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Abstract
We prove existence, uniqueness and regularity of solutions for heat equations with nonlinear

boundary conditions. We study these problems with initial data in L"(Q), Wl'qm), 1 < q < 00

or measures and with critically growing nonlinearities.

1 Introduction

This paper is devoted to the study of existence, uniqueness and regularity of solutions of parabolic
problems with nonlinear boundary conditions and critical nonlinearities. Let Q C RN be a bounded
smooth domain, N 2 1 and consider the problem

“it = Au + f(u) in Q

3% :g(u) mi“: an (1.1)

u(0) = uo,

where f,g : [R -> [R are locally Lipschitz functions.
We study (1.1) with initial data in L‘1(Q), l/VI’Q(Q), 1 < q S N or even in spaces of measures. In

these spaces some growth conditions on f and g must be imposed and we are mostly interested on

obtaining results for the fastest possible growth, called critical growth. In particular, for initial data
in L462), we will show that solution exist for f(u) growing like the power lulpl, for pl S iii—kl and

g(u) growing like the power lulf", for pl S AI—if‘l.

For the case of homogeneous linear boundary conditions and critically growing nonlinearity f,
this problem has been considered in the L‘l—settting in, [18, 19, 87 5], in the l/Vl’q—settting in [5] and
in the space of measures in [9].

For the case of nonlinear boundary condition of the type alt/871 : g(u) there are results in the
Wliq— setting, for q > N (see [3]). These results are obtained with no restrictions in the growth of
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f- and 9 thanks to the fact that Wl’qm) C C(fi). The H 1—setting with subcritical nonlinearities
is treated in [10]. There are also results when the nonlinearity g is monotone in [7, 11]. For other
related results, in MN, see also [6, 13] and references therein.

Our results are for f and g critically growing and with no monotonicity assumptions whatsoever.
In particular we recover all the critical exponents on f appearing in the literature (like the ones from
[9] for measures) allowing simultaneously a critically growing nonlinearity at the boundary.

To initiate the discussion and in order to introduce the main ideas of the paper, we consider the
case f E 0 and look for solutions of (1.1) with initial data no 6 L2(Q).

We first introduce some terminology. It is well known that the Laplace operator with home-
genenous Neumann boundary conditions can be regarded as an unbounded operator, A = A, in
E0 = L2(Q) with domain vam) = {u E H2(Q) : g—% = 0 in 69} and that, since this operator turns
out to be sectorial, associated to it there is an scale of Banach spaces (the fractional power spaces)
E“, [12]. It is well known that

E“ Q) H2“ Q ,

E—a = (Eag’) } a Z 0 (1.2)

and E% = H1(Q), E_% = (H1(Q))’, E0 = L2(Q) and E1 = Hfi/(Q). Notice that the operator A can
also be regarded as an unbounded operator A : Ea“ C E“ —) E“, a 6 IR, (this operator is usually
called the realization of A in E“). If we denote by Xa = E“‘1 then we have A : X1 C X 0

——> X 0

and in this setting, we have that for u e X1 = L2(Q), Au is given by the linear form

< Au,¢ >= / quSQ

for every 4) e Iii/(Q). Moreover, A is sectorial and hence (1.1) can be rewritten as

11 = Au + 9 (U),
{

U(0) = an
eFXl E L2(Q)

(1.3)

which means that the solution verifies

d—/ u¢—/ uA¢=/g(u>¢dt Q 9 F

for every 45 E 11,3,(9).
Note that the map gr is not well defined in X1 = L2(Q). Actually, it is not well defined in any

X 1+“, (r 5 1 / 4, since none of this spaces have a well defined trace operator. Therefore the standard
theory (see [12, 3, 10]) does not apply. In this case, it is suitable to apply the theory developed in

[5].

To be more precise, we recall some definitions and results from [5] Consider the abstract problem,

(1.4):1,"=A:1:+h(a;), t>0
m(0) =m0 6X1

where A : X 1 C X 0 —> X0 is a sectorial operator. Denote by X a the fractional power spaces
associated to A. Define,



Definition 1.1 We say that a: : [0,7] —) X1 is an e—regular solution to (1.4) ifzv E C([0,T],Xl) fl
C’((O,T],X1+‘), and a:(t) satisfies

z(t)=e“m0+ [OwAW”he (3))ds (1.5)

Definition 1.2 For 6 Z 0, we will say that a map h, is an e—regular map relatively to the pair
(X1,X°), if there exist p > 1, 7(e) with pe S 7(e) < 1 and a constant c, such that h : XH" -—> X7“)
and

I|h(w) hy( ”Ixm) < Cllw — y||x1+e(||$||x1+e + ||y||X1+e+ 1) Vang E X1“ (1-6)

The main result from [5] basically says the following,

Theorem. If h is an e-regular map for some 6 > 0, then (1.4) has a unique e-regular solution.

Note that this result does not require h to be well defined in the space were the initial data is
taken, i.e. X1. Also, this results handles some cases in which h : X 1 —> X 0, a situation that can not
be handled by the standard semilinear technique for parabolic equations, [12, 3, 4, 10].

With this in mind, for (1.3), we will prove that if g is a locally Lipschitz function verifying

law) — 9v( )| < Clu — 1)|(IUI”"1 + Ivlp’l + 1) (1-7)

and p_<N ,N > 2, then gr is an e- regular map relatively to the pair (X1 X0) for- < e < TNL-Hl
and 'y(e )——Npe. From the above theorem, we have the existence and uniqueness of e-regular solutions
of (1.3). Moreover these solutions will be shown to be classical solutions.

For problem (1.1), with f not necessarily zero, the abstract formulation becomes

'=A +f ( )+ (U){ Zn) =uuo 601211: igm), (“33

{ii/Q” _ Lass = /Qf(u)¢+ fryer»
for every 4) E Hfi/(Ql-

Therefore, it is clear that we need to treat problems of type (1.4) with h being a sum of nonlin-
earities with different e—regularity properties. This is presented in Section 2, where an extension of
the results from [5] is presented to include this case.

Moreover, we would like to treat these problems not only in the Hilbert setting, but include also
the L"(Q) and W1’°(Q) setting, 1 < q < 00. For these cases, and as it is explained in Section 2.1
(see also Remark 1 of [5]), it is more appropriate to work with scales of Banach spaces coming from
interpolation instead of fractional power spaces.

that, is

Among all results proved in this paper we would like to emphasize the following,

Theorem 1.1 For 1 < q < 00 and N 2 2 (respectively, N = 1) and f, g satisfying (1.7) with
exponents p1 and pg respectively, such that

2
pl 3 pf = 1 + _q and p2 5 pg = 1+ 2— respectively, pg < 1 +q),N7 N, (

problem (1.1) with ac E Lqm) has a unique e-reyular solution, for some 6 > 0. Furthermore, this
solution is a classical solution.



This paper is organized as follows. In Section 2 we introduce some background results on scales
of Banach Spaces and we extend the abstract results in [5] to include a sum of nonlinearities with
different e—regular properties. In Section 3 we consider the problem (1.1) in Wl’qm), MM) and in
Spaces of measures.
Acknowledgements: This work has been carried out while the second author visited the Departa~
mento de Matematica - Universidad Complutense de Madrid. This author wishes to acknowledge the
hospitality of the people at the department and the finantial support of the Universidad Complutense
de Madrid.

2 Abstract Results
The results for parabolic equations with nonlinear boundary conditions presented in the applications
at the end of this paper follow from general abstract results for semilinear parabolic equations which
allow critically growing nonlinearities. This approach requires the use of scales of Banach spaces,
that are briefly described below.

2.1 Scales of Banach Spaces
In what follows we give a description of how to construct an Scale of Banach Spaces associated to

_
a sectorial operator —A : D(A) C E0 —) E0. For thatwe need the concept of interpolation which
we briefly describe in the very restricted context on what it will be used, in this paper. For a more
complete treatment of interpolation we refer to [16].

Let B be the set of all Banach Spaces and let E, F be in B, we denote by £(E, F) the set of
bounded linear operators from E into F. A pair (E1, E0) of elements of B is called an interpolation
couple if E1 5+ E0 (continuous and dense embedding). Denote by C the set of all interpolation
couples.

An interpolation functor of exponent 0, (-, -)9, O < 0 < 1, is a map from C into 13 such that given
(E1,Eo) and (F1,F0) interpolation couples we have that E9 := (E1,E0)0 and F9 := (F1,Fo)9 are
such that E1 «5 E9 61> E0, F1 i) F9 1» F0, A e £(E9,F9) whenever A e L(E0,F0) n £(E1,F1) and

||A||1:(E,F) S ”AHHIZOFO)"A”(Ewhfly

There are many examples of interpolation functors of exponent 0 for 0 < 9 < 1 (see, for example,
[4, 16, 14]). The interpolation functors that we will be concerned with are the real, the complex
and the continuous interpolation functors (see [4]). We observe that what we call an interpolation
functor is called an exact admissible interpolation functor in [4].

We now construct the scale of spaces that will be used in the abstract results that follow.

Let —A : D(A) C E0 —) E0 be a sectorial operator and assume that Re(a(A)) < 0 where
a(A) is the spectrum of A. Then A generates an analytic semigroup {eAt : t 2 O} in E0. Let
E1 = D(A) with the graph norm I] ~ H E1 = ”A - ”Bo and similarly let E2 = D(Az) with the graph
norm I] . ”E2 = ”A - ”E1 = ”A2 - ”30. For each 0 < 0 < 1 we fix an interpolation functor (-, -)a and let

E91: (E17E0)9i E1+9 := (E2aE1)0-



Then, since A E £(E2,E1) fl £(E1,E0) we have that A e £(Eg+1,Eg) in addition the following
theorem holds.

Theorem 2.1 If Aa denotes the realization of A in E, then Aat E L(Ea+1,Ea) and A0, : Ea“ C
Ea —> E, generates an analytic semigroup eA°t in Ea which is the restriction of e“ to Ea. Fur-
thermore, there is a constant M 2 1 such that the following holds

tm—fillffimflfillefi S MHIBIIEG, 0 S a S fl S 2-

For a proof of this theorem and much more, see [4]

In order that one can see why we may want to consider these scales coming from interpolation
instead of the scale of fractional power spaces associated to the operator A we consider a very standard
problem for which the scale of fractional power spaces seems not to be suitable in the treatment of
critical problems.

Let Q C RN be a bounded smooth domain and a : Q —> IR be a C1 function with a(:1:) 2 an >
0, Vac E (2. Consider the elliptic operator

Lu = div(aVu)

with homogeneous Neumann boundary conditions. Then L defines a sectorial operator A,, in L‘7(Q)

with domain D(A) = {u e whim) : 5’% = 0} =: Wfifim) (see, [3]).
Note that if we consider the complex interpolation functor of exponent 9 (see [16, 4]), denoted

by [-, -]9 we have the following

Ea = [Wtqmt Lqmna e Hzam) (2.1)

for O 5 a S 1.

We note that if F; denotes the fractional power spaces for the Operator Aq we have that

a 20:—
Fq <—>Hq (Q)

for any a" < a (see [12]). In general it is not known that F? is embedded in H3am) (though this
is true if the boundary conditions are Dirichlet or in the case of Neumann boundary conditions if
the domain 9 is C°° (for references on this, see [3], Remark 7.3)). To obtain existence results for
parabolic problems with critically growing nonlinearities one needs to work with an scale for which
the sharp embedings (2.1) hold. This is one of the reasons why it is convenient to use the scales
coming from interpolation theory instead of the scale of fractional power spaces and the reason why
the theory of scales of Banach spaces has been developed by H. Amann (see [4]).

2.2 Local existence of solutions
In this section we are interested in existence of solutions for the problems of the form

at = Act + 2221 fi(z), t > 0
m(0) = x0.



where we restrict ourselves to the case of autonomous nonlinearities for the sake of simplicity in the
notation.

The results presented here are natural and simple extensions of the abstract results presented in
[5], that are needed to deal with nonlinear boundary conditions, systems and many other applications.
With this in mind we will only indicate the differences in the proofs and refer to [5] for details. Also,
note that the results in [5] were presented mainly for the scale of fractional power spaces, although
the proofs given there hold for any scale of interpolation spaces.

As above, let X0 be a Banach space, H - ”X0 its norm and —A : D(A) C X0 —> X0 be a sectorial
operator. If o(A) denotes the spectrum of A, we assume that Reo(A) < 0. Let {X“, 2 2 a 2 0},
be a scale of Banach spaces associated to A constructed as before.

Consider the following class of nonlinearities: for O 5 e < 1, p > 1, p6 3 7(6) < 1, and c a positive
constant, define 7-— := f(e, p,’y(e), c) as the family of functions f such that f () is an e-regular map
relative to the pair (X1, X“), that is f : X1+f —> XW) and

I|f(-’B) — f(y)||xi<<) S c||ac — ylle+‘(ll$llfY—l—l+e + ”yum. +1) (2-3)

||f($)||xi<<> S C(I|93||§<i+. +1)~ (2-4)

for all z,y E XH“. Note that the first condition implies the second.
Then, we look for functions that verify

a:(t) = ammo + fol eA(t_s) 2”: f,(.t(s))ds
i=1

and we have the following result.

Theorem 2.2 Assume that for 1 5 i S n, f, E f(ei,p,~,7,~(e,-),c), for some ei > 0. Assume also that

min{'y,~(e,~); 15 i S n} =:1 > max{ei; 1 S i S n} =: E. (2.5)

Then, if yo E X1, there exist r = r(y0) > O and T0 : To(y0) > 0 such that for m0 6 X1 with
”(no — yo||,\-i < r there exists a continuous function x : [0,70] —> X1, with m(0) = me, which is the

unique E—regular mild solution to (22) starting at 170. In addition, this solution satisfies

+
z e o((o,70],X1+9), t0||x(t,a;0)||xi+e H—O) o, 0 g 9 < 1.

Moreover, if m0,zo E BXl(y0,7') the following holds

tollfltizo) — $(t,Zo)l|x1+o S C'(90)||$o — Zollxli W E [0,70], 0 S 9 S 90 < 1.

Also, if 7,(e,~) > pm, for all 1 5 i 5 n, then r can be chosen arbitrarily large. That is, the time
of existence can be chosen uniform on bounded sets of X1.

Furthermore, in E C((0,ro],X1+1) and act 6 C((0,r0],X1+0), for any 6 < 1, and (2.2)is satisfied,
that is, a:(-,:L'0) is an strict solution.

The constants above depend on the following: To : ro(y0,A,e,-,pi,fyi(ei),c, M), r = r(y0,ei,pi,
”Yi(€i)iCiM)i C = C(9o,€i,pi,7i(€i),M)-



Proof. The proof of this theorem basically follows line by line the proof of Theorem 1 from [5]. We
will just outline the proof pointing out the few differences.

Let B(-, ) : (0,00) x (0,00) —> (0, oo) denote the beta function and define

132,- = ofgggcngfidfi), 1 — 7i(€i))a B(7i(€i), 1 — Pifi), B(7i(6z') — 5, 1 — 7460), B(7i(fi) — 5, 1 — Pifi)}-

For the proof of existence, define a as the unique positive solution of sup cMBEf ”pf—1 = fi. Let
in

us choose now 1" : r(/i, M) > 0 such that

u= —-——. 2.67‘

4M
( )

Also, for yo fixed, choose 5 > O and T0 = To(y0,A,,u,ei,p,-,'yi(ei),c, M) E (O, 1] such that

sup cMJBEf = i, “tEiC—Atyollxl+ci S E, 0 S t 5 To, sup sup {t7‘(“)_‘f} 5 (5. (2.7)
m 4” 4 u 0390

Now, for mo 6 X1 with fro — yo 1 < r, we look for fixed points of the mapX
nt

(Tm)(t) = eAtrro +/ eA(t"s) Zf,(s,m(s))ds.
0 i=1

in the space, Km) = {x e c<<o,mi,x1+€) : suplsign suptewm]tffnmuiuxuq s M}, with norm
llxllmm) = “$1991 SUPte(0,r0] t€i|l$(t)llxl+<i-

With the above choice of parameters we have that, T(K('ro)) C K (T0),

ifzr 6 Km) then Tm e G((0,r0],xl+"), v9 6 [0,1) (2.8)

and that T is a strict contraction in K (T0). In proving all these, condition (2.5) is used thoroughly.
By the Banach contraction principle we have that T has a unique fixed point in K (To), m(t, 1100) which
is defined for ”$0 — y0||X1 < r, O S t 5 T0. Note that, from (2.8), $(-,:r0) E C((0,T0],X1+0), for all
0 5 9 < 1. Also t0||x(t,:c0)|lxi+o —+ O as t —) O for all 0 < 9 < 1 and

tggl, Ilar(t,zo) - zone = 0.

With all these we have that x(t,x0) is an E—regular solution starting at (no and it is the unique
E—regular solution starting at $0, in the set K (To).

Moreover, if $0, zo E BX1(y0,r) and for O 5 9 5 90 < 1, we have that

1tallfldtiflvol — $(t,20)||x1+9 S C'(90)||900 — Zo||X1

for some constant C(90).
The proof of uniqueness of E—regular solutions follows exactly as in Theorem 1 of [5]. The same

applies for the estimate of the existence time when fyi(ei) > me, for all 1 S i 5 n. We omit the proof
of these facts.

For the extra regularity in the statement, obscrve that, since h : X1+E —) X1 is locally Lipschitz
on bounded sets, and since the solution smoothes for positive time, we can apply the technique in
Theorem 3.5.2 in [12], to obtain that {1:(t,£L‘0) satisfies (2.2) and cut 6 C((0,T0],X1+0), for any 9 < 1.
From here, we also get a: 6 C((0,7'0],X1+1).D

Like in [5], we may also prove a result on the maximal time of existence of an E—regular solution.



Proposition 2.1 If fi are as in Theorem 2.2 and a:(t,a:0) is an E—regular solution starting at 230

with a maximal time of existence Tm, then either Tm = 00 or limianT- ||z(t,a:0)||X1+s = 00, for any
5 > 0.

m

Proof. It is easy to check that of f,- is ei—regular relatively to (X 1,X0) with 7,-(ei) 2 piei, then for

any 5 > 0, f, is ej—regular relatively to (X1+‘5,X‘5), for 62“ z e,- — 5, with 7,-(52‘) > pie} Assume the
solution remains bounded in X1” along a sequence that converges to Tm. Then using Theorem 2.2
for the pair (X1+‘5,X‘5) and using now the uniform existence time on bounded sets, we get that the
solution can be extended beyond Tm, which is a contradictionfl

If f is an e—regular map relatively to the pair (X 1
, X0), for e in an interval I, as in [5], we classify

the map in the following way:

0 If I = [0,61] for some 61 > 0 and 7(0) > 0. We say that f is a subcritical map relative to
(X 1,X 0)-

In this case, f : X1 —> XW» and then the standard technique for solving at = Au + f (u) can
be applied.

0 If I z [0, 61] for some 61 > 0 with 7(e) = pe, e E I and if f is not subcritical; then, we say that
f is a critical map relative to (X1, X“).
In this case, f : X1 -—> X 0 and then the standard technique for solving ut = Au + f (u) can not
be applied.

0 If I : (0,61] for some 61 > O with 7(e) = pe, e E I, and f is not subcritical or critical; then, we
say that f is a double-critical map relative to (X 1,X 0).

0 If I = [60,61] for some 61 > 60 > 0 with 7(eo) > p60 and f is not subcritical, critical or double
critical; then, we say that f is an ultra-subcritical map relative to (X 1,X0).

0 If I = [60,61] for some 61 > 60 > 0 with fy(e) = pe, e E I, and if f is not subcritical, critical,
double critical or ultra-subcritical; then, we say that f is an ultra-critical map relative to
(X1,X°).

Note that in the last three cases f is not even defined on X1. However, in all cases, the results
above allow to construct solutions of (2.2).

3 Heat Equations with Nonlinear Boundary Conditions
It is well known that for semilinear problems like (1.1) it is always desirable to work not on a fixed
space (say Wl’q(Q), for example), but to work on families of spaces in which the initial data can
lie and in which the nonlinear term is well behaved. This amounts to constructing scales of spaces
associated to the operator A = A in L"(Q), with homogeneous Neumann boundary conditions, as
described above. Among several reasons for this, we point out that, with this approach, one can give
a unified treatment to ( 1.1) which allows one to solve it in the following two senses:

Definition 3.1 For uo E Wl’q(Q), a variational weak solution of (1.1) is afunction u e C([0, T), Wl’q(Q))
such that

d
— / u¢+ / vw¢= / f(u)¢+ / g(u)¢ (3.1)dt Q Q Q r

R



for every (I) E Wl’q'm).

Definition 3.2 For uo G Lq(Q), a variational very weak solution of (1.1) is afunction u E C([0, r), L"(Q))
such that

i/QMS— /QuA¢= /Q f(u)¢+ /Fg(u)¢ (3.2)

for every ¢ 6 Wfif’q’m), where Wfif’qlm) consist of the functions in Wag/(Q) with zero normal deriva-
tive on F, and q’ the conjugate exponent to q.

This formulations come from multiplying the equation by a test function and integrating by parts.
See [3, (2.7), (2,9), page 13] and [3, pages 61 and 62].

In the Hilbert case, that is, when q = 2 all methods of construction of scales give the same spaces,
while if q 76 2 the result depends on the choice of the interpolation method. One of the scales of
spaces that have been widely used is the scale of fractional power spaces, see [12], but some other
scales have been shown to be very well suited to that purpose, [3, 4, 14]. In fact, we will show below
that this scales are naturally better adapted for the problem of critical exponents, since some more
precise information is available than for the scale of fractional power spaces.

It is clear from the results in the previous section that for a given problem in = A11: + 2&1 fi($),
where A is a sectorial operator with associated scale X 9, 0 6 [0,2], we need to identify these fractional
order spaces and to study the e—regularity properties of the maps fi. This last part is usually a
consequence of the previous knowledge of the integer order spaces, interpolation theory and standard
techniques involving Sobolev type embeddings. In this way the local existence of solutions for this
problem is reduced to a good knowledge of scale of spaces associated to A.

With this in mind we will breafly describe a way to identify these fractional order spaces following
closely [4]. Assume that E0 is a reflexive Banach space and let —A0 : D(A0) C E0 —+ E0 be a sectorial
operator on E0 which for simplicity is assumed to have positive spectrum. Then one can define the
spaces E1 := D(A0) with the “graph” norm || - ”E1 := ||A0 - llEo- If A1 : D(A1) C E1 —-> E1 denotes
the realization of A0 in E1 we can define E2 := D(A1) with the “graph” norm || - ”132 := ”A1 - “E1.
This procedure allow us to define a discrete scale of Banach Space {E}, j = O, 1, 2, - - -} and as in
the Section 2 we fix an interpolation functor (',-)9 for each 0 < 9 < 1 and obtain a continuous
one-sided scale {E9; 9 e [0, oo)} associated to A. This is enough for the abstract results but in the
applications it may be also needed to consider an extension of this scale to “negative” values of 0.
This is accomplished in the foll

E4 := (E0, MAO—1 - ”Eff (3.3)

that is, a completion of E0 relatively the norm ||A‘1-||EO. That gives a Banach Space, E0 ‘i E_1, and
there is a unique closed extension of A0 to E_1 which we denote by A_1 : E0 C E_1 —) E_1. Clearly
E0 with the norm ||A_1 - ”15.1 is isomorphic to E0. With this proceedure one can then construct E4
and A_2 and E_1 with the norm ||A_2 - ||E_2 is isomorphic to E_1. This proceedure can be carried
out to obtain the discrete scale of {E,, j = —m, —m + 1, —m + 2, - - -} for any natural number m.
Once the discrete scale is constructed we fix the operator A = A_m+1 : E_m+1 C Em —~> Em and
construct the one sided continuous scale associated to A {E9; 0 E [—m, oo)} as above. Of course this
proceedure will only render practical if one can identify the spaces in the negative scale. With this
in mind we describe briefly the constri'f " u of the dual scale.



Let E3le denote the topological dual of E0 and A? : D(A#) C Bf —> E? be the dual operator
of A0. Then A? is a sectorial operator in E? and proceeding as before one may construct the scale
of Banach spaces associated to A? denoted by {E#; 0 e [—m,oo)}. Depending on the way one
constructs this scale it is possible to identify the fractional spaces E4; through the spaces E? , 0 2 0.
This can be done in the following way:

For 0 < 0 < 1 let [-, -]g, (-, -)0,q, 1 5 q _<_ 00 and (-, -)2,oo denote respectively the complex, the real
and the continuous interpolation functors of exponent 9. Then, if (-, ')0 e {[-, -]9, (-, ')9’q, (-, ')2,00, 1 <
q < 00} we define the dual functor (~, )Z# of (', -)g as

l'a'le if ('7')0 z l'rle

of)? := (not, if <-, ')0 = (-,-)o,.,, 1< q < oo

('?')9,l if ('i')0 : (’)2,oo
If for each 0 < 0 < 1 we choose (-, -)g E ([-, -]g, (-, -)9,q, (-, -)3,oo} to obtain the scale E9 and its dual

functor (-, fit to obtain the scale E? the following holds

E9=(E#y.

See [4] for the proof.
Now we overview the description of the scales of spaces constructed above for problem (1.1).

Again we follow [3]. Let Q be a bounded smooth domain and H562), be the Bessel potential spaces
and Hq‘l(Q) := (H;,(Q))’, 1 < q < oo, 1 2 O. In this section we will constantly use certain well known
embeddings that we summarize as:

_fluncynn u§- 2-51<q5r<m
BM

Ham) c C”(Q), ifl — % > n > 0

with continuous embeddings (see, [1]). This embeddings are known to be optimal.
For later use, we state here some trace results for Bessel potential spaces, [1]. If T denotes the

trace operator, then for l > 5, T is well defined on Hf,(Q) and

Sm HM>N
HMnSUm,mn <w Hm=N mmq

§%%3HM<N
Following the results and notation of the example of Subsection 2.1, the operator L = A (or

in general an elliptic operator of the type L =div(a(cc)V)) with homogeneous Neumann boundary
condition, can be seen as an unbounded operator in E2 := L‘l(Q) for 1 < q < 00 with domain

E; := Wffqfll) := {u E Wz’q(Q), % = O on 69}. It has an associated scale of interpolation spaces
E," that, thanks to (2.1), (3.4) and the fact that Eq‘a : (E3), satisfy

10



Eg<—>L’(Q), forr<N—1_V2qa, 0§a<%
E°=L‘1(Q) 1<q<oo. (3.6)

NEat—>L5(Q), fors>TV72953, —5N§,—<a§0

_L ,with continuous embeddings. Moreover, we have E4 2 = (Wl’q (Q))’ 2: W‘l’qm).
If we now consider the realizations of L on the scale above, we get the following, [3, pages 39—43].

1 _1 ,The operator L_1/2 E £(Eq27Eq 2) = £(W1’q(fl),(W1’q(Q))’) : E(W1’Q(Q),W‘1’Q(Q)) is given by

< Lu1 /2u,¢ >= — [9 Vqu} (3.7)

for every (1) E Wl’q'm). On the other hand, the operator L_1 E £(E3, Eq‘l) : £(Lq(Q), (Wffql(§2))’)
is given by

< L_1u,d> >= Lump (3.8)

for every ¢ 6 Wfifqlm).
With all these, (1.1) can now be written as

u: = L_1/2u + h(u), u(0) = uo E Wl’q(Q)

which corresponds to the weak formulation (3.1). Alternatively, ( 1.1) can be written as

“t = L-ru + M“), u(0) = “0 6 L"(Q)

which corresponds to the very weak formulation (3.2), see (1.3) and (1.8). In both cases it is defined
as h(u) = fQ(U) + gp(u), in the sense that

one )+gr(u ¢)=/f(u >¢+/g<um (3.9)

for all suitable choosen test function 4). As for (1.4), we look for solutions of the integral equation

u(t)— euo+/eA“ 5)[fg(u((s)) +gr(u (s))]ds (3.10)

where A denotes either L_1/2 or L_1.
Therefore, we are in a position to apply the abstract results of Subsection 2.2. Then, we will as-

sume some growth assumptions on f and g and study the e—regularity properties of the corresponding
mappings fQ and gr in order to apply Theorem 2.2.

3.1 Critical exponents for initial data in L"(Q)

In this section we prove Theorem 1.1. Therefore, we assume that in (1.1), f and g verify (1.7) with
exponents p1 and pg respectively. We will see that as long as pl 5 pf = N_1-;_2_q and pg 5 p9 = fililtq

we can give an existence and uniqueness theorem for the problem above in L"(Q).
With the notations of Section 2.1 and more precisely with (2.1), denote by X; := Eg‘l, a 6 IR

and by A, : X; C X8 —> X3 the realization of A in E51 given by (3.8). Then, from (3.6), we have

11



X3=+LT(Q), forrSfifigT‘q, 1Sa<£V—q
qu =Lq(Q) 1<q<oo. (3.11)

_N9_ _flX}; <—>LS(Q), for s> N+2q— 20,1, 2,1, <aS1
with continuous embeddings. Note thatm this setting, when applying Theorem 2.2, we will obtain
a solution on (1.1) in the sense of (3.2). Later on we will show that this solution is even classical.

The e—regularity properties of the map fQ are given by the following lemma that is taken from [5].

The main argument relies in the fact that if f grows like in (1.7), then fQ is a well defined mapping
between LPIT(Q) and L’(Q), for any r 2 1, which is moreover Lipschitz on bounded sets. Therefore,
we use the sharp embedings in (3.11) for X4“ '—-> L””(‘)(Q) and then the sharp embeddings in

(3.11) for L’( )(o) ._, XffN.) Whith this, (2. 3) and (2. 4) come out easily. In fact, it is not difficult
to check that 7(e )—— 1 +N (1 —- m) + cpl. When checking that the parameters in the exponents,
verify O S e < 1, ple_< fy(e

(e(()
< 1, and according to the classification of nonlinearities statedIII the

previous section, we get the results below. Notice that p16 S fy(e ) iff pl S M and the critical case
corresponds to the equal sign.

Lemma 3.1 (Critical Case) If1 < q < 00 and if pl = pf = Ill—$23, then

0 UN 2 3, q > %, then fQ is an e—regular map relative to (X;,X3) for 0 S e < pi] and
”y(6) = p16. Therefore fQ is a critical map.

0 IfN 2 3, q = Nit—2, then fQ is an e—regular map relative to (X;,X3) for O < e < 57 and
'y(6) = p16. Therefore, fg is a double—critical map.

0 IfN : 1,2 and 1 < q < 00 or ifN_> 3 and 1 < q < NIX—2, then fQ is an e—regular map relative
to (X;,Xg) for 0 < p—ll (1— —) < e < —11— and fy(e )—— p15. Therefore, fQ is an ultra-critical
map.

Lemma 3.2 (Subcritical Case) IfN 2 1, 1 < q < co and if pl < pf = N—fiq, then

0 If N—lifi S q then fQ is a subcritical map relative to (X;,Xg).

0 [fl < q < % and p1 S q then fQ is a subcritical map relative to (X;,X3).

0 [fl < q < % and %(pl — 1) < q < pl then fQ is an ultra-subcritical map relative to (X;,X3).

For the nonlinearity gr we have the following analysis. If 9 grows like in (1.7), with exponent
m, then gr is a well defined mapping between LP2T(F) and LT(I‘), for any r 2 1, which is moreover
Lipschitz on bounded sets. Therefore, we use first the sharp embeddings (2.1) for X”6 C H3‘(Q)
together with the properties for the trace operator, T, H3‘(Q) 1) Lp2’(5)(F ), see (3. 5). Then, in a
similar way, we use sharp embeddings of the form L’(f)(I‘) <—> X2“). Again, (2.3) and (2 . 4) come out
easily.

Indeed, in this case, it is easy to check that 7(6) (1— pg) +ep2. Again, when checking that
the parameters in the exponents, verify O S e < 1,

p26_1+’)’2€6()2<

)< 1, and according to the classification
of nonlinearities statedin the previous section, we get the results below. Notice that now p26 S fy(e )

iff pg S NT'HI and the critical case corresponds to the equal sign.

12



Also, observe that since X; is a space with no trace, 6 has to be taken large enough such that
the functions in X5“ have trace. This implies that the mapping gp will be always ultra-subcritical
or ultra—critical, according to the notations in the previous section.

Lemma 3.3 (Critical Case) IfN > 1, 1 < q < 00 and if pg = p9 = NT“, then

0 If1< q < NNfl then, gr is an e-regular map relative to (X;,X3) for pLz(1_2flq’)< e < 271); (93—1)

and 7(e) = p26.

0 If q 2 31—15 then gr is an e-regular map relative to (X;,X3) for 515 < e < L (m) and
2p2 4

’Y(€) = 926-

In both cases the nonlinearity gr is an ultra-critical map.

Proof: We have to prove that gr maps X3“ into ng with fy(e) = pge and satisfies

ilgl“(u)||x;v(e) S Clluilgéw +1),
—1 —1Ilgr(U) — gr(v)||Xg<e> S C(IIUII§§;+5 + Hvllfiéa +1)I|u — vllx;+e-

Since the proofs of both inequalities are similar we restrict our attention to the first one. Note
that if T denotes the trace operator then, with the notations in (2.1), we have

Xg+f H Hgfm) —T+ L02T(f>(r),

for pgr(e) = %, provided that fill—Sig; > q and, again using (3.5),

(XJ“))’ e» H31‘2”“<n) LWm,
provided that q > (fig—$5 > 1. Now, for d) E (XJMY we have that

|<gr(u>,¢>| = l/Fgwwl s ”germ“,Hinge/(r,

s c<1+ ||u| gm”)Mum“, s c(1+||Ul|’;(2;+=)l|¢ll(xg(e))l

which implies ||gp(u)||X;,(¢) S c(1 + ||u| 5223“).
The intervals of e—regularity will come from the trace restrictions above, namely: pg q > —1(-,V—Saqg >

- - N 1max{pg,q}. If pg 2 q, that is, 1f1 < q 5 W then we have pl2(1— 2—11) < e < 2—11);- (9?) On the
other hand, ifq S pg, that is, if q 2 % we have 715 < e < i (953—1). This concludes the prooffl

With respect to subcritical cases we have the following results,

Lemma 3.4 (Subcritical Case) IfN 2 1, 1 < q < 00 and if pg < p9 = NT“, then gp is an
ultra-subcritical map.
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Note that in either case for f” or gr, since the worst situation correspond to the critial cases, the
intervals of e~—regnlarity for subcritical cases contain those for the critical ones.

The results above are summarized in the following figures.

Insert here Figures 1 and 2

Insert here Figures 3 and 4

Remark 3.1 Notice that for q close to 1 the intervals where fg and gr are e—regular are disjoint,
see Figure 4. Hence, in this case, h = fe + gr is not e~regular for any value of 6. Therefore it is
essential that in the abstract results we may deal with a sum of functions with different e—regularity
properties and for different values of e.

We can now give a proof of Theorem 1.1.

Proof of Theorem 1.1. Let 1 < q < 00 be fixed, N 2 2 (the case N = 1 is similar) and let f and
g satisfy (1.7) with pl 5 (N + 2q)/N and pg 5 (N + q)/N, respectively. From the lemmas above we
obtain that fQ is an el—regular map and gr is an erg—regular map for some 61,62 > O.

In order to check condition (2.5) in Theorem 2.2, we proceed as follows. As noted above the
intervals of e-regularity of subcritical cases are larger than those for the critical ones, so it is enough
to check (2.5) for some 61 and 62 in the intervals given by Lemma 3.1 and Lemma 3.3 and for
p1 = N—Ilzq and pg = N—Nq.

Now, observe that if q 5 Will—2, taking 61 and 62 as large as possible in these intervals makes 1 to
be close to 92+_ql while E is close to WNTq and (2.5) is verified.

On the other hand, if q > %, since p1 > pg, the interval for f contains that for g and we can
choose «1 = (2 = E close to gfi which makes fy to be close to 92+—ql and again (2.5) is verified. Note
also that in any case, 7 can be choosen larger than %

Consequently, Theorem 2.2 gives the existence of an «Ti—regular solution for E = max{e|,62}. In
particular, the solution satisfies (1.1) in the sense of (3.2). Also, Theorem 2.2 gives u E C((0, r], XJ+Z),

. .
1 _

wrth 1 = nnn{71(el),72(52)} and also at E C((0,T],Xq+1 ), for any 1‘ < ’_y.

Since, as observed above, 51 and 62 can be choosen so that 1 > %, then X3+l *—> H1(Q).
Therefore, the solution found satisfies u,ut E C((O, T], H;(Q)), that is, u 6 Cl((0,'r],H; (Q)).

If q > N, we can use the embedding H;(Q) L——) C°(Q) for some a > 0. Therefore u E
Cl(((),T],CY”(S—2)). Moreover, viewing equation (1.1) for 0 < t S r as an elliptic equation —Au =
f(u) — u), in Q, art/On = g(u), on F, and usign standard elliptic regularity theory we get that
u(-, t) E CZ'”(S2). This shows that the solution is classical.

If 1 < q < N we apply a bootstrap argument. Since HMQ) <—} L’(Q) for r = Nq/(N — q) > q,
and since {11 S (N + 2q)/N < (N + 2r)/N and pg 5 (N + q)/N < (N + r)/N we can apply the
argument above in LT(SZ) which now gives u E Cl((0,'r],H,1(Q)). Repeating the above, in a finite
number of steps we can show that u E C"(((),'r], HMS”), for some 1) > N. This, as before, implies
that the solution is classicalfl
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Note that in either case for fg or gr, since the worst situation correspond to the critial cases, the
intervals of e—regularity for subcritical cases contain those for the critical ones.

The results above are summarized in the following figures.

Insert here Figures 1 and 2

Insert here Figures 3 and 4

Remark 3.1 Notice that for (1 close to 1 the intervals where f” and gr are e—regular are disjoint,
see Figure 4. Hence, in this case, h = in + gr is not e—regular for any value of 6. Therefore it is
essential that in the abstract results we may deal with a sum of functions with different e—regularity
properties and for different values of e.

We can now give a proof of Theorem 1.1.

Proof of Theorem 1.1. Let 1 < q < 00 be fixed, N 2 2 (the case N = 1 is similar) and let f and
g satisfy (1.7) with pl 5 (N + 2q)/N and p2 5 (N + q)/N, respectively. From the lemmas above we
obtain that fQ is an el—regular map and gr is an cg—regular map for some 61,62 > O.

In order to check condition (2.5) in Theorem 2.2, we proceed as follows. As noted above the
intervals of («regularity of subcritical cases are larger than those for the critical ones, so it is enough
to check (2.5) for some 51 and 52 in the intervals given by Lemma 3.1 and Lemma 3.3 and for

p]: NIT/2 and p2 = N—Nq.

Now, observe that if q S NI—‘i—z, taking 61 and 62 as large as possible in these intervals makes 1 to
be close to gil while 3 is close to ——N— and 2.5 is verified.2q N+q

On the other hand, if q > %, since p1 > m, the interval for f contains that for g and we can
choose 61 = 62 = E close to £7515 which makes 7 to be close to 9531- and again (2.5) is verified. Note
also that in any case, 7 can be choosen larger than %.

Consequently, Theorem 2.2 gives the existence of an €—regular solution for E. = max{el,€2}. In
particular, the solution satisfies (1.1) in the sense of (3.2). Also, Theorem 2.2 gives u E C((0, r], X;+l),

1 _
with '_y = Illlll{’71(€1),’72(€2)} and also u; e C((0,T],Xq+1 ), for any 1” < 1.

- 1+7‘Since, as observed above, 51 and 62 can be choosen so that ’y > %, then Xq ' ‘—) H1(Q).
Therefore, the solution found satisfies u,ut G C((0,r],H,)(Q)), that—“is, u E C1((0,r],H,}(Q)).

If (1 > N, we can use the embedding HMS?) ‘—> C°(Q) for some a > 0. Therefore it 6
Jl(((),'r],C”(Sul)). Moreover, viewing equation (1.1) for 0 < t 5 T as an elliptic equation —Au =
f(u) — at, in $2, (Du/On = g(u), on F, and usign standard elliptic regularity theory we get that
u(-, t) E C2’“(Q). This shows that the solution is classical.

If 1 < q < N we apply a bootstrap argument. Since HHQ) <—) L”(Q) for r = Nq/(N — q) > q,
and since p] S (N + 2q)/N < (N + 2r)/N and pg 3 (N + q)/N < (N + r)/N we can apply the
argument above in L’(Q) which now gives u E Cl((0,'r],Hrl(Q)). Repeating the above, in a finite
number of steps we can show that u E Cl((0,r],H;(Q)), for some p > N. This, as before, implies
that the solution is classicalfl
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3.2 Critical exponents for initial data in WWW)

Now, besides (1.7), f and 9 are allowed in some cases to belong to the class of locally Lipschitz
mapping in Ht such that for every n > 0, there exists an > 0 such that

NN—r w’V—l

|f(u) — MM 5 c.(e"'"' ‘ +e'7'v' ‘ >|u —v| (3.12)

This growth will be allowed for the case q = N, in WI’N(Q), because of Trudinger’s inequality, [17].
_1

In this case, and again with the notations in (2.1), denote by X}; := E? 2, a E Ht and by
_1

A, : X; C X2 —> X2 the realization of A in Eq 2, given by (3.7). Moreover, from (3.6), we have

Xg<—>L’(SZ),forr§WgV_q2Tw, §5a<§lq
x}; = w-wm) 1< q < oo. (3.13)
XgHLs(Q),for321—V—_—Fqu—_%a—q, —2lq,<a§%

with continuous embeddings. Note that in this setting, when applying Theorem 2.2, below, we will
obtain a solution on (1.1) in the sense of (3.1). Later on we will show that this solution is even
classical. More precisely, in this section we will prove the following result.

Theorem 3.1 UN 2 1, uo E W1’4(Q) and f, g are locally Lipschitz functions, then

0 if q > N, or

0 ifq = N and f, g satisfy (3.12), or

0 ifl < q < N and f, g satisfy (1.7), with pl S H and pg 5 7VJ%71 respectively,

problem (1.1) has a unique E—regular solution for some E > O. This solution is a classical solution.

The e—regularity properties of the map fQ are given by the following lemma that is taken from
[5]-

Lemma 3.5 Assume that f is a locally Lipschitz function. The nonlinearity fQ can be classified as
follows:

0 Ifq > N then fQ is a subcritical map relatively to (X;,X2). Note that, for N = 1 fg, is always
subcritical.

0 [IN 2 2, q = N and f satisfies (3.12). Then fQ is a subcritical map relatively to (X1 X?)(I,

0 UN 2 2, will: < q < N and f satisfies (1.7) with exponent pl

1. If pl = qu, fQ is an e—regular map relative (X;,X3) for O 5 e < 55,7. Therefore fQ is
a critical map.

2. If m < H, f“ is a subcritical map relatively to (X;,X3).

l?

0 UN 2 3, will: = q and f satisfies (1.7) with exponent pl (here the case N = 2 falls into the
case N = q)



1. If m = [Ix—fig : NAZI? fQ is an e—reynlar map relative (XLX?) for 0 < e < 217 Therefore
f” is a double-critical map.

2. If pl < Wig, fn is a subcritical map relatively to (X;,X2).

UN 2 2, 1 < q < TVNTl and f satisfies (1.7) with exponent pl

N - . N— N—]. prl = N—fg, fQ is an e—regalar map relative'('X,;,X3) forO < 713—5217 < e < 771_§711\/f)_1,

with fy(e) = p16. Therefore fg is an ultra-critical map.
2. If will}; < p1< x—fg, fQ is an e—regular map relative (X;,X3) for 0 < N2_;q — % < e <

£2? — %, with 7(e) > p16. Therefore fn is an ultra-snbcritical map.

3. [fl < pl 3 “Ni—(15, fQ is a subcritical map relatively to (X;,X3).

The proof runs as in Lemma 3.1 and Lemma 3.2. For example, when (1.7) is assumed with
exponent p1 and 1 < q < N, we have fQ : X31" —+ X3“), for 7(e) = N—W — “12—qu +ple.2a

The e—regularity properties of the map 9 are given by the following lemma.

Lemma 3.6 Assume that g is a locally Lipschitz function. The nonlinearity gr can be classified as
follows:

Ifq > N then gr is a subcritical map relatively to (X;,X3). Note that, for N = 1, gr is always
subcritical.-

Ifq = N and 9 satisfies (3.12); then, gr is a subcritical map relatively to (X3,X3).

UN 2 2, Niq < q < N and g satisfies (1.7) with exponent pg

1. If pg : N—IXTI, gr is an e—reyular map relative (X;,X3) for 0 S e < fl. Therefore gr is
a critical map.

2. If pg < NLfl], gr is a subcritical map relatively to (X;,Xg).

If N Z 3, W’X—I = q and 9 satisfies (1.7) with exponent pg (the case N = 2 falls into the case
N = q)

1. prg = NL—q = 1—15—35,“ is an e—regular map relative (X;,X3) for 0 < e < 2417. Therefore
gr is a double-critical map.

2. If pg < 1,55, gr is a subcritical map relatively to (X;,X3).

IfN 2 2, 1 < q < WNf-l and 9 satisfies (1.7) with exponent pg

1. If /)2 = %1, gr is an e—regular map relative (XLX?) for 0 < ill—Zia —- [Zip—21 < e < fi,
with 7(e) = pge. Therefore gr is an ultra-critical map.

N—l - . N_ _2. If £72.22 < pg < $7, gr is an e—regular map relative (qu,X3) for O < qu — % <
e < 577153, with 7(e) > pge. Therefore gr is an ultra—subcritical map.
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3. If] < pg S %, gr is a snbcritieal map relatively to (XJ,X3).

Again, the proof runs as in Lemma 3.3 and Lemma 3.4. For instance, when (1.7) is assumed with
exponent pg and 1 < q < N, we have gr : X4” ——) X3“), for 7(e) = % — £ngqu + p26.

The results above are summarized in the following figures.

Insert here Figures 5 and 6

Proof of Theorem 3.1 Again it can be seen that for some 61 and 62, (2.5) is satisfied. Applying
Theorem 2.2, we get that (1.1) has a unique locally defined e—regular solution, for some E > O

and no G Wl’q(il). This solution verifies (1.1) in the sense of (3.1). An entirely similar bootstrap
argument as in the proof of Theorem 1.1 proves that this solution is classicalfl

3.3 Critical exponents for measures as initial data
In this section we want to solve problem (1.1) with an initial condition no G (CO(Q))’, that is, a
bounded measure.

Notice first that if s > N/q’, then 113,62) i) COG—2), and therefore, (CO(Q))’ 5—1) (H;,(Q))' =
Hq‘S(Q). Therefore, we will try to obtain solutions of (1.1) with initial data in the latter space.

We can have an heuristical indication of which will be the growth allowed in the nonlinear terms.
If we let q —> land 5 —) 0, in the region 3 > N/q’, we will have liq—SKI) N L1(Q). Hence, ifpl < Hfiz,
pg < %, (which should be the critical growth for q = 1), we may expect that fQ and gr are e]—
and 62-regular with respect to (X;,Xg) where X; = Hq‘3(Q), for some 51 > 0, 62 > O. In fact, we
prove

Lemma 3.7 Iff and g satisfy (1.7) with exponents pl < £132 and pg < Ill—13,51, then there exists q > 1

and s > N/q' such that if X; = liq—”(Q); then fQ is an el—regular map relative to (X;,Xg) and gr
is an. rz—regnlar map relative to (X;,Xg), for some 51 > 0, 62 > 0 with 71(61) > plel, 72(62) > p262
and min{'y,~(e,-)} > max{e,~}.

Proof. Notice that if 1 < q < 1nin{p1,p2}, s > N/q’ and we denote by T the trace operator, then
N N

Iii—“(m <—> mm) 12» L‘(e) as H,,"3(Q)

£_N—l
H,“ ”2 (a) L mm 2+ L1(r) ._, Hq-saz)

which implies
—l —lllf(“) _ f(v)ll][q"(fl) S Cll“ _ ”ll 32—2}; (1+llullmfl_i + llvllplfl_u ) (3-14)

"q 1 (Q) qu 01 (Q) Hq'l P1 (Q)

liar-(H) _f11'(”)ll11q—’(Q) S fill“ — Ull (ALL—J (1 + ”UH/”EA; + llvllmiu ) (3-15)
Ilq’ ”2 (S2) 11,” ”2 (o) u," ”2 (0)

From the assumption on /)1 and pg we can take (5 > 0 small enough so that

I N
e, =§(N——)+6<p161= (N(/)1—1)+<5P1)<1'25,

P1

NJIv—d
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l N—
=—N—2(

P2

l 1

)+(5<p262=§(N(P2"1)+1+6p2)<1—25.
N N_ N-lfl_

Let so = N/q' + 6, and qu = liq—”(Q). Then Hq" "(Q): Xfi", Hq" “(Q)= X1“? and

Hq_"°_25(Q) = qu‘é. Hence, fQ : Xg‘m —+ XJ'(“), gr : X5“? —> XJZM) with 71(61)-——- 72(62) =
1 — 6 > max{p1q,p262} and from (3.14), (3.15) we obtain (2.3) for fg and gr. This proves that fQ
is an 61 —regular map and that gr is an cg—regular mapfl

Again by Theorem 2.2 and a bootstrap argument, we get

Theorem 3. 2 [ff and g satisfy (1.7) with pl < N—N+—2 and pg < —+—, and if X1: Hq‘3(Q) with q
and s as in Lemma 3. 7, then problem (1.1) with uo E X1 has a unique E— regular solution, for some
E > 0. Furthermore, this solution is a classical solution.

We also have

Proposition 3.1 With the assumption above, if ug G (C(f_2))’ then no 6 X; and the solution u(t,u0)
in Theorem 3.2 satisfies

(u(t,uo),¢> = [Q u(t.z)¢<z)dm ‘19 <u0.¢>, W e cm)

Proof. Consider 6 as in the proof of Lemma 3.7. Since we have a lot of freedom choosing q for
Lemma 3.7, we choose it with the condition that N/q' < 6. Then uo E X; and since u(-) is an
E—regular solution, we have u(t) = eA tuo + fot eA(‘_’)h(u(s)) ds.

From this, observe that
t t

u / eA<‘-s’h<u(s>)ds||m<m s /0 ||eA<‘-s>h(u(s))||um>ds

Notice that, if 21: N/q’ +5, then X1“: Lq(Q) and then using h = fn +gr, the 61 and 62 regularity
of each term and the estimate for the linear semigroup given in Theorem 2.1, with oz = 7,-(ei) and
fi = 1 + l, we can bound the expression above by

2 t

M2 /0 (t — s)-1+7-'<ff>-'c(1+||u<s>|§;...,)ds
i=l

Now multiplying and dividing by SW" inside each integral, taking the sup and rescaling the remaining
integrals, we get

to

2;(t7‘ ("l' +t""("')""""'"l sup (s“'||u(s)||xi+<,~)p*) til 0.$1095:since, as u is an E— regular solution, the sup above are finite and the exponents for t are positive by
construction of e,, 7,-(6 -,) p, and I.

With this,

- _ - At __ - At _[151601403 ¢> “ 3536“? uO‘l¢) _ Plight/016 d’) _' (“0a ¢>

and we get the resultfl
Finally, we can obtain the following

18



Theorem 3.3 If no G (C(Q))’ then there exist a unique classical solution to (1.1) which satisfies

[9 Manama: ‘13 (who, v¢ 6 cm) (3.16)

Proof. The existence is guaranteed by Theorem 3.2 and Proposition 3.1.
For the uniqueness observe that by the uniform boundedness principle it follows that any classical

solution v(t,:r) satisfying (3.16) is bounded, as t —} 0 in (C(Q))’. Since the inclusion (C(Q))' <—) X],
with X; as in Theorem 3.2, is compact, we obtain that that u(t) 519 no in X].

Moreover, it is clear that if u(t) is a classical solution then vE C(((), r], X3”) and then it is an
E—regular solution. Then, the uniqueness follows from the uniqueness of Theorem 3.213

Remark 3.2 Similar ideas can be used to obtain existence and uniqueness of classical solutions to
(1.1) when the initial data is even more singular. Actually with the some techniques as above, it can
be shown that if 1 < pl < %’+L3, 1 < pg < %—'_[:—,l;, j 2 0, and uo G (C"(Q))' then problem (1.1) has a
unique classical solution.
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