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On divergent diagrams of finite codimension

S. Mancini, M.A.S. Ruas, M.A. Teixeira

Abstract
We obtain the formal classification of finite codimension singular points of
smooth divergent diagrams of the type (f,g) : (IR, 0)+—(IR",0)—(IR,0), n > 2.
We also define a complete set of topological invariants for this classification.

Resumo

Neste trabalho apresentamos a classificacao formal dos diagramas divergentes
do tipo (f,9) : (R, 0)«—(IR",0)—(IR,0), n > 2, de codimensao finita. Defini-
mos também um conjunto completo de invariantes topolégicos para esta classi-
ficacéo.

Introduction

Divergent diagrams of smooth mappings on smooth manifolds

(f,9) : P+—N—Q

appear in various contexts of applications of singularity theory such as envelope the-
ory, web geometry, singularities of first order differential equations, vision theory. Two
divergent diagrams (f;,9;) : P.+—N;—Q; (¢ = 1,2) are equivalent if there exist dif-
feomorphisms h : Ny = Ny, k: P, = P, and [ : Q; — @ such that fooh = ko f],
goh=1log.

The stability of such diagrams with respect to this equivalence relation was exten-
sively studied by J.P.Dufour in [2], [3], [4]. Applications of this theory to geometry are
given in [5], [6], [7], [8] and [12].

In the present paper, we obtain the formal classification of finite codimension singu-
lar points of divergent diagrams of the type (f, g) : (R, 0)«—(IR",0)—(IR,0), n > 2.
The following theorem summarises our main result.
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Theorem 0.1 Let (f,g) : (R*,0) — (IR?0) be a divergent diagram, where n > 2.
Then f has formal finite codimension if and only if it is formally equivalent to one of
the following normal forms given in the Table 1 below.

' Type f = (f1, f2) ’ Formal Normal Form ' formal cod (f) ,
1 submersion (z,y)
2 transverse fold (2 +y +q(2),v)
2’ tangent fold with
contact of order (2% £ y**2 + q(2),9) or (z, £zF 2 + y2 + ¢(2)) k
k + 2; + agree for
odd k&
3 transverse cusp (23 + 2y +y+q(2),9) 0
4 transverse k-lips/beak to beak; | (z3 £ zy* + sy®*/2 + y 4+ q(2), y) k
k even
5 transverse k-lips/beak to beak; | (z3 + zv* +y + q(2), ¥) k-1
k odd,k > 1
Table 1
where z = (z1,. .., 2n—2) and q(z) = Y72 22

In the final section, we define a complete set of topological invariants for this clas-
sification.

1 Notations and basic definitions

A divergent diagram (f1, fo) : (IR?,0)«—(IR",0)—(IR%0) is a pair of map-germs
fr: (R",0) — (IR?,0) and f; : (R",0) — (IR?,0).

Definition 1.1 Two divergent diagrams (f1, f2), (g1, g2) : (IR?,0)+—(IR",0)—(IR?, 0)
are equivalent if there exist germs of diffeomorphisms h of (R",0), ki of (IR?,0) and
ko of (R?,0) commuting the following diagram:

(R?,0) <~ (R0) 2 (R%,0)

ki Lh 1 ks
(R”,0) <~ (R*0) -2 (R%0)



We identify a divergent diagram (fi, f2) : (IR?,0)«—(IR", 0)—(IR?,0) with the
map-germ f : (R",0) = (R? x IR?, (0,0)), f(z) = (f1(z), fo(x)). With this identifica-
tion, the equivalence of divergent diagrams corresponds to the action of a subgroup of
the group A, consisting of elements such that the germ of diffeomorphism in the target
is of product type, i.e., preserves the product structure of IR? x IRY.

We need some notation to describe the tangent spaces to the orbits associated with
these groups.

For any non-negative integer m, let C,, be the local ring of smooth function-germs
at the origin in IR™, and M, the corresponding maximal ideal. Let C(m,s) be the
space of smooth map-germs f : (R™,0) — (IR*,0). Given a map-germ f € C(m, s), let
f*: Cs — Cp, be the ring homomorphism defined by f*(¢) = ¢ o f. Let §; denote the
Cpm-module of vector fields along f, and set 6,, = HI(IRm,O)' The C,,-homomorphism
tf : O — 0f is defined by tf(§) = df(£), and the morphism over f*, wf : 8, — 6;
by wf(n) = no f. The tangent space and the extended tangent space associated with
the group A acting in C'(m, s) are defined by TA(f) = tf( M) + wf(M,0;) and
TA(f) = tf(0m) + wf(6s). The A.-codimension of f is defined by cod(A., f) =
dimR 05 /T Ac(f).

Let f = (f1, f2) : (IR",0) — (IR? x RY,(0,0)) be a divergent diagram. We write
0r = 05, @ 0y, and define the tangent space and the extended tangent space associated
with the equivalence of divergent diagrams by

T(f) = tf(Mnbr) + [wfr(Mpb,) & wfr(M,b,)]

and
T.(f) =tf(6n) + [wfl(ep) @ w f2(6,)]-

Then, T,(f) (resp. T(f)) is the set of all ¢ = (01, 02) € 05 (resp. o € Myby) such
that there exist £ € 0, (resp. £ € M,0,), m € 0, (resp. m € M,b,) and 1, € 0, (resp.
ne € M,0,) satisfying

{ o1 = df1(§) + mofi
oy = dfy(§) + nzof2

The codimension of the diagram f is defined by
cod(f) = dimg 0 /T.(f)
In the calculations of the codimension, we shall use the following conventions:

1) If (z1,...,%,) indicates the coordinate system in (IR™,0), C,, will be written
Cizy...zm), and analogously for M.



2) For a map-germ f : (R™,0) — (IR’,0), 6; will be identified with (C,)* via its
free basis {84:1 of, ..., % o f} for the given coordinated system (yy,...,y,) in
(R, 0).

2  Auxiliary Results

Let f = (f1, f2) : (R",0) — (IR? x IR?,(0,0)) be a divergent diagram and T,(f)
the set of all vector fields o1 € 6y, such that o = (01,0) € T.(f) (0 € 8y,).

Proposition 2.1 If f, is A-finitely determined and dimpR 0y, /T.(f1) is finite, then
cod(f) is finite and

cod(f) = dimpg 0y, /T.(f1) + cod(Ae, f2).

Proof. Let dimpg0y, /Te(f1) = r and cod(A,, f2) = s. Then we can choose piy, . .., p1, €
07 and ga1,...,q2 € 0y, such that

(%) 0, = Te(f1) ® < pu1,-- -5 P1r >R
and

(**) 9f2 = T-Ae(f2) D < @g,...,Qq2 “R-

Let o = (0'1,0'2) € 9f.

By (**), there exist £ € 0,, 72 € 0,; b1,...,bs € R such that

02 = dfs(€) + Mofz + ) _ bjga;
j=1
From (*), we have:

o1 — df1(€) = df1(€) + mofir + Ti—; aipu
0 =dfs(§) +m20 fo

with § € 6,, m € 6,, 12 € 0,45 a1,...,a, € R.
Then,

o1 = dfi(+ &) +mo fi+ iy aipu
oy = dfa(§+ &) + (M2 + M) o fo+ 33 bige;

Thus,

ef = Te(f) D < (pll, 0)7 Go o (pl'l‘a 0)7 (07QQ1), ey (0>QQs) >R9



and therefore,

cod(f) =1+ s.
Corollary 2.2 If f, is A-infinitesimally stable, then cod(f) = dimg 0y, /Te(f1)-

Proposition 2.3 Let f be the divergent diagram

f=1(g,m): (R?,0)«—(R" x R?,0)—(IR?, 0),

where T is the canonical projection m(z,y) = y. Consider the map-germ gq : (R™,0) —
(IR?,0) given by go(z) = g(x,0). Then,

cod(Ae, go) < cod(f) + q.

Proof. Let i* : §; — 6, be the surjective IR-linear transformation defined by i* (0) =
o o, where 7 : (IR",0) — (IR" x IRY,0) is the canonical inclusion. Then 5* induces a
IR-linear isomorphism

T 0, ) 2

T.(g) + M0, TAc(g0) + < a%qf

The result follows now from Corollary 2.2.

3 Classification of divergent diagrams of finite codi-
mension

In this section, we prove Theorem 0.1, in which we obtain formal normal forms for
all divergent diagrams f = (f1, f2) : (R",0) — (IR?0), n > 2, of finite codimension.
For corank one diagrams f, f receives the adjective transverse if the image of df (0) is
transversal to both subspaces R x 0 and 0 x IR of IR?, and tangent, if the image of
df (0) coincides with one of them.

The classification of the stable diagrams was obtained by Dufour in [2],[3]. In
Proposition 3.1 , the finite codimension divergent diagrams of fold type are classified.
Diagrams of cusp type or more degenerate are treated in the Propositions 3.2, 3.3, 3.4
and 3.6 below. For corank one diagrams f, we shall assume that the germ f, is non
singular and, hence, A-infinitesimally stable; for the calculation of the codimension of
f, we use Corollary 2.2.



Proposition 3.1 Let f = (f1, f2) : (R",0) — (IR%,0), n > 2, a divergent diagram of
fold type and let k > 1. Then, cod(f)=k if and only if f is a tangent fold with contact
of order k + 2. In this case, the normal form is :

(z,9,2) = (2® £4**? +¢(2),),
where z = (21,22, ..., 2n_2) and q(z) = Y02 +2,2.
Proof. We can choose coordinates in the source such that f is of the following form
(see[17])

(z,9,2) = (F2* + A(y) +4(2),v),

with A € M, .
For this divergent diagram, T¢(f) is the set of all vector fields o € 6y, satisfying
the equation:

n—2

o(z,y,2) = £22&(z,y, 2) + N (y)v(y) + Z +22:6(z,y, 2) + n(Ez? + AMy) + q(2))

=1

where &, & € Cy(t = 1,...,n —2),n € Cy,v € Cy, ((u,v) denotes the target
coordinates ).
To solve this equation, it is equivalent to solve the following:

a(y) = N(y)v(y) +n(A(y))
Then,

dimpR 0y, /To(f1) = k

if and only if ord(A)=k +2. Under this condition, it follows that the divergent diagram
f is equivalent to the divergent diagram given by:

(2,9, 2) = (2 £ " + ¢(2),p)
Next, we analyse the divergent diagrams arising from germs f = (fi, f2) of the

following types: tangent cusp, lips, beak to beak and swallowtail. By choosing coordi-
nates, we can assume that the diagram has the following form:

(z,9,2) = (9(z,v) +q(2),9),
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where 2 and q(z) are as before, go € M3, go(z) = g(z,0)
As in Proposition 3.2, this classification problem reduces to the classification of the
following divergent diagram:

fi(z,y) — (9(z,9),9),

and to compute the codimension of the diagram, we consider the space T,(g), given by
the set of all vector fields o € 6, satisfying the equation:

(@) = (e 1)6(50) + 52(e060) +1lo(z, 1),

where £, € C(zy),n € Cy and & € C,

We denote by 3(f) the singular set of f. Then, Y(f) is given by the equation
‘gﬁ = 0. When gﬁ is a submersion defining the germ of a regular curve, transversal to
the y-axis, we shall assume that gﬁ = 0 =y —a(z), and denote by v a parametrization

of its image by f, f(X(f)).

Lemma 3.1 With the above conditions, we have that cod(f) is finite if and only if
cod(7y) is finite, and in this case,

cod(f) < cod(vy) < 2cod(f) + 1,

and the codimensions are taken with respect to the equivalence of divergent diagrams.

Proof.

Step 1. Let § : (IR,0) — (IR? 0) be the parametrization of $(f) given by 6(z) =
(z,a(z)). Let ¢* : C(zy) — C; be the R-linear transformation given by §*(¢) = 0 0 4.
We have that kerd* =< gﬁ >, where < g—g > is the ideal of C(;y) generated by gﬁ.
Moreover, ¢* is surjective since given u € C,, and any h € kerd*, the germ o € Clagls
defined by o(z,y) = u(z) + h(z,y) is such that 6*(c) = p. Since keré* C T,(g), &*
induces a IR-linear isomorphism from T—fz‘fg—) onto 5,—(%@.

Thus, for the calculation of cod(f), it is sufficient to consider the equation:

) = 52, a(x))ela(e) + (g, a(=)))

where n € C, and ¢ € C,,.
Step 2. We consider the divergent diagram

7= (mn,7) : (R,0) — (R?,0),



with v = f o 4. In this case, T,(y) is the set of all vector fields 0 = (01,09) € 0,
satisfying to the system:

{ol(x)=§§(:v, a(z))o/ (2)€(2) +m(g(z, a(z)))
03(z) = o (z)€(2) + m2(a(2))

where £ € C, m; € C,, and 1, € C,,.
Assume that cod (v) = [ < co. Let us choose p; = (p11,p21), ..., = (pu, ) € 05,
such that
0, =Te(v) ®<p1,-- 0 >R-
Then, given any o = (01, 03) € 6, there exist £ € Cy, my € Cy, m2 € Cy; a4, ... ,a; €
IR such that

{ o1(z) = §E(z, a(x))e! (2)€(z) + 771( (z,a(2))) + Ziey aipii(z)
02(37) =a (iL‘)f I) + 772(a($)) 1a1p2z(x)

Taking o, = 0 in the above system, we conclude that any p € C, can be written in
the form

(¥)u(z) = g (z, a(2))é(a(2) + nly(z, a(2)) + T, aigi(z) |

where g;(z) = p1i(z) — g-;l(:z:,a(x))p%(x)(i =1,...,1),n € C, and & € C,. It follows
from step 1 that cod(f) <! = cod(7).

Now, assume that cod(f) = r < co. Then, from step 1, there exist ¢, ¢q2,...,¢q €
Cy, such that any p € C, can be written as in (¥*).

Moreover, setting s =ord(c), we obtain 2 < s =ord(go) — 1.

Hence, a(z) = z°¢(z), where ¢ € C; is invertible. Let us write o/(z) = =579 (z),
¥ invertible. Then, a(z) = xa’(a:)%%. Given & € C,, we have

£(alo) = a + ¢ (@) e 2D\ @(@)) = a-+ @ @E),
where £(z) = :c%%)\(a(x)),f € M. Substituting in (*), we obtain

{ u(x) = L(z, a(2))a (2)() + m(9(z, al2))) + ez, alx)) + Tiz, ail2)
0 = &/(2)é(z) + mo(alz))

where 7, = a — £
Hence,



0
0’71 = Te(’)’l)"*" < a_g 067 qi,. .-, qr >]R
Y
Since dz’mIR%(ib <r+1=cod(f)+ 1 and cod(Ae,a) = s — 2, it follows from
Proposition 2.1 that

cod(y) < cod(f) +s— 1.
Now, we have that cod(A,, go) = s — 1, hence it follows from Proposition 2.3 that

cod(7y) < 2cod(f) +1.

Lemma 3.2 [3/, Lemma I.1.
Let v = (1,72) : (R,0) = (IR?,0) be a divergent diagram such that ord(y;) > 3
and ord(vy,) > 2. Then, cod(y)=c0.

Proposition 3.2 Let f = (fi, f2) : (R?,0) — (IR%,0) a divergent diagram of type
tangent cups. Then, f has infinite codimension.

Proof.
We can assume that f is of the following form

(z,y) — (2° + 2y + A(y), ),
with \'(0) = 0.
In this case, X(f) is the curve defined by y + 322 = 0. Hence, it follows from

Lemma 3.2 that the divergent diagram v = (7, y2) obtained from the parametrization
of f(2(f)) has infinite codimension. Now, the result follows from Lemma 3.1.

Proposition 3.3 Let f(z,y) = (9(z,y),y) : (IR?0) — (IR?,0) a divergent diagram
with go € M2. Then, f has infinite codimension.

Proof.

From the upper semicontinuity of the codimension, it suffices to show that any
divergent diagram f(z,y) = (9(z,y),y) with g(z,y) = z* + ¢(2)y + n(z, v)y> + ¥(z) +
A(y), where ¢(0) =0, ¢'(0) # 0,7(0,0) = 0,7 € M3, has infinite codimension.

The conditions imply that the singular set ©f is a regular curve given by y =
a(z) = az® + h.o.t, and as in the above proposition, the result follows from Lemmas
3.1 and 3.2.

It is a consequence of our previous results and of the upper semicontinuity of the
codimension that, if f(z,y) = (¢(z,y),y) is a finite codimension divergent diagram,
then ord(gy)=3, and the origin is a singularity of transverse type.
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Proposition 3.4 Let f(z,y) = (9(z,v),y) : (R*,0) — (IR?,0) a divergent diagram
A-equivalent to (2% &+ zy?,vy), the origin being a singularity of transverse type. Then
f(z,y) is equivalent to

(z,y) — (y+ 2> £zy® + sy + \(z, ), ),

with A € M \. Moreover, cod(f)> 2.

Lemma 3.3 Let g(z,y) =y + 23 £ zy? + A=, 9), A € M* o)
<z"y%s=0,1,...,r >SRC T.(g9) + Mr+y),foreveryr>2 rgeg,
ZZ) M(m’y) C Te( )+ M?;,y) }
i) T(g) + M,y D 0,— < z,2%9,9% 2% 2% 2y > + < 322y £ ¢%,32% +
2°y?, 32%y* + ayt, L2yt + ° >R

Proof. We recall that T,(g) is the vector space of all vector fields o € 6, given by

oA
o(@,1) = (32754 o (0,06 0,0)+H (122004 5 5,6 +n(y a2 42z, 1),

where & € C(gy),& € C, and 1 € C,,.
i) Case 1: r even, r > 2.
Taking in the above equation
(a) &i(z,y) =272 72¥,j=0,...,(r —2)/2;& = 0;7 =0,
(b) &1 =0;&(y) =y";n =0,
we obtain
(1) 32"~ 2y2 £ g7~ %-29%+2 ¢ T,(g) + MZJ; f = 005 (F—2}/2
(2) y" € Tu(g) + MIFL.
From (1) and (2), it follows that
2y € To(g) + M{f, k=0,...,7/2.
If r =2, taking &, = 0, & = £1/2 and n = F1/2, we obtain that zy € Te(g)—l—M?I’y),
and this completes the analysis in this case.
If r > 4, we take
(€)é1(z,y) = 2™~ BIFN=2y2H j =0, (r = 4)/2;& = 0;7 = 0.
(d)éi(z,y) = 0;&(y) =y %0 =0,
()61 = 0;& = 0;n(u) = w2,
we get, respectively,
(3)3xr—(2j+l)y2j+l + g7~ (@124 2+ 042 ¢ T (g) + M&'ﬁb:j =0,...,(r—4)/2
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(4)y"2 £ 2zy™ "t € T,(g) + Mf:;)
(B)y™ 2+ (r — 2)(z3y" 2 £ zy"1) € T.(g) + ij;)
The relations (3) (with j = (r — 4)/2), (4) and (5) give the following system:

3z°y" % £ oy~ = 0 (mod Te(g) + ML)
+22y" 1 472 = 0 (modT(Q) Mizy)
(r=2)2%y™ > £ (r = 2)zy" ' +y"72 = 0 (mod T.(9) + M(;,))

with determinant of the matrix of the coefficients is (2r — 10), and non-zero in this
case.

Hence, it follows that 2%y"~% zy"! € T.(g) + M{;,,, and these together with (3)
will give:

g @GR e T (g) 4+ Mzyy)™t, k=0,..., (r — 2)/2, concluding this case.
Case 2: rodd, r > 3, and r # 5.

We follow the same method as above, but changing through 2j by 25 + 1 and
vice-versa.

ii) and iii) follow easily from i). Notice that the Malgrange Preparation Theorem
does not hold for divergent diagrams. Hence, in ii), we only get the formal relation.

Proof of Proposition 3.4
With the hypothesis, we can write g(z,y) = y+ay®+2° 2y’ + A(z,y), A € M{,,
We can easily change coordinates in source and target to reduce g(z,y) to the form
9(z,y) = y + 2° L zy® + tay' + Mz, 9), A € MG, .
Applying Lemma 3.3 and Mather’s Lemma ([13]), we get that, formally, the diagram

(z,y) = f(z,y) = (9(z,y),y) is equivalent to

(z,y) — (y + 2° £ zy® + tzy?, y).

Now, making the following change of coordinates in source
T =X
y=Y F(/2)¥*

we obtain the desired normal form.

Remark 3 5 When g(z,y) = y + 2 + zy* + sy, the space T( ) contams the ideal
< 3z% 4+ y? >. which is an elliptic ideal of Czy)- Hence, < 3z2 + 9% >D M(I - (see
[16]), and this implies that cod(f)=2.
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Proposition 3.6 Let f(z,y) = (9(z,y),y) : (R*0) — (R%0) a divergent diagram
A-equivalent to (z® £ zy* y), k > 3, the origin being a singularity of transverse type.
Then f(z,y) is equivalent to
(1)
(v +2° £ 2y* + sy®% + Mz, ), v),
with A € Mz ,)>, k even,

(ii)
(y+z° + zv* + A(z,9),9),

with A € M7 .\, k odd.
Moreover cod(f)> k in case (i), and cod(f)> k — 1 in case (ii).

As in the previous case, the proof of this proposition will follow directly by com-
puting the corresponding tangent spaces. The calculus are straightforward and we
summarize the results in the next lemma.

Lemma 3.4 Let g(z,y) = y +2° £ ay* + \(z,9), k > 3, A € M**2,

)< 2" °y% s =0,1,...,7 >RC Te(g) + Ma;), for every r > k,, for all values of
k, except when k is even and r = 5k/2.

i) M{,,) C Te(9) + M, for L =k, z'fkis odd and | = 5k/2 + 1, if k is even.

ii1) Ifk zs odd thenT( )-l—M(zy - <zy’s=0,1,...,k=2>R..

If k is even, then T.(g) + My D 9 <zyhs =0,1,..., k-2 > — <

2yk/2,ySk/2,xsy(k—2)/27xBy(Sk—2)/2’zy(5k—2)/2 Sm + < 3z2yk/2 4 y3k/2 345, (k=272 4

p3y(k=2)/2 3539 (3k=2)/2 4 10/ (5k=2)/2 4 o (5R=2)/2 | 4 3k/2 5,

To complete the classification, we observe that given a divergent diagram of corank
2, it follows from [15] that, as map-germs to the plane and with respect to A-classification,
they are adjacent to the cusp singularity. Applying this to our case, it is easy to see
that every divergent diagram of corank 2 has infinite codimension, since it is adjacent
to the tangent cusp.

Remark 3.7 Dufour proved in [4] that there are no stable singular multigerms of di-
vergent diagrams f = (f1, f2) : (IR?,S) = (IR%,0), S > 2. One can see that there are
no finite codimension singular multigerms of divergent diagrams, either. In fact, di-
rect computations show that, even the case of transverse intersection of two folds, has
infinite codimension.
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4 Invariants for divergent diagrams

Let f : (€% 0) — (C?0) be a finitely .A-determined map-germ and f; be a stable
perturbation of f. Then f; has a finite number of cusps and double folds, denoted by
c(f) and d(f). Formulas to compute these numbers were determined in [10], [14] and
[11]. When f has corank one, f(z,y) = (9(z,v),v), we have

: O
e(f) = dimg— =22 —

and

O ,
d(f) — dim (I)yvy) ,
C<hhy, (= 1)y =) >
where O(; 4y and O, denote the the local ring of germs of holomorphic functions
at the origin, in €* and C® respectively, and h(z,y,y') = yzy)=9(zy)

Now, given a finitely .A-determined real map-germ f(z,y) = (9(z,v), y), and denot-
ing by fq its complexification, it follows that the numbers c(fg) and d(fg) are also
invariants for the A-classification of f.

Since every invariant for .4-classification is also an invariant for divergent diagrams,
c(f) and d(f) are the first invariants we shall consider. However, according to Remark
3.7, a stable perturbation of a finite codimension divergent diagram does not have
double folds, since the property of being finitely determined is preserved by small
perturbations.

The classification of the stable divergent diagrams suggests new invariants: the
numbers b, (f) and by (f) of tangent folds with quadratic contact, appearing in a stable
perturbation of the complexification of f, with respect to the horizontal and vertical
axis, respectively. When f(z,y) = (9(z,y),v), b2(f) is always zero, and b,(f) is equal
to u(g), the Milnor number of g.

We see in Table 2 that the invariants cod(f), ¢(f), b1(f) distinguish all the germs
in Table 1, except for the family 4. In the next proposition, we define an invariant for
the family (2% £ zy* + sy®*/2 + v, y),k even.

Proposition 4.1 Let f; as above. a) When k = 0 (mod 4), fs and fs are equivalent
if and only if s = £3.
b) When k #0 (mod 4), fs and fs are equivalent if and only if s = 3.

Proof.
Suppose that H and K are germs of diffeomorphisms in source and target such
that K o f; = f: o H™!, with the target diffeomorphism K of product type, that is,
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K(u,v) = (Ky(u), K5(v)). Then, a direct calculation shows that these diffeomorphisms
are in fact linear, and, more precisely: if k¥ = 0 (mod 4), (H,K) = (Ile IR?) or

(H,K) = (- IR, —IR?), where []R(z denotes the identity map in R?; if & # 0 (mod

4), the only p0551b111ty is (H, K) IR, I]Rz

Type f = (f1, f2) Formal Normal Form formal cod (f) | c(f) | b1(f)

2 (z® +y +q(2),9) 0 0 0

2/ (22 £ y**2 + q(2), y)or(z, 2252 + 4% + q(2)) | & 0 k+1

3 («® +zy+y+q(2),y) 0 1 0

4 (@® ay® +sy®*/2 + y +q(2),y) (keven) |k k 0

5 (2® £ zy* +y +q(2), y) (k odd, k > 1) k-1 k 0
Table 2
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