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Resumo

Provamos a existéncia, unicidade e regularidade de
solugdes para equagdes de calor semilineares com
condi¢ido de fronteira ndo linear. Estudamos estes
problemas com dados iniciais em LY(Q), W'Y(Q),
1<q<co ou medidas e com ndo linearidades de

crescimento critico.
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Abstract

We prove existence, uniqueness and regularity of solutions for heat equations with nonlinear
boundary conditions. We study these problems with initial data in LI(2), W9(Q), 1 < ¢ < oo
or measures and with critically growing nonlinearities.

1 Introduction

This paper is devoted to the study of existence, uniqueness and regularity of solutions of parabolic
problems with nonlinear boundary conditions and critical nonlinearities. Let 2 C IR" be a bounded
smooth domain, N > 1 and consider the problem

ug = Au+ f(u) in Q2

dU < g(u) in T := 0 (1.1)
u(0) = ug,

where f,g: IR — IR are locally Lipschitz functions.

We study (1.1) with initial data in L7(§2), W9(Q), 1 < ¢ < N or even in spaces of measures. In
these spaces some growth conditions on f and g must be imposed and we are mostly interested on
obtaining results for the fastest possible growth, called critical growth. In particular, for initial data
in L9(92), we will show that solution exist for f(u) growing like the power |ulPr, for p; < 1—\—:—2(‘ and
g(u) growing like the power |u|?t, for p; < ’\J—i,“i

For the case of homogeneous linear boundary conditions and critically growing nonlinearity f,
this problem has been considered in the L-settting in, (18, 19, 8, 5], in the Wi —settting in [5] and
in the space of measures in [9].

For the case of nonlinear boundary condition of the type du/dn = g(u) there are results in the
W9~ setting, for ¢ > N (see [3]). These results are obtained with no restrictions in the growth of
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f-and g thanks to the fact that W9(Q) c C(Q). The H!—setting with subcritical nonlinearities
is treated in [10]. There are also results when the nonlinearity g is monotone in {7, 11]. For other
related results, in IRY, see also [6, 13] and references therein.

Our results are for f and g critically growing and with no monotonicity assumptions whatsoever.
In particular we recover all the critical exponents on f appearing in the literature (like the ones from
[9] for measures) allowing simultaneously a critically growing nonlinearity at the boundary.

To initiate the discussion and in order to introduce the main ideas of the paper, we consider the
case f =0 and look for solutions of (1.1) with initial data ug € L*(Q2).

We first introduce some terminology. It is well known that the Laplace operator with homo-
genenous Neumann boundary conditions can be regarded as an unbounded operator, A = A, in
E? = L%(Q) with domain H%(Q?) = {u € H*(Q) : g—% =0 in 8Q} and that, since this operator turns
out to be sectorial, associated to it there is an scale of Banach spaces (the fractional power spaces)

E%, [12]. It is well known that
E~ « H?(Q),
E-¢ = (E®) a>0 (1.2)

and Ez = HY(Q), E™% = (HY(Q))', E® = L?(Q) and E' = H%/(Q). Notice that the operator A can
also be regarded as an unbounded operator A : E*! ¢ E® — E®, a € IR, (this operator is usually
called the realization of A in E®). If we denote by X* = E®~! then we have A : X! ¢ X° — X?©
and in this setting, we have that for u € X! = L?(f2), Au is given by the linear form

< Au, ¢ >= / ulA¢
Q
for every ¢ € H%/(2). Moreover, A is sectorial and hence (1.1) can be rewritten as

= Au+ gr(u),
{ u(0) = up € X' = L2(®) (13)

which means that the solution verifies
d
= [up— [wap= [ glwy
dt Ja Q r

for every ¢ € H2, ().

Note that the map gr is not well defined in X! = L?(2). Actually, it is not well defined in any
X'+ o < 1/4, since none of this spaces have a well defined trace operator. Therefore the standard
theory (see [12, 3, 10]) does not apply. In this case, it is suitable to apply the theory developed in

[5]-

To be more precise, we recall some definitions and results from [5]. Consider the abstract problem,

(1.4)

= Az +h(z), t>0
z(0) = 29 € X!

where A : X! ¢ X% — X9 is a sectorial operator. Denote by X the fractional power spaces
associated to A. Define,



Definition 1.1 We say that z : [0,7] = X is an e—regular solution to (1.4) if € C([0,7], X}) N
C((0,7), X'*¢), and z(t) satisfies

o(t) = etlzy + /0 Alt-9p(z(s))ds (1.5)

Definition 1.2 For € > 0, we will say that ¢ map h, is an e—reqular map relatively to the pair
(X1, XP), if there exist p > 1, y(€) with pe < y(e) < 1 and a constant ¢, such that h: X1te¢ —» X7(e)
and
1h(z) = B@)lxx0 < cllz = yllxree(lelinke + o5t +1)  Va,ye XM (1.6)
The main result from [5] basically says the following,
Theorem. If h is an e-regular map for some € > 0, then (1.4) has a unique e-regular solution.
Note that this result does not require h to be well defined in the space were the initial data is
taken, i.e. X1. Also, this results handles some cases in which h : X! = X9, a situation that can not

be handled by the standard semilinear technique for parabolic equations, (12, 3, 4, 10].
With this in mind, for (1.3), we will prove that if g is a locally Lipschitz function verifying

l9(u) — g(v)| < clu —v|(jul’~" + [v]P~" +1), (1.7)
and p < ¥¥2 N > 2, then gr is an e-reqular map relatively to the pair (X', X0), for <e< W%T

and y(e) = pe. From the above theorem, we have the existence and uniqueness of e-regula.r solutions
of (1.3). Moreover these solutions will be shown to be classical solutions.

For problem (1.1), with f not necessarily zero, the abstract formulation becomes

i} = Au + fa(u) + gr(u),
{ w(0) = up € X! = %I;(n) (18)

%Au¢~£!uA¢=/()f(U)¢+AH(U)¢
for every ¢ € H(R2).

Therefore, it is clear that we need to treat problems of type (1.4) with h being a sum of nonlin-
earities with different e—regularity properties. This is presented in Section 2, where an extension of
the results from [5] is presented to include this case.

Moreover, we would like to treat these problems not only in the Hilbert setting, but include also
the L9(Q) and W9(Q) setting, 1 < g < oo. For these cases, and as it is explained in Section 2.1
(see also Remark 1 of [5]), it is more appropriate to work with scales of Banach spaces coming from
interpolation instead of fractional power spaces.

that, is

Among all results proved in this paper we would like to emphasize the following,

Theorem 1.1 For 1 < ¢ < oo and N > 2 (respectively, N = 1) and f, g satisfying (1.7) with
ezponents p; and py respectively, such that

2
pp<pr=1+ —Nq, and py<p,=1+ ]—3[—, (respectively, ps <1+ q),

problem (1.1) with ug € LI(?) has a unique e-regular solution, for some € > 0. Furthermore, this
solution is a classical solution.



This paper is organized as follows. In Section 2 we introduce some background results on scales
of Banach spaces and we extend the abstract results in [5] to include a sum of nonlinearities with
different e—regular properties. In Section 3 we consider the problem (1.1) in W9(2), LI() and in
spaces of measures.
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2 Abstract Results

The results for parabolic equations with nonlinear boundary conditions presented in the applications
at the end of this paper follow from general abstract results for semilinear parabolic equations which
allow critically growing nonlinearities. This approach requires the use of scales of Banach spaces,
that are briefly described below.

2.1 Scales of Banach Spaces

In what follows we give a description of how to construct an Scale of Banach Spaces associated to
~a sectorial operator —A : D(A) C Ey — Ep. For that we need the concept of interpolation which
we briefly describe in the very restricted context on what it will be used, in this paper. For a more
complete treatment of interpolation we refer to [16].

Let B be the set of all Banach spaces and let F, F be in B, we denote by L(E, F) the set of
bounded linear operators from E into F. A pair (E;, Ep) of elements of B is called an interpolation
couple if Ey A Ep (continuous and dense embedding). Denote by C the set of all interpolation

couples.
An interpolation functor of exponent 6, (-,-)g, 0 < 8 < 1, is a map from C into B such that given
(Er, Ep) and (Fy, Fy) interpolation couples we have that Ey := (Fy, Eg)g and Fy := (F, Fy)g are

such that E; <> By < Eo, F, < Fy & Fy, A € L(Ey, Fy) whenever A € L(Eo, Fo) N L(E1, F1) and
14l z,ry < AN B, roy | AIZ (B, -

There are many examples of interpolation functors of exponent 8 for 0 < 8 < 1 (see, for example,
[4, 16, 14]). The interpolation functors that we will be concerned with are the real, the complex
and the continuous interpolation functors (see [4]). We observe that what we call an interpolation
functor is called an exact admissible interpolation functor in [4].

We now construct the scale of spaces that will be used in the abstract results that follow.

Let —A : D(A) C Ey = Ej be a sectorial operator and assume that Re(c(A4)) < 0 where
o(A) is the spectrum of A. Then A generates an analytic semigroup {e4? : ¢ > 0} in Ey. Let
E) = D(A) with the graph norm || - |z, = ||A - ||g, and similarly let E, = D(A?) with the graph
norm |- ||g, = |A- ||z, = ||A? - ||go. For each 0 < § < 1 we fix an interpolation functor (-,-)s and let

Eg := (E1, Ep)s, B9 := (Ey, E})s.



Then, since A € L(E», E1) N L(E1, Ey) we have that A € L(Ey,1, Eyp) in addition the following
theorem holds.

Theorem 2.1 If A, denotes the realization of A in E, then Ay € L(Eqy1,Ep) and Ay : Egqy C
E, = E, generates an analytic semigroup e=? in E, which is the restriction of eAt to E,. Fur-
thermore, there is a constant M > 1 such that the following holds

t°P|le*tz)|g, < MlzllE,, 0<a<B<L2

For a proof of this theorem and much more, see [4].

In order that one can see why we may want to consider these scales coming from interpolation
instead of the scale of fractional power spaces associated to the operator A we consider a very standard
problem for which the scale of fractional power spaces seems not to be suitable in the treatment of
critical problems.

Let Q@ c IRM be a bounded smooth domain and a :  — IR be a C! function with a(z) > ag >
0, Vz € 2. Consider the elliptic operator

Lu = div(aVu)

with homogeneous Neumann boundary conditions. Then L defines a sectorial operator 4, in LI(52)
with domain D(A) = {u € W29(2) : & = 0} =: WA(Q) (see, [3)).

Note that if we consider the complex interpolation functor of exponent 8 (see [16, 4]), denoted
by [-,-]¢ we have the following

Eqo = Wi (Q), LY(Q)]a < HZ*(Q) (2.1)

for0<a<l.
We note that if F denotes the fractional power spaces for the operator A; we have that

a 2a~
Ff = H* (Q)

for any @~ < a (see [12]). In general it is not known that F* is embedded in H 3"(9) (though this
is true if the boundary conditions are Dirichlet or in the case of Neumann boundary conditions if
the domain Q is C* (for references on this, see [3], Remark 7.3)). To obtain existence results for
parabolic problems with critically growing nonlinearities one needs to work with an scale for which
the sharp embedings (2.1) hold. This is one of the reasons why it is convenient to use the scales
coming from interpolation theory instead of the scale of fractional power spaces and the reason why
the theory of scales of Banach spaces has been developed by H. Amann (see [4]).

2.2 Local existence of solutions
In this section we are interested in existence of solutions for the problems of the form

&=Az+ 3L, fi(z), t>0

2(0) = zo. (22)



where we restrict ourselves to the case of autonomous nonlinearities for the sake of simplicity in the
notation.

The results presented here are natural and simple extensions of the abstract results presented in
[5], that are needed to deal with nonlinear boundary conditions, systems and many other applications.
With this in mind we will only indicate the differences in the proofs and refer to [5] for details. Also,
note that the results in [5] were presented mainly for the scale of fractional power spaces, although
the proofs given there hold for any scale of interpolation spaces.

As above, let X be a Banach space, || - || yo its norm and —A : D(A) C X° — X be a sectorial
operator. If o(A) denotes the spectrum of A, we assume that Reo(A) < 0. Let {X%, 2 > a > 0},
be a scale of Banach spaces associated to A constructed as before.

Consider the following class of nonlinearities: for 0 < e < 1, p > 1, pe < v(€) < 1, and ¢ a positive
constant, define F := F(e, p,7y(€),c) as the family of functions f such that f(-) is an e-regular map
relative to the pair (X!, X0), that is f : X1+ — X9 and

1 (@) = f@)llx~o < elle = yllxre Uzl + vl +1) (2.3)

I1f (@)l xv0 < elllzlire + 1) (2.4)

for all z,y € X'*¢. Note that the first condition implies the second.
Then, we look for functions that verify

z(t) = eAlzg +/ ”)Zf

and we have the following result.

Theorem 2.2 Assume that for 1 < i <mn, f; € F(ei,pi,vi(€i),c), for some ¢; > 0. Assume also that
min{7y;(e;); 1 <4 <n}=:7>max{g; 1<i<n} =% (2.5)

Then, if yo € X!, there exist 1 = r(yo) > 0 and 79 = 70(yo) > 0 such that for zo € X1 with
llzo — yollx1 < 7 there exists a continuous function z : [0,79] — X', with £(0) = zo, which is the
unique €—regular mild solution to (2.2) starting at o. In addition, this solution satisfies

t—0t+

z € C((0, ), X*9), 10|z (t, zo) || 140 — 0, 0<O<7.
Moreover, if g,z € Bx1(yo,r) the following holds
t?\|lz(t, z0) — z(t, 20) | x140 < C(60)llzo — 20llx1, VE € [0,70),  0<6 <6 <7.

Also, if vi(€i) > pi€i, for all 1 < i <mn, then r can be chosen arbitrarily large. That is, the time
of existence can be chosen uniform on bounded sets of Xk

Furthermore, z € C((0, o], X'*2) and z; € C((0,70), X'*?), for any 6 < v, and (2.2)is satisfied,
that is, z(-, o) is an strzct solution.

The constants above depend on the following: o = To(yo, A, €i, pi, vi(€i), ¢, M), T = 7(yo, €i; pi,
¥i(€:), € M), C = C (0o, €, pi, i (€i), M).



Proof. The proof of this theorem basically follows line by line the proof of Theorem 1 from [5]. We
will just outline the proof pointing out the few differences.
Let B(+,-) : (0,00) X (0,00) = (0,00) denote the beta function and define

B, = fax {B(7i(e:), 1 — 7i(e:)), B(vi(ei), 1 — piei), B(vi(ei) — &1 = vi(ei)), B(vi(e:) — &, 1 — piei) }.

i~1 . 1
For the proof of existence, define x as the unique positive solution of sup cM B pfi-1 = i Let

i,j
us choose now r = r(u, M) > 0 such that
W
=——. 2.6
T= M (2.6)
Also, for yq fixed, choose § > 0 and 79 = 79(y0, 4, i, €, pi, vi(€:), ¢, M) € (0,1] such that
sup cMéBg = il o ltsie Atygll i+ < E, 0<t<m, sup sup {t%(€)-%} <4 (2.7)
ij dn 4 i,j 0<t<mo

Now, for zg € X! with ||zg — yo||x: < r, we look for fixed points of the map

(Tz)(t) = e x0+/ tstlsm

in the space, K(ro) = {z € C((0,70), X1*%) : supycicn SUbe(o o) £ Il xrees < a1}, with norm

11| k¢ (ro) = SUP1<i<n SUPte(0,70] L 1Z(8) || x1+:
With the above choice of parameters we have that, T'(K (7)) C K (79),

if 2 € K(rg) then Tz € C((0,7),X'*%), VvO€[0,7) (2.8)

and that T is a strict contraction in K(7p). In proving all these, condition (2.5) is used thoroughly.
By the Banach contraction principle we have that 7" has a unique fixed point in K(79), z(t, z¢) which
is defined for ||zo — yollx1 <7, 0 <t < 7p. Note that, from (2.8), z(-,zo) € C((0, 7], X'*?), for all
0<6<1. Also t0)|z(t, zo)||x14+6 = O ast — 0 for all 0 < 0 < 7 and

Jim [l2(t, o) = zof|x1 =0.

With all these we have that z(¢,zo) is an é—regular solution starting at zo and it is the unique
é-regular solution starting at zg, in the set K (7p).
Moreover, if o, 20 € Bx1(yo,7) and for 0 < 0 < 6 < 7, we have that

t’ll(t, z0) — 2(t, z0)  x1+0 < C(Bo) o — 2ol x1

for some constant C(6y).

The proof of uniqueness of éregular solutions follows exactly as in Theorem 1 of [5]. The same
applies for the estimate of the existence time when v;(¢;) > pie;, for all 1 <7 < n. We omit the proof
of these facts.

For the extra regularity in the statement, observe that, since h : X1*¢ — X7 is locally Lipschitz
on bounded sets, and since the solution smoothes for positive time, we can apply the technique in
Theorem 3.5.2 in [12], to obtain that z(t,z,) satisfies (2.2) and z; € C((0, o), X'*9), for any 6 < 7.

From here, we also get = € C((0, 7], X'*2) g

Like in [5], we may also prove a result on the maximal time of existence of an éregular solution.



Proposition 2.1 If f; are as in Theorem 2.2 and x(t,z¢) is an é—regular solution starting at x
with a mazimal time of existence Ty, then either T, = co or liminf, , _ ||z(t,zo)||x1+s = 0o, for any
§>0. "

Proof. It is easy to check that of f; is e;—regular relatively to (X', X?) with ~;(e;) > pi€;, then for
any 6 > 0, f; is €/-regular relatively to (X149, X9), for € = ¢ — 0, with y;(ef) > pie;. Assume the
solution remains bounded in X'*9 along a sequence that converges to 7,,. Then using Theorem 2.2
for the pair (X*9, X9) and using now the uniform existence time on bounded sets, we get that the
solution can be extended beyond 7,,,, which is a contradiction.

If f is an e—regular map relatively to the pair (X!, X°), for € in an interval I, as in [5], we classify
the map in the following way:

e If I = [0,€;] for some ¢; > 0 and y(0) > 0. We say that f is a subcritical map relative to
(Xt XY
In this case, f : X' = X7 and then the standard technique for solving u; = Au + f(u) can
be applied.

e If I = [0, ¢;] for some €; > 0 with y(e) = pe, € € I and if f is not subcritical; then, we say that
f is a critical map relative to (X!, X°).
In this case, f : X! — X© and then the standard technique for solving u; = Au + f(u) can not
be applied.

e If I = (0,¢;] for some €; > 0 with y(e) = pe, € € I, and f is not subcritical or critical; then, we
say that f is a double-critical map relative to (X!, X?).

o If I = [ep, €] for some €; > €9 > 0 with y(eg) > pep and f is not subcritical, critical or double
critical; then, we say that f is an ultra-subcritical map relative to (X1, X0°).

o If I = [eg,€1] for some €; > €y > 0 with y(e) = pe, € € I, and if f is not subcritical, critical,
double critical or ultra-subcritical; then, we say that f is an ultra-critical map relative to
(X1, X0).

Note that in the last three cases f is not even defined on X!. However, in all cases, the results
above allow to construct solutions of (2.2).

3 Heat Equations with Nonlinear Boundary Conditions

It is well known that for semilinear problems like (1.1) it is always desirable to work not on a fixed
space (say W19(Q), for example), but to work on families of spaces in which the initial data can
lie and in which the nonlinear term is well behaved. This amounts to constructing scales of spaces
associated to the operator A = A in L9(£2), with homogeneous Neumann boundary conditions, as
described above. Among several reasons for this, we point out that, with this approach, one can give
a unified treatment to (1.1) which allows one to solve it in the following two senses:

Definition 3.1 Forug € W9(Q), a variational weak solution of (1.1) is a function u € C([0, ), W9(Q))
such that J

& [up+ [ vuve= [ fws+ [ gws (31)

dt Jo Q Q r

R



for every ¢ € Wl’ql(Q).

Definition 3.2 Forug € L(R), a variational very weak solution of (1.1) is a function u € C([0,7), LI(52))

such tha
t a [ up= [uss= [ s+ [aws (3.2)

for every ¢ € Wﬁ}q’(ﬂ), where Wf}q'(ﬂ) consist of the functions in W29 (Q) with zero normal deriva-
tive on I, and q' the conjugate ezponent to q.

This formulations come from multiplying the equation by a test function and integrating by parts.
See [3, (2.7), (2,9), page 13] and [3, pages 61 and 62].

In the Hilbert case, that is, when ¢ = 2 all methods of construction of scales give the same spaces,
while if ¢ # 2 the result depends on the choice of the interpolation method. One of the scales of
spaces that have been widely used is the scale of fractional power spaces, see [12], but some other
scales have been shown to be very well suited to that purpose, (3, 4, 14]. In fact, we will show below
that this scales are naturally better adapted for the problem of critical exponents, since some more
precise information is available than for the scale of fractional power spaces.

It is clear from the results in the previous section that for a given problem ¢ = Az + i, fi(z),
where A is a sectorial operator with associated scale X?, 6 € [0,2], we need to identify these fractional
order spaces and to study the e—regularity properties of the maps f;. This last part is usually a
consequence of the previous knowledge of the integer order spaces, interpolation theory and standard
techniques involving Sobolev type embeddings. In this way the local existence of solutions for this
problem is reduced to a good knowledge of scale of spaces associated to A.

With this in mind we will breafly describe a way to identify these fractional order spaces following
closely [4]. Assume that Ej is a reflexive Banach space and let —Ag : D(Ag) C Ey — Ejy be a sectorial
operator on Ey which for simplicity is assumed to have positive spectrum. Then one can define the
spaces Iy := D(Ag) with the “graph” norm | - ||g, := || 4o - ||E,- If A1 : D(A;) C Ey = E; denotes
the realization of Ag in E; we can define Ey := D(A;) with the “graph” norm || - ||g, := |41 - || 5, -
This procedure allow us to define a discrete scale of Banach Space {E;, j = 0,1,2,---} and as in
the Section 2 we fix an interpolation functor (-,-)s for each 0 < @ < 1 and obtain a continuous
one-sided scale {Ep; 6 € [0,00)} associated to A. This is enough for the abstract results but in the
applications it may be also needed to consider an extension of this scale to “negative” values of .
This is accomplished in the foll

E_y = (Eo, 145" ||k, (3.3)

that is, a completion of Ej relatively the norm ||[A~!-||z,. That gives a Banach Space, E & E_,,and
there is a unique closed extension of Ay to E_; which we denote by A_; : Ey C E_; = E_;. Clearly
Ey with the norm ||A_; - ||g_, is isomorphic to Ey. With this proceedure one can then construct F_
and A_p and E_; with the norm ||A_5 - ||g_, is isomorphic to E_;. This proceedure can be carried
out to obtain the discrete scale of {E;, j = —m,—m + 1,—m + 2,---} for any natural number m.
Once the discrete scale is constructed we fix the operator A = A_,,,; : E_,,.1 C E,, = E,, and
construct the one sided continuous scale associated to A {Ejp; 6 € [-m,c0)} as above. Of course this
proceedure will only render practical if one can identify the spaces in the negative scale. With this
in mind we describe briefly the constri-** n of the dual scale.



Let E# denote the topological dual of £y and A# : D(A#) C Ef - E# be the dual operator
of Ag. Then A# is a sectorial operator in Ef and proceeding as before one may construct the scale
of Banach spaces associated to A# denoted by {E;’é ; @ € [-m,00)}. Depending on the way one
constructs this scale it is possible to identify the fractional spaces E_gy through the spaces Ef ,02>0.
This can be done in the following way:

For 0 < 6 < 1let [-,-]g, (-,")o,q» 1 £ g < 00and (-, -)g’oo denote respectively the complex, the real
and the continuous interpolation functors of exponent 8. Then, if (-,-)s € {[,]s, (s*)o,¢> (-, ~)3,00, 1<
q < oo} we define the dual functor (-, );’L of (-,-)g as

[.,.]0 if (.,.)0 . [.,.]9
G)F =1{ ¢ )a if (49 =0(,)og 1<g< o0
('7’)0,1 if ('1')0 = (’)3,00

If for each 0 < § < 1 we choose (+,-)g € {[-,]g, (*,")a,q (-, -)g’oo} to obtain the scale Ey and its dual
functor (-, )f to obtain the scale Ef the following holds

Ey = (EF).

See [4] for the proof.

Now we overview the description of the scales of spaces constructed above for problem (1.1).
Again we follow [3]. Let £ be a bounded smooth domain and Hé(Q), be the Bessel potential spaces
and Hq‘l(Q) = (Hf], (2))',1 < g < o0, >0. In this section we will constantly use certain well known
embeddings that we summarize as:

HY(Q)cL"(Q), iff-
(3.4)
H(@Q) cCc ), ifl- i;- >n>0

with continuous embeddings (see, [1]). This embeddings are known to be optimal.
For later use, we state here some trace results for Bessel potential spaces, [1]. If T denotes the
trace operator, then for [ > (]7, T is well defined on Hf](Q) and

<o iflg> N

H(Q) S L7(T), forr{ <o iflg=N (3.5)
! <&k ifig<nN

Following the results and notation of the example of Subsection 2.1, the operator L = A (or
in general an elliptic operator of the type L =div(a(z)V)) with homogeneous Neumann boundary
condition, can be seen as an unbounded operator in Eg = L1(Q) for 1 < g < oo with domain

E’(} = Wﬁf’q(Q) = {u € W29(Q), g% =0 on d0}. It has an associated scale of interpolation spaces
Eg that, thanks to (2.1), (3.4) and the fact that E;* = (E7)", satisfy
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Ef - L'(Q), forr < g, 0<a<i
E) =L9(Q) 1<q<oo. (3.6)

N
Ef < L(Q), fors> g7k, —-f&<a<0

-1 ,
with continuous embeddings. Moreover, we have E, ? = (W19 (Q))' =: W~19(Q).
If we now consider the realizations of L on the scale above, we get the following, [3, pages 39-43].

11 ,
The operator L_y /5 € L(EZ, Eq 2) = LWH(Q), (WL (Q))) = L(WH9(Q), W=19(Q)) is given by
/ a1t
< L_yjou,¢p >=— /Q VuV ¢ (3.7)

for every ¢ € W4 (). On the other hand, the operator L_; € E(Eg, E;l) = L(LY(Q), (Wﬁ;ql(ﬂ))’)
is given by

& Bt s /Q whd (3.8)

for every ¢ € Wff’q’ ().
With all these, (1.1) can now be written as

ug=L_jjpu+h(u), u(0)=ug€WH(Q)
which corresponds to the weak formulation (3.1). Alternatively, (1.1) can be written as
ur = L_ju+ h(u), u(0)=uo € LI(2)

which corresponds to the very weak formulation (3.2), see (1.3) and (1.8). In both cases h is defined
as h(u) = fo(u) + gr(u), in the sense that

(falw) +or(w).9) = [ 1o+ [ ow (3.9)

for all suitable choosen test function ¢. As for (1.4), we look for solutions of the integral equation

u(t) = ettug + /0 A=) (u(s)) + gr (u(s)))ds (3.10)

where A denotes either L_y/, or L_;.

Therefore, we are in a position to apply the abstract results of Subsection 2.2. Then, we will as-
sume some growth assumptions on f and g and study the e—regularity properties of the corresponding
mappings fq and gr in order to apply Theorem 2.2.

3.1 Critical exponents for initial data in L?((Q2)

In this section we prove Theorem 1.1. Therefore, we assume that in (1.1), f and g verify (1.7) with
exponents p; and py respectively. We will see that as long as p; < py = N—;{,z‘l and p < pg = N;
we can give an existence and uniqueness theorem for the problem above in L7(£2).

With the notations of Section 2.1 and more precisely with (2.1), denote by X := Eg_l, a€ IR

and by A, : qu C Xg — Xg the realization of A in Eq‘1 given by (3.8). Then, from (3.6), we have

11



X¢ < L7(Q), for r < grads— 1<a< g

N+2q—2aq’
X} =L'Q) 1<g<oo. (3.11)
N
Xg(—’Ls(Q), fOI‘Squ_T.q, —2%,<a§1

with continuous embeddings. Note that in this setting, when applying Theorem 2.2, we will obtain
a solution on (1.1) in the sense of (3.2). Later on we will show that this solution is even classical.
The e—regularity properties of the map fq are given by the following lemma that is taken from [5].
The main argument relies in the fact that if f grows like in (1.7), then fq is a well defined mapping
between LP1"(§2) and L"(2), for any » > 1, which is moreover Lipschitz on bounded sets. Therefore,
we use the sharp embedings in (3.11) for X,;“L‘ — LP7(9)(Q) and then the sharp embeddings in

(3.11) for L™(9)(Q) — XJ(‘). Whith this, (2.3) and (2.4) come out easily. In fact, it is not difficult
to check that y(e) = 1 + Qﬂ(l — p1) + €p1. When checking that the parameters in the exponents,
verify 0 < e < 1, pre < ’)’(E(S < 1, and according to the classification of nonlinearities stated in the
previous section, we get the results below. Notice that pie < y(e) iff p; < N—#‘l and the critical case

corresponds to the equal sign.

Lemma 3.1 (Critical Case) If1 < ¢ < oo and if p1 = py = N—l"\',?q, then

e If N >3, q> j—VN._—zr then fq is an e—regular map relative to (X,},Xg) for 0 < e< 7)17 and
v(€) = pre. Therefore fq is a critical map.

o IfN >3, q= VN_—Q, then fq is an e—regular map relative to (X;,Xg) for 0 < e < 7)1—

v(e) = pie. Therefore, fq is a double-critical map.

: and
e fN=12andl1<g<oocorif N>3andl<q< K,%, then fq is an e—regular map relative

to (X;,X,?) for 0 < ;11— (1 - %,) <e< pil and y(e) = pre. Therefore, fq is an ultra-critical
map.

Lemma 3.2 (Subcritical Case) If N >1,1< g < oo and if py < py = Y24 then
o If % < q then fq s a subcritical map relative to (qu,Xg).

e Ifl<g< % and py < q then fq is a subcritical map relative to (X;,Xg).

e Ifl<qg< % and %(Pl —1) < g < p1 then fq is an ultra-subcritical map relative to (X,},Xg).

For the nonlinearity gr we have the following analysis. If g grows like in (1.7), with exponent
p2, then gr is a well defined mapping between L*?"(I') and L"(I"), for any r > 1, which is moreover
Lipschitz on bounded sets. Therefore, we use first the sharp embeddings (2.1) for X;‘*‘ C Hgf(ﬂ)

together with the properties for the trace operator, 7', Hg‘(Q) N LP27()(T), see (3.5). Then, in a

similar way, we use sharp embeddings of the form L"(9)(T) < Xg(e). Again, (2.3) and (2.4) come out
easily.

Indeed, in this case, it is easy to check that y(e) = %4— g(l — p2)+é€pe. Again, when checking that
the parameters in the exponents, verify 0 < e < 1, poe < y(€) < 1, and according to the classification
of nonlinearities stated in the previous section, we get the results below. Notice that now pye < 7(e)
iff pp < N-th and the critical case corresponds to the equal sign.
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Also, observe that since X,; is a space with no trace, ¢ has to be taken large enough such that
the functions in X ;Jr‘ have trace. This implies that the mapping gr will be always ultra-subcritical
or ultra—critical, according to the notations in the previous section.

Lemma 3.3 (Critical Case) If N >1,1< g < oo and if pp = py = ﬁ,}i‘l, then
e Ifl<g< _N_Ig—l then, gr is an e-regular map relative to (X,},Xg) for piz(l—?ﬂq,) <e< 2—,1,; (9'}1’—1)
and y(€) = pe.

o If ¢ > % then gr 1is an e-regular map relative to (X(},Xg) for 515 <e€e< 21? (9;(';.1) and
v(€) = pae.

In both cases the nonlinearity gr is an ultra-critical map.

Proof: We have to prove that gr maps X(}Jf‘ into X;’“) with y(e) = p2e and satisfies

lgr (u)ll v < cllull?ise + 1),
Xq Xq .
- =
llgr(u) — QF(U)”X;r(e) < C(“u”pxz;ﬂ T “'U“géﬂ + 1)]ju — U”x;“-

Since the proofs of both inequalities are similar we restrict our attention to the first one. Note
that if 7' denotes the trace operator then, with the notations in (2.1), we have

X1 o H2(Q) 55 LPrO(T),
for por(e) = Nﬂgq‘%, provided that 7\,1!3—;6'1; > ¢ and, again using (3.5),

(X3 = Hy(@) = L' (D),

provided that q > (N—’IXQ%E > 1. Now, for ¢ € (XJ“))’ we have that

(o, &) =| [ 9| < oo Iy

< C(l + ”'LL| iz;er(e)(F))||¢||LT(€)'([‘) S C(]. o+ ”Ul pX21;+z)”¢”(Xg(f))/

which implies lgr (u) 0 < (1 + Ul ).

The intervals of e—regularity will come from the trace restrictions above, namely: py ¢ > {,lg;]q; >
max{p2,q}. If po > g, that is, if 1 < g < % then we have piz(l - 2—];[,) <e< ﬁ (91;—1) On the
other hand, if ¢ < po, that is, if ¢ > NL_I we have % <e< 5—}; (9;’—1) This concludes the proof.

With respect to subcritical cases we have the following results,

Lemma 3.4 (Subcritical Case) If N > 1, 1 < q < o0 and if py < pg = —]Y[%,L—q, then gr is an
ultra-subcritical map.
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Note that in either case for fq or gr, since the worst situation correspond to the critial cases, the
intervals of e-regularity for subcritical cases contain those for the critical ones.
The results above are summarized in the following figures.

Insert here Figures 1 and 2
Insert here Figures 3 and 4

Remark 3.1 Notice that for q close to 1 the intervals where fq and gr are e—regular are disjoint,
see Figure /. Hence, in this case, h = fqo + gr is not e-reqular for any value of €. Therefore it is
essential that in the abstract results we may deal with a sum of functions with different e—regularity
properties and for different values of e.

We can now give a proof of Theorem 1.1.

Proof of Theorem 1.1. Let 1 < g < oo be fixed, N > 2 (the case N =1 is similar) and let f and
g satisfy (1.7) with p; < (N +2q)/N and p; < (N + q)/N, respectively. From the lemmas above we
obtain that fq is an €;—regular map and gr is an ea—regular map for some €;,€e3 > 0.

In order to check condition (2.5) in Theorem 2.2, we proceed as follows. As noted above the
intervals of e-regularity of subcritical cases are larger than those for the critical ones, so it is enough
to check (2.5) for some €; and € in the intervals given by Lemma 3.1 and Lemma 3.3 and for

_ N+2 _ N+
p1 = —x—= and pp = —{~.

Now, observe that if ¢ < %, taking €, and ez as large as possible in these intervals makes v to

be close to 9% while € is close to NLH and (2.5) is verified.

On the other hand, if ¢ > %, since p; > po, the interval for f contains that for ¢ and we can

choose € = ¢9 = € close to % which makes 7y to be close to 9%’1 and again (2.5) is verified. Note

also that in any case, v can be choosen larger than %

Consequently, Theorem 2.2 gives the existence of an é—regular solution for € = max{e;,es}. In
’ ; Sigs . : 1
particular, the solution satisfies (1.1) in the sense of (3.2). Also, Theorem 2.2 gives u € C((0, 7], Xq+1),
. . 49~
with v = min{~,(€1),2(e2)} and also u; € C((0, 7], X, 1), for any ¥ <7

Since, as observed above, €; and €; can be choosen so that y > %, then X;+l — H}(Q).
Therefore, the solution found satisfies u,u, € C((0, 7], Hy (), that is, u € C*((0, 7], H}(Q)).

If ¢ > N, we can use the embedding H(}(Q) — C%(Q) for some o > 0. Therefore u €
C'((0,7]),C*()). Moreover, viewing equation (1.1) for 0 < t < 7 as an elliptic equation —Au =
f(u) —uy, in 2, du/On = g(u), on I', and usign standard elliptic regularity theory we get that
u(-,t) € C*(92). This shows that the solution is classical.

If 1 < g < N we apply a bootstrap argument. Since qu(Q) — L™(Q) for r = Nq/(N — q) > q,
and since p; < (N + 2q)/N < (N + 2r)/N and py < (N + ¢q)/N < (N +1r)/N we can apply the
argument above in L7(2) which now gives u € C'((0,7], H}(€2)). Repeating the above, in a finite
number of steps we can show that v € C*((0, 7], H,',(Q)), for some p > N. This, as before, implies
that the solution is classical.
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Note that in either case for fq or gr, since the worst situation correspond to the critial cases, the
intervals of e-regularity for subcritical cases contain those for the critical ones.
The results above are summarized in the following figures.

Insert here Figures 1 and 2

Insert here Figures 3 and 4

Remark 3.1 Notice that for q close to 1 the intervals where fq and gr are e—regular are disjoint,
see Figure 4. Hence, in this case, h = fq + gr is not e-regular for any value of €. Therefore it is
essential that in the abstract results we may deal with a sum of functions with different e—regularity
properties and for different values of e.

We can now give a proof of Theorem 1.1.

Proof of Theorem 1.1. Let 1 < ¢ < oo be fixed, N > 2 (the case N =1 is similar) and let f and
g satisfy (1.7) with p) < (N +2q)/N and py, < (N + q)/N, respectively. From the lemmas above we
obtain that fq is an €j—regular map and gr is an ep—regular map for some €1, € > 0.

In order to check condition (2.5) in Theorem 2.2, we proceed as follows. As noted above the
intervals of e-regularity of subcritical cases are larger than those for the critical ones, so it is enough

to check (2.5) for some €; and € in the intervals given by Lemma 3.1 and Lemma 3.3 and for
pl—NfV andpg—N—+q

N
Now, observe that if ¢ < 5= takmg €1 and € as large as possible in these intervals makes vy to
be close to 95(—’— while € is close to m and (2.5) is verified.

On the other hand, if ¢ > NA—,2’ since p; > p2, the interval for f contains that for g and we can
choose €) = €5 = € close to % which makes v to be close to 92—“:11— and again (2.5) is verified. Note
also that in any case, 7 can be choosen larger than %

Consequently, Theorem 2.2 gives the existence of an é—regular solution for € = max{e;,es}. In
particular, the solution satisfies (1.1) in the sense of (3.2). Also, Theorem 2.2 gives u € C((0, 7], X,}+l)
with v = min{~;(e1),72(€2)} and also u; € C((0, T],X¢;+l_), for any v~ < 7.

’

Since, as observed above, €; and ey can be choosen so that v > %, then X;+ — HI(Q)
Therefore, the solution found satisfies u,u; € C((0,7], H; (R)), that is, u € C'((0, 7], H; (2)).

If q > N, we can use the embedding Hl(Q) — C%(Q) for some a > 0. Thorofore u €

((0, 7], C( Q )). Moreover, viewing equation (1.1) for 0 < ¢ < 7 as an elliptic equation —Au =
f(u) -y, in , du/dn = g(u), on I', and usign standard elliptic regularity theory we get that
u(-,t) € C%(£2). This shows that the solution is classical.

If 1 < q < N we apply a bootstrap argument. Since H,}(Q) — L"(Q) for r = Ng/(N —q) > gq,
and since p; < (N + 2q)/N < (N + 2r)/N and po < (N 4+ q)/N < (N +r)/N we can apply the
argument above in L™(Q2) which now gives u € C'((0,7], H}(Q2)). Repeating the above, in a finite
number of steps we can show that v € C*((0, 7], H,}(Q)), for some p > N. This, as before, implies
that the solution is classical.g
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3.2 Critical exponents for initial data in W7(Q)
Now, besides (1.7), f and g are allowed in some cases to belong to the class of locally Lipschitz
mapping in IR such that for every n > 0, there exists ¢;, > 0 such that
B
£ (1) = F)] < cp(e™ ™" + ™17 )y — o (3.12)

This growth will be allowed for the case ¢ = N, in WHN (), because of Trudinger’s inequality, [17].
1

In this case, and again with the notations in (2.1), denote by Xg' := E(C;_i, a € IR and by

_1
Ay X,; C X,‘l’ — X,(I) the realization of A in E4 2, given by (3.7). Moreover, from (3.6), we have

IA

a r Ng X N
Xo = L (2), for r NTq-Zag’ 2 <a< 3

X0 = w-1a(Q) 1< q< oo (3.13)

a s N
Xg < L*(RQ), for s it —p o

vV
'ﬂz

IA
ol

with continuous embeddings. Note that in this setting, when applying Theorem 2.2, below, we will
obtain a solution on (1.1) in the sense of (3.1). Later on we will show that this solution is even
classical. More precisely, in this section we will prove the following result.

Theorem 3.1 If N > 1, ug € WH9(Q) and f, g are locally Lipschitz functions, then
e ifg> N, or
e ifg=N and f, g satisfy (3.12), or
e ifl<q< N and f, g satisfy (1.7), with p; < x—fg and py < ﬁ]\i—q respectively,
problem (1.1) has a unique é—regular solution for some € > 0. This solution is a classical sholution.

The e—regularity properties of the map fq are given by the following lemma that is taken from

[5].

Lemma 3.5 Assume that f is a locally Lipschitz function. The nonlinearity fo can be classified as
follows:

e Ifq> N then fq is a subcritical map relatively to (X;,Xg). Note that, for N =1 fq, is always
subceritical.

e If N >2,q= N and [ satisfies (3.12). Then fq is a subcritical map relatively to (X(},X((l’).
e If N > 2, I—V—Ai—l < q < N and f satisfies (1.7) with ezponent p,

1 If pi = x—fg, fa is an e—regular map relative (X;,X,?) for0<e< ﬁ. Therefore fq is
a critical map.

2. If pp < %311, fa is a subcritical map relatively to (X,;,Xg).

e If N >3, % = q and f satisfies (1.7) with exponent p, (here the case N = 2 falls into the
case N = q)



1. If py = x—fz — N_N__'z’ fa s an e—reqular map relative (X,},X(?) for0<e< 217 Therefore
fa s a double-critical map.

2. If ;1 < W]\éi’ fa is a subcritical map relatively to (X;,X,?).
e [fN2>2 1<¢q< % and f satisfies (1.7) with exponent p;

1. If'pl — %“_Lq, fa isan e—regular' map relative.('X(},Xg) for0 < N_2—q_q_§l;‘)f_l_ <e< I—V—ﬁ-q—%}%;,
with y(e) = pre. Therefore fq is an ultra-critical map.

2. If -A]—,V-_ﬂ,—l < p < %—fg, fa is an e—reqular map relative (X,;,Xg) for 0 < N2_;q LT

T 2m
%—;—q - ﬁlﬁl—, with y(e) > pre. Therefore fq 15 an ultra-subcritical map.
3. Ifl<p < Nﬂ—qT;’ fa is a subcritical map relatively to (X,;,X,?).

The proof runs as in Lemma 3.1 and Lemma 3.2. For example, when (1.7) is assumed with

exponent p; and 1 < ¢ < N, we have fq: X‘}“ — X,‘,Y(‘), for y(e) = N2—';q - ivz—;gpl + pre.

The e—regularity properties of the map g are given by the following lemma.

Lemma 3.6 Assume that g is a locally Lipschitz function. The nonlinearity gr can be classified as
follows:

e Ifq> N then gr is a subcritical map relatively to (X;,Xg). Note that, for N =1, gr is always
subcritical.

e If q = N and g satisfies (3.12); then, gr is a subcritical map relatively to (X;,Xg).

e If N >2, #% < q < N and g satisfies (1.7) with ezponent py

1. If py = NL~q’ g is an e—reqular map relative (X(;,Xg) for 0 <e< 53'/—);. Therefore gy is
a critical map.
2. If po < N_Aiﬁ’ gr is a subcritical map relatively to (X(},Xg).

e If N > 3, % = q and g satisfies (1.7) with ezponent py (the case N = 2 falls into the case
N =q)

i. Ifpp= NL_q = %—:.—3, gr is an e—regular map relative (X;,Xg) for0<e< 5—;—/,;. Therefore
gr s a double-critical map.

2. If pp < x—:;, gr s a subcritical map relatively to (X,;,Xg).

e [fN2>2,1<¢q< N—N_—l and g satisfies (1.7) with ezponent po

I ]f./)g = TVNT,,’ gr s an e—regulflr map relatz"vc. (X(},Xg) for 0 < 1\/2_;:1 = 1;,:21 <e< ﬁ,
with y(e) = pae. Therefore gr is an ultra-critical map.

2. If va—__lqm < pa < Tvﬂ_q’ gr is an e—regular map relative (X,},Xg) for 0 < NT;3 e =l o
€ < ﬁ, with y(€) > pae. Therefore gr is an ultra-subcritical map.
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3. Ifl<py < KNW—:%’M’ gr 15 a subcritical map relatively to (X,},X,?).

Again, the proof runs as in Lemma 3.3 and Lemma 3.4. For instance, when (1.7) is assumed with
exponent py and 1 < g < N, we have gr : X,}“ - X;,Y(c), for y(e) = 2%/]- — NT;{I,D’} + pae.
The results above are summarized in the following figures.

Insert here Figures 5 and 6

Proof of Theorem 3.1 Again it can be seen that for some €; and ey, (2.5) is satisfied. Applying
Theorem 2.2, we get that (1.1) has a unique locally defined e-regular solution, for some € > 0
and ug € WH9(€Q). This solution verifies (1.1) in the sense of (3.1). An entirely similar bootstrap
argument as in the proof of Theorem 1.1 proves that this solution is classical.f

3.3 Ciritical exponents for measures as initial data

In this section we want to solve problem (1.1) with an initial condition ug € (C°(Q))’, that is, a
bounded measure.

Notice first that if s > N/q¢', then Hj, () &, C%(€2), and therefore, (C°(£2))’ & (H; () =
H;#(Q2). Therefore, we will try to obtain solutions of (1.1) with initial data in the latter space.

We can have an heuristical indication of which will be the growth allowed in the nonlinear terms.
If welet ¢ =& 1 and s — 0, in the region s > N/q', we will have H,*(Q) ~ L'(2). Hence, if p; < %,
pa2 < %, (which should be the critical growth for ¢ = 1), we may expect that fo and gr are €, —
and ep-regular with respect to (X(},Xg) where X(} = H,*(Q2), for some €; > 0, e2 > 0. In fact, we
prove

Lemma 3.7 If f and g satisfy (1.7) with exponents p) < %’6—2 and py < i,;,ﬂ, then there exists q > 1
and s > N/q' such that if X,} = H_ *(2); then fq is an €y —regular map relative to (X,;,Xg) and gr
1s an ex—regular map relative to (X,;,Xg), for some €; > 0, €2 > 0 with v,(€;) > pr€1, y2(€2) > paea

and min{vy;(e;)} > max{e;}.

Proof. Notice that if 1 < ¢ < min{py,p2}, s > N/q' and we denote by T the trace operator, then

N N

Hy "(Q) = L7 (Q) 1% LY(Q) < H;* ()

N_N-1

HY * (@) 5 L72(T) 55 LY(D) = H;%(9Q)

which implies

] -
17 () = fl oy Scllu—vll x x Q+[ul™sx_x  +0I" 5y ) (3.14)
H, Q) H' "1(n) HY *1 ()
—1 -1 ‘
lgr (1) — .’1!’(“)”””*“(9) < cllu — v BNt (1+ ”u”mﬁ_N_—l + ”v“/nﬂ__u ) (3.15)
H' "2 () ' "2 () H' ()

From the assumption on p; and py we can take § > 0 small enough so that

€1 =

1 N 1
s(N==)+d<pier = 5(N(p1—1)+dp1) <1-25,
2 P 2
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1 N-1
€ = E([V'—

1
= )+(5<p262=-2-(N(P2—1)+1+(5p2)<1—2(5.

N__ N N-1

N N1
Let so = N/q' + 4, and X} = H;*(Q). Then Hy ”(Q) = X}+o, HY ” (Q) = X1+ and

H7%~2%(Q) = X1-%. Hence, fq: X}*9 — X)) g Xt o X7 with v (e1) = yales) =
1 — 8 > max{p;e€;, p2¢2} and from (3.14), (3.15) we obtain (2.3) for fo and gr. This proves that fq
is an €; —regular map and that gr is an ea—regular map.g

Again by Theorem 2.2 and a bootstrap argument, we get
Theorem 3.2 If f and g satisfy (1.7) with p; < iNJCz and py < %ﬂ, and if X; = H;*(Q) with q

and s as in Lemma 3.7, then problem (1.1) with uy € X; has a unique é-regular solution, for some
€ > 0. Furthermore, this solution is a classical solution.

We also have

Proposition 3.1 With the assumption above, if ug € (C(Q))’ then ug € X; and the solution u(t,u)
in Theorem 3.2 satisfies

(u(t, up), ) = /Q u(t, )¢(z) dz 23 (ug, 4), V€ C(Q)

Proof. Consider ¢ as in the proof of Lemma 3.7. Since we have a lot of freedom choosing ¢ for
Lemma 3.7, we choose it with the condition that N/¢' < §. Then up € X; and since u(-) is an
é—regular solution, we have u(t) = e tug + [ eA¢=*)h(u(s)) ds.

From this, observe that '

t t
I [ e nus) dsllzaey < [ e h(u(s))llzem) ds

Notice that, if 21 = N/q' + 4, then X(}“ = L9(R2) and then using h = fo+ gr, the €; and e, regularity
of each term and the estimate for the linear semigroup given in Theorem 2.1, with @ = ;(¢;) and
B =1+1, we can bound the expression above by

2 t
MY [t =)o 4 u(s) s, ds
i=1

Now multiplying and dividing by s inside each integral, taking the sup and rescaling the remaining
integrals, we get

2
Y@=ty gritad=pici=l sup (s f|u(s)| 1+ )?) 23 0.
i=1 b

since, as u is an é-regular solution, the sup above are finite and the exponents for ¢ are positive by
construction of €;, v;(€;), pi and L.
With this,

: _n At — 1 At gy _
lim(u(t), ¢) = lim(e” “uo, ¢) = lim(uo, e” °¢) = (uo, ¢)
and we get the result.n

Finally, we can obtain the following
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Theorem 3.3 If up € (C(Q))' then there ezist a unique classical solution to (1.1) which satisfies
| ut.2)¢(a)do =3 (wo, ), V4 € O@) (3.16)

Proof. The existence is guaranteed by Theorem 3.2 and Proposition 3.1.

For the uniqueness observe that by the uniform boundedness principle it follows that any classical
solution v(t, z) satisfying (3.16) is bounded, as t — 0 in (C(£2))’. Since the inclusion (C(f2))" < X(},
with X(; as in Theorem 3.2, is compact, we obtain that that v(t) = ug in X(;.

Moreover, it is clear that if v(t) is a classical solution then v € C((0,7], X}*¢) and then it is an
é-regular solution. Then, the uniqueness follows from the uniqueness of Theorem 3.2.

Remark 3.2 Similar ideas can be used to obtain existence and uniqueness of classical solutions to
(1.1) when the initial data is even more singular. Actually with the same techniques as above, it can
be shown that if 1 < p; < %’;{%, 1 < p2 < %_%, j >0, and up € (CY(R))" then problem (1.1) has a
unique classical solution.
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