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METASTABLE IMMERSION WITH THE NORMAL BORDISM
APPROACH

C. BIASI; D.L. GONCALVES* AND A.K.M. LIBARDI

ABSTRACT. Let f : M — N be a continuous map between two closed n-manifolds
such that f, : H.(M,Z3) = H.(N,Z,) is an isomorphisin. Suppose that M immerses
in IR"** for 5 < n < 2k. Then N also immerses in IR"**. We use techniques of normal

bordismn theory to prove this result.

1. INTRODUCTION

In this paper we are concerned with the following immersion problem:
Let M and N be closed smooth connected n-dimensional manifolds and let f :
M — N be a continuous map. Suppose that M immerses in IR***, for some k, with

5 < n < 2k. Under which conditions on f does N immerse in R 45 7

L

For the special case where f is a homotopy equivalence between M and N, if M
immerses in IR™** for some k > [2] + 2, Glover and Mislin ([GM]) proved that N also
immerses in IR™**. They also proved that in the case where M and N are connected,
simple, orientable and closed smooth manifolds and the 2-localizations M, and N, are
homotopy equivalent, if M immerses in IR™** for some k > [%] + 1 then N immerses

in IRn+2(k/2]+ 1.
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Later, Glover and Homer ([GHI1],[GH2]) proved the same result under weaker hy-
potheses on M and N, for example, nilpotent manifolds in ([GH1])(in fact they con-
sidered the more general problem where M immerses in another manifold.)

In our work we do not require that M and N are nilpotent manifolds and in ours
results the dimension of the space where M and N are immersed is better than one in

([GM]). We use a normal bordism approach to investigate this problem. We prove the

following main results:

Theorem A: Let M and N be closed smooth connected n-manifolds and let f: M - N

be a conlinuous map such that

fo it Hi(M,Z,) - Hi(N,Z,)

is an isomorphism for ¢ > 0.

Then if M immerses in IR™* for 5 < n < 2k. so does N.

Theorem B: Let f : M = M be a finite regular covering of a closed connected smooth

n-manifold M.

M —~
Suppose m = 7‘-—‘(—-::)_,—' is of odd order and operates trivially on H (M, Z,). Then if
Jemi(M)

M immerses in IR*** for5 <n <2k, so does M.
Theorem C: Let M and N be closed smooth connected n-manifolds, f : M - N a
continuous map and H = fyarm((N). Suppose the inclusion i : H = m(N) induces

isomorphisins in homology with Z, coefficient, the index [m((N), H] is finite and odd,
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and (N, M) is odd Lorsion group for | < i < n. Then if M immerses in R+ for

5 <n<?2k, sodoes N.

“Thework i ‘@vided ints 4 sections: " liSediion 2 wé review The"Norial Bordisii
Lheory. In section § we prool lheorems A and B. In section tour we show tlhat
for a family of spaces, larger than the family of Nilpotent spaces, we can replace the
homology hypotheses given in Theorem A by the correspondent one in homotopy. This
is proposition 4.1. Finally in section 5 we analyze algebraic conditons in terms of the
fundamental group of the spaces, in order to have an isomorphism of homology with
Z, coefficients. Then we proof Theorem C. Finally we give an example where we have

an isomorphism in homotopy modulo finite odd groups but isomorphism of homology

with Z, coeflicients doesn’t happen.

2. NORMAL BORDISM

Let M be a closed smooth n-manifold and let X be a connected smooth (n + k)-

manifold.

Let us consider h : M — X a map with dimv = k 4+ /, for ¢ large. Here v denotes
the stable normal bundle of A.

Then by Hirsch [H], & is homotopic to an immersion if and only if there is a
monomorphism from M x IR’ to v or equivalently if and only if geom dim(v) < k.

In ([K2),[K3]), Koschorke defines an invariant wy(v) € k1 (M x P>, ¢) which is

an obstruction to the existence of a monomorphism from M x R’ into v.



We recall that ¢ = Mo (v —€") =T'M is a virtual vector bundle over M x P where
A denotes the canonical line bundle over the real projective space P> and Q,_p_ (M x
P>, ) is a normal bordism group. For the definition and more details about normal
bordism see ([K1] or [S].)

So geom dim(v) < k if and only if wy(r) = 0, provided n < 2k. ([K2],[K3])

Salomonsen [S] defines a vector bundle my : Vi(W) = M such that the existence
of a cross section s : M — Vk(\ll) implies that geom dim(W¥) < k. Here U is a
virtual bundle over M. In order to study whether cross sections exist we consider
(mar). Sl,,(\N/};(\U),TM“) — O (M, TMY), where T"M" is the virtual vector bundle
TM —¢e". We note that il geom dim(W) < k then (ma),is onto. We also can consider

the following exact sequence, for 5 <n <2k ([9]).

(1) o V(). TMO) 2 Q (M TMO) 2 0 (M x P™.d) — -
The lnu,p])ing Y is defined l)y the construction of the sequence and ¢ = —(71 — k-

A=A W +1M°.

Let [M] = [M, 1y, tm] € Qu(M, TM") be the fundamental class of M where
ty :TM e Ze" s TM

is the isomorphism which interchange factors. If we consider W = W*T'X — &k, T'M,
we have that v, [M] = wi(v).
For the next lemma we recall that [7(g) is the monoid of degree I or -1 pointed maps

of S and I' = UF(q). For a connected finite C'W complex X, let a € [X, BF] be a



5
stable bundle over X and we define a,, as the composition of a and the canonical map
BF — (BI"),, where (BF), is the p-localization of BF ( p prime or 0).

T denotes the Thom complex and C is the class of all torsion groups where the

torsion 1s odd.

Lemma 2.1: Lel [ : M — N be a mapping between closed connected smooth n-

manifolds such that

_/',. X II,(/\I,Zg) — II,’(/V,Z))

is an f.w'}r‘mrpllz,i.s"rn fm : 12> 0.
Lhen we haoe!
1) Qu(M, [*T'N) — Q. (N, T'N") is a C- isomorphism.

2)[*(/32) = vy, where a = vy and [3 = vy are the stable normal bundle over M and

N, respectively.

Proof :1) Let ¢ = €* — T'N be a virtual bundle over N. We observe that ¢ =
(e" =TN) & (vy ktt 1/,’(,“) (e™ b l/"“) (T'N 41 H'l’) (e™ &b I/HJ) — gtk for ¢
large and vt denotes the stable normal bundle of N. Let us denote £ 4 1/,"\',” by /37,
where p=n+k + (.

The Thom'’s construction gives the following isomorphisms:

(M, =f*1°) = 7 (T(7(8) = Tigpr T(E b f7(1))
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and

(N =) 2 mipans (T ) ).

Now the proof follows as in the proof of Lemma 2 ([S]). o

2) We prove this lemma using the same techniques of ([GM]) in the proposition 4.1.
Let us define 6 € (M, BF] by 0, = a,, p # 2 and 0, = f*(/2). We observe that for
p# 2, T(0,)is S-reducible, because «y, = (vm),,.

Since f. is an isomorphism for i > 0 we have that (7'(f*4))2 and (1'(/3))2 are ho-
motopy equivalent. But (T'(f*3))2 = (T'(/"82))2 = (T'(02))2 = (T'(#))2 and since T'(7)
is .S- reducible, it follows that 7'(0) is S-reducible at 2. Therefore 7'(0) is S-reducible

and by proposition 5.6([Sp]), we have that 0 = «.

3. Proors oF THEOREMS A AND B

L

Proof of Theorem A: Let us consider the following commutative diagram

| |

Qu(Vi(Wa), TN (VW) TAY)
(7). (. ) (7mn).
Qo (M, [T NY) I L Q. (N, TN)
T C. D |~/N

Qukor (M x P dyg)  —

| |
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where the vertical exact sequences are obtained from (1) and G. and F. are given in
[S], Yy = e™* —T'M @ e* and Wy = e"** — T'N & e*. We observe that (myy), is the
induced map of mp in normal bordism groups with virtual bundle f*T°'N”.

Since f. is a C- isomorphism by the Lemma 2.1 | there exists an odd number (; such

that
¢y -[N]) = fu(z), forsome z € Q. (M, f*TNY).

If we prove that (my,), is a C-epimorphism, then there exists an odd number ¢, such
that 0, -2 = (m,,).(y) where y € Qn(\Z(wM), TM?Y).

Using the commutative diagram we have that (7n)_ G.(y) = fu(my,).(y) = fu(ly-x) =
ly - 1\[N] and so ly - £y - yn[N] = 0.

Since the elements of the image of v, have order a power of 2 and ¢, -/ is an odd
number, 4, [N] = 0 and N immerses in [R"**,

Then all we need to prove is that if M immerses in IR"* then (my), is a C-
epimorphism and this is what we will do .

We recall that o = vy and 3 = vy as in the Lemma 2.1.

We use the following commutative diagram equivalent to the top commutative dia-

gram above.

s, (T(/*3)) O s, (1A
(”;\«1). C/, ,\) (7n).
us gty L us, )

where /3 denotes the pull back of 3 by my.



We observe that

(T(S7B)2 = (T(J"F2))2 = (T(e2))2 = (T())2

where the second equality is given by Lemma 2.1. We also have that (17'(f*3)), =
(7'(@))s, where @ denotes the pullback of a by mpy.

Now, if M immerses in IR™* then

(mar). : Qa(Vie(War) T MY) = Qo (M, TM")

is an epimorphism and then

[, (T(@))2) = 1, ((T(e))2)

is a C -epimorphism or equivalently llfl'+p((7'j"/§)2) — l[;fﬂ)((r]'_/'*/f)g) is a C-epimorphism

and the result follows. : O
Proof of Theorem B: If m has odd order and since the coefficient group of the

homology group is Z,, the divisibility condition of Theorem 10.8.8. ([HW]) is satisfied.

Therefore 1»1.(/9,22) ~ H.(M,Z,) and the result follows by Theorem A. O

4. APPLICATIONS

Throughout this paragraph we will consider M |N connected closed and smooth
n-manifolds and f: M — N a continuons map.

Let us consider the cases:

[. [ is a homotopy equivalence.
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. M and N are nilpotent orientable and f is such that the induced f, : My — N,

from the 2-localizations M, of M into N, of N is a homotopy equivalence.

M and N are C-nilpotent manifolds and [ is such that

Jar :m(M) = m(N) isa C-epimorphism
and

fgirmi(M) —= m(N) is a C-isomorphism

for i < n and a C-epimorphism for i = n. For details about nilpotent spaces sec

[(HMR] and tor C-nilpotent spaces see [(2].

. [+ M = N is such that

j# cmi (M) — m(N) is an epimorphism

and

8
AR

cmi(M) = mi(N) is a C-isomorphism for i < n and a C-epimorphism for ¢ = n.

. [ is an orientable map such that

fu: H(M,Z) = Hi(N,Z)

is an isomorphism for 2 > 0, where Z denotes the twisted integer coefficients over

M, respectively N, associated to w; (M), respectively w;(N).

[n all the cases above we have that if M immerses in R™* for 5 < n < 2k, so does

N. Under the hypotheses of cases | or 2, the result follows immediately from Theorem

A.
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For the third and the fourth cases, we use the Proposition 3.5 ([G2]) and Theorem
.1 ([BG]), respectively in order to show that f. : Hi(M,Z;) — Hi(N,Z,) is an
isomorphism for 2 > 0. So by Theorem A the result follows.

The last case follows by Theorem 3.5 ([A]).

The Theorem B has an interesting consequence:

Corollary 4.1: If H{(M,Z,) = 0 or Z,, for all i, and if G is an odd order group

: : g : - M
which acts freely on M then if M immerses in IR™* for 5 <n < 2k, so does — . O

D |

5. THE MoD 2 HOMOLOGY ISOMORPHISM CONDITION

In this section we will assume that fix - m;(M) — m;(N) satisfies the hypotheses:
Ji is a C-isomorphism for | < 7 < n, C-epimorphism for i = n, C-injective for i = 1
and the index [m(N), fig(m(M))] is finite and odd. We will study the question of to
decide when the map [ @ M — N among two closed n-dimensional manifolds induces
Jiw o Hi(M,Zy) — Hi(N,Z;) an isomorphism for 0 < i < n. We will also provide an
example where this does not happen. As before, C stands for the class of all torsion

groups where the torsion is odd.

Proposition 5.1. Given [+ M — N as above, there is a finite cover p: N = N and

= N

J _ _
a lifting / 1 sweh that [ H,(M,Zy) — H,(N,Z,) is an isomorphism for
M T» N

: = U.

Proof: Let N be the cover which corresponding to the subgroup fia(m(M)) and f a

lift of [. By Theorem 1.1 of [BG] the result follows. O
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Corollary 5.2. If H;(M,Z;) = 0 or Z,, for all 1, then if M immerses in R™* for

5 <n < 2k, so does N .

proof: Tllis follows from Prouosition 5.1 and Coro”arv 4.1 O

For the next proposition let us consider the commutative diagram

N P N
N P N
K(m(N),1) —2— K(m(N), 1)

where N, N are the universal covers of N, N respectively and K'(m,1) are Eilenberg-

MacLane spaces.

" Proposition 5.3. The induced homomorphisms v : H(N.Z>) — H:N.Z>) are iso-
morphisms for all i > 0 if p. : Hi(m\(N), Z3) = Hi(m(N),Zs) is an isomorphism for

all 1 > 0, where H. means group homology.

~
~

Proof: Since N and N are simply connected and pg : m;(N) — m;(/N) is C-isomorphism
for i > 0, we have that p;. : H;(N,Z;) — Hi(ﬁ,Zz) is an isomorphism. Now we
consider the Serre spectral sequence of the fibrations and the induced map. By the

spectral mapping theorem, the result follows. O

Remarks:

e | The converse of proposition 5.2 is also true, but will not be used here.



e 2 This Proposition generalizies the Proposition 10.8.8 of [HW].

[Tom now on et us denote H = m(/V), G = ﬂl(N) and 7 A G the mclusion.

We have that the index |G,H] is odd.

Proposition 5.4. The homomorphism j;. : H{(H,Z;) — Hi(G,Z,) is epimorphism

for1 > 0.

Proof: It is equivalent to show that the induced map in cohomology is injective.
Then we consider the composite of the corestriction with the restriction (See [W])
T: H(G,Z;) - H'(H,Z,) — H(G,Z,), which is multiplication by ¢ = [G, H]. Since
/ is odd this is an isomorphism. So follows that the first map is injective and hence

the result. O

Corollary 5.5. If G is finite of order odd, then H;(G,Z;) =0, 1 > 0.

Proof: We take H the trivial group. By Proposition 5.3 follows H;(G,Z;) = 0,1 > 0

]

Proof of Theorem C: The result follows directly from Propositions 5.1, 5.2 and

Theorem A. 0

In general one can not expect to have j;. : H;(H,Z,) - H;(G,Z;) isomorphism for

all 2 > 0.

Example 5.6 (Algebraic). Let us consider the following extension 0 — Z & Z &

Z - G — Zz — 0 where the action w : Zy — Aut(Z & Z & Z) is given by
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-1 -

10
ail] = 1 0 0 and the extension corresponds to the nontrivial element of
0 0 1

H*(Zy,Z  Z b Z) ~ Zy. That H*(Zy,Z b Z b Z) ~ Zs, it is a standart calculation

using [M] chapter 1V Section 7. So let H = Z 4 Z 4 Z.

We ‘will use the Lyndon-Hachechild-Serre spectral cequence, in order to compute
H.(G,Z,). The B? term is B2, = Hy(Zs, Hy(Z & Z & Z; Zy)).
So

HP(Z;;,ZQ) q= 0,3
P9

Hy(Z3, Ly Ly & Zy) =1

{ HP(Z:;,Zz&HZZEBZz) ([=2

1 1 0
where the local coefficient is given by wi(1)=1| 1 0o 0 and
0 0 1
1 00 _
wa(l)=1 0 1 1 , for the cases q=1, q=2 respectively.
01 0
Again, using [M] chapter 1V section 7, we get
Z, p=10

Hy(Z3,Z, $ Z, & Zy) =
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where the action w is either w; or w, . So we get

;

Zg *=0,3

H(G,Zy) =S Hy(H, Zy,$Z, & Zy) ~ Z,

HQ(I‘I, ZQ,‘_BZ'I é}% Zg) ~ Zg .

\
Remarks:

e | It is not difficult to see that the group G is not nilpotent but it is certainly
infra-abelian.

o2 Ifw:@Q — SL(n,Z) has the property that the reduced action wy, : @ —
SL(n,Zy) is nilpotent, then we have that H{(Z - - Z, Z,) = Hi(G,Z,) is
an isomorphism for all 7, where G is any extension o? Z&--- & Z by @ €C with
action w. By [G1] Proposition 5, we have that w, nilpote;t implies necessarily
that w, it is trivial, since every element of Q.is torsion of odd order. Now by
Theorem [X.7 of [N], we can conclude that w, implies w also trivial. This means

L

that the hypothesis wy be nilpotent is not stronger than w is trivial.

Example 5.7 (Geometric). Finally we will show how to realize geometrically the Ex-

ample 5.5. For let us consider any action w : @ = Aut(Z @ --- 4 Z). Consider the
e

action of @) on IR", @ x IR™ — IR" given by the linear transformation which have ma-

trices w(Q). This action certainly induces an action on the Torus 7" = S' x ... x S!,

which we also denote by w. Now let M be a manifold where @) acts freely. So there

is a free action Q@ x T™ x M — T™ x M given by (¢,z,y) = (¢ x,q-y). Therefore,

T xM

s where IZxM

5 is the orbit space, which is a finite

we have the map T" x M —

regular cover of a compact manifold.



So we get a short exact sequence

T x M
1—)7T1(Tn XM)—)?T'] (—Q—') —)Q—)l
which is
l2Z"dm(M) = G—=Q—1
T x M
where G = m (T) Now we apply the above procedure for the Example 5.5.

For let w be the action given by the upper left corner 2x2 submatriz of the 3x3 matriz
given in 5.5. Let M be the circle S' where Z3 acts freely by rotating of 120 degrees.
So we get a finite cover T® — N where the three manifold N has homology given
by Hi(N,Zy) ~ Z, for 3 > i > 0. Certainly H;(T*,Z,) — H;(N,Z,) is not an
isomorphism for all i and the result follows. Observe that Hi(N, Zy))~Zyfor3>12>0
which is the same as the H*(RP3,Z,), where RP? is the 3-projective space. It is not

hard to show that the cohomology ring structures of these two spaces are different.
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