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Resumo

Neste trabalho provamos a sincronizagdo de dois problemas parabélicos com
condigao de fronteira ndo linear e acoplamento dissipativo na fronteira; isto é, mostramos
que as coordenadas do sistema, formado pelas duas equacoes parabélicas com condicao
de fronteira néao linear (acopladas linearmente na fronteira), estio préximas uma da
outra para tempos grandes. Isto é obtido se os termos nao lineares sio aproximada-
mente 0s mesmos.
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Abstract

In this work we prove the synchronization of two parabolic problems with
nonlinear boundary condition and dissipative boundary coupling; that is, we
show that the coordinates of the system, made of the two parabolic equations
with nonlinear boundary condition (linearly coupled in the boundary), are close
for large times. This is obtained if the nonlinear terms are approximately the
same.

1 Introduction and Notations

Let & C RY be a bounded smooth domain with T' := 9Q. Consider the parabolic
problem

w(t,z) = Au(t, z) + fi(u(t,z)) t>0, z€Q,
u(t,z) = Av(t, z) + f2(v(t,z)) >0, z€Q,
g =g1(u)—k(u—v) t>0, z€T,

2L =gy(v)+k(u—v) t>0, z€T,

on

(1.1)

d:ll:
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where £ is a positive parameter, f; : R—R, and g; : R—R,, i = 1, 2, are locally Lipschitz
functions satifying

1P |f1(s) = f2(s)| < Cf and SUp 191(s) = 92(s)| < C. (1.2)

for some Cy and C,. We remark that, if (1.1) is dissipative (1.2) can be assumed
without loss of generality (as we will see later).

The aim of this work is to show that there exists ky > 0 such that, for & > ko, any
globally defined bounded solution (u(t,-),v(t,-)) of (1.1), in an appropriate Banach
space Y, will satisfy

Jim [lut, ) —v(t, )y < C(CsH +1Cyl),

with Cf, C, as before, and C independent of k. Notice that if f; = f, and g; = g¢s, an
immediate consequence of this result is that

Jim {lu(t, ) — v, -)[ly = 0.

Such property is called synchronization.

In order to obtain that the problem (1.1) is locally well posed, we need to introduce
some notation and results. To solve problems like (1.1), we always work with a family
of Banach spaces, in which the initial data can lie and the nonlinear terms are well
behaved. For this we introduce an appropriate scale of Banach spaces. The results
presented now can be found, with details, in [3, 4].

Consider the linear operator A = diag(A, A), where A : D(A) C LY(Q)—L(Q), is
given by

D(A) = {¢ € W*1(Q); 3t = 0, in T} :=Wy'(Q);
(1.3)
Agp=—-N¢.

Let E; := D(A) and EJ := L%(Q). Taking [+, ] the complex interpolation functor
of exponent 6, A has an associated scale of Banach spaces, see [6], that for 0 < a <1
is given by E? = [E], E{],. Let EY := ES x EZ.

1

We have that for every o > § the inclusion E¢ C Ef is compact, Ef = W(Q, R?)

and
EX = W' (Q,R?), LY(Q,R%)]o — H*(Q,R?), (1.4)

where a € (0,1), and H?*(€,R?) are the Bessel potential spaces, see [6]. We can
extend this scale to Banach spaces of negative exponents, by taking

E;*:=(E%), a>0. (1.5)

Also, the operator A can be extended to act on these spaces in such way that its
realization, A,_, verifies A,_; : E;‘—>E§“1 and is a sectorial operator, for 0 < a < 1.
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Therefore, we are considering problems of the form

z(t) = —Az(t)+ 3L Fi(z(), ¢t >0
z(0) = o,

(1.6)

where A is the operator defined previously, and F;, i = 1, 2 are suitable functions, which
we will define below. Let {X“, a > 0} be the scale of Banach Spaces constructed above
(shifted if needed). We are looking for solutions of (1.1) defined as follows.

Definition 1.1 We say that a function z : [0, 7]—=X" is an e-regular solution to (1.1)
if z € C([0,7]), X') N C((0, 7], X'*%), and z(t) satisfies

t n
z(t) = e~ Atz +/ e~ Alt=9) Z Fi(z(s))ds.
. i=1

A reason to work with the scale of Banach spaces constructed above is that we can
solve the problem (1.1) in the two following senses:

Definition 1.2 Foruy € W4(Q, R?), a variational weak solution of (1.1) is a function
u € C([0,7), WH(Q,R?)) such that

d
- Qu¢+/QVuV¢—-/QF(u)¢+/FG(u)¢, (1.7)
for every ¢ € Whe' (Q,R?), where for v = (vy,v;) € R?,
F(v) = (fi(v1), fa(va)) (1.8)

G(v) = (91(v1) — k(v1 — v2), g2(v2) + k(v1 — v2)).

Definition 1.3 For uy € L9(Q,R?), a variational very weak solution of (1.1) is a
function u € C([0,7), LI(Q, R?)) such that

% Qu¢—/QuAd>=/QF(U)¢+/PG(u)¢, - (L9)

for every ¢ € W7 (Q, R?), where W4 (0, R?) consists of the functions in W27 (Q, R?)
with zero normal derivative on ', F' and G are given in (1.8).

However we need to impose some growth restrictions on the nonlinearities f;, g;, ¢ = 1, 2
of (1.1). These growth restrictions are expressed as follows:

(C1) In order to obtain solutions in the sense of Definition 1.3, assume that f;, g;,
1 = 1,2 satisfy a relation of the form

|h(w) — h(v)| < clu — v|(Jul’~t + [v|P~t + 1), u,v€R, (1.10)
with exponents p; and p;, ¢ = 1, 2 respectively, such that, if N > 1,
2 :
pi < pr :zl—i—Nq and mgpg:=1+%, 1= 1,2,

where the second inequality is strict when N = 1.
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(C2) In order to obtain solutions in the sense of Definition 1.2, assume that

1. ¢ > N,

2. ¢ = N and for every n > 0, there exists a constant ¢y > 0 such that f; and
gi, ¢ = 1,2, satisfy a relation of the form
P
|h(u) — h(v)] < eplu — o] (M7 4 e™IT=T) 4 v e R, (1.11)

3. 1< g< N and f;, g;, © = 1,2 satisfy (1.10) with exponents p; and 73,7 = 1, 2
respectively, such that,

and p; < p,:=1+

2q
PiSPf5:1+N_

Then we have the following result from [4].

Theorem 1.1 Assume that f;, g;, © = 1,2 satisfy the growth restriction (C1). Then,
for every uo € LY(Q,R?), there ezists a unique local solution, u(-;ug), of problem
(1.1) in the sense of Definition 1.3, such that w(0;ug) = ug. This solution depends
continuously on the initial data uy € LI(Q, R?). Furthermore, this solution is a classical
solution for every t > 0.

Also, if fi,gi, © = 1,2 satisfy the growth restriction (C2), then for every u, €
Wh4(Q, R?), there ezists a unique local solution, u(-;ug), of problem (1.1) in the sense
of Definition 1.2, such that u(0;uo) = uo. This solution depends continuously on the
indtial data ug € WH(Q, R?). Furthermore, this solution is a classical solution for every
t>0.

In order to show global existence of solutions for (1.1), we will impose some sign
restrictions on the nonlinear terms of (1.1). Assume that there exist constants By, C, €
R and B;, C; > 0 such that for every u € R,

ufi(u) < —Cou? + Cilul, (1.12)
ugi(u) < —Bou? + B |ul, '

© =1, 2. In addition, to prove the existence of a global attractors for the problem (1.1),
we will need to impose that the first eigenvalue, A, of the problem

{—Au—!—C’ou:/\u in €, (1.13)

% 4 Byu=0 in T,

is positive, where By, Cyy are given in (1.12). With all these, we can prove the principal
result of this work:
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Theorem 1.2 Under the all above assumptions, there ezists a constant ko > 0 such
that for every k > ky,

tllf& “u(t, ) - U(t, ')“L°°(Q) = C'(|Cf| + ngI),
where Cy e C, are given in (1.2). Moreover, if fi = f, and g, = go, then
Jm [Ju(t, <) = v(t, )| oe(@) =0,

for every k > k.

Synchronization of coupled parabolic problems have been previously considered in
[7] for homogeneous Neumann boundary conditions and with the coupling acting inside
the region. The synchronization there obtained is not uniform as it happens here.

This paper is organized as follows: In Section 2 the positivity and comparison results
introduced in [5] are extended to include problems of the form (1.1); in Section 3 we
obtain global existence of solutions to (1.1) and existence of global attractors; in Section
4 the synchronization is proved and finally in Section 5 an example is considered.

2 Positivity and Comparison Results

In this section, we give some positivity and comparison abstract results, then we ap-
ply these results to obtain global existence, asymptotic properties and synchronization
of solutions of problem (1.1).

Definition 2.1 An ordered Banach space is a pair (X, <), where X is a Banach space
and < is an order relation in X such that

o v <y impliesz+ z <y+ z, for everya:,y,zeX;
e z <y implies \z < \y for A € Rt and z,y € X;

e The “positive cone” C = {z € X;0 < z} is closed in X.

Definition 2.2 Let (X, <) be a ordered Banach space. A function T : X—X is said
increasing if and only if x < y implies T(z) < T(y), z,y € X, and its is called
positive if and only if 0 < = implies 0 < T'(z), z € X.

Definition 2.3 A sectorial operator A in an ordered Banach space X is said to be
resolvent positive in X if for every A > \g, (A + \)7! is increasing in X, Ao € R.

Remark 2.1 Observe that to say that A is resolvent positive in X, is equivalent to the
following comparison result: for every A > g and f < g in X, if Au+ \u = f and
Av+ v =g, then u < v in X.
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Now, let us consider problems of the form

us + Au = f(u)
in an ordered Banach space X, where A is a sectorial operator which is resolvent positive
in X. Assume that we have constructed, as in Section 1, a scale of interpolation spaces
X% a >0, with X% = X and X! = D(A). In each X®, we will consider the order
induced by X. Throughout this section, the scale X* will satisfy the following definition

Definition 2.4 The scales of Banach spaces X%, a > 0 is an Scale of Ordered Spaces
if the injections X® < XP o > B are positives, A, : X1 5X* o > 0, s resolvent
positive and the positive cone of X® is dense in the positive cone of XP for every
a>p2>0.

We will assume that the nonlinear term in (2.1), £, is subcritical in a certain space
X1+e e >0, that is, there exists a v > 0 with 0 < 14+¢—+ < 1 such that f : X1+e— X7
is locally Lipschitz. Moreover, suppose that the problem (2.1) is locally well posed in
X'. Then we have the following result about positivity (see [5] for a proof)

Theorem 2.1 Under the all assumption above, assume that for every r > 0 there
ezxists a constant = [(r) > 0 such that f(-) + BI is positive on the positive elements
in the ball in X'+ of radius r. Then, if 0 < up € X the solution u;(-;up), of (2.1), is
positive while it exists.

Concerning comparison, we have (see [5] for a proof)

Theorem 2.2 Let A and X as above. Assume that the nonlinearities f, g and h satisfy
the same conditions as describe above for f. Then,

(i) Assume that for every r > 0 there ezists a constant 8 = B(r) > 0 such that f(-)+8I
is increasing on the ball in X' of radius r. If ug,u; € X', with uy < uy, then
Uf( “3ug) < uf( -;u1) while they ezist.

(ii) Assume that f, g verify f(-) < g(-). Then, for any ug € X', us(-;u0) < ug(-;uo)
while they exist.

(iii) Assume that f, g are such that for every r > 0, there ezists a constant § = B(r) >
0 and an increasing function h such that f + I < h < g+ BI on the ball in
X' of radius r. If ug,uy € X' with ug < ui, then up(-;up) < up(-;ue) while
they ezist.

Now we will apply the abstract results above to the problem (1.1). First, we will
define an order, <, in L9(Q,R?). Let f = (f1, f2), 9 = (91, g2) be functions in LI(Q2, R?).
We say that f < g if f; < g, and fo < g2, where < is the usual order in L7(Q2). It is
clear that (L(Q, R?), <) is a ordered Banach space.
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Let us consider now the operator B defined by B : D(B) C LY(Q,R?)—LI(Q, R?)
with

D(B) = {¢ € W(Q,R?) ; —%& — bgpy = %2 + bgyy = k(¢ — o) in T},
(2.2)
B =—-A¢ + co.

We have the following result

Proposition 2.1 The operator B as given in (2.2) is a sectorial operator and resolvent
positive in L9(2, R?).

Proof: We will prove only that the operator B is resolvent positive in LI(Q, R?), in
the sense of Definition 2.3.

Let f = (f1,f2) be functions in L7(Q2, R?) such that 0 < f. Then, 0 < fi, f» in
L%(2). Consider now the following elliptic problem

—Aul + cuy + /\’Uq f1 in
—AUQ + cuq + /\’LL2 f1 in
%1+ buy +k(ug —ug) =0 in
&2 +bus —k(ug —uz) =0 in

(2.3)

EINER =)

Notice that from Remark 2.1 it is enough to show that there exists )\q such that for
every A > A, 0 < u, that is, 0 < uy,uy in LI().

Now, consider the following change of variables w = u; — uy and z = u; + uy, that
is, u; = “*£ and uy = (2.3) we obtain, in the new variables, the
following elliptic problem

“-Aw+cw+ w=fi—fy in Q;
—Az+cz+)\z—f1+f2 in

+(b+2k)w=0 in T
gz Z4+bz=0 in T.

Let Z be a solution of the elliptic problem

—A,_Z-+CE+/\E=f1+f2 in Q;
%Z 4+ (b+2k)z2=0 in T.

Since k > 0, the Maximum Principle (see [14], page 78), for elliptic problems implies
that 7 < z in L9(Q2). Therefore, ¢ := w+Z < w+ z in LI(R), and ¢ is a solution of
the problem

—Ap+cep+Ap=2fi in O
2+ (b+2k)p=0 in T.

But 0 < 2f; in L9(Q), then there exists \g € R such that for every A > Ag, 0 < ¢.
Hence, we conclude that for every A > Ag, 0 S 2 =y, in LI(Q).
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Similarly, we show that 0 < wuy in LI(Q), for every \ > Ao, then we get the
result. [ |

As in Section 1, we can construct a scale of Banach spaces, X3y @ e [=1,1],
1 < ¢ < oo, to the operator B as defined in (2.2). Assume that the constants ¢ and b
on (2.2) are such that the first eigenvalue of B is positive. Then, with the Proposition
2.1 and the Theorem 2.7.2 from [2], we can show the next result

Theorem 2.3 For every 1 < ¢ < oo and a € [0,1], X is a ordered Banach space,
with the order induced by LI(2, R?). The space X, % is an ordered Banach space with
the dual canonical order, that is, 0 < u in Xy if and only if 0 < (u, @) for every
¢ € Xg.

For v > (3, the inclusion Xg—>Xf is positive and the positive cone of X, is dense
in the positive cone of XP.

Furthermore, By_1 : X;"—>X;'"1 is a sectorial operator and resolvent positive.

For smooth initial data, an immediate consequence of the abstract results of this
section is the next result concerning positivity and comparison to the solutions of

the problem (1.1). Since the solutions of (1.1) depend continuously on initial data in
Wh4(Q,R?) or in LI(Q, R?), we obtain the next corollary

Corollary 2.1 Suppose that for i = 0,1,2 the functions f;, g; satisfy the assumptions
of Theorem 1.1. Then

(i) Assume that f;(0),;(0) > 0,7 =1,2. If 0 < g, then 0 < u(t;uo), while it ezists.
(i) If uo < uy, then u(t;uo) =< u(t;uy), while they eist.

(iii) Assume that for every u € R, fo(u) < fi(u) and go(u) < g;(u), for i = 1,2. If
Ug = Ui, then U’(tv uO)angO) = U(t, ul:fl) f2)gl’g2)7 while they ezist.

Where “X” denotes the order defined in this section to the space in which the initial
data u;, i = 0,1 belongs, that is, L1(Q, R?) or WH(Q, R?).

Let F;, G; : RZ—R be functions locally Lipschitz, and consider the problem

wy = Aw + Fi(w, 2) in Q,

2 = Az + Fy(w, 2) in Q,
g—’ril’ = G (w, 2) in T, (24)
5= = Ga(w, 2) in T.

With a similar argument, we obtain the next result

Corollary 2.2 Suppose that the problem (2.4) is locally well posed in LI(Q,R?) or
Wh(Q, R?) and denote by u(t;uo) = (w(t; uo), 2(t; uo)), such solution. Then,

(i) Assume that F;(0,0),G;(0,0) > 0, 1 = 1,2. If 0 <X wug, then 0 =< u(t;uy) =
 (w(t;uo), 2(t; ug)), while it exists. '
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(i) If uo < w1, then u(t;ug) < u(t;uy), while they ezist.

(iii) Assume that for every w,z € R, Fy(w,2) < Fi(w,2) and Go(w, z) < Gi(w, 2),
fori=1,2. If up = uy, then u(t; uo, Fo, Go) =< u(t; u1, F1, F3, G1,Gy), while they
exist. '

Where “<” denotes the order defined in this section to the space in which the initial
data u;, © = 0,1 belongs, that is, L1(Q,R?) or W14(Q, R?).

3 Global Existence and Existence Attractors

In this section we will prove that the solutions obtained in Theorem 1.1 to the
problem (1.1) are globally defined. We will also show some asymptotic properties of
such solutions. Here we follow the ideas contained in [5]. We start with the following
lemma

Lemma 3.1 Suppose that the first eigenvalue, A1, of the problem (1.13) is positive.
Let M\ (k) be the first eigenvalue of the problem

—Au+ Cou = \u n
—Av+ Cov = M\ n
%+ Bou+k(u—v)=0 in
%—FBOU—k(u—v):O in

-

cick=}=

where By, Cy are given in (1.12). Then, (k) = Ay > 0, for every k > 0.

Proof: Let us consider the following change of variables w = u — v e z = u + v. From
(3.1), we obtain that A;(k) still is the first eigenvalue of the problem

—Aw + Cyw = \w in Q,
—Az+ Coz = Az in Q,
a—’;-{-Bow-i—%w:O in T,
% + Byz=0 in T.

Notice that the above problem is decoupled. Denote by u;(k) the first eigenvalue of

—Ap+Cop=Xp in Q
% + Byp+2k¢p=0 in T.

The results contained in [9], page 399, imply that p;(k) > X\; > 0, for every k > 0. The
result is proved. u

- The next result is a technical lemma, and your proof can be found in [2, 11].
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Lemma 3.2 Consider the operator B as defined in (2.2) with ¢ = Cy and b = By,
where Co, By as given in (1.12). Assume that the first eigenvalue, \;, from (1.13) s
positive. Let ag be a positive constant and q € (1,00). Then, there ezists a constant
My = My(B, M\, N, q, ) such that for every ag > o > B > —ay we have

”e—Bt

Ug Xg S Mle"’\ltt_("‘_m||uol|xaq, t> 0, Ug € Xaq.

In particular, there ezists 6 = 6o(q, N) > 0 and a constant My, = M, (B, A1, N, q) such
that

lle™ P ug|| oo (yr2) < Mw_'\ltt_éo“UOHLQ(Q,RZ), t>0, up € LYQ,R?).

Theorem 3.1 Suppose that the functions f;, g; t = 1,2 satisfy (C1) or (C2), respec-
tively. We have

(i) If fori=1,2 f; and g; verify (1.12), then the locally solutions of (1.1) as given in
the Theorem 1.1 are globally defined.

(ii) Also, assume that the first eigenvalue, A1, of (1.13) is positive. Then, there ezists
a positive constant Ko, such that

liin sup |[u(t; uo) || Lo (o,r2) < Koo, (3.2)
—00

with the limit above being uniform to uo in bounded subsets of LI(Q,R?) or
Wha(Q, R?), respectively.

(iii) If the assumptions of (i) and (i) hold and if ¢ = (¢1, ¢2) is the solution of the
elliptic problem

—A¢1 + 00(251 = Cl mn
—A¢g + Coppy = C4 mn
?{—1 + Bo¢1 + k(¢1 — ¢2) = B, n
2= + Body — k(¢ —¢2) =By in

then 0 < ¢y, ¢ € L®(Q2). If u(t, z;u0) = (w1 (¢, T;u0), ua(t, 7;ug)) is the solution
of (1.1) with inttial data uo = (u§, ud), we have for i =1,2

(3.3)

MH 55

lim sup |u;(t, z;u0)| < ¢i(z),

t—o0

uniformly in © € Q and for ug in bounded subsets of LI(, R?) or Wh1(, R?
=i

Js
respectively. Indeed, if fori = 1,2, |u| < ¢;(z) for every z € Q, then for i 2,

l’u’i(t7$>u0)| S ¢i(x)7 Vz = ga vt Z 0.
Proof: The proof of this result is similar to the proof of Proposition 3.1 from [5]. ®

~ From Theorem 3.1 and the results of [10], we obtain the next result
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Theorem 3.2 Let us consider X = LI(Q,R?) or X = W(Q,R2), respectively and
suppose that for i =1,2 f; and g; verify (C1) or (C2), respectively and (1.12). Then,
the problem (1.1) has a global compact attractor Ax such that

Ax C E(1,¢2) :={u € L®(Q,R?); |us(z)| < ¢i(z),Vz € Q, i=1,2}.

Now the main idea is to find estimates, independent of the constant k, to the
elements of the global attractor Ax. Before, we need to show the following lemma.

Lemma 3.3 Let ¢ = (¢1, ¢2) € H'(Q,R?) a weak solution of the elliptic problem (3.3).
Assume that the first eigenvalue, A1, of (1.13) is positive. Then, ¢ € L*(Q,R?) and
fori=1,2

il Loy < C(|B1] +|Ch), (3.4)

where C'= C(|Q|, A1, N). Furthermore, there ezists ky > 0, large enough, such that the
constant C' in (3.4) can be chosen independent of k, for every k > k.

Proof: Introducing the change of variables 1; = ¢; — ¢ and 1), = @1+ @2, the Lemma
8.1, item (iii) from [5] implies the result. [ |

Finally, from Theorem 3.2 and from Lemma 3.3 we have

Theorem 3.3 Consider X = L1(Q,R?) or X = WH4(Q, R?), respectively. Fori=1,2
assume that the functions f;, g; verify the conditions (C1) or (C2), respectively and
(1.12). Suppose that the first eigenvalue, )1, of (1.13) is positive. Then,

sup ||v]|zee(ar2) < Ko,
vEAx

where K() = K0(|F], )\1, Co, Cl,B(),Bl).

4 Synchronization in Parabolic Problems

In this section, we will show that the problem (1.1), for functions f; and g;, 7 = 1, 2,
verifying conditions as the ones given in the Sections 1 e 3, “synchronize” in the sense
that the coordinates u and v are close to one another if f;, g; are close to f, go. Let
us consider the following problem

ur = Au+ f1(u) in Q,

vy = Av + fo(v) in Q, (4.1)
% =g(u) —k(u—v) in T, '
st =092(v) +k(u—v) in T.

Let (u(t;u),v(t:vo)) be the solution of (4.1), with initial data (ug,v) € X, where
X = L(Q,R?) or X = Wh(Q,R?), as the previous sections.
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The results from Section 3 imply that there exists a bounded set &, C R?, such
that for £ > 0,

(u(t; uo)(2), v(t; vo) (2)) € o,

for any z € Q, ¢ > 0 and for every (ug,vp) € X, where X = L9(Q, R?) or X =
Wh4(Q, R?). Therefore, let L; and L, be positive constants such that, for every (u,v) €
Yoand 1 =1,2,

Ifl(U)—fl(U)ISLf,U—’UI, (42)
|91(w) = g1(v)| < Lyglu — v.
We can assume, without loss of generality, that (1.2) and (4.2) hold for every u,v € R.

Let us consider the change of variables, w = u — v and z = u + v, in (4.1). Then
we obtain that (w(¢;wy), 2(¢; 20)) is a solution of the problem

Aw+f1(w+z) f2(55%) in Q,

= Az + fi(%=) + f2(52) in 0, (4.3)
3— = q1(%F%) - 92( “)—2kw  in T, '
5-,";—9(1”“)+g( ) in T,

with initial data wy = ug — vp and 2y = uy + vp.
The next two results will be essential to the development of this section.

Lemma 4.1 Let (w(t;wo), 2(t; 20)) be a solution of (4.3), with initial data (wo, zy) as
defined above. Then,

w(t, wo)(z) S W(t; lwol)(z) and z(t, 20)(z) < Z(t; |20]) (2), (4.4)
for every t > 0 and x € Q, where (W(t; |wo|), Z(¢; |20])) is the solution of the problem

= AT + L|w| + C; in Q,
= AZ + f1(BE) + fo(5E) in Q, (4.5)
9——-L|wl+0—2kw in T, '
_gl(w+z)+g (w z ZTZ 1-\,
with initial data (UO,EO) = (Jwol, |20])-
Proof: For z,w € R, let us consider
Fi(z,w) = fi(552) — A(5FY) + f1(552) — H(52),
FZ(Zaw) = fl(z-;w) + f2(z;w),
Gi(z,w) = g1(55%) — 91(552) + 91(552) — 92(55Y) — 2kw,
Ga(z,w) = g1(252) + g2(55Y).
Then, from (1.2) and (4.2) we obtain that
Fi(z,w) < Ly|lw| 4+ Cf; and Gi(z,w) < Lyw| + Cy — 2kw.
Since wy < |wg| and 2o < |2¢], the Corollary 2.2 shows the lemma. [ |

- With obvious modifications, we can prove the next result
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Lemma 4.2 Let (w(t;wo), z(t; 20)) be a solution of (4.3), with initial data (wo, 20) as
defined above. Then,

w(t, wo)(z) = w(t; —|wol)(z) and 2(t,20)(z) > 2(t; —|2|) (z), (4.6)

Jor everyt > 0 and x € Q, where (w(t; —|wo|), 2(t; —|20|)) is the solution of the problem
wt:AM—Lf|%|“Cf n
2= Az s e in Q

g—% = —_L_:|£| (—209) . 52;2 | in T, (4.7)
s = 91(%55) + 9:(%2) in T,

with initial data (wy, 29) = (—|wol, —|20]).

We are interested in estimating the difference u(t; uo)(z) — v(t; v)(z), for t > 0
large enough, and for every z € Q. Thus, from now on we will work only with the
inequalities to w(t; wp) as given on Lemmas 4.1 and 4.2.

Since |wo| > 0, the Corollary 2.2 item (i) implies that @(t; |we|)(z) > 0 for every
t > 0 and z € Q2. Therefore, w(¢; |wo|)(z) satisfies the problem

W, = AW+ Lyw + C in Q,
B = +Lw+Cy—2kw  in T,

on

(4.8)

with initial data |wy.
Now consider the change of variables @ = W — ¢1, that is, W = @ + ¢y, where ¢; is
solution of the elliptic problem

—A¢1 = +Lf¢1 + Cf in Q,

Y = 4L, +Cy—2kéy in T. (4.9)
Thus, (4.8) and (4.9) imply that @(%; |woe| — ¢1(0)) is solution of the problem
'lI}t:A'(D+Lf’lI1 in Q,
%0 — [ —-23% in L. (4.10)

To show some properties concerning synchronization of solutions of the problem
(4.10), we need to study your associated eigenvalue problem. Consider now the follow-
ing eigenvalues problems

—Aw = K in Qa
{ %‘L)‘ + (2k - Lg)w =0 in T, (4.11)
and
—Aw = pw in Q,
{ w=0 g in T. (4.12)

To apply the results contained in [9], we need to put some restriction on the boundary
condition in (4.11). expressed as follow

0 :=2k— L, > 0. (4.13)

Such restriction is the first condition on the constant k, of the problem (1.1), to
obtain the desired synchronization.
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Lemma 4.3 Consider 0 as in (4.13), and let u1(0) and poo respectively, be the first
eigenvalue of the problems (4.11) and (4.12). Then,

i) =t{ | [VoP+0 [ 168 | o€ H'(®) and [4ley = 1.

Furthermore,

() < poo and  lm gy (0) = pioo.

0—+o0

Proof: The first part of this lemma is a result well known, see [9]. An immediate
consequence of this result is that p1(6;) < pi(62) for 8; < 6. Also, since Hi(Q) <
H'(S), we obtain that for every 6 > 0,

m(®) = il [ [VoP+0 [167 | 6 € @) and Iolley = 1)

< inf{ [ V9P | $€ YD) and Loy = 1)
= fse:

But p(0) is increasing and bounded, then the next limit exists and limg_, o pi(0) <
Ioo- Thus, there exist sequences {0,,n > 1} C R, ,— + 0o and {¢,,n > 1} C H(Q)
with [|¢p||z2() = 1, for every n > 1 such that

/Q|V¢nl2+enfr|¢n|2 < ico.

Therefore, {¢n,n > 1} is bounded in H'(2). Then, there exist a subsequence, which
we also denote by {¢,,n > 1}, and ¢ € H'(Q) such that

¢n—¢ in H'(Q) and ¢,—¢ in L*(Q),
and similarly,

Y(#n)—v(¢) in L*(D),

where 7 denotes the trace operator. Thus, ||¢[;2@) = 1, and since #,—oco and
Onl|dnllL2(ry is bounded for every n > 1, we obtain that

/]¢n|2—+0, as n— + oo.
r

Hence, ¢ € H}(Q2). Now, we have

2 o 2
/QIVcﬁI Slérili&f/{zlv¢nly
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then
lim /|V¢n|2+9n/|¢nl22/|V¢|22uoo-
oo fa g Q

Since the argument utilized is independent of the sequence we take, we obtain the
result. [ |

An immediate consequence of the Lemma, 4.3 is that the first eigenvalue, u;(k), of
the eigenvalue problem

~Ap-Lip=pp i Q
: 4.14
{%+(2k~L9)w=o in T, (14)
can be made positive if and only if
Lf < fliss: (4.15)

With all these, we can prove the next result.

Theorem 4.1 For i = 1,2 let f;, 9; : R=R be locally Lipschitz functions satisfying
(C1) [(C2)], (1.12) and (1.2). Suppose that the first eigenvalue of (1.13) is positive.
Also, assume that the constants Ly, Ly in (4.2), verify (4.13) and (4.15). Then, there
exists a positive constant kg = ko(Q, f1, f2, 91, 92) such that for every k > ko, a.a. z € Q
and for every wo = ug — vo with (uo,vo) € LI(Q, R?) [(ug,vo) € Wh4(Q, R?)] we have

lim sup W(t; |wol) (z) < |61l (02),
t—00

where ¢, is the solution of the elliptic problem (4.9).
Proof: Taking k satisfying (4.13) and (4.15), it is easy to see that
[[@(E; [wo| = ¢1(0))l|o(@) =0, as t— + oo,

where 10 (2; |wo| — #1(0)) is solution of problem (4.10).
Since W(t; |wol) = W (t; |wo| — ¢1(0)) + ¢1 and W(E; |wo|) > 0, we have completed the
proof. [ |

In a similar way we have

Theorem 4.2 Assume that all assumptions of Theorem 4.1 hold. Let ky be a constant
found on Theorem 4.1. Then, for k > ko, a.a. z € Q and for all wy = ug — vy with
(w0, v0) € LU(Q, R?) [(ug,vo) € WH(Q, R?)], we have

lim inf w(t; —|wol)(z) 2 —||¢2llL=(n),

t—o0
where ¢9 is solution of the elliptic problem

—AQSQ = +Lf¢2 - Cf m Q,

1 — [ gy—C,—2key in T. (416}
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Therefore, the Lemmas 4.1 and 4.2 and the Theorems 4.1 and 4.2 imply that,

w(t; —|wo|)(z) < w(t; wo)(z) < W(E; Jwol)(x),
(4.17)

|2l zeo() < liminfy e w(t; wo)(z) < lim sup,_, ., w(t; wp)(z) < 61| Lo ()

for every z €  and for any wy = ug — vy with ug, vy € X, where X = L¢ (2, R?) or
X =Wh(Q,R?).
The next result is an adaptation of the Lemma 8.1 item (iii) from [5].

Proposition 4.1 Assume that all assumptions of Theorem 4.1 hold. Then, there exists
a positive constant ko = ko(S, f1, fa, 91, 92) such that for every k > ko, we have, for
g=1.2,

[6illzeo(@) < C(ICs] + |Cy)),

where C = C (R, f1, f2, g1, 92) > 0 and ¢1, ¢, are solutions of (4.9) and (4.16) respec-
tively.

Proof: First we will show a bound, independent of k for k large enough, for the
L?(2)-norm of solutions of the problems (4.9) and (4.16).

The restrictions on & imply that L, := 2k — L, > 0. Thus, multiplying the first
equation of (4.9) by ¢; and integrating by parts we obtain that

/S;|V¢1,2—LfL¢%+Lkﬁ¢%_0f[)¢1—cg/r‘¢120. (4.18)

Taking ¢ = ¢, — 2—%’;, and using that the first eigenvalue, p;(k), of (4.14) is positive,

(4.18) implies that
B[ #ra[sraso
Q Q

3C2L
where C; := —(Cy + EI%) and C, := (IFI4Lk + |Q|(—4%rf e %Lﬁ:))

From Young inequality, with € = lczlkl), we have that

G129

Zo)

2|Cy| +

161|220 \/—

Thus,

210yl + JCHOL , Gl
61l <~y 21001 + S+ S

Now, the Lemma 4.3, and the expression of € and Cy imply that for & > ko, there
exists a positive constant C' = C(||, |T'|, f1, f2, 91, g2) such that

I1llz2) < CUCY] +1Cq)).
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With the same arguments we obtain that the expression above holds for ¢2, the solution
of (4.16).

Next we obtain estimates in L*(Q) for ¢;, ¢ = 1,2. In (4.9) choosing k; > 0 such
that 2k; — L, = L, then for every k > k; we have 2k — Ly > L,. Let us define

T 1= max{%,l}.
g

For every r > rq, consider ¢ := (¢; — r)* and

Ari={z€Q : ¢i(z)>r},

where ¢, is the solution of elliptic problem (4.9).
Multiplying the first equation of (4.9) by ¢, integrating by parts and using the
definition of ¢, it follows that

léWW”H%—LJAﬁ—LQLﬁ=L&%+Lﬂw+zﬁ%—@k—%ﬂw-

The definitions of ry and ¢ imply that

7 _ 2 _ 2
/QI'\‘¢|2+(2k Lg)/Fqﬁ Lf/nfls s/Q(Cf+Lfr)¢. (4.19)

Since the first eigenvalue, u;(k), of (4.14) is positive for every k > ky satisfying the
conditions on Theorem 4.1, we have that

min{1. Ly} ([, IVo]* + [ 4%) Sf Vo[> + (2k — L) [;. ¢
< 1+L[)(C[+L£r fQ

Denoting by M := ILLM we obtain that
g w1 min{1,Lg}

AWW+A&SMAML

Now, an inequality due to Maz’ja [13] implies that there exists a positive constant
Cs; = C3(|?|, N) such that

||¢|Iiﬁ%(m < C3(fIVOP + [ 8?) < CsM [, ||
< CsMIQY?| 6| 1o o
< CsMIQIMYP|Ig]| (o[ AN,

Thus,

161l g, < CaM|Q[M?| A, [/ 1+ 1N,
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Taking p = 2N, we obtain, from Lemma 5.1 in [12], that

N+1
N

max{¢1(z), = € Q} < CsM|Q"* ro||¢a|zr(a,,)

Changing ¢; by —¢; we have that

N+1
61]|ze0(@) < CsM|Q|*N 7y v 11llzica,)-

Using the first part of the proof of this result, we obtain that

N+1—
(G| +1Cy ).

|¢1]| o) < CaM|QIM?N 1

The expressions of M and Cj, as given above, imply that there exists a positive constant
C = O(Q7 |F|’ Na f17 f2’ gl,g2) SUCh that

[61llzeo@) < C(ICs| +1Cy)),
for k large enough. Similarly, we have the same estimate for ¢,, solution of (4.16). =
Finally we have

Corollary 4.1 Suppose that all assumptions of Theorem 4.1 hold. Then, for every
(wo,v0) € LI(Q,R?) [(uo,v0) € WH(Q,R?)] there exists a positive constant ky =
kO(Qa fl)fZaglaQZ) such that fOT every k > kO,

i sup (5 w0) = (s ) ey < C(ICH] + [Gy ),

—00

where Cy and C, are given in (1.2) and C' > 0 is the constant from Proposition 4.1.
Moreover, if fi = fo and g, = go, then

tllglo llu(t; wo) — v(t; vo)llLoo(ay = 0,

for every k > k.

5 An Example

In this section, for Q2 = (0,1) and functions f and g satisfying the conditions of
previous sections, we will calculate in a precise way, the value of ky = ko(Q, £, g) as
given in Section 4. For simplicity we will work in L?(Q, R?).

Let be 2 = (0, 1) and consider the problem

U = Au + f('Uz) in Q7
v =Av+ f(v) in Q,
&t =g(u)—k(u—v) in T,

2_5 =g(v)+k(u—v) in T.

1

1
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From previous sections, we know that to obtain sychronization of solutions of the
problem (5.1) it is enough to show that the first eigenvalue, pa(k), associated with the
problem

wy=Aw+Liw in Q,
- (2k-Ly)w=0 in =0, (5.2)
+(2k-Ly)w=0 in z=1,

is positive.
Let us consider § = 2k— L,. The first restriction is that # must be positive, therefore

we must have k > L, > —21
Let Ay : D(Ag) C L*(2)—L?(Q) be the operator defined by

D(As) ={p € H*(Q): ¢:(0) = 64(0) and ¢,(1) = —64(1)} (5.3)
A9(¢) = _¢zz7 )

and consider the following elgenvalue problem Agp = pé. If p = 2, then v is given
by cot v = G(3), where G(s) = (% — —) Notice that fixed 0 < v < 7, we have that

limg_)+oo G(%) = —OQ.
Now, if Ly € (0,7?%), there exists 6 > 0 such that cot /Z; = %(%—OL_’ - \/‘9—%=),
!

observe that 6, is given by

6o = — cot \/_\/_+\/—\/cot VIL)?+1.

Therefore, for every 6 > 6y, that is, for

6
k > Lg + EO = kO(Qaf,g)a
the first eigenvalue, u,(k), associated with problem (5.2), is positive. Thus, the Corol-
lary 4.1 implies that for every k& > ko(Q, £, g),

Hm {Ju(; uo) — v(¢v0)llzee() = 0,

t—+00

for any (uo,vo) € L*(Q, R?).
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