ty = 0. Therefore the problem above reads

t=Az+ f(z), t >0
2(0) = 0. (3)

It is well known now that if the map f: X' — X, for certain o > 0, and it, is Lipschitz
on bounded sets of X!, that is || f(z) — [ (¥)]lxe < C(R)||2: — yllx for ||Jz||x, Jullsr < R,
then the problem (3) is locally well posed in X', For cach 2y € X' one seeks fixed points
of the map T in the space K(7, ) = {=(t) € C([0,7), X"); 2(0) = o, [J2(&)l|o@rxty <
llzollx1 + 1}, where T is given by

(T2)(0) = ey + [ FeAt=2) £ ((5))ds. (4)

The simple computations,

X (],.S‘

I(T) () = (Ty)W)llxr < JiL = )7+ (x(5) — Fly(s)

< C fy(t =)+ z(s) — y(s)llxrds < C fy(t — s) " ds supge < {[|(s) — y(s)||x1}
and

xv+ Jo(t = s)7 | f(2(5))

xr+C fy(t = s)7*ds + C [5(t = 5)7 " dssupgg,< {ll2(s)[|x1 }

(:'A".’I,'()

(T=)@)llx < |

| xods

S (3/”.7,'()

together with the fact that [|e?tag|| ¢ N zollxt, fo(t=—s)~"Fds =t [l (1—5)"*ds —
0 as t — 0", suggest that for 1 > 0 fixed we can choose 7 > 0 small enough such that
T : K(r,t) — K(7,11) and that T is an strict contraction in K (7, ). Once this is
accomplished, the Banach fixed point theorem takes care of the existence and uniqueness
of solutions of the integral equation. With some extra effort one can show that the solution
found is a solution of the differential equation (3).

In the analysis above, the convergence of the improper integral ](,l (1 —s)~"**ds, which
is equivalent to the fact that o > 0, is essential and the whole argument breaks down
when v = 0. In other words, since A+ X' —= X9 the fact that f: X' = X with @ > 0




means that the solutions of problem (3) can be obtained as perturbations of the solutions
of the lincar problem z = Az.

In this paper we address the question of local solvability of problemn (1), (3) when
a=0.

It is clear that if the only requirements on f is that f : X! — X0 being locally
Lipschitz, it will be impossible to show that problem (3) is well posed. For example,
taking f(z) = —2Ax, which satisfies f : X' — X" and is globally Lipschitz, we will have
% = Az + f(z) = — Az, which is not locally well posed, in general (if A = A then 2 = — Ax
is the backwards heat equation). Hence, some extra conditions should be imposed on f
to gnarantee the existence of solutions of the above problem.

In order to illustrate the main ideas and techniques contained in this paper let us
consider the particular example given by the equation,

w = Au +uful’~!, Q
u=0 oS (5)
i1 = (”) = 1y

where §2 is a bounded and smooth domain in IR? and p > 1.

It is well known that the operator A can be regarded as an unbounded operator in
X% = H-'(Q2) with domain X' = H}(§2). Moreover, the fractional power spaces are given
by X which satisty the following ecmbedding properties,

X*c H?* 1(Q), a>1/2
X3 =1L*Q), (6)

X* S I2(Q), w<1/2
(see [HE, AM)).

If f(u) = ulul?~!, then with some Sobolev embeddings and with (6), we can show
that for 1 < p < 3, we have f : X' = Hj(Q) — Xz = L% for 4 < p < 5 we have
X' = 1YY - 115 € X5 Henee, for 1 < p< 5, f: X' = X for some > 0.
For p=5, f: X' = X" and we are in the critical case « = 0. But observe that for p = 5,
again with some some Sobolev embeddings and (6), we get that if € > 0 is small then
[ X' — X% while the lincar operator A @ X' — X This means that, although A
and f can he regarded as of the same order in X' if we consider an slightly better space,
X', then the map [ regularizes more than A. Morceover, it can be seen that [ satisfies,

:l\'l+. + ”'U

xo < ellu = vl x1+(||u Y +1) Vu,ve X'

1/ () = f(2)

NS ()l < ellull3s




In particular, this means that we can solve problem (5) with initial data in X1+
Morcover, if we consider now a sequence of initial data u, € X' with wu, — wy € X!
in X', with the following computation,

tNun ()l x4 < tlle |l x14e + € S (E— )71 0, (5)|] x5 ds

< | || A2 Ji (E— 5) TS s supg g {5 1 (5) || xre }P

and the fact that t]jeu,, || 1+ =0 uniformly on compacts of X' (sec Lemma2, below),
it is not difficult to see that if ;2 > 0 is small enough, we can get a uniform time 7, > 0,
independent of n such that t||u, (t)||x1+ < p for all t € (0, 7] and all n.

But also, for 0 < t < 71, we have

i'(”“'”(t) - 7»‘7rl(t)!|X’+“ < tcl CAL(7571 - ”m)

X e

A ](f(f - .s-)"'*"'—||u”(s) — Uy (s)

xi+e (1 + ”’“’n("”)”?\’W1 + ”“m(s)“f\’l**)ds

< M|ty — vallxr F 1 (E = 5) 7T g (5) = than(8)]| 3140 s

et fh = s) TS, (s) — wan(s)

Xe (13

which implies that for some 0 <t < 19 < 1 we get

1 |un (t) — um(t)

X 14« S C”“n - um”/\’l'

This will allow us to go to the limit when n— oo and obtain solutions in the space
C'([0my], X1) N C((0, 7], X'*) with initial conditions in X'

2 Abstract Results

Motivated by the discussion in the introduction, we define the concept of e-regular
solution and e-regular map:

Definition 1 We say that z : [tg, 7] = X' is an e—regular mild solution (e~solution for
short) to (1) if . € C([ty, 7], XY N C((1y, 7], X)), and (1) satisfies

t
a(t) = Mgy / M) (s () s, (7)
g



Definition 2 or ¢ > 0, we will say that a map g, is an c—reqular map relatively to the
pair (X', XY), if there ezist p > 1, y(e) with pe < v(¢) < | and a constant ¢, such that
g: X' = X" and

C)\ii + Iyl o+ 1) Va,y € X (8)

xv0 < cl|lz = y|[xr+e (|2

lg(z) = 9(y)

Let us consider the following class of nonlinearities: with ¢, p, v(€), ¢, positive con-

stants, and v(t) with 0 < v(t) < § limy,o+ (1) = 0, define F := F(e, p,v(€), ¢, v(-)) as

the family of functions f such that for ¢ > 0 f(,-) is an e-regular map relative to the pair
(X', X", satisfying:

17 (t,2) = Ft, 9|l xrco < cllz = yllxee (1)) 5nse + |yll%rke + v(#)t7O+) (9)
£t 20 < el + w(t)E). (10)

for all z,y € X!*.
Without loss of generality we can assume that the function v(¢) is non-decreasing.

In most cases in the argument below we will fix the parameters €, p, y(¢) and ¢, and
we will denote the class F defined above by F(v(+)).
Let M be such that the following holds,

girte=p xive S Mlzllxs, 0SB <1+ <2,

ey

2

With these definitions we have the following

Theorem 1 Let f € Fe,p,y(e),e,v(:)). If yo € X' there exist v > 0, and 19 > 0 with
the property that for any xg € Bxi(yy,r) there ezists a continuous function (-, 1) :
[0, 79) = X, with 2(0) = =z, which is the unique e—reqular mild solution starting at x

of the problem
= Az + f(t,z), t>0
z{0) =z 1)

This solution satisfies
€ C(0,7), X'), 0<0 < (e)
7|2 (t, m0)|| x40 — 0, ast— 0, 0<6<y(e)
Morcover, if xy, 29 € Bxi(yo, ) the following holds
1|z (t, xo) — 2(t, 20) || x140 < Cllwo — 20l|x1, VE € [0, 7o), 0<0 <6y <(e)

Also, if v(€) > pe, then r can be chosen arbitrarily large. That is, the time of existence
is uniform on bounded sets of X'

Ift — f(t,2), as a map from (0,00) to X" is locally Hilder continuwous, uniformly
on bounded sets of . € X' then € C((0, 7], XTOYNC((0, 7], XY, and a:(-, a)
is an strict solution of (11).

The constants above depend on the following: 79 = 79(yo, A, v(-), €, p,y(€),c, M), r =
r(yo, €, p, 7€), ¢, M), C = C(0y,€,p,v(e), M).



Before we prove this theorem we will need some lemmas.

Lemma 1 The operators t%e= . X' — X' ¢ > 0, are bounded linear operators
satisfying ||t~ M| Lx1 x1+a y < M, with M independent of t. Moreover given a compact
subset J of X' we have

lim sup [[t%e” 2] x 140 = 0.
10+t e

Proof: The fact that ||ta€_At||]/(,\’1,Xl+n) < M is standard and can be found, for example,
in [HE]. For the remaining part we proceed as follows.

Given n > 0 there are xy,- -+, 2, in J such that J C U, Bxi(2;,n). Since X' is
dense in X', there are yy, -+, y, in X' such that J C U, By (5, 21). Then, we have

i=]
lt%e Vx| x 1400 < ||t%eM(z — yi)|l x40 + ||t M 5] 140
for 7 such that = € Byi(y;, 2n). Therefore
[t e~ Ml xree < M2 = y:)|lx1 + tM||yil| x40

< 2Mn 4+ t*M maxX;<i<qy ||yi

X 14a .

Thus

lim supsup |[t% ™ "a
psuj

t—0+t xeld

X +a S 2/\47},

since 77 > () is arbitrary, we have proved the lemma.

Let us recall the definition of the beta function B(-,-) @ (0,00) x (0,00) = (0, 00),
which is

g
Bila. b} = / (1—z)* 'z da.
J()

Define

B:) = Ull/lél/xa{B("/((): I — "/(F))z B(ﬁl‘(()a L~ /)()a B(A/(() - Ea ] - ’Y(())’B(")/(() - 671 - /)6)}'
Lemma 2 Let f € F(v(-)). If z € C((0,7], X'*), then for all 0 < 6 < ~(¢), we have
J A
7| / =9 £ (s, 2 (s))ds|| y1ee < eMBC(v(t) + tA"(()_’"[/\(t)]”) g=t=<T,
Jo

where M(t) = sup e q{s llo(s)||xre



Proof. It is not difficult to see that the following holds,

0 || fy e f (s, 2(s))ds|| xrve < ME0 [5(t — 5)7 ) £ (s, 2(s))

X0 ds

< eMt? [5(t = s) 70 ()77 [l (s) ][54 )ds

< eM§ [ (t — )70V 4 MO [ (1 — 5) T D050 |ax () || x4 s
< eMy(t) [y (1 = s)~HO=05=7dg 4 MO A@)]P [y (1 = 5) 11O 05=reg

= cMB[v(t) + 7=\ (1)]7),
from where the lemma follows.

Lemma 3 Let [ € F(v(-)) and x,y € C((0,7], X' such that t||x(t)]|x1+ < 1,
Ny ()] x4+ < piy for some > 0. Then, for all 0 < 0 < y(¢), we have

wio < To(t) sup s‘lla(s) = y(s)x:

s€[0,7]

O [ I (5, 5(5)) = S5, 0()) s

where

Lo(t) = eMBY [v(t) + £=regpe=t].
Proof: Using the e— regularity property of f we have that
PN Jo eI (s, 2(5)) = f(s,9(s))]ds]| x40
<10 JEEM (= )7 O (s) — y(s)]Lxose (0 (1) s la(s) 5k + (o) 15k ) ds

/\1+I(IS+

< eMtOu(t) [H(t — )~ H7O=05=7(0) ¢ |
eM? [t =) O (s () e ) o (sl () e s lle(s) = () e

= Uy(t) supyepor{slla:(s) = yls)llxre}

Proof of Theorem 1: We will divide the proof in two parts, existence and uniqueness.

Existence. Define ji by
|

cMB ! =

8

«

=~



Let us choose now =, M) > 0 such that
o 1
AM  4)M(8cMBe)7T

(12)

Also, for y fixed, choose 7y = 79(yo, A4, 11, v(+), €, p,¥(€), ¢, M) € (0,1] such that v(t) <

4 for t € (0,7 and
e M yollyree <&, 0 <t <y,
cMiB¢ = min{& 1

1

(13)

Notice that these choices imply that ' (1) < % for t € (0,1).
Since we will be looking for solutions which regularize immediately we scarch for
solutions in
K(7o) = {z € C((0,70], X" : sup t||z(t)]|x1+e < p}.

IE U 7‘()]

with the norm

||| i (ro) = sup |z (t)||x1+.
t

€ O:TO

Consider zyp € X' with ||z — yollx1 <7, f € F(§) and on K(7y) define the map

(Tx)(t) 70+/ (t=5) £ (s, 2:(s))ds.

We will show that, for all zg € By (yo,7), T takes K (7p) into itself and that 7" is a strict
contraction in K (7, zg).

Lot us first prove that T is a well defined map and that T (K (7)) € (7). We start
showing the following,

if € IC(ry)  then T e C((0,m), X', V0 €[0,7(c)). (14)
IFix 1y € (0, 79) and let 7 > 1y > ty; then, for 0 < 6 < y(¢), we have:

(Tz)(t)) — (Tz)(t2)|| x40 < |[(e= — e=2) || 140 + || [ ()"("‘“)f(s z(s))ds|| x1+0

HILE = A=) gl A0 (5, () ds

X146,

In the above, the first and third term trivially go to zero when £, — t,. Let us consider
the second term. For that we have

| e o) f (s, () ds|| yvo < e [ My —s) T 05 ) e flas(s) |5 )ds

< eM$ [ (¢ — g)~ -0l ’(ls+(1\1/ () — )~ HNO=05=p¢ (5¢||2(5)|| x 14 ) s

< eMotyl [ (1 = 5)" -0 gg 4 eMprt 0P L (1 — g) 1m0 g-peqg
t

1 t



Which goes to zero as ¢, — t5. The case t; < t, is similar.
Let us now show that t)|x(¢)|| x4+ < p, for all £ € (0, 7). In fact

0 (Tx) (0)llxree < e Mg

s+ M [t 5)7 0O (35710 4 [l vy, )ds
< |lte=Mmg|| x14e + cMES [§(t — s)~1H1 (D572

+eMie [{(t — s) 1 E=eg=re(s¢||z || x14¢ ) Pds

< |[tee My x 14 + cMIBE + cMBEp?

€

< Mr+ Ht"c“‘“‘;l/(,l

x1+e + MBS + eMBE W < .
This shows that T takes I (1) into itself.

The next step is to prove that the map 7" is a contraction from KX (7y) into itself.
It follows from Lemma 3, by taking 6 = ¢, that 7" is a strict contraction in i (7y) and

that
|

1T C) =Ty < 5l = ylliero).

By the Banach contraction principle we have that 7" has a unique fixed point in I{(7).
We will denote this fixed point by X (¢, z9) which is defined for ||zg—ygl|x1 < 7,0 <t < 7.
Note that, from (14) X (-, zq) € C((0, 7o), X1*9), for all 0 < 0 < y(e).

Let us prove that t%]|X (¢, zo)||x1+e — 0 as t — 0 for all 0 < 6 < (e).

[rom Lemma 2

X(t,mg)

10

xivo < eyl yrve + 7 f3

eA=9) (s, X (s,20))

X1+0dS

< leMag|l o + eMBLY(t) + cMBL P~ supg o {2 N X (2, 20) || x14 }

Therefore if 0 = ¢ we have

|

4\'—(,,, il,'())”l\’H—v S 1

1
eMagl|xiee + eMBY(t) + = sup {t| X (¢, o) || x 1+ }
8 n<s<t

from where we obtain

sup {t[|.X (1, o) || xr+ <

N<s<t

~1| Co

(tNleMzol| x14+c + cMBEV(t) = 0 ast — 0

If 0 < 0 < v(c), lrom the above expressions we also obtain £\ X (2, 2:0)||y1+0 — 0 as
L — ().
Let us prove now that
lim || X (2, 29) — xol|xr =0
=0t



In fact, from Lemma 2

1 X (t, o) — zol|xr < |le™z0 — zo||x2 + Jy | £ (5, X (s, 20))

yids

t—0t

= X1+ }]?) — 0,

eMag — zol|x1 + cMB(v(t) + [supge < {1 X (t, 20)

With all these we have that X (¢, z0) is an e—regular solution starting at x, and it is
the unique e-regular solution starting at xg, in the set (7). We will hereafter call it the
I —solution starting at z.

Moreover, if zg, zy € Bxi(yo,7), taking into account the estimates of Lemma 3, and
our choice of 7y, we have

o\ X (¢, z9) — X (t, 20)

X146

< t9|e? (o — o)l x140 + 0 JE ||eA ) [f (s, X (5,20)) — f(5, X (5, 20))]|| x1+6ds

S /\/IHZE(J .20

x1+ To(t) SUD¢(0,7) | X (s, zo) — X (s, 20)

X1te.
(15)

IF'or 0 = ¢ we get

1
x1 + = sup sYX(s,z9) — X(s,20)
SE[O,‘T’()]

t ”,Y(f, .’I,'()) - /Y(t, Z())l

X 14 S 1‘/[”.'15() — 20

X 1+e

which implies
/,'||1¥(f,,.’l,'0) = 1\/(t, Z()) Xlt+e < 2]\/[“’10 = ZOHX‘)

for 0 < 6 < 6y < y(e) we have from (15) that

/”

4\,(1,,.’[,'()) == ,Y(f,, Z[))“/\'I-HI S 1\4”.’1,'() = 20

x! + F()(i)Q[M”.’L’Q =120

X! S C(()U)”.'E() — 20

/\’].
where C'(0y) = M (1 + 2sup{Lyp(t); t € [0,70), 0 <0 < 6y})

This concludes the existence part of the theorem.

Uniqueness. Notice that from the existence part we have that for any zy € Bxi(yo,7)
and for any [ € F(v(-)) there exists a unique I -solution defined in [0, 7], of the problem

= Az + f(t,x)

(0} = &y (16)

To stress the dependence of the IC-solution on f we will denote it by X (¢, ).
Consider the following

Lemma 4 If ¢(t) is an e-reqular solution in [0, t] of (16) and t||¢p(t)||x1+« — 0 ast — 0,

then ¢(t) = X (1, x0) for all 0 <t < min{7y, 1y}

10



Proof. It is clear that ¢ € K (7) for certain 7 < 7y small. Since we also have X;(-,z) €
K (7) and both ¢ and X[(-,29) are solutions of the integral equation we get X ,(t,20) =
#(t) for all 0 < ¢ < 7. With an standard continuation argument it is casy to see that we
must have X(t,29) = ¢(¢) for all 0 < ¢ < min{ty, 79}. This concludes the proof of the
lemma.

Lemma 5 If f € F(v(-)) then f, € F(v,(-)) for all a > 0, where f,(t,x) = [(t + a,x)
and vy (t) = v(t + a)(t/t +a)"9 < v(t +a). Moreover, there exists ay > 0, small, such
that for all a € [0, ay] the time of existence T9(a) given by (13) can be chosen independent

of a.

Proof. The first part of the lemma is trivial.
For the second one we just need to observe that if v(t) < 6 for ¢t € [0, 7] then, for a
small, we will also have v(t + a) < ¢ for t € [0, 7).

Following similar ideas as in [BC|, we can prove now the uniqueness of e-regular
solutions.

Let ¢(t), 0 < t < tg, be an e—regular solution starting in zy € By1(yo, 7). From the fact
that ¢ € C([0, 1], X') we have that there exists a 0 < ay < ty such that ¢(a) € By (yo, 7).
Notice that ¢, () = ¢(a +-) € C([0,ty — a], X'F), and therefore t||¢q,(t)
t — 0. Morcover, ¢, is an e-regular mild solution of

xi+e — 0 as

7= Az + f.(t,x) .
z(0) = ¢(a) L7)

I'rom Lemma 5 and the results of the existence part we have that there exists a unique
I{-solution of problem (17), Xy, (¢, ¢(a)), defined in [0, 79]. Moreover, from Lemma 4, we
get Xy, (t, ¢(a)) = @q(t) for all 0 < ¢ < min{ry,ty — a}, for all 0 < a < ay. In particular
this implies that without loss of generality we can assume that ¢, > 7, since if this in
not the case we can define ¢(t) = ¢(t) for 0 < t < ty and @(t) = Xy, (t = ag, ¢(ag)) for
to <t < 79, and from the results above (j; is also an e-regular solution starting at x.

In view of the definition of K-solution, the only thing we need to show is that
t)p(t)|| xre < o forall 0 <t < 7. But, for 0 < a < ag,

() Xy, (1, d(@)llxise < t]l0(2) — (t +a)

For 0 < t < 7y fixed, letting a — 0 we have that t||¢(t) — é(t + a)|| x1+« — 0, which
implites that t|[¢()||xr+ < g for all £ € (0, 7). This concludes the uniqueness part of
the theorem.

xi+e < 1| p(t) — (/)(t'*‘(l/)”/\’l—{—( +t

X1l+e + /L

For the case where y(e) > pe, we proceed as follows. Let us define y(t) = z(at), for

some a < 1. The equation for y is 7 = Ay + f'(t,y) where f(t,ﬂ:) = af(at,z), A = aA.
Moreover, notice that z(1) is a solution of the original equation in (0, 7p), if and only if

11



y(t), t € [0,a7y)] is a solution of the new equation. For this new equation, applying the
existence part of the theorem, we will have a positive number 7 such that the conclusions
of the theorem are valid. Notice that from (12), we will have that

1
4 (8EMBe)T

T
Where 7, ¢ and M are constants related to the new equations. Let us relate 7, ¢, M with
r,c and M. Note that
1B (aA) e M| xo = a (at)¥]| A% | xo < Mal||A x| xo = M||(aA)" 2| 5o,
which implies that M = M. To see that ¢ = a7 +H1=re ohserve that

(@A)t y)|lx0 = a? O AN f(at, y)

X0

-t a(O+1=p(1+e) (1/(at)a/’(l+()((Lt)_7(‘) 4 “((’u‘l)l'{‘c?/||f,\ro)
< gv(e+1-p(l+e) e (1/((1,1‘,)((1,15)_7(‘) + “((I,A)I'H?/HK'O)

< O+ I=p1+0), (17(t)t"7(’) + ||(”‘/1)l'|‘(’!/||’f\—n)

where (1) = v(at)a~"). The computations with the Lipschitz properties of f are similar.
From this we have that

1 0(-‘7(()+1

= ~ ~ 1 =raq °,-!
4M (8¢ M B¢) =T

P

This implies that if ||aA(yy — 20)]| < 7 there exists a 7y such that the solution of 2 =
p=1()

AF + ./T(l,,i:) starting in xq is defined in [0, 7). Therefore, if || A(yy — 20)|| < 7a =1 then
i = Az + f(t,x) has the solution z(t,2¢) = (£, 2¢) defined in [0,a7,]. Since a can be
chosen arbitrarily small and ~(¢) > pe we have that solutions have a common interval of
existence on bounded subsets of X!

Finally, if t — f(t,z) is locally Holder continuous for ¢ > 0, uniformly on bounded
sets of X' using standard regularity arguments, sce for example [HE], we obtain the
regularity stated in the theorem.

This concludes the proof of the theorem.

From Theorem 1 we have the following

Corollary 1 If [ is as in Theorem 1 and if K is a precompact set in X', then there
crists a 1y = T(IC) such that the e—reqular solution starting at xy exists for time 1y for
any rg € I

12



Proof. From Theorem 1, for any yy € K = CI(JK) there exists a 7(yy) and a (i)
such that for any zy € X' with ||[zg — wollxr < 7(yo) the unique e—regular solution
exists in [0, 7(yo)]. From compactness of K we can choose y;,---,y, € K such that
K c UBxi(yi,7(y;)). Choosing 79 = min{7(y;) : 1 <i < n} we prove the corollary.

With this corollary it is not difficult to prove a result on the maximal time of existence
of e—regular solutions,

Proposition 1 If f is as in Theorem 1 and (1, xy) is an e—reqular solution starting at x
with a mazimal time of existence T, then either 7, = co or lim,_, - ||lz(, zo)

X1+e = OQ.

Proof. Assume 7, < co and also that liminf, | - l|z(t, z0)||x1+« = M < oo. This means
that there exists a sequence of ¢, — 7,,, such that [|z(t,, z¢)||x1+ < 2M for all n. This
implies that the sequence {z(t,,, 29) }nen is a bounded sequence in X' and therefore a
precompact sequence in X' From the previous corollary and the uniqueness of e—regular
solution we obtain the result of the proposition.

In many applications the map f is independent of time. In this respect we have the
following results:

Corollary 2 Assume that f is independent of time and that it is an e—reqular map, for
some e > (). Then, if yy € X', there exist v = r(yy) > 0 and 7y = 79(19) > 0 such that
Jor xg € XV with ||zg — yollxr < 7 there exists a continuous function x : [0,79] — X',
with 2:(0) = @y, which is the unique e—reqular mild solution to (3) starting al xy. This
solution satisfics

t2)|(t, 20)|| x40 — 0, ast =0, 0<f<e
Moreover, if x4, z9 € Bx1(yo, 1) the following holds
t"|z(t, mg) — x(t, 20)|| x1+0 < 2M||z0 — 20|l x1, VE € [0, 7o), 0<0<e.
Also, if v(c) = pe, then 7y can be chosen uniform on bounded scts of X' Furthermore,
z € CH(0, 1), X" N C((0, 7], X)), that is, 2(-,20) is an strict solution of (3).
In the autonomous case, it is often the case were the map f is an e—regular map for
a range of values of the parameter e. In this direction we have the following,

Corollary 3 If [ is an e—reqular map for all ¢ € (ey, €] then if we denote by x(t, )
the unique ¢—reqular solution starting at xq, for € € (e, €], then z, = x,

C((0, 7], X +0),

. and x €

13



If f ais time independent map which is e—regular map in an interval I. We classify
the map in the following way:

o If I = [0,¢] for some ¢, > 0 and (0) > 0. We say that f is a subcritical map
relative to (X', X©).

o If I = [0,¢] for some ¢; > 0 and v(0) = 0, and f is not subcritical; then, we say
that [ is a critical map relative to (X', X?).

o If I =(0,¢] for some ¢, > 0 and f is not subcritical or critical; then, we say that f
is a double-critical map relative to (X', X?).

o If I = [y, 6] for some € > ¢ > 0 with y(eg) > pey and f is not suberitical,
critical or double critical; then, we say that f is an pseudo-subcritical map relative
to (X', X°).

o If I = [eg, ¢1] for some €; > €y > 0 and f is not subcritical, critical, double critical or
pseudo-subcritical; then, we say that f is an ultra-critical map relative to (X', X?).

Note that if [ is suberitical then f @ X' — X7(0) v(0) > 0, which is the usual
definition of suberitical map. When [ is a critical map it takes X' into X° but there
is no positive constant « such that f takes X' into X* When f is double-critical (this
name first appears in [BC]) it is not defined as a map from X' into X° but it is e—regular
for arbitrarily small positive values of e. When f is pseudo-subcritical or ultra-critical
is not a well defined map in X'
map when ¢ > ¢5 > 0, for some ¢;. The main difference between pseudo-subcritical and
ultra-critical maps is that for the first one the time of existence of the solution can be
chosen uniformly on bounded sets of X', while for the last one this is still an unknown
property.

for small values of € > 0, and it is only an e—regular

3 Applications:

It is clear from the results in the previous section that for a given problem & =
Az + f(t,x), where A is a sectorial operator with fractional powers X% «a € IR, we
need to identify these fractional powers spaces and to study the e—regularity properties
of the map f. This last part is usually a consequence of standard techniques involving
Sobolev embeddings.  In this way the local existence of solutions for this problem is
reduced to a good knowledge of the linear operator A. In the following examples we
show how this technique simplifies considerably the study of local existence in parabolic
cquations and Navier-Stokes equations with critically growing nonlincarities as scen in

(KF, FK, BC, W1, W2].

14



In this section we will constantly use certain well known Sobolev embeddings that we
sumimarize as:

whr(Q) c Whe2(Q), if & - 1711— > b 1 <p <py<o0o

|
p_2>
. (18)
Wi (Q) C C7(S), if I- Y>>0

with continuous embeddings.
3.1 Navier-Stokes Equations:

Consider the N-dimensional Navier-Stokes system; that is, if € C IRN, is a bounded
smooth domain,
w=Au—-Vp+g—(u-V)u, x€Q

divu =0,z € Q (19)

=10 xe )

where u € IRV is the velocity field, p is the pressure and ¢ is the external force.

It is an standard procedure to set this problem in an abstract context by using the
orthogonal projection P : L?(Q,IRY) — H where H is the closure of {u € C?*(Q,IRY) :
divu = 0,u - n =0} in L9, IR"Y). In this way the problem becomes

w= Au+ f(u) + h(t) (20)

where A: D(A) Cc H— H, D(A) = H*(Q,RY)nV, V = {u e H(Q,IRY) : divu = 0},
A= DPA and f(u) = —=P(u-V)u and h = Pg. The operator A is self-adjoint and positive,
and its fractional power spaces that we denote by £, « > 0.

In their very nice papers [KF, FK]|, Fujita and Kato search for the largest fractional
power space in which a local-existence and uniqueness theorem for the problem (20)
can be proved, for N = 3. They arrive at the following result: If u, € D(A%) and
A (t)|l;r = o(t~ ), then there is a T > 0 and a curve u(t) such that

u:[0,T] = H is continuous and u(0) = ug;
° /1%1/,(1.) is continuous in 11 for ¢ € (0,7 and lim;_, 44 I,%||/1%'u.(l,)||,, == [

° /1%71,(1,) is continuous in H for ¢t € (0, 7] and lim,_, o+ t3 A%u(t)H,, — 7

e u(t) satisfies the integral equation 7 for ¢ € [0,T;



o If h is locally Holder continuous in (0,7], then u : (0,7] — H is continuously
differentiable and satisfies 20.

e The solution found is unique in the class of functions satisfying the first four prop-
erties above.

We will show that this result can be easily obtained (in a even more general form) from
the results in the previous section. Moreover we will obtain uniqueness of local-solutions
for this problem in a larger class of functions.

The operator A has an associated scale of Banach Spaces E®, o € IR, satisfying
E° = H and E* — W?*2 o > 0. From this and the continuity of the projection
P:L*(Q,IRY) = L2, 1 < p < oo we obtain the following embeddings

E* — L1(Q,IR") q < 22

o >0

E~ « L{(QTRY) ¢ 2 35

where L7 is the closure of {u € C*(Q,IR") : divu = 0,u-n = 0} in L9(2, IRY).

The realization of A in E* (denoted by A,) is an isometry from E**! into E* and

Aq : D(A,) = E®*! ¢ E® — E“ is a sectorial operator. Furthermore, D(A?) = E**P,
Denote by X := E®~i, o € IR and by A: X' ¢ X° — X° the operator As.

Lemma 6 For N = 3, the nonlincarity f in (20) is an e—reqular map relatively to
(X', X"), for 0 < e < 3. In this case p =2 and y(e) = 2¢.

Proof: If 0 < ¢ < 2, then
) 6

i et R (21)
From this we have that

P (u- V)ullx2 <c||P(u- V)UHLG%_; < c||(u- V)

a

'“'”LGTGRT.

< ellull, g IVl o

3—4c and = 3—4c¢

7> . Y .
5 55 we have that

choosing r =

< clfufl3 s

|1P(u- V)ul|x2e < (:||'11,||LT_<_;F e

Vulll

Similarly we obtain that

NP (- V)u— Pv-V)v|xe < cllu—wv

e (1 [l

XL+-e + ||’l)”/\'l+l).

16



This concludes the proof of the lemima.

The fact that (21) does not hold for € = ( indicates that the map f(u) = P(u-V)u is
a double critical map.
It is clear from the previous lemma that the following holds.

Lemma 7 If the forcing h goes from (0,T] to X", for some € € (0,3], and satisfies
|h(t) || xv0 < v(t)t72%¢, where 0 < w(t) <6, v(t) — 0 ast — 0%, then f(u) + h(t) € F(6).

IFrom the Theorem 1 and the above lemmas we have that

Theorem 2 If there ezists an € € (0, 3] such that h: (0,T] — X* and t*||h(t)|| x20 =
o(1); then, for any uy € X', the problem (20) has a unique e—reqular solution starting in
ug. Moreover this solution satisfies t°||u(t, uo)||x1+0 — 0, V0 < 6 < e.

Corollary 4 (Fujita & Kato) If h: (0,T] = X1 = H and satisfies t1||h(t)||y = o(1);
then, for anyuy € X' = D(A%), the problem (20) has a unique %—-7'@_{]ula7' solution starting
in wy. Moreover this solution satisfies t%||u(t, u)||x140 — 0, ¥V 0 < 0 < g’ In particular
for 0 = % and 0 = % we have that

limy_+ 7| AZu(t)||;; = 0
limyor 2| ATu(t)]| = 0

3.2 Heat Equations - L? Theory

There is a sequence of very interesting papers [W1, W2, BC] that study in the spaces
L7(2) the model equation

u = Au + ulu)’~!, z € Q
(22)
u=0, z € dN

where © ¢ IRY is a bounded smooth domain. The aim is to establish for cach value
of g the largest value of p for which one may have existence and (maybe) uniqueness of
solutions for (22).

In this section we show that most of the results in [W1, W2, BC] can be easily obtained
from the results in Section 2. The basic results obtained in [W1, W2, BC] are the following

1y



Theorem 3 (Brezis & Cazenave) Assume that ¢ > N (13—12 and q > 1 (resp. q =
N("—;'l) and g > 1), N > 1. Given any uy € L1(QQ) there exist a time T = T (uy) > 0 and
a unique function u € C([0,T], LY(2)) with w(0) = uy which is a classical solution of (22)
on (0,T) x € in the sense that u is C' int € (0,t) and C? in 2 € 2. Moreover, we have:

N
o |lu(t) = vy + 2 |u(t) = v(t)|lLo(@) < Clluo — vollLaa)
Jor all t € (0,T] where T' = min{T (uy), T(vo)} and C' can be estimated in terms of
II?Lo La(Q) and ||U0”lﬂ(!2)

. N
o lim,_,o+ t2¢||u(t) Leo(q) = 0.

Furthermore the time T' can be chosen uniformly in compact subsets of LI(52).

The operator L = A (or in general a second order elliptic differential operator), can
he seen as an unbounded operator in L?(2, IR") for 1 < p < co with domain contained in
w222, IR"). Following [AM], L has an associated scale of Banach Spaces By a€ IR,
satisfying £ = L(Q,IR") and

E2 C Wr(Q,IR")

a>0
Ep—(x D [/V—'Zmﬂ(gz,mn) - ("Vz"””(SZ,IR"))'
with continuous embeddings, in such a way that the realization of L in E} (denoted by

Lq) is an isometry from Ee*!into E* and such that L, : D(Ls) = Eg*' C ES — E2 is
a sectorial operator. Furthermore, D(L?) = E,‘,”’ﬂ.

Denote by X := E®~', o € IR and by A, : X; € X} — X the operator L_;.
Morcover the fractional power spaces associated to A, satisfy,

Xy € W2e=22(Q, IR"), a>1
X! = I7(Q,IR"), (23)
Xy D> Wtr(Q,IR"), a <1
with continuous embeddings.
If we consider f : IR — IR given by f(u) = u|u|’"!, or in general f satisfying
|f(u) — f(v)] < elu—v|(Ju]”~! + |v|”~! + 1), we have the following,

Lemma 8 (Critical Nonlinearities) If1 < q < oo and if ¢ = ﬁ(/_;—_'l’ then

o /fq > N—N; then [ as an e—reqular map relative to (X,;,Xfl’) Jor 0 = ¢y(q) <€ <
N T ometorm £ e
N+3g Therefore [ is a critical map.

18



qr-

o [[q= 5, then [ is an e=reqular map relative to (X}, XY) for 0 = e(q) < ¢ <
Therefore, f is a double-critical map.

o Ifl<q< 5, then fisan 6—7‘€gular map relative to (X, X7) for 0 < ey(q) < e <

q°

N—I:I'ZJ Joreo(q) = 5 uq (1 — (1 - —)) > 0. Therefore, [ is an ultra-critical map.
Proof. Just use Sobolev embeddings and (23).

Now it is clear that applying Theorem 1, for each uy € L7(2) we have the existence of

a unique e—regular solution of the above problem, starting at u, for any ¢ € (¢(q), Ng;{;)

Moreover, for any 0 < 0 < y(+2%-) = 1, this solution satisfies

N+2(1

]lu(t)

x40 = 0, as t —0F

t0|u(t, ug) — w(t, vo)l|xr40 < Cllug — vollra, 0 <t < 7(ug, vy).

In particular, since X,; = L9(2), we get that X0 — W20 c LP for p = —N{”—, then,

taking 0 close enough to I, and taking into account that N—/'Vi'l < Ni_ e have that

N-—2q?
2
Ny > mux{y%ﬂ,q}, such that

7G50 ju(t) o — 0, as ¢ — O
(24)
170G l'n)H'u,(t, ug) — u(t, v0)|| 10 < Cllug — vollra, 0 <t < 7(ug,vy).
Now it is possible to apply a bootstrap argument to show that in [act
Lo ||u(1)]| e — 0 as £ — 0F
(25)

12 n(t, ug) — u

Ay 0<t< 7'(71,(), ‘l)()).
For this let us show the following lemma:

Lemma 9 There exists a n > 0 small enough such that if p > pg, then

N 1
7(3— ><1,V7f27)o.
2 \p p+n

Proof: Note that

N [(p | g N [1 1 g N [1 1
— = - =4+ —=\|-- i oot sl et :
2 \p p-n p 2 \p p+n 70 2 \p p+n

: N (1 ! : . e .
Choose 7 small so that 3 (]—, - m) <1- ;;J(-], for all p > py. This proves the result.

The next is to use an induction argument, as follows:
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Lemma 10 Let 1 and py be as above and define the sequence p, by puyr = pu +1).

If

N

£ G5 () [ m ) — 0 as £ — OF

then

~
~|=z
—

1
IMI_')“?I,(t) Lr(2) —0ast— 0* V{) € [])u,l)n,—l-l]~

Proof: Using the expression

we have,

Gl bl +15 678 - ) 2E D@,

<1500 et tu(l) H,,,+(fz(5—l:)f£(t—3)_%(# )1+ ull on )
/ N(L__1 . NP )
< t%(ﬁ‘ﬁ)%T(F_;',l)||71 (Ellpem +ct® (7"%)lé(t - 5) G 2as

+et?(Gn) Ji(t - S)_%(#_’L)S_%(l’_") ds supg< <, (*%(r’—':)”“( )
2

P
Lpn (sz))

L1

(1 — S)—%I-(l'n 1‘)(1.9

/ Np
< CSUPg- gy <S%(%_E (s “Ll'"> T Ct_lf(é—"_l"‘) /

1
2
N

p
+ /L_(l = 8] 7(7‘%—;)'9_?(%—”%)”(13S”P()gsgt <"’%(r"7)|l“( )“L""(Q))

Notice that from the previous lemma we have that & (;)L %) < 1 and therefore all the
N(L_1
integrals are well defined. From the hypothesis, we have that sup (s 7 (5= 5m) H'u,(s)||/,pn> -
" . Bl
() as & — 0*. Also, since p,, > g we have that t72 Ve 7w/ — 0ast — 0.
T'his concludes the proof.

Note that from (24) and the previous lemma we get that

!

a1
708 e — 0, Vp > po (26)

In order to obtain the estimates for the L norm, we choose p > %L’, and with a

2()



similar argument as above we can show that:

5 flufl oo < 150

Np
eS8 u($) oo + 20 JE(t — 5)7 2 || ()| oo

< 15 (1/2) % |lu(b)

N
|L» + t% _Ié(t — )" me(l + ||u hods

< G ()| + et [E( )" ds
N _Np _,N )
+ct2a /%’(f —5) BT G ds: SUP gy 8 2 (- )||'u,(s)||,/,,]’ —0ast—0,

because of similar reasons as the argument above.
This shows the first statement of (25).

For the second one the analysis is similar. Starting with the second statement of (24)

and with a similar bootstrap argument as above we can obtain the desired estimate.

Now it is not difficult to obtain certain estimates of the behavior of the C'® norm of

the solutions as ¢+ — 0.
We have the following

Proposition 2 Ifq = L’Q_ll > 1 and [ satisfies |f(u)—f(v)] < clu—v|(|Ju|*~t+|v]P~1+1)

then, for any n < 1, we have

+%I|7t(t)||c-1.v, — 0 ast — 0,
N
5 u(t) = v(t) e < Cllug — ol o

Proof. Let us start with the following result

Lemma 11 With the hypothesis above, iof p is large enough, we have
frX)=LP = Li — WP 5 X2,

with o = 2/!( ) — 1), and satisfies

1/ (u) = f(v)llx

» < cflu = vl xp (J|w

%+l

1),
That is, f is a subcritical map relative to the pair (\’l,X ):

Proof. Sobolev embeddings again.
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Proof of the proposition. We estimate the norms W?? for p large enough and g close
to 1. Therefore, let < 1 and choose p large enough such that o = %(p -1)<1-p.
Then,

FAHEGD [é ¢80 [(u(s))ds|| 1
< h+ (g p) (%) ”U %) x1 + tP+al- )ft (t - 3)—(ﬂ+a) (1 + ||u( )” )
< ct%(%_%)uu(é) xy+ et TG fé(t — 5)~ ()4

et G fE (¢ - 5)= )~ B G Drds supy, o, (s TP u(s)]xy)” 2% 0
2

because of similar reasons as the arguments above.

The proof of the first statement of (27), follows from the above result and the fact
that for any n < 1, we can choose a # < 1 and a p large enough, with the property that
X,l*ﬂ s WP — O,

For the second part of statement (27) the argument is similar. This concludes the
proof of the proposition.

So far we have treated the (asv where g = ¥ 5 (p—1), that is, critical cases. In principle,
the treatment of the cases g > (p —1)is sunpler It can be seen that

o If &5 < qand §(p— 1) <g, then f is a subcritical map relative to (X, X?)

e If 1 < ¢ < = and p < g then f is a subcritical map relative to (X, X7)
e If1 <qg<
(){1 XO)

q°?

~—5 and %(p — 1) < g < p then f is a pseudo-subcritical map relative to

In order to visualize this classification we design the figures 1 2 and 3.

3.3 Heat Equations - W7 Theory

Once we have the results from Section 2, the Wh4-Theory for Heat Equations is not
much different from the L7 theory. Again, what we need is a good understanding of the
fractional power spaces of the lincar operator (already done in the L7 setting) and to
study the e—regularity properties of the nonlinearities involved.

Roughly speaking, we will see that in this case, for I < ¢ < N the critical growth

exponents are p = x'l for ¢ ~ N there is no critical exponent due to the embedding
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of WH(2) < C(€) and for ¢ = N the critical growth is larger than exponential and is
established by Trudinger’s Inequality (see, [Tr, Mo]).

"

Let £%, a € IR be as in the previous section. Denote by X := E;,y 2, « € IR and by
A s X,} C X;,’ — X;,’ the operator L_1. Moreover the fractional power spaces associated
to A, satisfy,

I
2

X*C Wlr(QIRY),  a>1/2

1
X = PP, IR"), (28)
Xy D W2e-lr(Q IR"), a<1/2
with continuous embeddings.

Assume that f : IR — IR is a C' map. In the W theory we will need the following
two growth conditions

If(u) — f(v)] <clu—v|(1+ |ul/~" + [v|”7h), uelR (29)
limpy e L8 =0, V>0, uelR 30
lul- %@m v Ul (30)

The e—regularity properties of the map f are given by the following lemma.

Proposition 3 The nonlinearity f can be classified as follows:

If ¢ > N then any f € C' is a subcritical map relatively to (X(},X((]’).

If ¢ = N then any f € C' which satisfies (30) is a subcritical map relatively to
(X,},Xg).

If Nl—f < q< N and f € C! satisfying (29)

1. ]f p= ,N\,—f.:f., [ is an e=regular map relative (X, X7) for 0 < e < ﬁ Therefore
f is a critical map.

2. If p< %f—:f, f is a subcritical map relatively to (X{},X(‘l’).

o If % =q and f € C" satisfying (29)
L Ifp= x—fg = 5, [ is an e—regular map relative (X}, XJ) for 0 < e < —21—/)

Therefore f is a double-critical map.

y N e o annEesiiin ol s v oy
2. 1f p < 5=, [ 1s a subcritical map relatively to (X, X5)-

q>
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o I[1<q< i and [ € C" salisfying (29)

1, If pe= —*‘1 [ is an e=regular map relative (X, X7) for 0 < ¢ = _Zq_l zp <
— T
E<E = N2—qq - 2’\%, with y(e) = pe. Therefore [ is an ultra-critical map.
2. If Mo e S P = x—fg, f is an e—reqular map relative (X,;,X,?) for 0 < ¢ =
NTT,Q - zﬂ,, <€e<e€ = b%'l - 2(”), with y(¢) > pe. Therefore [ is a pseudo-
subcritical map
3. 1f1 < p < 5%, [ 1s a suberitical map relatively to (X, X0).

In order to visualize this classification we include the figures 4, 5 and 6, which are
similar to the figures from the L? theory.

Proof: All the proofs follow from Sobolev embeddings (18) and the embeddings (28)

except for the case ¢ = N for which the proof is based in the following lemma due to N.
Trudinger (see, [Tr, Mo]).

Lemma 12 Givenp > 1 and o < Nwﬁ | there ezists a positive constant K such that,

if we WHY(Q,IR"), ||u|lwi~ <1, l/u:n

0 u( )I’V—|

|1n<[(

Where wy_y is the (N — 1)—dimensional surface of the unit sphere.

Let us prove that the function f @ X\ — /,% is Lispschitz continuous in bounded
subsets of X1

Let 7 > 0 and wu,v functions in W5 such that ||ullpv < 7, ||v|lwiy < 7. Let
n < —Zx—. Then, from (30), there exists ¢, > 0 such that

QN N=T
N N
|f(“) . f(”)lN < cn(eN77|u|7V—_1 + eNr,|v|7V‘l_1)|u - U|Na

and

N N
1£(6) = £ )Py < o JaleN @™ 4 MO (0) — g(a)|[V de

N N i 1
< ([’Q[(:N’ll(/'(ﬂ:)lw‘_’ + Nl F=T 2 (l:l:) ’ (/” |p(z) — op(x) |2 (lrz:) :

N N 3
ey |l — 'l/)llﬁ/z/vm) <_['Q[1:N”|’/’(‘")' VT 4 eNale) VT2 (l:l:)

IA

1

N N 7
< @yl =P fn (.];,[(32””|’/’(‘")'N'—' + e2Nnlb()F=T] (1:1:> ’

V]
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1
The result now follows from the fact X3 ¢ WV with continuous embedding, X? = LV
and from the fact that
N
|2V < K

which comes from Lemma 12.

4 A comment on uniqueness

In Section 2 we have been able to establish the existence and uniqueness of e-regular
solutions for the problem & = Az + f(z), where f is an e—regular map. This e-regular
solutions are characterized by an immediate regularization properties for ¢ > 0. There-
fore, uniqueness is established in the class of functions C((0, 7], X'*¢). It is a natural
and interesting question to ask whether uniqueness can be obtained in the larger space
C([0,7], X"). This is equivalent to establish uniqueness of mild solutions (not just e-
regular mild solutions).

In this respect there are several results in the literature that can give some insight to
this problem in the abstract setting.

In [NS], Ni and Sacks were able to give a non-uniqueness result in C([0, 7], L9(€2)) for
the heat equation (22) where ¢ = §(p — 1) and ¢ = p (see also [BC]). This is exactly
the case where ¢ = p = % which in our classification of nonlinearities corresponds to
the double critical case. In view of this result, it seems very difficult to give a better
uniqueness result than the one obtained in Theorem 1 for the double critical case. In
particular for the example on the Navier-Stokes equations discussed above it also seems

unlikely to obtain uniqueness of solution in the space C([0,7], X') where in this case
1

X! = D(A%).

In [BC] (Theorem 4), Brezis and Cazendve were able to give a uniqueness result in the
space C ([0, 7], X') for the problem (22) when ¢ = §(p—1) and ¢ > p. In our classification
of nonlinearities this corresponds to the critical case.

We tried, unsuccessfully, to prove an abstract uniqueness result in C([0, 7], X!), for
the critical case, but it seems it should be plausible to obtain this uniqueness result. The
main difference between the critical case and the double critical case is that in the first
one the map f is e-regular even for ¢ = 0. This means that f transforms X! into X©.
In the double critical case the e-regularity properties of f start for ¢ > 0 and therefore
f does not transform X! into X°. Any proof of a uniqueness result for the critical case
should exploit this fact.

Also, in view of the above argument it seems also unlikely to obtain a uniqueness
result for the ultracritical case.

Needless to mention that to prove or disprove any of the uniqueness results mentioned
above will be extremely important for the whole understanding of the subject.
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