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Abstract

The purpose of this note is to try to answer some questions about the
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immersion problem of the real flag manifolds in Euclidean spaces”.
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1 Introduction

Let M™. N" be compact connected without bonndary differentiable ma-
nifolds and [ : M — N a differentiable mapping. If T(M). T(N) are
their corresponding tangent bundles. [ induces a bundle homomorphism
df : T(M) — T(N). The mapping [ is called an immersion if df(z) is a
monomorphism for each x in the manifold. In this case n > m. We call the
integer number n — m by codimension of the immersion.

The natural question then arises: Given manifolds M and N. is there an
immersion of M in N?

The problem we are concerned with in our work intends to assoclate, to
cach real flag manifold F. the least integer number ( F') such that F’ immerses
in R,

Hirsch in [12] locates the essential element related to each manifold that
gives us the minimum codimension, namely, the minimal rank of a normal
bundle of an immersion. He establishes the following result.

Theorem 1.1 M™ can be immersed in R™Y* if and only if there exists a
bundle & of dimension k such that TM S & 1is isomorphic to the (m + k).
the trivial bundle of dimension m + k over M.

So. we need to find the least & among the &%'s that verify TF & £ =
(m 4+ k)e.

As the vanishing of some of the Stiefel-Whitney characteristic classes is a
necessary condition for the immersion, we face our problem, now as a problem
of vector bundles, by dealing with these classes. The idea involved is quite
standard in that the appropriate Stiefel-Whitney class of the normal bundle
is nonzero. In this sense, they provide us with results of obstructions to the
differential manifolds immersions.

We are grateful to a number of people but particularly to Prof. Nelza E.
Barufatti and to Prof. Peter Zvengrowski for their encouragement in writing
this note.

2 Preliminaries (Background of classical re-
sults)

Let G be a compact Lie group of dimension n and H be a closed subgroup
of dimension h.



Cousider the [{-principal bundle (¢ — //H: the adjoint representation
of G restricted to H. Ad|; : H — O(n): the adjoint representation of H.
Ady : H — O(h); and the isotropic representation of . ¢: H — O(n — h).
All the above give us the decomposition Ad|; = Ady = ¢. Here O(n) is the
orthogonal gronp (see [13]. [21]).

This decomposition and the mixing construction give us another decom-
position:

(Ad|y) = (Ady) @ (1)
where (Ad|y). (Ady) and (i) are corresponding vector bundles over G/H.

Classical results show us that (Ad|y) is trivial and that (¢) is isomorphic
to T(G/H) (see [5], [6], [10]).

With this information. we conclude. by Theorem 1.1, that (Ady) is a
normal bundle of the homogeneous space G/ H for some immersion of G/H
in a Euclidean space.

The following commutative diagram contains all the information we need.

H C G EG —— BG

P [ { a T q

G/HC M, (EG)/H =

™ /MH

BO
diagram 2.1

Here EG % BG is the G-principal bundle (known as the classifying
bundle of G. and, in this sense. the universal bundle of &) given by Milnor
construction; gy is the quotient map of the action of i on EG (since EG is
contractible, gy is also a classifving map of H): p is the quotient map of the
bundle we are dealing with; iz, j are inclusions: BAdy is the map induced
by the adjoint representation of I1. Ady : H — O(h); and ¢ comes from the
following fact:



[‘] C l;(l' 3 (1'

CI)H/' V
G/H c BH —— BG

diagram 2.2

As H C G. we have two bundles, namely, a H-principal bundle and a
G-bundle with fibre G/H.

Besides this, the composed map f = BAdy oiy is the classifying map of
the normal bundle over G'/H.

3 The real flag manifolds

The background information below can be found in [2]. [14], [15], [16], [24].

Definition 3.1 Let ny,....ns be positive integers numbers. A real flag of
type (n1,....ns) is a s-ples (Vi...., V,) where each V; is an n;-subspace of
the real Buclidean n-space R™ (n = ny+- - -+ns) and the V;'s are mutually or-
thogonal. The space of all such flags, F(ny, ... ns), may be identified with the
homogeneous space O(n)/(O(ny) % ... x O(ns)) where O(n),0(n), ..., O(ns)

are the suitable orthogonal group.

With this identification. F = F(n,...,ns), becomes a compact con-
nected differentiable manifold of dimension (n? — Y7, n7)/2. We call them
real flag manifolds.

So. these manifolds F are spaces of type G/H where G = O(n) Is a
compact Lie group and H = O(n;) % ... x O(ns) is a closed subgroup of G.
Then we can conclude that the normal bundle of F', n(F), is given by (Adg).

Lam in [16] proves the following result.

Theorem 3.2 The real flag manifold F can be immersed in Fuclidean space
with codimension h where h = dim H =7, (}), provided this codimension
18 MONZEro.

Remark 3.3 The fact that the codimension is zero tells us that we are
dealing with F(1,...,1) and this flag has a trivial tangent bundle. So. it
immerses in codimension 1 (see [16], [24]).



4 Some obstructions to the immersion of real
flag manifolds

Let D(n) be O(1)x...x O(1) (n-times). Then we have D(n) C H C O(h) C

O(n).

A piece of diagram 2.1 gives us the following diagram:

iny BAd

Fa....,1) <Pl ppw) D®) _ Bp(h)
m

Flni,...,ns) <t . BH BAd BO(h)

diagram 4.1

where 7 is the canonical quotient map; BAd is the induced of the adjoint
representation of H, Ad : H — O(h); BAd|p( is the induced of Ad|pn);
g is the map induced by the inclusion D(h) C O(h) as all the other maps
derived from the inclusions.

Taking the cohomology, with coefficients in Z,, we have:

H*(BD(h)) BAYDm)  yeD™Y) ‘DM g, 1)

7.(.*

H*(BO(h)) BAd H*(BH) i H*(F(ny,...,ns))
diagram 4.2

where the vertical arrows are monomorphisms (see [4]).
Therefore, we can transform our study of BAd* and i* into the study of
BAd|p,y and i, o
The cohomology of BD(n) with coeflicients in Zs is a polynomial ring in n
variables T1, . .., Tn, Le., H*(BD(n)) = Zy|z1,. .. ,7,] wherez; € H’(BD(n)).



On the other hand ¢ : BD(n) — BO(n) induces the monomorphism
G* . H*(BO(n)) — H*(BD(n)) on the invariant elements for the symmetric
group in n letters (see [23]).

Then,

(-[_* : Zg [[/Vl,. coy I/Vn] —* Zg [;l'l, SP ,[I.'nl
Wi € H* (BO(n); Za) — ox(z1, ..., Tn)

where W, is the &' Stiefel-Whitney class of the universal bundle of O(n)
and o} is the k™ elementary symmetric polynomial in n variables xy, ..., %,
(see [3]).

The Lie algebra of O(n) has matrices of the form:

0 b12 b13 e bln
_b12 0 b23 e an
—bli} _b‘.23 0 T b3n
—'bln _bZn _b3n T 0

So, the matrices of Lie algebra of H are formed by blocks of order n;,
1 =1,..48.

And more than this, as D(h) = O(1) x ... x O(1) (h-times), h is the
number of generators of H*(BD(h)).

Indexing such generators as the Lie algebra of O(n) we obtain:

0  ti2 -+ tin

0 tm+1 niH2 T t'n1+1n1+n2

_t71,1+1n1+n,2 _tn1+‘2 ni4ng "7 0

and then our BAdI’b(”) is given by:



BAd| "
H(BD()) AP g (BDm)

I i

Zo [t19s- - - o bimy s bgss o s bomyy oo e stuoin] — Zo [y, - - - ]

tiy —— BAd " {tig) = Ti 425

diagram 1.3

_*¥

The bl_}ll(lle F(fiy, 0050 L BH 4, BO(n) induces [—[*(BO(n)) 1,
H*(BH) = H*(F(ny,....ny)).

Besides this, i* is epimorphism with kernel generated by G (W), ... ¢ (Wh).
Using F(1,....1) and D(n) in place of F' = F(ni,... ,ns) and H, we

obtain:

H*(BO(n)) g H*(BD(n)) Dm) pe(RQL...1)

I I Il

Zo Wi, ..., W, Zoy Ty - Tn) Zoy |2y, .. T /In

diagram 4.4

where the kernel of ZTB(H), ie. T, is < 01,...,00 >, theideal of Zy|xy, ... s B |
generated by the elementary symmetric polynomials o1, . .., 0, in 7 variables
I1....,Tn (see [3], [15]).

As BAd oi is the classifying map of n(F'), we can write ¢* o BAd* (W) =
wp(n(F)) where wy(n(F)) is the Lt Stiefel-Whitney class of (F).

Coombining all this information, we finally get the commutative diagram:

BAd, " -
Zs [ti2, - - -+ tn-1n] |D(n) 1, e | D(n) Zo [1,. s Tn) /In
Zo Wi, ..., Wil BAd* _ pvBH) Y . HY(F(l.....1)

diagram .5
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Here the A Stiefel-Whitnev class of the universal bundle of Olh), 1
11, is mapped on 7 . the &A™ elementary symmetric polvnomial in variables
t;; with i < j. So. we have:

Theorem 4.1 The k" Stiefel- Whitney class of the normal bundle of the real
flag manifold F is zero if and only if the k™ elementary \I//?IIII@fT‘ZL polynomial

Te(ti9e ey ln—1n) evaluated on h elements x; +xj of Zofry. .. x| belongs to
ideal T,,.
Proof As 7* is a monomorphism then wg(n(F)) = 0 if and only if

7 (wr(n(F))) = 0, Le., if and only if (it (BAd*(Wy))) = 0.

On the other hand, from the commutativity of the diagram 4.5 this is
equivalent to BAd|}, ) (Tk) € In.

Observing that BAd\*D(n)(Tk) = 1(; + x;) we arrive at the result. a

With this Theorem the immersion problem becomes an algebraic problem.
We need to know if the polynomial 7x((x; + 2;)) belongs to Z,.
The following is in [17].

Proposition 4.2 Let Zs|o.. ., 0, be the subring of Z> [z1,...,2n]| genera-
ted by the elementary symmez‘nc polynomzalq Ol,...,0n invariables Ty, ..., Tn.
Then Zsx1, ..., T, is a free Zoloy. ..., 00 module with standard base given
by the monomials ' ... x5 where 0<ao<n—tiit=1...,n

By Proposition 4.2, every p in Zy[r1,. .., %, can be written in a unique
S O O . _
way as p = Lm Qg @, I3t .. x% where Qo ., = Qopoocn (O15 -, On) €
Zos @1, 55 30 So, W1Lh the notation above, we have:

Lemma 4.3 Ifp € Z, then no coefficients aq,..a, can be equal to 1 € Zs.

Proof If p € T, then p = Y, pjo; where P; € Lofzy,.. . 2n), § =
1.....n. On the other hand, p; = Zm an Bl o 11 i sith Pl g €
Zolor, ... 0n). Thenp=3"_ . (2; Y anaj) ...2% and we can con-
clude that Coyoen, = Z] Pl 0']- “cannot be constant and we have the
result. a

Theorem 4.4 The real flag manifold F(2,. .., 2) (s-times) can be immersed
in Buclidean space with codimension s and this codunencwn is the best pos-
sible.



Proof  As by Theorem 3.2 F(2..... 2) can be immersed in Euclidean
space with codimension s. we only have to show that 7, = 7T 1-F20s s cu el 3T
Tos) & Tog. InZy, 29, = 0+ ++ - - F+295- and then 75 = [(xy4a2) ... (T2s-3+
Tas_2)|(01 + @1+ o0 F @asn) = (a1 +22) . (T2 + Tos_n)|o1 + [(z1 +
T2) ... (T25-3 + Tas-2)|(x1 + -+ + 125-2). The first term in the last sum be-
longs to Ty, but the second term. by the Lemma 4.3. does not. O

Remark 4.5 This result was presented by Conde in (7] with a more elemen-
tary but much longer proof. The proof given here was communicated to us
by Prof. Brasil T. Leme, whom we thank.

5 Grobner bases and the algebraic problem

All the information in this section can be found in [1] and [8].

The first aspect to be observed is that the division algorithm gives us
the solution for our algebraic problem in the case of one variable. Thus. the
way to solve this problem is to generalize the division algorithm for several
variables.

The key point is to fix a monomial ordering in the ring Zo|z1,. - - Tn).
To divide a polynomial p by a finite sequence of polynomials gi...., 0
means expressing pas p = qig1 +... +qg¢ + 7 with quotients ¢i(z = 1,...,t)

and remainder 7 in this ring . For this, we must be careful in characterizing
7. At this point, we need the monomial ordering.

If after the division of p by (g1....,g:) we get 1 =0, thenp €< g1,..., gt >-
the ideal of Zs[z1,...,Z,] generated by gi,..., Gt

Since r is not uniquely determined, the converse of the above mentioned
is not true.

In order to solve this inconvenience. we need to find a ”good” set of
generators for our ideal where the condition 7 = 0 is equivalent to Tx((x; +
’Ej)) S I,,.

The set of "good” generators for the ideal Z,, is the Grobner bases.

With them, 7 ((z; +2;)) € Z, if and only if the remainder r of the division
of this polynomial by one Grobner base for our ideal is zero.

Bearing this and the Theorem 5.1 in mind, we developed an algorithm.

“using the software Maple V Release 4 (Waterloo Maple Inc., June 1996)
which produced the following table (see [18}):
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[ codimension | obstruction
n=mn,+- -+ ng F=F(ny,. ..,ns) dim F | of immersion | to imersion
(LAND) (w; #0) |

8 F(1,1.2,2,2) 25 3 Ws

8 F(1.1.1,1.1,3) 25 3 w;

8 F(2.2,2,2) 24 4 Wy

8 F(1,1,1,2,3) 24 4 Wy

8 F(1,2,2,3) 23 5 W5

8 F(1.1,3,3) 22 6 We

8 F(1,1,1,1,4) 22 6 Wg

8 F(2,3,3) 21 7 wr

8 F(1,1,2,4) 21 7 wr

8 F(2.2,4) 20 8 Wy

8 F(1,3,4) 19 9 Wy

8 F(1.1,1,5) 18 10 W3

8 F(1,2,5) 17 11 Wy

8 F(4,4) 16 12 W1

8 F(3,5) 15 13 *

8 F(1,1,6) 13 15 *

8 F(2,6) 12 16 *

8 F(1,7) 7 21 w; = 0,

WE = lyus:n2l

9 F(,1,1,1,1,1,1,2) 35 1 w,

9 TIRNREN ) 34 2 Wo

9 F1.1,1,2,2,2) 33 3 W3

9 F(1,1,1,1,1,1.3) 33 3 W3

9 F(1,2,2,2,2) 32 4 Wy

9 F(,1,1,1,2,3) 32 4 Wy

9 F(1,1,2,2,3) 31 5 Ws

9 F(2,2,2,3) 30 6 We

9 F(1,1,1,3,3) 30 6 Wg

9 F(1,1,1,1,1,4) 30 6 We

9 F(1,2.3,3) 29 7 wr

9 F(1,1,1,2,4) 29 7 Wr

9 F(1,2.2,4) 2 3 s

9 F(3,3,3) 27 9 Wy

1(

)
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codimension | obstruction
n=n,+--+ns | F=F(m ng) | dim £ | of immersion | to immersiorn
(LAM) (w; #0)
10 F(1.1,1.1.1,5) 55 10 Who
10 F(1,1,1,2.5) 34 11 why
10 F(3,3,4) 33 12 W12
10 F(1,1.4.4) 55 ¢ W
10 F(l.2.2.8 3s 12 Wiy
10 F(2.4.4) 32 13 W3
10 F(1,1,3.5 32 13 W3
10 F(2,3,5) g1 14 Wiy
10 F(1,1,1.1,6) 30 15 *
10 F(1.4,5) 29 16 W
10 F(1,1.2,6 29 16 *
10 F(2,2.6) 28 17 *
10 F(1,3.6) 2T 18 *
10 F(5,3) 25 20 Wap
10 £(4,6) 24 21 *
10 F(1,1,1.7) 24 21 *
10 F(1.2.7) 23 22 *
10 F(3,7) 21 24 *
10 F(1,1,8) 17 28 *
10 F(2.8) 16 29 *
10 F(1,9) 9 36 We
Since F(ny, ..., ns) is diffeomorphic to F(ng,,...,n;,) where {iy,:..,is} =
{1....,s} we assume, without loss of generality, that n; <ny < ... < 1.

The * on the last column of the table indicates that the software Maple
and the Grobner package were unable, in their current scope, to check if all

the Stiefel- Whitney classes
cases. we obtained:

For n =S8:

W,

wx(n(F)) are zero. or nonzero. In such




— F(2,6): @ =0, W #0. Wy =T =0. Wy =- = =0.

For n =09:

F(1,1,1,6): W, #0. To=w3 =0, W, #0, w5 =0;
F(1,2,6): w, #0, w2 #£0, w3 =0, Wy =0, W =10;
F(3,6): w, £0, W #0, W3 £0, Wy £0 . Wy =Thg =0;
F(1,1,7): @ =0, T £0, Wy #£0, Wy =+ =T =0;
(

j2,7) zul/f(), EQ#O, m;;:(), ml‘z:"':TQZZO.

And for n = 10:

F(lvlvlwlaﬁh): mlféo Wy = w3 =0, E;#O Tz =0
F(1,1,2,6): @ #0. W #0, W3 =0, Wa#0.ws=0;
3 ): wlzo . #0 ?U37é0, @4#0E1,-:O,

(2,
F(lSG) LUL#O l_# LUg?éO7 1_04750ﬁ13:0,

T

(4,6) :"'273 0,@21:0;

F(1,1,1,7): w, =0. Wy #0, Wy #0, Wy =0:

T

(1,2,7): W #0, T #0, W3#0, Wy =0:

(3,7): W =0, Wa#0, Wy=0, Tip ="+ =T =0;
F(1,1,8): w; #0, @y #0, w3 #0, Wie =+ = Wag = 0;
(2,

F ) LUl :-lT\;:O.wEg‘—‘O

In the process we emploved a Pentium 133 MHz processor (32 MB RAM).
In [22], Stong proved:
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Theorem 5.1 If w = {ny.....ns} can be partitioned as w = w; U wy U ws
where wy. wy £ ¢,and

1) ,Z e — Z n| <1
neuy ncwo
and
2) me wy = m < Z I Z n 41
newi neun

then Lam s result is best possible for F(ni, ..., ng).

Remark 5.2 Using the same argument we can clearly extend this last The-
orem. So. we stated it as follows:

If w = {ny,...,ns} can be partitioned as w = w, Uwy U ... Uw, where
wy, wy # @,and

1) ‘Z n— Z n| <1
new newns
and
2) fori>3, mew =m< Z n4. ..+ Z k]
newi new;_ |
then Lam’s resull is best possible for F(ny, ..., ns).

We shall call the partition of n that satisfies conditons 1 and 2 above as
Stong partition.
Observing the table with n < 10, we put:

Conjecture 5.3 If the h'" Stiefel-Whitney class of a normal bundle of F.
wi(n(F)) = Wy, is different from zero where h = dimH. then the partition
{ni,...,ns} of n is a Stong partition.
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