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Resumo

Damos condigoes suficientes para as quais pode-se obter existéncia de atratores para
problemas parabdlicos semilineares de segunda ordem com condigoes de fronteira nao
linear. Nés também obtemos estimativas para estes atratores em L*™ e em C7. Estes
limitantes sao uniformes relativamente ao coeficiente de difusdo e ao dominio. Também
incluimos um exemplo onde uma famflia a um pardmetro de atratores é semicontinua
superiormente como uma consequéncia simples das estimativas uniformes obtidas.
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Abstract

We give conditions under which we obtain the existence of attractors for parabolic problems with
nonlinear boundary conditions. We also obtain bounds for this attractor in L* and C". These bounds
are uniform relatively to the diffusion coefficient and to the domain. We also include an example where a
one parameter family of attractors is uppersemicontinuous as a simple consequence of the uniform bounds
obtained.

1 Introduction

In this paper we are concerned with the asymptotic behavior of semilinear parabolic problems with nonlinear
boundary conditions. For these type of problems our aim is to determine sufficient conditions under which
the correspondig initial value problem is globally well posed in a suitable function space and, in particular, to
find conditions under which the dynamical system has a compact global attractor.

In the case of linear boundary coditions, these problems have been extensively studied, see [11, 12, 13, 17,
19, 30] and references therein. For the case of nonlinear boundary conditions, some results in these direction
can be found in [14], for example.

Moreover, we are also interested in obtaining bounds for the attractors which are uniform relatively to
some parameters of the equation. Of particular interest in this direction is the case where the diffusion
coefficient and the spatial domains are used as varying parameters since they appear as natural perturbations
of singular type. Obtaning uniform (with respect to the parameters) bounds on attractors can be regarded as
a preliminary step towards proving continuity (with respect to the parameters) properties for the asymptotic
dynamics.

To be more precise, let  C IR" be an open bounded domain with smooth boundary I'. Assume I’ = [oUTI'",
is a regular partition of the boundary, that is To NT; = 0. Note that either Iy or 'y could be empty. Let
a,b,c be C1() functions such that a{x) > m > 0 for z € . Consider the parabolic problem

ug — div(a(z)Vu) + c(z)u = f(z,u), in
wu=0, in Ty,

a(a:)g% +b(z)u = g(z,u), in Iy

U(O) = Uop,

(1.1)
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where f(z,),g(z,) : R = IR are locally Lipschitz functions uniformly in z € 2.

The well possedness of (1.1) has been considered in [7], where the functional setting developed in [4, 5]
is used. The results there obtained imply that, under suitable growth assumptions on the nonlinear terms,
(1.1) can be solved, locally in time, with initial data in LI(f2), in W4(f) or even in spaces of measures;
see condition (G)x in the next Section. The solutions obtained are classical solutions for positive times. We
observe that the growth conditions considered in {7] include the so called critical growth cases.

Under some sign conditions on the nonlinearities, these solutions are shown to be globally defined in
time; see condition (S) in the next Section. These sign conditions combined with the smoothing effect of the
equation, will be used to obtain estimates on the solution in the sup norm.

We also show that, under suitable dissipativeness assumptions on the nonlinear terms, (1.1) possesses a
global attractor that captures the asymptotic dynamics of the system; see condition (D) in the next Section.
This dissipativeness condition, expressed in terms of a suitable eigenvalue problem, reflects some competition
balance between both nonlinear terms f and g and was used, although in a different way, in [14]. The key
argument in obtaining the existence of the attractor, will be showing a strong absorbing property for the
dynamical system in L*°(2). Moreover, pointwise estimates of each function in the attractor will also be
obtained. These attractors are shown to attract in stronger norms than that of the phase space and are in
fact shown to be independent of the choosen phase space.

After obtaining these results, we will consider the situation in which the diffusion coefficient depends on a
parameter, that is a(z) = a.(z). The final goal in this direction would be comparing the asymptotic dynamics
of systems with different “parameter values” by comparing their attractors and the flow on them. In this work
we will treat an example in which the diffussion coefficient satisfies a bound of the type: m < a.(z) < M (that
includes cases related to homogeneization theory). In the continuation of this paper, see [8], we will treat a
case where the diffussion is singularly perturbed in the sense that a.(z) — oo in a region Q; C § (see [26] for
this type of perturbation).

It is clear that in order to treat both situations we will need first to obtain uniform bounds on the family
of attractors. These bounds will be in L* and Hélder norms. The main difficulty to obtain the uniformity on
these bounds comes from the fact that the paramenter we have choosen to vary, the diffusion coefficient, enters
into the metric properties of the function spaces in which the problems are set, and therefore, they affect the
embeddings constants and semigroup estimates in a nontrivial way. Thus, instead of obtaining the L* and
Hoélder uniform estimates through Sobolev type embeddings we develop in the two Appendices at the end of
the paper the main tools that we are using to treat this problems: In Appendix A, we develop in an abstract
framework comparison and monotonicity techniques (that actually can be applied to problems beyond the
ones in this paper) and in Appendix B, we obtain an elliptic lemma that will give us L and Hélder uniform
estimates for solutions of elliptic equations,

Throughout this paper we have paid special attention on how all the estimates obtained depend on the
domain . In certain instances (depending on the boundary conditions) the L* bound on the attractors that
we obtain does not depend on the shape of  but rather on |2|. This again is the first step to obtain certain
continuity properties of the attractors when the domain is perturbed. This problem will be treated in a future
work.

Most of the analysis and estimates described above can be carried out assuming only that a, b, ¢ lie in L™
and therefore they lack regularity. Also, with C! coefficients a, b, c, the results obtained here hold for (1.1)
with initial data in spaces of measures.

This paper is organized as follows. Section 2 contains some notations and technical details on the functional
setting used for (1.1) and state some of the main results of the paper. For simplicity of presentation, these
results may have been written in a less general form than they are actually proven in forthcoming sections. In
Section 3 we show how the sign condition on the nonlinearities gives global solutions and how the dissipativeness
condition implies the existence and attractivity properties of the attractors. In Section 4 we derive the uniform
bounds for the attractors and the velocity of trajectories lying on-them and in Section 5 we give an example
of upper semicontinuity of attractors. In Section 6, we discuss the case of measures as initial datas and the
case of nonsmooth coefficients a,b, ¢, indicating how the previous arguments must be adapted. Finally, the
first Appendix is devoted to obtain the abstract comparison and monotonicity arguments that can be used



even in the case of critially growing nonlinearities, while in the second one we include some result on L*({2)
and Holder estimates of solutions of elliptic PDEs.

2 Notation and Main Results

Concerning the functional setting, we consider (1.1) in the spaces L((2) or Wé;"(ﬂ), for 1 < ¢ < oo, where
er-;q(ﬂ) ={u € W'9(Q): u=0inIy}. Therefore, in order to simplify the notations, let us define the family
of spaces
€ ={L(Q), Wp(R), 1< g<o0}.
Then we consider (1.1) as a semilinear problem written in the abstract form as

4 = Au + h(u)

where the nonlinearity is given by h := fq + gr, that is,
(kw8 = [ flo,u@)o@) + [ o(a,u@)ola),
o} T,

for all suitably regular test functions.

The unbounded linear operator A : D(4) C LY(Q) — L) with D(A) = = W) ={uce
W24(Q), u=0in Ty, a(m)gE +b(z)u =0in T} is given by Au = —dw(aVu) + cu. Notlce that by taking
[, -]¢ the complex interpolation functor of exponent 6, A has an associated scale of Banach spaces, [4, Thm 5.2
and Section 7], {7], that for 0 < a < 1 verify E := [E; y EQla. For a > # the inclusion Ef C E" is compact.

In particular, B¢ = W:%() and
= [WR(Q), L9(Q)]s < HZ(Q), 0<a<l, (2.1)

with continuous embeddings, where H((2) are the Bessel potential spaces.

This scale can also be extended to spaces of negative exponents by taking E;* = (Eg)'. Also, the
operator A can be extended to act on these spaces in such a way that its realization, denoted A,-1, verifies
A,,,_ 1B = E"“ is sectorial, for 0 < a < 1. In particular, —A,—; generates an anlytic semigroup e~ 4=-1¢

in EF~ -1 When refering to these semigroups, and abusing of the notations, we will often drop the subscript
in the operator unless some confusion may arise.

We refer the reader to [4] for further details and to [7] for applications to nonlinear boundary conditions.
Notice that with this notation, the family £ can be expressed as £ = {EZ, a =0,1/2, 1 < ¢ < 00}.
~ Concerning the nonlinear terms f and g, it was shown in [7] that associated to any X in the class £ there
exist suitable growth restrictions on the nonlinearities f and g, that we will call (G) x, such that problem (1.1)
is locally well posed in X. These growth restrictions are expressed as follows:

(G) x: Let f(z,),9(z,-) : IR = IR be locally Lipschitz functions, uniformly on z € Q and z € I respectively.
Assume the following, ‘

1. If X = LI(SY), assume that f and g satisfy a relation of the form
li(z,u) — i(z,v)| < e —v|(ful’™" + P~ +1), (2.2)

with exponents p, and p; respectively, such that, with N > 2 (respectively N = 1)

2 ;
pr<psi=1+ Nq-, and ps <pgi=1+ 7({,-, (respectively, p2 < py :=1+7q),



2. It X = Wp(Q), assume either
i)g> N, .
il) g = N and f, g satisfy that for every 1 > 0, there exists ¢, > 0 such that

e
eMul

li(z,u) — J(=z,v)] < en( I - v] (2.3)

iii) 1 < ¢ < N and f, g satisfy (2.2), with exponents p, and p2, respectively, such that

2q q
< =1 ——— < = —_—
P1 = pyg +N—q and P2 S Py 1+N_q

The results from [7] can be summarized as follows,

Theorem 2.1 If X is any space in the class £ and f, g satisfy the growth restriction (G)x, then for any
up € X there exists locally a unique (in certain sense) mild solution u(-,uo) € C([0,7),X), of problem (1.1)
satisfying u(0,u0) = uo in X. This solution depends continuously on the initial data ug € X and it is a
classical solution for t > 0. Also, the following regularizing effect takes place: if ug € X then u(t,uq) €Y for
any other space Y in the class £, and t € (0,7).

In order to obtain that all solutions of (1.1) are globally defined, we will assume some sign conditions on
the nonlinear terms. These sign conditions are independent of the space X and can be expressed in the form:

(S): Assume there exist By, Cy € IR and B,,C; > 0 such that the following holds: for w € IR and z € Q

u f(z,u) < —Cou? + Cilul, (2.4)
ug(z,u) < —Bou? + Bilul.

Then we have the following result on global existence:

Theorem 2.2 Let X be an space in the class £. Assume that the growth condition (G) x and the sign condition
(S) hold. Then, for any ug € X the solution u(t,ug) of (1.1) starting at ug ezists for all t > 0. Therefore, we
can define in X the semigroup {S(t) : t > 0} associated to (1.1) by S(t)up = u(t,uo), ¢t > 0. Moreover, from
the regularizing effect of Theorem 2.1, S(t)ug € Y for any other space Y in the class £ and for any t > 0.

To prove the existence of a global attractor for the problem (1.1) we will impose, besides (S), some
dissipativeness condition for the vector field in (1.1). This condition is expressed as:

(D) Assume (S) holds and that with Co and By from (S), the first eigenvalue, \,, of the following problem is
positive
—div(a(z)Vu) + (c(z) + Co)u = lu, in§
u= 0, in [y (2.5)
a(z)g% + (b(zx) + Bo)u=0, inT,

With all these, it is possible to show the following result

Theorem 2.3 Let X be an space in the class €. Assume that the growth condition (G) x and the dissipative-
ness condition (D) hold. Then the semigroup {S(t), t > 0} associated to (1.1) has a global attractor, Ax, in
X. Moreover Ax CY for any other space Y in the class £ and it lies in a compact set of Y.



With respect to the dependence of the attractor Ax on the phase space X, it is important to observe
that if X and Y are spaces in the class £, with Y <+ X (this is usually acomplished through a Sobolev type
embedding) and if (G) x holds then (G)y also holds. That is, the better the space the weaker the growth
restriction on the nonlinearities. With this fact in mind and the regularizing effect of the semigroup S(t) we
will prove

Theorem 2.4 Let X be an space in the class £. Assume that the growth condition (G)x and the dissipative
condition (D) hold. Then, for any space Y in the class £ with Y < X we have the ezistence of the attractor
Ay. Moreover Ax = Ay and it attracts bounded sets of X in the topology of Y.

As mentioned in the Introduction, we will also obtain bounds on the attractors which are uniform with
respect to variations on the diffusion coefficient a and on the domain . In this direction, a very important
first result is a pointwise bound on the attractor Ax given by the following result

Proposition 2.5 Let X be an space in the class £. Assume that the growth restriction (G) x and the dissipative
condition (D) hold. Denote by ¢ the solution of

~div(a(z)V9) + (c(z) + Co)p =C1 in Q,

u=0 in Po,
a(@)32 + (b(x) + B)¢ =B, in Tl

Then, 0 < ¢ € L®(Q), im0 |u(t,z,u0)| < ¢(z), uniformly in € Q and for ug in bounded subsets of X.
In particular, we have that for any v € Ax we have |v(z)| < ¢(x).

In fact we will prove

Theorem 2.6 Let X be an space in the class £. Assume that the growth restriction (G)x and the dissipative
condition (D) hold. Then,

i) supyeay {lIvllL=(q)} < Ko, where Ko depends on the domain 2, on the first eigenvalue of (2.5), A1, on
m =inf{a(z) : z € Q} > 0, on sup{c(z); = € N}, sup{b(z); = € T} and on Cy, C1, By and B;.
Furthermore, if one of the following two conditions hold: '

o there ezists a by > 0 with b(z) + By > by
e b(z) + Bg > 0, B; < 0 and there exists a cg > 0 such that c(z) +Co 2 co > 0,
then Ko will depend on || rather than on .

ii) supyeax {Ivlicv@)} < Kv, where K, depends on the same as Ko plus on v, on M = sup{a(z); = € R},
on sup{|[f'(¥)llL=(a) : ¥ € Ax}, and on sup{llg'¥)l|lL=(r,) : ¥ € Ax}

3 Existence of attractors and attractivity properties

In this Section we prove that under assumption (S) problem (1.1) has global solutions, moreover if (D) is
assumed then (1.1) has a global attractor that attracts the solutions in strong norms. Moreover we will obtain
bounds on the size of the attractor in L®({2) and in C"({2).

We start with the following lemma

Lemma 3.1 Let A be the elliptic operator from the previous section and denote by A\, its first eigenvalue,
which we assume to be positive. Let q € (1,00). There exists a constant M = M (A, A, N,q) > 1 such that for
every a > 3 we have

leMuolimg < Me it~ Djugll o, >0, ug € EL. (3.1)



In particular, there exists a 6o = 8(g, N) > 0 and o constant M = M(A, M1, N, q) such that
lle™AugllLo(q) < Mt=%e~ M 1=N|lug|| o), >0, wup€ LUQ). (3.2)
Moreover if ¢ = 2 the constant M is independent of everything.

Proof: The first inequality, including the result for the case ¢ = 2 are well known, [4, 19, 25]. Inequality
(3.2) comes from an elementary bootstrap argument using (3.1), embeddings (2.1) and Sobolev embeddings
Hf < L* fora > N/qq

Let us consider now,

Proposition 3.2 Let X be an space in the class £, that is X = LY() or X = WI};"(Q), and assume f,g
satisfy (G)x. We have,

i) If (S) holds, then the solutions of (1.1) are globally defined.

ii) If (D) holds, then there exist contants Ko, and K2, for 2a <1+ %, r > q, such that

lim sup [|u(t, uo) || L= (q) < Koo, (3.3)
t—00

lim sup |u(t, uo)[|g= < K7, (34)
t—oo

and the above limits are uniform relatively to uo in bounded subsets of X.
iii) Even more, if (D) holds and if ¢ is the solution of

—~div(a(z)Ve) + (c(z) +Co)p=C1 in Q,
u=0 on FO) (35)

a(z) %8 + (b() + Bo)p =B, on T,

then 0 < ¢ € L*°(Q), limy,o0 |u(t,z,u0)| < ¢(z), uniformly in z € 0 and for uo in bounded subsets of X.
Indeed, if {uo(z)| < ¢(z) for all x € Q, then |u(t,z,uo)| < ¢(z) for allz € QN and t > 0.

Proof: Denote by B a bounded set in X, and assume that ug € B.
i) Let w*(t,|uo|) be the solution of

w; — div(a(z)Vw) + c(z)w = ~Cow + C)
a(a:)%ni +b(z)w = —Bow + By ’
w(0, |uo|) = |uol.

Then, since C;, B; > 0, from Corollary A.14 we have that w* (¢, [ug]) > 0. Since f(z,3) < —Cos + C; and
g(z,8) < —Bgs + By for all s > 0 and & € Q then, by Corollary A.14 we get u(t,up) < w*(t, |uo}), for as
long as u(t, ug) exists. Note that alternatively, we can use that w* (¢, |u|) is also a supersolution to (1.1) and
then use Theorem A.12 to get the same result. Proceeding similarly we obtain that u(t,uo) > w™(t, =|uel) :=
—wt(t,|ug|) for as long as u(t,ug) exists. Consequently

lu(t, uo)| < w*(t, lual), (3.7)

for as long as u(2, ug) exists.
Let ¢ € L™(f2) be the solution of (3.5) and define now v = w™ — @, which verifies a linear homogeneous
equation. Therefore by Lemma 3.1 we get, in a finite time interval,

o) Leo(y < Mit™%|lluo] = Sl Laay

Consequently
lw* ()| Loy < o)l Loe(y + 1Bl Loy



and therefore the L% () norm of u(t) remains bounded in finite time intervals.
Now, using the variations of constants formula for the solution, see (7], for an arbitrary tp > Oandt > to > 0
we have that
t
u(t, uo) = e~ At"%)y(ty, ug) +/ e~ A= h(yu(s,uq))ds
to

where h is defined by (h(u),y) = / fluyyp + / g(u)y. Note thatif u € L°°(Q) and ¢ € E,, with 2r > 1/¢/,
so that 1 has trace on I';, then we get that h(u) € E;7 and [h(u)llg;~ < C(llulli=(a)). Thus, we have that

¢
"U(t, UO)”E': < M(t - to)—a"u(to)”l}q(ﬂ) +MC./t (t _ 3)-—(a+r)ds

It follows that the EF norm of u(t) remains bounded in finite time intervals provided a+r < 1. Since 2r > 1/¢’
is arbitrary, we get the bound for any 20 < 1+ %. Therefore, the solution is global.

ii) When the dissipativeness assumption (D) holds true then, in (3.5) the elliptic operator is positive and then
since C1,B; > 0 we get that ¢ > 0. Now, by Lemma 3.1, we have that v = wt — ¢ verifies for all ¢ > 0

lo(®) | L=(a) < Me™24¢7%(fuq| — @ll Lo

Consequently
lwt ®)lr=(a) < @)l Lo(a) + 1Bl L) = ldllLe(@)

as t — oo, uniformly for ug € B and we get (3.3).
For the proof of (3.4) we proceed as follows. As above, we use the variations of constants formula, for
t > to > 0 where now tp is large enough such that [lu(s, uo)| L=(@) £ K + 7 for s > t9. Thus, we have, for

2p>1/q

¢
lut, uo)llgs < Me™21E=1)(t — t0)~*|lu(to, uo)|| poo() + MC(Koo) [ €M7 (t — 5)"(@*P)ds
to

and it follows that limsup,_,, l[u(t, uo)llge < MoC(Ko) [y € -og-(atplgg,

Using that E7 is embedded in some L‘(Q) for some s = s(q,a) > g, the fact that now f and g are
subcritical in L*(Q) and repeating the argument above, we get that for any r € [g,s] and 2a < 1 + 1/r there
exists a constant K& such that (3.4) holds. A bootstrap argument shows the validity of (3.4) for any r > ¢
and 2a < 1+1/r.

iii) Finally, using (3.7) and w* = v + ¢ and since v goes to zero uniformly in z € { and for ug € B, we get
limsup |u(t,z)] < ¢(z), forallz € N.
t—roc0

On the other hand. if |ug| < ¢, then v(0) <0 on N and then v(z,t) < 0. So, we get that |u(¢,z)| < ¢(z), for
all z € Q2 for all positive times.p

Remark 3.3 This proposition, in particular, proves Theorem 2.2. and part of Proposition 2.5.
Note the optimality of the estimates in the spaces ES for r > q and 2a <1+ %, since for 2a > 1+ L the

space ET incorporctes the boundary condition a(z )6“ +b(z)u =0 on I'y.
Therefore, we get the following.

Theorem 3.4 Lei: X be an space in the class €, that is X = LI(2) or X = W[}:’(Q), assume f, g satisfy the
growth restriction G)x and that the dissipation condition (D) is also satisfied.
Then, problem 1.1) has a global compact attractor, Ax, in X such that



Finally, note that for the case ¢ = 2, the Bessel potential spaces E§ that we have considered before coincide
with the standard fractional power spaces of the operator A.

For the C" uniform bounds, we will need to obtain first some L™ bounds of u;(t,up) for any up in the
attractor and any ¢. Then, viewing equation (1.1) as an elliptic equation of the form —~div(a(z)Vu) +c(z)u =
f(z,u) — u¢ in @ with boundary conditions given by (1.1), and applylng Lemma B.1 vi), we obtain the
C"-bounds which will depend on inf{a(z)} and sup{a(z)}.

Before going to the proof of Theorem 2.6 we need to consider some important lemmas. We start with some
uniform estimates on the norm of some inclusions for the spaces ES.

Lemma 4.1 Consider the operator A as an unbounded operator in L*(2) and let ES the scale of spaces
associated to this operator.
Then, the norm of the following inclusion depend on m = inf{a(z)}, Q, ||bllL=(r,), lcllz=(a):
i) E§ < H?**(Q), for a € [0,1/2].
i) L®(T) < E;? for every B € (1/4,1/2).
iii) E§ < E2, for any a > .

Proof: i) Let A = A(Q,m, [|bl| y(r,), lcll L=(@)) > O be a large enough number so that there exists a constant
p = p(,m, bl Leo(r,), llellLe(g)) with

ullullf,ll_om) < /na(a:)qu|2 +/‘;(c(z) +A)u? + rlb(a;)uz (4.1)

This implies that i) holds for a = 1/2. Since it is also trivially true for a = 0, we have by interpolation
that it is true for any « € [0,1/2].
ii) Using i), g € L*®(T') and ¢ € EZ, for 3 > 1/4, we have

I/x*g¢I < llglize(rylidllerry < Cligllzemlidlaza @y < CligllLemlidll g

iii) Using the spectral characterization of the fractional power spaces one gets that the norm of the inclusion
Ey C E.f , for any a > 3, is given by A\;°~® where ); is the first eigenvalue of the elliptic operator 4, which
is assumed to be positive. But from (4.1) we have uniform lower estimates on A; and we get the result.u

As a consequence of Lemma 4.1 and Lemma B.1 we have

Lemma 4.2 There ezists a 8 = 6(N) > 0 such that ES° < L®(Q) and the norm of the inclusion depends
on Q, m = inf{a(z)}, bl Lo=(r,), llcllL=(g), o and N.

Proof: For N =1, from El/2 = H{ (2) € L*(R), and Lemma 4.1 we conclude.
For N =2 and N = 3 it follows from Lemma B.1 ii) and p = 2 that E} = D(A) — L*®(?) and the norm
of the inclusion depends on Q, m, ||blj L= (r,) and ||cll L=(q)-

For dimensions N > 3, from Lemma B.1i) and r(p) = T\]’—sz' we get that E} = D(4) C L"P(Q) and the

inclusion norm depends on Q, m, ||b]|eo(r,) and ||c||(q)- Let ;1 = #25 = r(2), again Lemma B.1 i) implies

= D(A?) c L™®)(Q) and recursively, E} = D(A™) C LP(Q), with inclusion norm depending on 2, m,
Bll Loo(ry)» el L) and pn = r(pn_1). Therefore, pn eventually becomes larger that N/2 and then Lemma
B.1 ii) gives the result.

Remark 4.3 Note that the function r(p) has the property that v(p) > N/n iff p > N/(n + 2) which implies
that if p > N/n then r7(p) > N/(n — 2j). Starting with p =2 gives that & cen be taken equal to 1/2[N/2] if
[N/2] is even or equal to 1/2[{N/2] + 1/2 otherwise. In any case we can always choose, §o = N

Consider now the following,



Lemma 4.4 If the first eigenvalue of the operator A is Ay > 0, then there ezists a constant M = M(Q, A1, m,
IBll Loo(ry)s el Loy, N) such that

”e—Atuolle(Q) < Mt—N”uQ”Lz(Q), t>0, wup€ Lz(ﬂ) (4.2)

Proof: From Lemma 4.2, we have the existence of a constant C = C(Q,m, ||b]| L=(r,), ll¢|lL=(q)), such that
lle=tug|| Loo() < Clle—Atuo”E;'- Moreover, from Lemma 3.1 for the case ¢ = 2 we obtain that ||e~#tug ley <

Mt~N||lug||z2(q). Combining both inequalities we obtain the result.g

Now we can prove

Theorem 4.5 Let X be an space in the class £, that is X = LY() or X = er“')"(ﬂ). Assume that the growth
restriction (G) x and the dissipative condition (D) hold.
i) Then,

sup [|v|[ze(q) < Ko

vEAx

where Ko depends on the domain Q, on the first eigenvalue of (2.5), A1, on m = inf{a(z) : z € Q} >0, on
sup{c(z); z € N}, sup{b(z); = € I'} and on Cy, C,, By and B;.
Furthermore, if one of the following two conditions hold:

e there erists a bop > 0 with b(z) + By > b
e b(z) + Bo >0, B; <0 and there ezists a co > 0 such that c(z) +Co > co > 0,

then Ko will depend on || rather than on Q.
ii) For everyr > q and 2a < 1 + -1- we have that

sup [[v[les <K
vEAx

for some constant K = K(A, oy, f,9).
Ifr=2and a=1/2 ora =0, then K = K(Q,m, A1, ||bl| oo (ry), lcll = (@)» f5 9)-

Proof:
i) Notice that from Lemma B.1 ii), we have that

I@llLe() < C(B1]| + |Crl + 9]l L2(0))»

for some constant C' = C(Q, m, ||b]| Lo(r,), llcllz=(q), Bo, Co). Moreover, since, from condition (D), the first
eigenvalue of A is positive, it is not difficult to show that we must have that ||¢||z2(q) < C(|By1| + |C1]) for
some constant C' = C(,m, ;).

For the second part, we apply Lemma B.1 iii) or iv) to the function ¢ to obtain the desired result.
ii) The proofs runs as in the proof of point ii) in Proposition 3.2. When 7 =2 and a = 1/2 or a = 0 the result
comes from the lemmas above.g

The next result, that complements the estimates above, give bounds for the flow of the semigroup on
the attractor by estimating the time derivative of solutions lying on it. That is, we estimate the speed of
trajectories on the attractor.

Theorem 4.6 Let X be an space in the class £, that is X = LI(N) or X = er“)q(Q). Assume f, g satisfy the
growth restriction (G) x and that the dissipation condition (D) is also satisfied. Denote by u(t,ug) the solution
to (1.1) starting at ug € Ax.

i) Then for everyr > q and 2a <1+ % we have that

sup sup |[ug(t, uo)llge < K
uEAx tER
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for some constant K = K(A,a,r,f,g). In particular, for any v < 1, we obtain C*(Q) bounds of u(t,uo),
uniformly int € IR and up € Ax.

If'l‘ =2anda= 1/2 ora= 0’ then K = I((Q,ma/\h "b”L""(Fl)’ "c”L‘”(Q)v f1 g)
ii) We also have

sup sup |lu¢(t, uo)llLe() < K
u€Ax tER

for some constant K = K(, A1, m, ||b]| es(r,), llc|l L=(q), Ao, Do)

Proof:
i) Let 7 > g and 2a < 1+ . As in Proposition 3.2, note that if u,v € L(2) and 28 > 1/r', so that the trace
is well defined in EP,, we get the existence of a constant lo, such that [[h(x) — h(v)ll g=s < lollu — vl L= () and
|h(w) — h(”)"g:ﬁ < lo|lu — v||gz, as soon as 2y > 1/r. Therefore for any 3 such that 1/r' <28 <1+ ;17, we
can choose v as above and such that 8 +v < 1. Thus, for these values of 8 and v, we get that h : EY — E;9
is globally Lipschitz. In what follows we follow closely the proof of Theorem 3.5.2 in [19].

Denote j(s) = h(u(s,uo)) and s € [to,t1] = [t —1,t] for ¢ € IR. Then, for any 3 in the range above, we get,
using the bounds on the attractor, for some § > v

li(s +h) —j(s)llg;a < hly ((3 e T e to)—('r+6)) +12/ g = z)‘(1/2+f3)||j(z +h) —j(z)lls:" dz
to

Using the singular Gronwall lemma in (19, page 6], we get [|j(s + h) — j(s)|| z-» < hlzK(s) with K(s) =
((s = to) ™17 + (s — t0)~(**A)). Therefore, Lemma 3.5.1 in [19], gives for any & < 1 -3

8
luc(s)ll e < la(s — o)~ j(s)l| g-n + ls/ (s — 2)"*AK (2) dz + lg(s — to) =T [luto) | Laco)
to

Now using that ”j(s)”E:" and |lu(to)||ze(q) are uniformly bounded and taking s = t; =t, we get

t
I®lles <1r (1+ [ (0= 2 @Dk ds)
to
which is finite and uniformly bounded in ¢, since § > v, 8+v < 1, and @ < 1— 4. Since f is arbitrary verifying

1/r' < 2B < 1+ 7 we get the bound for any 2a: < 1+ L.
The constants lo —l7 involved in this proof depend only on 4, 7, a, f and g. Moreover, for 7 =2, a = 1/2
or & = 0, using Lemma 3.1 it can be seen that actually these constants depend on Q, m, Ay, [|bllLe(r,),

lellze(ys fr9-
Finally, the C”(2) bound, for any v < 1 follows now from embeddings (2.1) and the Sobolev type embed-

dings for Bessel potential spaces.
ii) Note that v = uy(t) verifies

v — div(a(z)Vv) + c(z)v = f'(u(®))v, inQ
v= 0, in T

a(z)g% +b(z)v = g'(u(t))v, inTy

v(0) = u(0)

Let Ag = sup{|[f'(¥)llL=(q); ¥ € A} and Do = sup{||lg'(¥)|lLe(r,); ¥ € A}. Let w be the solution of

w; - div(a(z) Vw) + (c(z) = AoJw =0, in Q
w=0, in Ty

a(z) 8 + (b(z) - Do)w =0, in Ty

w(0) = |u(0)]

11



Then, using Corollary A.14, we get w(t,z) > 0 and |v(¢,z)| < w(t,z). Now Lemma 4.4 gives for t = 1

llue(Dll o) < Mllue(0)llz2(a)

for some constant M = M (Q, A1, m, ||bll e=(r,), llcll L=(q), Ao, Do). Using the uniform L2-bound for u; given
in point i) and the invariance of the attractor, we get the result.q

Now we are in a position to give a
Proof of Theorem 2.6.

The first part follows from Theorem 4.5, while for the second, as we mentioned at the introduction of this
section, looking at equation (1.1) for ¢ fixed as

—div(a(z)Vu) + c(z)u = f(z,u) —u

and applying Lemma B.1 v) we obtain the Hélder uniform bounds.g

5 An example of Upper Semicontinuity of Attractors

In this section we consider an application of the results obtained in the previous sections to a parabolic problem
for which the diffusion coefficient is not precisely determined up to small L!(Q2) perturbations. Let Q be as
before, a(z) be a family of C! functions in 2, such that 0 < m < ac(z) < M, a. e. € 2,0 < € < €.
Consider the problems, for 0 < € < ¢

ug — div(ae(z)Vu) = f(u), in Q
U"—"O, in ro,

a(2)@ =g(u), T
’U(O) = Uop

(5.1)

where f and g are locally Lipschitz functions verifying the growth assumptions (G) x for X = H}o(Q). Assume
also that f and g satisfy (2.4).

We are interested on studying continuity properties of the attractors of (5.1) with respect to e. With this
in mind we define the concept of upper semicontinuity.

Definition 5.1 A family {A,0 < € < e}, €0 > 0, of subsets of a given metric space X 1is called upper
semicontinuous at € = 0 if given n > 0 there is an €, > 0 such that A, C Ny(Ao) for all 0 < € < €, where
N;(Ao) is an n—neighborhood of Ay in X.

Now we recall some definition taken from the context of homogenization theory, see [10, 27, 23].

Definition 5.2 We say that the family a. of C* functions H-converges to the C' function ag, as € — 0, if
and only if for 0 < € < €9, we have 0 < m < a.(z) < M, a. e. z € Q and for every f € L*(Q) the solutions of

—div(a(z)Vu) +uc = f, inQ
u¢ =0, inTy,
at(z)%’i—:- +u¢=0, nl
converge in H}O(Q), as € = 0, to the solution of the problem above with € =0.
Observe that a suffcient condition for this is that

a. = ap, strongly in L'(f),

and that, as example. we can set Q = B(0,1) C R" and a.(z) =1 + |z|'/¢ and ao = 1.

12



Consider the eigenvalue problem

—div(ac(z)V¢) + Codp = pp, in
(EVP), ¢ =0, inTy, (5.2)
ac(2)92 + Bop =0, inTy.

Assume that the first eigenvalue of (EV P)g is positive. Then from the results in [20, Theorems VIII.1.14
and VIIL.1.15], it follows that the first eigenvalue of (EV P), converges to the first eigenvalue of (EV P)o.

With this it follows from the results in the previous sections that if €g > 0 is sufficiently small, the problems
(5.1) have global attractors A, 0 < € < ¢p. Also from the results in the previous sections we obtain that

IVull L2y, 1VuglliLz), ullcr@)s luillcw)

for v < 1 are uniformly bounded for 0 < € < ¢y and for trajectories lying on the attractors A..

Now we argue that for fixed ¢, u‘(t) is relatively compact in C() N H} (). In the case of C(Q), this
is an easy consequence of the fact that the attractors are bounded in C7(Q2) uniformly with respect to .
The Hj () case is a little more elaborated. From the uniform bound in H*(£2) we have the compactness of
{ué(t)}e>0 in H?(R) for any s < 1. Now, for fixed ¢, we read the equation for u¢(t) as

—-Div(a,Vu¢) = —uf + f(u¢) = F¢, in Q
ae(z)%’ﬁ- = —g(uf) =G¢, in I,

By compactness, we have u¢(t) — u® and u§(t) — v° in H*(2) for any s < 1. Since we can assume that after
truncation f and g are globally Lipschitz, then f(u¢(t)) — f(u°) in L?(R) and g(u¢(t)) = g(u®) in L*(T)
which in turn gives F¢ — F? in L?(Q2) and G¢ — G?° in L*(T';). '
From the results in [26], we know that u¢(¢) = u® weakly in H'(2) and the convergence is strong provided
< Feuf >q + < G4, uf >r, =< FOu® >q + < G° u® >r, which is true in this case. Moreover, u® € Hj ().
Hence, by Arzeld-Ascoli Theorem (taking subsequences if necessary), for complete trajectories lying on the
attractors u¢(-) € A, 0 < € < ¢ we have that

u¢ = u locally uniformly in C(IR,C()) N C(IR, Ht,())
Taking the limit in the week formulation of (5.1)

/nuqu-f-/nac(:z:)Vu‘VqS:/nf(U‘)¢+/r9(U€)¢

for all smooth bounded test functions ¢, we obtain that u is a globally defined solution to (5.1) for € = 0,
which is bounded in Hf (22) N C(Q). Hence u(t) € Ay for all ¢ € IR.
From this we have the following result

Theorem 5.3 The family of attractors {A. : 0 < e < ¢} is upper semicontinuous at € = 0 in HI‘-O(Q) and

in C(0).

The proof of this theorem now follows in a standard way (see, for example, [18]).

6 Final remarks

6.1 Measures as initial data

Due to the strong smoothing effect and the strong absorbing property that the dissipativeness condition (D)
imposes on (1.1), most of the results in previous sections hold when we consider measures as initial data.
Following (7], if f and g satisfy (2.2), with exponents p; and p; with

1

2
p1<p,~:=1+ﬁ and p2<pg:=1+—ﬁ
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and if ug € (C())’ then (1.1) has a unique classical solution that verifies, as t — 0
/ u(t,z)¢(z) dz = / ¢ dug, for all ¢ € C(Q) (6.1)
Q Q

and which depends continuously on the initial data. .

All the proofs above go through with minor modifications that we now indicate. For example for the
proof of Proposition 3.2 just note that when uo € (C(Q))’ then there exist ¢ > 1 and s > N/q' such that
up € Hy°(), see [7]. As in the proof of Proposition 3.2, where now |ug| is the total variation of ug, using
v=w"' — ¢, and again by Lemma 3.1 we get

M M
lv®llz=@ < Fmzzllluol = dll; @) < 7rezllluol = Sllc@y

and the rest follows as before.
Analogoulsy, we can derive, as in Theorem 3.4, the existence of an attractor in (C(f2))’, which moreover
coincides with the attractor in L9(Q) for every q > 1.

6.2 Nonsmooth coefficients

When the coefficients a,b, ¢ are just in L, there is not a satisfactory theory for the operator A, as defined
in Section 2, in LI(Q) for ¢ # 2. The main difference with respect to the smooth case is that the scale
of interpolation spaces EY is not well understood for ¢ # 2. In particular we cannot use embeddings (2.1)
for ¢ # 2. Nevertheless, for ¢ = 2, the operator A, defined by Au = —div(a(z)Vu) + c¢(z)u with domain
D(A) = {u € H} (), —Div(a(z)Vu) + c(z)u € L*(Q), a(z)F% + b(z)u = 0 in I'1} is selfadjoint and has
compact resolvent. With this, it is well known that A generates an analytic semigroup, e~4¢, in L*(Q).

Moreover, it can be seen that Ez':f = H{ () and therefore, by interpolation and duality the scale of spaces is
well understood for —1/2 < a < 1/2. In particular EY < H?® and H=%® < E;“ for any 0 < a < 1/2. The
fact that only a part of the scale E is known, imposse restrictions on the allowed growth of the nonlinearities
to obtain a locally well posed problem. Following the ideas of [6, 7] we can see that if X = L? then the growth
restrictions for f and g are exactly the same as the ones given in condition (G)x. If X = H}D(Q) the growth
restrictions for f and g are the ones given by (G) x although with strict inequalities for the exponents (that
is, subcritical nonlinearities).

One of the main tools of the paper are the monotonicity and comparison results from the Appendix in
Section A. We see that with the following result, the operator A with nonsmooth coefficients is still resolvent

positive and therefore the theory from the appendix also apply to this case.

Theorem 6.1 There ezists some Ao such that for every A > Ao, f € L*(Q) with f > 0, and if u € D(A)
verifies Au + Au = f, then u > 0. That is, the operator A is resolvent positive in L*(Q2).

Proof: Since for every u € Hrl‘o (R2) the bilinear form associated to the operator A, verifies 7(u,u) = 7(|ul, |u|),
the result follows from [15, Theorem 1.3.2, page 12].p

Notice also that Lemma B.1 is valid for the case of nonsmooth coefficients.
With all of the above, we have that for this case we also have the existence of an attractor Ax, (X = L%()
or X = H] (92)) for problem (1.1) and that the uniform bounds given by Theorem 2.6 also apply.

A Appendix : Abstract Monotonicity and Comparison Results

In this appendix we give general results that allows us to obtain comparison, positivity and monotonicity
results for evolutionary equations. Most of the results for the linear case are already known, see [5]. For the
nonlinear case we will exploit the variation of constants formula to obtain these results.

Let us start with several well known concepts and results.
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Definition A.1 An ordered Banach space is a pair (X, <), where X is a Banach space and < is an ordering
relation in X such that

i)z <y impliesz+2<y+z 9,z € X.

ii) z <y implies Az < \y, for z,y € X, )\ real and non negative.

ili) The “positive cone” C = {z € X, z > 0} is closed in X.

Definition A.2 Let (X, <), (Y, <) be a couple of ordered spaces. A functz:on T : X — Y is said increasing
iff ¢ <y implies T(z) <X T(y) and it is called positive iff 0 < z implies 0 < T'(z).

Observe that if, in the above definition, T is linear then both concepts coincide.

Lemma A.3 Let f € L'((to,t1),X), such that f(t) > 0 a.e. t € (to,t,). Then, f:o’ f(s)ds > 0. In other
words, the mapping
t1
/ :Ll((to,tl),)() =+ X
to

is (linear and) increasing.

Proof: Since the integral is a linear and bounded operator between L!((to,¢;), X) and X and the cone C is
closed, it is enough to prove the result for f in a dense subset of L((to,t1), X). If f € C([to,t1],X), by the
integral mean value theorem, f:o‘ f(s)ds € (t1 — to)co(f([to,t1])), that is, the closed convex hull of the range
of f. If f(t) > 0, for every ¢, then its range is in C and then Zo(f([t0,%:1])) C C g

Let (X, <) be an ordered Banach space and let A be a sectorial operator. Notice that from the definition

of sectorial operator, see [19, 20], we have that there exists a A\g € IR such that Re(o(A + Ag)) > 0. Consider
the already well-known definition

Definition A.4 A sectorial operator A in an ordered Banach space X is said to be “resolvent positive” in X
if for every A > Ao, (A + A)~! is increasing.
The next result establishes the equivalence between the positivity of the resolvent and the exponential.

Proposition A.5 A sectorial operator A is resolvent positive if and only if e~At is also positive.

Proof: A proof of this result can be found in [5]. Nevertheless we give the following straightford proof.
Assume first that Ag = 0, i.e. Re(o(A4)) > 0 and for every A > 0, (A + A\)~! is increasing. Then, for
every t > 0 and uo € X, we have (I+ L4) w0 — e~Atyy, as n — oco. In particular, if ug > 0, then
(I+L£A)"uo = ,‘1—",.(% + A)~™ug > 0 for every n € IN and since the positive cone is closed, we get e~ Atug > 0.
For arbitrary Ag, since (A +A)~! = (A + Ao + (A — X))}, taking Ag = A + g, we have (4o +sI)"! >0
for every s > 0 and then 0 < e~Aot = g=(A-Ro)tg—At
The converse follows from (4 + \)~! = [[° e~Atedt > 0, for every A > Ao.q

Remark A.6 Observe that to say that A is resolvent positive is equivalent to a positivity result for the
“elliptic” problem Au + Au = f: for every A\ > Ao and for every f > 0, the solution verifies u > 0.

We also have

Corollary A.7 Assume A is resolvent positive and let u = u(t,uo, f) be the solution of

ug + Au = f(t)
{ u(to) =up € X

with f € L*((to,t1), X). Then the mapping
X x L'((to, t1), X) 3 (uo, f) = u € C([to, t1], X)

i$ increasing.
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Proof: Observe that the solution is given by the variation of constants formula,

¢
wlt) = Ay [ oA (o) ds
to
for i = 0,1, and we know already that e~4(¢=t0) js increasing. On the other hand, for every ty < s <t < t1,
e~ At=9) fo(s) > e~At=9) £, (5) and since the integral is increasing, we get the result.pj

A.1 The nonlinear equation

Now we turn to nonlinear equations of the form

ug + Au = f(¢,u)
{ u(to) = uo )

Let (X, <) be an ordered Banach space, and let A be a sectorial operator which is resolvent positive.
Assume we have constructed as in Section 2 and as in [4, 7] a scale of interpolation spaces X< for a > 0,
with X% = X and X! = D(A). In each of these X* we will consider the order induced by X. Consider the
following definition,

Definition A.8 The scale of spaces X* is an Scale of Ordered Spaces if the injections X* < XP, a > 3 >0,
are positive, Ay : X! = X, a > 0, is resolvent positive and the positive cone of X is dense in the positive
cone of X? for any a > 3 > 0.

Throughout this subsection we will assume that the scale X* is an scale of ordered spaces.

Moreover, we will assume that problem (A.1) is locally well posed in X, that is, for each ug € X' we have
the existence of a solution u(t,ug) € C([0, 7], X*') for certain 7 = 7(uo) and that the solution u(t,Up) depends
continuously on the initial condition wug.

We will also assume that the nonlinearity f is subcritical in certain space X'*¢, € > 0. That is, there
exists ay > 0 with 0 < 14+ €—+ < 1 such that f: [tg,¢;] x X'*¢ = X7 is locally Holder in ¢, locally Lipschitz
in u, and that if ug € X!*¢, then the solution u(¢,uq) of (A.1) is given by a fixed point of the variations of
constants formula .

Fu)(t) = e Aty 4 / e AE=9) (5, u(s)) ds (A2)
to
in the space V' = {u € C([to,to + 7], X*); [lu(?)||x: < ||uollx1+< + &}, for certain 7 and §; see [6, 7].
Concerning positivity, we have

Theorem A.9 Under the assumption above, assume that for everyr > 0 there ezists a constant § = 3(r) > 0
such that for every t € [to,t1], f(t,-) + BI is positive on the positive elements in the ball in X'*¢ of radious r.
Then, if 0 < ug € X', the solution of (A.1) ug(t,up) is positive while it ezists.

Proof: Notice first that we just need to show the result when ug € X'™¢. Once this is proved, by density
arguments and using the continuous dependence on the initial condition and the fact that the positive cone
of X*¢ is dense in the positive cone of X! we obtain the result in X!.

Therefore, assume ug € X'+¢. Write the equation as u; + (A + 8I)u = f(t,u) + Bu and denote F(u) =
e (A+BD(t-to)yy 4 f:o e~ (A+0)(t=9)(f(s u(s)) + Bu(s))ds which is a contraction in V = {u € C([to,t0o +
h], X'*¢), |lu(t) — uo||x1- < 8} if h and & are sufficiently small.

If we take 8 = fB(||uo|l1+¢ + &), we have e~(4+ADt > 0 and f(¢,-) + BI > 0 on the positive elements of
the ball of radious ||ug||x1+c + 8. In particular, if we denote by V,. = {u € V : uw > 0}, then F(Vy) C V4,
which implies that the unique fixed point of F on V must actually lie on V. This shows that u(t) > 0 for
t € [to,to + 7). Now, with an elementary continuation argument we can actually show that u(t) > 0 as long
as the solution is defined.

Concerning comparison, we have
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Theorem A.10 Let X and A as above. Assume also that the nonlinearities f, g and h satisfy the same as

described above for f. Then,

i) Assume that for every v > 0 there exzists a constant 3 = 3(r) > 0 such that for every t € [to,t1], f(t,") + 81

is increasing on the ball in X'*¢ of radious r. Then, ug,u; € X' and ug > u; implies uy(t,up) > 'Uf(t uy)

while they exits.

ii) Assume f,g verify f(t,-) > g(t,-) for every t. Then, for every ug € X%, uys(t,uo) > uy(t,uo) while they

exist.

iii) Assume f,g are such that for every r > 0 there exists a constant 8 = (r) > 0 and an increasing function

h(t,-) such that for every t € [to,t1], f(¢,-) +BI > h(t,-) > g(t,-) + BI on the ball in X'*¢ of radious r.
Then, uo,u1 € X', and uo > uy implies uy(t,uo) > uy(t,u1) while they ezist.

Proof: As above, it will be enough to show the theorem when the initial data are in X!*¢. Therefore, let us
assume that ug,u; € X17¢,
i) We know that u;(t) = uys(t,u;) is the unique fixed point of

t
F(u) = e~ (A+0)(t-to),. +/ e~ (AB)(E=8)( £ (3 u(s)) + Bu(s)) ds

to

in V; = {u € C([to, to + h], X'*¢), |[u(t) — uil|x1+e < 6}, provided h and & are small enough. If we consider
the space_ Vo = {u € Vo; u(t) > wu (t)}, which is nonempty since u;(t) + up — u; lies in Vp, we have that
F (Vo) C Vo. This implies that the unique fixed point of F in Vp actually lies in V; and therefore ug(t) > u1(t)
for t € [to,t0o +7]. An elementary continuation argument will show that actually this inequality is true as long
as both solutions exist.

ii) The argument is very similar as the one from i). Now uy(t,uo) and u,(t,up) are the unique fixed points

of Fy(u) = e~ Alt=toly, +ft e~ At=9) £ (5, u(s)) ds and Fy(u) = e~ At-toy, +f‘ e~ Alt=2)g(s,u(s)) ds, respec-
tively, in V' = {u € C([to, to + ], X'*¢), |lu(t) — uol|x1+« < 8}, provided h and ¢ are small enough. We may
con51der the space V = {u € V; u(t) > u,y(t)} and F;(V) C V. We finish the argument as we did in i).
iii) After adding and substracting the term fu in the equation, by ii) we have uy(t,uo) > un(t,u0) and by i)
up(t,u0) > un(t,u1). Again ii) implies ua(t,u1) > u,(¢,u1)g
We consider now several results concerning sub and super solutions for equation (A.1). Let us start with
the following

Definition A.11 Let v € C([to,t1], X!) N C((to,t1], X'*¢). Then v is a subsolution of (A.1) if v, + Av <
f(t,v), in the sense that for every tg <r <t <t we have

u(t) < e~ At-y(r) + / t e~ A=) (g, v(s)) ds (A.3)

r

Analogously, we define a supersolution if the above holds true with reversed inequalities.

Note that if v(t) is a strong solution of v; + Av = g(¢) and g(t) < f(t,v) then, by using the variation of
constants formula and the positivity of the semigroup and the integral, we would get that v(t) verifies the
inequality above.

Theorem A.12 Assume X, A and f are as above. Assume that for every r > 0 there ezists a constant
B = B(r) > 0 such that for every t € [to,t1), f(t,-) + BI is increasing on the ball in X'*¢ or radious r.

Let v(t) be a subsolution of (A.1). Then v(t) < us(t,v(to)) while they exist. Moreover, if ug is such that
v(to) < uo, then v(t) < uys(t,uo) while they exits.

The same holds true for a supersolution, with reversed inequalities.

Proof: Let n > 0 be a small number and denote by t, = to + 1. Let 8 = 3(|lu(ty)||x1+ + 1). We know
that wuy(t,ty,v(ty)) is a fixed point of F(u) = p‘“‘*l’)(‘ tay(t,) + f e (A+B)L=9)(f(g u(s)) + Bu(s)) ds in
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V ={u € C([tn,ty + h], X**), |lu(t) = v(t,)||x1+c < &}, provided h and § < 1 are small enough. Moreover,
choosing h smaller if necessary we have that v € V. Also, F is a strict contraction in V.

Since f + I is increasing in V, if we define V={ueV: u(t) > v(t) for t € [ty,ty + h]}, we will have
that F (V) € (V). Since V is non empty, v € V, we get that the unique fixed point of F in V lies actually
in V and therefore u f(tytn,v(ty)) > v(t) for t € [t,,,t + h]. With a contmuatlon argument we get that the
inequality is valid as long as both functions exist.

With a density argument, using the continuous dependence of the solutions of (A.1) and the fact that the
positive cone of X'*¢ is dense in the positive cone of X', we obtain the result.g

A.2 Application to nonhomogeneous boundary conditions

Here, we particularize the abstract results above for the case of parabolic equations with nonlinear boundary
conditions.

We will refer to Section V.2.7 of [5] for a general theory of Scales of Ordered Banach Spaces. Applying the
results of this reference to the operator A, where Au = —Div(a(z)Vu) +c(z)u in LI($), with 1 < g < oo, with
boundary conditions © = 0 on I'y, and a(z) L +b(z)u =0on Iy, with a,b,c € C! () and inf, ga(z) >m >0,
we have that,

Theorem A.13 For every a € [0,1], ES, is an ordered space with the ordering induced by L?(Q?). The space,
E;* is an ordered space with the canonical dual order, that isu > 0 in E;% iff <u,¢ >2 0 for every ¢ € E7..
For v > B, the inclusion By =¥ E? is positive and the positive cone in the former space in dense in the
positive cone of the latter.
Finally, Aq—1 : By — Ef,"l 18 sectorial and positve resolvent.

This means that the scale Ey is an Scale of Ordered Banach Spaces and, therefore, the abstract mono-
tonicity, comparison, sub and super solutions theory from the previous subsection applies to this case.
In particular we have the following results. Consider the problem

— Div(a(z)Vu) + c(z)u = f(t,z,u) in Q

u=_0 in Iy
a(a:)g—g + b(z)u = g(t,z,u) in 'y (4]
u(to) = uo

where f,g: IR x ¥ x IR — IR are locally Lipschitz functions in u, uniformly in z € © and for ¢ in compact
subsets of IR.

Assume that for sufficiently smooth data (A.4) is well possed and the solutions depend continuously on
the initial data in a suitable topology, for example in L?(2). Then applying abstract results of the previous
subsection, we have

Corollary A.14

i) Assume f(t,z,0) > 0 and g(t,z,0) > 0 for every t and z € Q. Then ug > 0 implies u(t) >0 as long as the
solution exists.

il) If ur > uo then u(t,uy, f,g) > u(t,uo, f,g) as long as the solution ezist.

111) If fl(t’x’u) 2> .fU(trz1 u)7 gl(t,:z:,u) 2> gg(t,:r,u) and u; 2> Ug then u(t7u11flagl) 2 u(t7u0!f0$go) as lOTI-g
as the solution ezxist.

B Appendix: An Elliptic Lemma

In this appendix we want to give a proof of the following elliptic result.
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Lemma B.1 Let a,c € L®(), b € L®(T';) and let u € H'(Q) be a weak solution of the following elliptic
problem

—div(aVu)+cu=f, in Q

u=h, in Ty, (B.1)

a(z)g% +bu=g, in I;.

Then
i) IffeLP(Q),g€eL = (1"1) h € L*(Ty) andN+2<p<N thenuELhF( ) and

<C . o
lell, et ) < CUlf Nz + 1191l 2 ot [1Bllzos(ro) + llullz2@))

1

for some constant C' = C(Q,infq a, [|bl| eo(r,), el Lo (), N, P)-
ii) If fe LP(), p> N/2, g€ L"(T'1), r > N — 1, h € L*=(Iy), then u € L®(Q) and

lullze) < C (IflLey + lgllr(ry) + IRllLooro) + llullL2a))

for some constant C = C(Q,infq a, [|b]| peo(r, ), llc]l L= (), N, P, 7).
iii) If f € LP(Q), p> N, g € L*(I"1), h € L*®(Iy), the principal eigenvalue associated to the linear problem
of (B.1) is A\1 > 0, and there ezists a bg > 0 such that b(z) > by for all z € Ty, then

lull Loy < C (If1lLe() + lgllLeory) + Al Lo (ro))

and the constant C depends on C = C(|, A1, bo,infq a, ||b||Leo(ry), llcllze(n), N, P)-
iv) If f € L*®(2), h € L*(Iy), b(z) >0, g(z) < 0 onT; and there ezists a cg > 0 such that c(z) > co then

lull Lo (@) < max{cg || fll Le(a)s IRl Le=(ro)}

v) If f € LP(Q), p > N/2, g€ L' (I'1), r > N -1, h € L®(Ty) and K C Q\ Ty is a compact set, then,
u € C*(K) for some a € (0,1) and

lullcacxy < CUIfllLr@) + llgllorry) + 1Al Leo(ro) + lullL2))

for a constant C = C(Q, po,infa a,Sup g1 g(0.p) @ 10l Loo(ry), llell L), N, p,7), where 2py =dist(K,To).
vi) If f€ LP(R), p> N/2, g€ L™(T1), r > N =1, h € C*(Ig) for some ag € (0,1), then u € C*(Q) for
some a € (0,ap] and

lullca@y < CUIfllLr() + llgllzrry) + IRllcao(re) + llull L2(a))
for a constant C = C(Q,infq a,supq a, [|bl|ze(r,), llcll L (q), N, P, T, 0)-

Proof: The first result relays in a bootstrap argument. The proof of i), v) and vi) goes with similar ideas as

the ones given in [22] to obtain L*°(Q2) and Holder estimates for solutions of elliptic problems. Parts iii) and

iv) establish conditions under which the L bounds do not depend on the domain Q but rather on |Q|.
Throughout the proof we will denote by m = mf @, boo = ||l Leo(r,) and ceo = ||c]| Lo (q)-

i) Note first that for 25 < p < &, we have that r = {F=312 > 2. Let k > ||h||,,oo(po), ¢ = (u—k)*. If we
multiply the equation by |¢|"~2¢ and integrate by parts we obtain

ez [aivigleie [ oolsy + [ a0 = [ g —kolor e+ [ 1o klore

<||fllu(m|ll¢|71| N [ Z = HI¢|"H ,
%(Q

Er_v_(rl)

(B.2)
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where we denote f = f — kc and § = g — kb.
If we let v = |¢|% and taking into account that p'/r' = N/(N — 2), we have that, for any ) € IR,

4(r=1) 2 2 2 5 % = % 2
Ap=t) aVv+/c+/\v+/bv< v||” - . vl yno +/\/U
2 [alvols [[er 0w+ [ 02 < Wl s, o 10 spae gy +A [

i 2 .
<C@,N,p r@) + Gl = Bt +A/2
YU fll 22 @) ||9”L«_~N:_}z(m)||v||1f @) e
(B.3)
Where the constant C ({2, N, p) comes from the constants of the embeddings H!(Q) < L¥2(Q) and H'(Q) —
N=
Lz‘(NTEQ(I‘). Choose A = A(Q,beo, Coo, N) so that

4(r -1 -1
( = )/aIVvI2 +/(c+/\)v2 + [ b?> . = mllvllip(m.
Li Q Q I r

Hence, we have that

r

=} 2 q . % 2 =
r2 m"v”H‘(Q) < C(”f”LP(Q) a5 ”g”LQ)’v-__l’).z(rl))”UIIHI(Q) G /\”U||Lz(m||U||H1(m-

From this the following holds

1

2 -
= £ < g —)p f
l|¢||wa;5;(m lIvIIL%(m S Cl fllze(a) + ||y||Lgvv__l,3_(r : + 18l s ()

Taking into account the definition of f, § and with the standard interpolation inequality in L?-spaces,
lllLr(a) < 6”¢”Lwﬁl—%—(ﬂ) + Cell#llz2(q) we obtain the existence of a constant C = C(,m,be,Co0, N, P)
—<p

such that

lld’llmg%(m S Clfllzr @ + IlgllL:_f‘vv—_l%(r 5 k+ll8ll2()- (B4)

1
Now, taking k& = ||h|| e (r,) and since 0 < u™ < (u — k)™ +k, 0 < ¢ < |u|, we get from the above inequality
that
i <C ¥ h|| e .
flu ”LW%(Q) < CUlFllze(a) +”g”1,‘5vvrlﬁz(r.) + 1Bl ooy + llullz2(a)

for some constant C' = C(Q2,m,beo, Coo, NV, p). with a similar argument for ©~ we obtain the result.

ii) Let k& > ||h||po(ry), @ = (u —k)* and Ax = {z € Q : u(z) > k}. Notice first that from (B.4) we can obtain
that for any ¢ > 2, the following inequality holds:

¢l ey < CUIflLea) + gllrry) + &+ 18ll22) < CUIfllLe) + llgllLery) + & + llullzz@).  (B5)

where C = C(Q,m,brxacooaN’p’r’Q)'
Let A = A(,m, b, €0, N) > 0 be such that

Jatvup+ [ o2+ [0 2 Pl (B.6)
Q r, Q
With Hélder inequality and Sobolev embeddings, we have
. _N+2 ;
(Il @) |4kl 7))@l g1 () < ||¢||L,;,'1_z,(m||¢||m(n) < Clloll q)-

where C' = C(2, N). If we now multiply the equation by ¢ and integrate by parts we get that

/Qa|\702+/rlb¢2+/n(c+/\)¢2=/Qf¢+/rlg¢—k rlb¢-k/ﬂc¢+)\/n¢2 (B.7)
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and from (B.6) and (B.7) we obtain the existence of a constant C = C(€2, m, boo, Coo, V) such that

(U0l 441 5l oy < OO [ 701+ [ oot +1k [ bl + e [col +1r [ 8

Next we estimate each term on the right hand side of the above expression. For this, we use extensively
Holder’s inequality, Sobolev embeddings and trace theorems. We obtain:

=k e
I/Qf¢| < llzr@ Il Lo (@) < ||f||Lr(n)||¢||L,51_Lz(Ah)|Ak|§ PEY < C(Q, N)||fll ey ||¢||Hl(n)|Ak|§ P

| / 981 < lgleroldlory < CE@ Mgl 9l et
1
< O, N)llgllLriey 0l gy 1Ak 257,

Ik | 561 < O, N)kbuollgllwioay < C(Q, N)kboo |6l 1y | Ak | E-
)

k /Q (c+N)é| < C(R, Nk(cao + N6l oyl Al HHF
and finally for /\/ #? we have that, for any q > 2,
Q

_1 1.1 _1
Mgllzz) < Allzace| el TI6l g, o 1ALlY < ACQ N)lIgll oy 8] | A4a 775
Choosing ¢ = 2N, and applying inequality (B.5) to this value of g, we have:

Mél22) < CUlFllLr() + lgllLrersy + & + lull 2oy Il |4k |22

where C = C(vaybmchOi N,p,T)'
Thus, for & > max{1, ||h| L)}, we have that

llLiq) v k- |Ael'te

s [ 2p— r—(N—
where ¢ = min{ 225X, =(7=D) 1 N faw} > 0 and v = C - [[fllzra) + llglle-r) + el + 1] and C =

C(Q,m,bso,Coo, N, p,7). Now, using the Lemma 5.1 in [22] we have that
max{u(z); ¢ € N} < C(Q,m,beo, Coos 2, 7 | fll Lr()s 9l Lr(ry)s 1Rl Lo (ro)s el L2())-

With a similar argument for w = —u, we show the same inequality for —u. Combining both inequalities we
prove the result.

iii) Let k > ko = ma.x{ba'lllg”mo(pl), lhllLe(ro), 1}, ¢ = (u — k)T and A = {z € Q: u(z) > k}. Multiplying
the equation by ¢ and integrating by parts we get,

/Qa|V¢|2+/rl b¢2+/nc¢2=/nf¢—k/nc¢+/rl(g—kb)¢>.$/Q(f—kcw (B.3)

Since the first eigenvalue of the linear problem is A; > 0, we have that

A1/¢2$/a|V¢|2+/ bd)2+/c¢2§/(f—kc)¢
Q Q r Q Q
and this implies that

, 2 2 2 2 _ - 2 -
min{m, bo} (/Q V4| +/n¢ ) S/Qa|V¢| « [ o s/n(f ko) + «,o/ncas su+coo/xl)|/n(f ke)o
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Denoting by M = (1 + ¢ /A1)/ min{m, by}, we have that

/n V[ + /r # < M| /n (f = ko)l

Now, with an inequality due to Mazja, [21, 16], we have that there exists a constant C' = C (|2, V) such that

2 2 2 =
191 o, <€ ([ 067+ [ #2) <on [ (s - kao

But,
| (7 = kedbl < 17 = Eellr@y6ll0y < 15 = kelloall], g o [4s1E7303

which implies that
—iih
I8l e ) < OMIF = kel oy | A [ F 540

and therefore, for any k > kg, we have

I$llera) < 191l gy o [ARHHT < OMIf = kellooay el =7 F < vk |Agl e,

where v = CM (|| f|lL»(q) + c0) and € = 5 — % > 0 as long as p > N. Now, as in ii), Lemma 5.1 in [22] takes
care of the rest of the proof.

iv) Define ko = max{cy || fllpe(a), |hllz(ry)} and let ¢ = (u — ko). Using ¢ as a test function in the
equation and via integration by parts, it is not difficult to obtain that

/na|v¢|2 +/nc¢2 <0

and from here we get that ¢ = 0 which implies that u(z) < ko. With a similar argument for —u we obtain the
desired result.

v) Notice first that from part ii) of this lemma, we have that u € L*°(2). Without loss of generality we can
assume that || fllz»(q) + lgllzr(ry) + IRl Leo(re) + |lullL=(q) < 1, since, if this is not the case we can define
v=u/(Ifllzra) + gl Lr(ry) + 1Rl Loo(ro) + llull Lo(qy) which will satisfy the equation above for certain f, &
h for which the above inequality holds.

Let zo € K C Q\ o, po = 1/2dist(K,Tg) > 0, p € (0,p0), o < 1 and £ be a smooth function such that
0<é(z) <land

— 1) if |:E| < (1 - O')p
€@ ={g i} el 5 )

with |V&(z)| < L/po, for some constant L = L(N).

Let v =E%*(z —zo)(u — k)" and Ay, = {z € Q:u(z) > k}N{z € RY : |z — 20| < p}. Multiplying the
equation by v and integrating by parts we have that

27 e 20, 1+ 2, (0 _ B\ 20 000 20, _ p\+
/S;aVuV(E (u—k) )+/rg§ (u—k) +c/(;§ u(u — k) +/rb§ u(u — k) /Qfﬁ (u—k)
But noticing that,

ag?|Vul? = /a£2Vu Viu-k)*t < |/aVu V(% (u—k)T| + |/a‘2£V£ Vu (u —k)*|
Ag,p Q Q Q

a€2|Vul? +2 / alVEP((u - k) )2,

Aw.p k.p

|/ 0% Vi€ (u — K)*| +
Q 2
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and denoting by mo = inf{a(z), z € K + B(0, pg)} and Mg = sup{a(z), = € K + B(0, pg)} we have that

2 [ v <o [ (el k| o=+ [ 56— 1)
! " (B.9)
+le [ ulu =01+ b [ Euu— k)"
Q £
In what follows we estimate each term on the right hand side of the above expression. To acomplish this

we will extensively use Holder and Young’s inequalities, Sobolev embeddings and trace theorems. We will
obtain:

/A IVE((u - B)*)? < e masa(u — B)* | x|

P

| [ 1620 = 11 < Il = By < mat = B Al

|/0052“(u = k)| < coo max(u — k)" |4k
'/rgfz(“ = B)*1 < Mgl = k) * ey < CHEG = k) * Il (@ A pl £

< Fle0 =Bl o) + %CzlAk.pll_&:ﬁﬁ Sig+ —'rr )[maxq(u — k)*)?| 4k, |+
BIEV (u = k) *[20(q) + ZC? A 55

| [r bE2u(u — B)*| < bollE(u = B) i, < Chooll(u = B)* [l (| kol

232
< (2 + 2 maxa(u — k) P2kl + 16V = k)¥ 2o ) + 2] 4y |

If we now use the above estimates in (B.9) we obtain that

2/ 62|Vu|2<—’l/ 52|vu|2+(2M0-,—,+ + 25 ) [maxa(u — K)*]2]Ae,|
k,p

(B.10)
L+ coolF) maxa(u = k)| e, 75 + (C? + 22210 5| 4y 357

2

But if we define v > N such that min{l—:—,, 2(N 1)} > 1-2, and noticing that [Ak | < [4k,l' "% p™,
then we obtain the existence of a constant v = v(12, mo, Mo, po, N, boo, Coo,P,T) such that

1 -
Jo s [ ewur <y [m[mu u= k)PP 41| |Ael 3 (B.11)
As pli=c) Ak,p
The result now follows from Theorem 7.2 in [22].

vi) Let p be small and let Q, = {z € Q; dist(x, o) < p}. Then, from v) we have that u € C*(Q2\,). Denote

by k(z) the trace of the function u on I') = 9Q,N Q. The function u satisfies the equation —div(aVu)+cu = f

on 2, with boundary conditions u =k on [, and u =hon [g. Since k and h are Holder continuos we obtain

from standard results, see [22], that u is Holder continuous on ,. Combining both results we prove vi).
This proves the lemma.
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