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RESUMO

Estudamos fungoes estritamente positivas definidas na esfera de Hilbert complexa. Investi-
gamos uma conexao entre positividade estrita definida e interpolagdo polinomial (harménica)

sobre esferas de dimensao finita. Apresentamos condigdes suficientes para positividade estrita

definida.
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Xingping Sun and V. A. Menegatto

ABSTRACT

We study strictly positive definite functions on the complex Hilbert sphere. A link between
strict positive definiteness and (harmonic) polynomial interpolation on finite dimensional

spheres is investigated. Sufficient conditions for strict positive definiteness are presented.
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1. INTRODUCTION

Let ¢? denote the vector space over € of all complex sequences z = (¢;)32, that satisfy

221 |¢;j|* < co. The inner product (-,-) on ¢2 is defined, as usual, by

(z’ w) = 2_: CJw_J

We write 5 to denote the unit sphere of ¢2, the set of all z in ¢* for which (z,z) =1 (this set
is often called the complex Hilbert sphere). A continuous complex-valued function f defined
on the closed unit disc D := {¢ € € : [¢| < 1} is said to be positive definite of order n on S
if, for any set of n distinct points 2y,...,2, on S, the n X n matrix A with ij-entry given by
f((zi,z;)) is nonnegative definite, i.e., it is Hermitian and its eigenvalues are all nonnegative. If
the matrix A in the above definition is positive definite, i.e., it is Hermitian and its eigenvalues
are all positive, we say that f is strictly positive definite of order n on S*. Note that an n x n
Hermitian matrix A is positive definite if and only if ¢*Ac > 0 whenever c is not the zero
vector in €. If a function f is positive definite of order n for all n € Zy \ {0}, then f is
said to be positive definite on S*. If a function f is strictly positive definite of order n for all

n € Zy \ {0}, then f is said to be strictly positive definite on S*.
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Matrices of the form A as above naturally arise in the study of interpolating scattered data
on spheres. Let N := {z1,...,2,} be n distinct points on S, and let g be a function defined
on N. To interpolate g, one may choose a univariate function f : D — €, and look for an
interpolant in the linear space £ := span{f((z,2;)) : 7 =1,...,n}. The existence of a unique
interpolant in £ is equivalent to that the matrix A is nonsingular. If the function f is strictly

positive definite of order n, then the matrix A is positive definite, and can be dealt with by

many efficient and stable numerical methods.
The family of positive definite functions on S has been characterized by Christensen and

Ressel [5] whose result asserts that every positive definite function f on S is of the form

oo

f(Q)= Z au,uCuC_uv (1.1)

u,v=0

in which a,, > 0 and ¥%°,_,a,, < oo. This result extends that of Schoenberg [14] who

o0
poy=
characterized the family of all positive definite functions on the unit sphere of the real Hilbert
space. In this paper, we develop conditions that give rise to strictly positive definite functions
(of order n) on S*°. Some recent work in this direction has been reported in [9] and [10]. Since
the real spheres can be regarded as subsets of S°°, what we study here is inevitably related
to problems that occurred on the real spheres, and one will see the relationship unfolding
throughout the paper. A brief account of the long story has to start with the above mentioned
Schoenberg’s paper in which he also characterized all the positive definite functions on the
unit spheres of finite dimensions as series of the Gegenbauer polynomials with nonnegative
coefficients. Xu and Cheney [15] introduce a subclass of these functions, dubbed “strictly
positive definite functions”, to perform scattered data interpolation on spheres. Xu and Cheney
develop several (necessary and/or sufficient) conditions for strictly positive definite functions
on spheres of finite dimensions. Ron and Sun [13] link the problem of determining strictly
positive definite functions to harmonic polynomial interpolation, and extend Xu and Cheney’s
results. Menegatto [11] finds a necessary and sufficient condition for the strictly positive definite
functions on the real unit Hilbert sphere.

It is interesting to note that there is a stronger notion of “strict positive-definiteness”
introduced by Narcowich [12]. In fact, Narcowich completely characterizes those functions

that are “strictly positive definite” under the stronger definition (it is explained in [13] that
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Narcowich’s definition is indeed stronger). We will not elaborate on this but refer interested
readers to [14] and [15].

While our starting point is Christensen and Ressel’s characterization of positive definite
functions on the complex Hilbert sphere, our real motivation is to exploit the link between strict
positive-definiteness and interpolation by complex polynomials of several variables. There are
several advantages in doing this. First of all, it provides a broader stage, as problems involving
real spheres and real polynomials can be regarded as special cases in the complex setting. We
can see throughout the paper the “facilitating effect” of study of the complex variables on
the previous results already established in the real case. Secondly, the real part (or imaginary
part) of an analytic function is harmonic, and, as established in [13], harmonic polynomials
play a decisive role in determining strict positive-definiteness on spheres of finite dimensions.

The paper is organized as follows. In Section 2, we establish several equivalent conditions
for strict positive definiteness on S in terms of multivariate polynomial interpolation on finite
dimensional spheres contained in S°°. Some of these conditions are used heavily throughout
the paper, while others are important in their own sake. In Section 3, we first modify a con-
structive scheme in multivariate polynomial interpolation by Gasca and Maeztu [6]. We then
use the modified scheme to study the topic of interpolating data on spheres by polynomials of
minimum degrees, analogous to the de Boor-Ron “least solution for the polynomial interpo-
lation problem” [2,3,4]. The results we establish are the “complex version” of and equivalent
to the corresponding results in Section 4 in [13]. Our approach, however, has some merits.
It shows that the modified version of Gasca and Maeztu’s constructive scheme can achieve
optimal results in spherical domains. We are currently applying this technique to the field of
spherical design in preparing a future publication. In Section 4, we derive sufficient conditions
for strict positive definiteness on S°°. In our effort to get an optimal result, we encounter a
problem that can be attributed to the field of graph theory. This problem has intrigued and
baffled several graph theory experts. We, therefore, take the liberty of leaving it as a conjec-
ture. Finally in Section 5, we study interpolation by harmonic polynomials. We find that most
subsets of nonnegative integers that induce strict positive-definiteness on sphere of dimension

one also do so on spheres of higher dimensions.



2. STRICT POSITIVE-DEFINITENESS AND POLYNOMIAL INTERPOLATION

Let f be a positive definite function given in the form of (1.1), and let Ky := {(¢,v) : au, >

0}. Let ¢1,...,¢, € € and z,...,2, be n distinct points on S, we analyze the quadratic
form
> aGf((znz) = D0 au Y ez, 7) (7, 7)) - (2.1)
t,5=1 (uw)EK 1,7=1

It is well-known that the Gram matrix ((z,—, z]-)) is nonnegative definite. By Schur’s theorem
[7], for each pair of (u,v) € Z, the matrix (z;, z;)*(z, 2;) is nonnegative definite. Therefore,
in order that the matrix ( F((z, zj))) be positive definite, it is necessary and sufficient that for
any n given points 2i,...,2, on S and any n complex numbers c;, ..., c, with 3°7_, |¢;| > 0,

there is a pair (g, v) € Ky such that 3° &0 20 25 2is z;) > 0. Hence, we see that whether

t,5=1
or not f is strictly positive definite of order n depends only on the set K; but not on the actual

values of a, ,. This motivates us to give the following definition.

Definition 2.1. A subset K of Z2 is said to induce strict positive definiteness (of order n)on
S if every positive definite function f on S* for which Ky = K is strictly positive definite
(of order n) on 5. _

We will use the acronym SPD to stand for “strictly positive definite” or “strict positive-
definiteness” whenever we find convenient. In the rest of this section, we will focus on devel-
oping equivalent conditions for subsets K of Zi to induce SPD of order n. Thus, we will be
dealing with n distinct points 21, ..., 2z, € S®. Without loss of generality, we may assume that
Z1y.-y2n € 8" 1= S NC". We use II to denote the space of all polynomials in z and Z, where

z denotes the vector-variable of n complex components. Standard multi-index notations will

be used throughout the paper. If o, and 3 are two multi-indices, we use II,, to denote the

polynomial space, span{z°z” : |a| = u, |8| = v}. Given K C Z%, we define

(mv)eK

If K ={(u,v): p+v=1}foran | € Z,, then we use [I) to denote I, and for an L € Zy,

we use IIj, to denote 31, 1),



Theorem 2.1. Let K C Z and n € N. The following statements are equivalent:

(i) K induces SPD of order n on S*°.

(ii) For any n distinct points z;,...,2, € S™ and any n complex numbers cy,...,c, with
>i=1lcj| > 0, there is a pair (u,v) € K, such that

n
14

> Gz, )"z, 25) > 0.

,5=1

(iii) There is no nonzero linear functional on C'((S™), supported on a subset of S™ of cardinality

n, that annihilates IIg.
(iv) If E C S™ has cardinality n, then the space lIk|g := {p|g : p € Ik} has dimension n.

(v) For any E C S™ of cardinality n, the polynomial space [Ix can interpolate arbitrary data

on . That is, for any function g defined on E, there is a p € [l such that p|g =g

(vi) For any n distinct points, z1, ..., z, € S, the n functions

zZ— Z (z,zj)“(z,zj)u, 3= L . 0nylly
(nv)EK

are linearly independent.

Proof. The equivalence of (i) and (ii) is already established at the beginning of this section.
Therefore we can finish the proof of Theorem 2.1 by showing the following implications: (i)
& (iil) = (iv) = (v) = (vi) = (iii).

Suppose that K induces SPD of order n on S, and let {z,..., 2,} be n distinct points on S™.
Let ¢ be a linear functional defined by ¢(g) := X7, ¢;9(z;), mel lc;| > 0, which annihilates
IIx. Then

n

ZC a_ﬁ =0, |al=ugu, 1Bl =v, (u,v)€K.

=1

Thus for each pair of (u,v) € K, an application of the multinomial theorem yields that

21:: ez, 20" z,-,z].>" _ iciq(zgz~1)(z =P )

1Bl=



p! V!

) l; lﬁ; aa[;%z = ?]
al=p |B|l=v 1,9=1

2

25 p7d

lol=r: 1Bl=v &

This contradicts to that K induces SPD of order n on S*. This establishes the implication
(i) = (iii). The same calculation can be reversed to show the implication (iii) = (i).

Assume that (iii) holds true, and suppose that IIx|g is of dimension less than n for some
subset E of S™ of cardinality n. Then, there is a nonzero vector (cy,...,c,) € €" orthogonal
to llk|g, ie., 27—, Gp(z;) = 0, for all p € k. This is a contradiction. Thus (iii) implies (iv).

If g is a function defined on a subset E of S™ of cardinality n for which there is no p € I,
such that p|g = g, then the vector (g(z;),...,9(z,)) is not in IIx|gz and therefore this space
cannot be of dimension n. Thus, (iv) implies (v).

Assume that (v) is true, let zy,. .., z, be n distinct points € S and suppose that

Z ci{z, z)*(z,2;) =0,
=1

for each pair of (u,v) € K. Using the multinomial theorem, we can write

= ey Ll |2
=3 clzzlem) = Y ’I—L—'-% (E cjzjaz?) 2°7°. (2.2)
Jj=1 C\J

«
|e|=n |B8]=v

Therefore,

n

ch?jﬂszzov lal =p, Bl=v, (uv)€EK

i=1
Hence, 3°7_, Gp(z;) = 0 for all p € Ilx. By (iv), there is a polynomial p € Il such that
p(z;) = ¢; Consequently, we have }_7_, |¢;|* = 0, implying that ¢; = --- = ¢, = 0, and hence
that the n functions

Z — Z z,2: 1z, )V, j=1,...,n
(nwv)eEK

are linearly independent. This indicates that (v)= (vi). Finally, we need to show that (vi)=
(i). Suppose that (vi) holds true, and that K does not induce SPD of order n on S°°. Then, we

can find n distinct points zi,...,2, on S™ and a vector (ci,...,c,) € C* , with 37_, |¢;| > 0



such that for each pair (1,v) € K, we have
S =B _ — —
chz] Z] S |a|_ﬂ7 Iﬁl_y'
=1

Equation (2.2) then shows that the n functions

z — Z (z,zj)“(z,zj)u, [ P
(nv)EK

are linearly dependent. O

In the next two sections, we will use the conditions developed here to find subsets of Zi

that induce SPD of order n on S%°.

3. SETS OF MINIMUM DEGREE THAT INDUCE STRICT POSITIVE-DEFINITENESS

Let K C Z2. We define the degree of K, deg(K) by

deg(K) := (umu?é(x(ﬂ +v).

For an L € Z, we denote the triangular subset {(y,v) : p+v < L} of Z% by K. Therefore,
we have deg(K) = L. We are interested in the following question: For a given n, find a
K C 7%, such that (i) K induces SPD of order n on 5%, and (ii) deg(K) is minimum among
all subsets of Zi that do so. By Theorem 2.1, this question amounts to finding the least L
such that II;, interpolates arbitrary data on any given subset of S™ of cardinality n, which is,
in a sense, the complex version of “the least solution of the polynomial interpolation problem
on spheres” discussed in [13]. Note that p € Il if and only if p = ¢ + ir, where ¢ and r are
polynomials in 2n real variables of degree L or less. Thus, from Theorem 4.1 in [13], we have

the following result:
Theorem 3.1. Let n € IN be given. The set K,/3 induces SPD of order n on 5.

Note also that the two theorems (Theorem 4.1 in [13] and Theorem 3.1 in this section) are
equivalent, and the equivalence can be proved by the “standard conversion” between real and
complex numbers. The degree of set K[,/5) is minimal in the sense that the set Kp,/3-, does

not induce SPD of order n on S* in view of Corollary 4.2 in [13]. We will, however, show in
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the next section that for n > 2 the set Kpnj2) \ Kjnjoj-2 induces SPD of order n on S®. Here
K_, is interpreted as the empty set.

In [13], Theorem 4.1 and its corollaries are proved using the elegant de Boor-Ron multivari-
ate polynomial interpolation method [2,3,4]. In the fertile field of multivariate interpolation,
there are glowing gold as well as “diamond in the rough”. We find that a constructive scheme
by Gasca and Maeztu [6] is also suitable for the spherical setting. In the remainder of this
section, we first make a modification of this scheme, and we then apply it to give an alternative
(also independent) proof of Theorem 3.1. This method can be further applied to the field of
spherical design for which we are preparing a future publication.

For an ¢ € II;, we will call the set £71(0) := {z € C" : £(z) = 0} a hyperplane. A

hyperplane in €' is also referred to as a complex “line”.

Theorem 3.2. Let d > 1, and let A/ be a finite node set in €. Suppose hy, ho, ..., h; are
hyperplanes such that

(i) N C U,k

Set L = max{#(N Nh;)+j—2;5=1,...,1}. Then the polynomial space II;, interpolates
arbitrary data on V.

Proof. We will do induction on [, the number of hyperlanes. When [ = 1, we have N C h;,
and L = #(hy N N) — 1, which is an obvious case.

Suppose the theorem is true for [ — 1, and let p be the polynomial in II, that interpolates a
given function f on A N (U'Z\k;). Here r = max{#WN Nh;)+j—2;5 = 1,...,1 —1}.
Let the hyperplanes h; have the form 5;1(0) for some ¢; € II;, 5 = 1,...,[ — 1. Since
hiVh; NN =0, if i # j, we have £;---£,_; # 0 on N' N h;. We can find a polynomial
q € II,, where s = #(h; N N') — 1, which interpolates (f — p)/(¢;---4_,) on N N h,. Let
P:=p+q-4---4_,. Since p € I, and q-¢;---4,_; € II;;;_;, we have P € II; with
L = max{#(N Nh;)+j—2;7 =1,...,l}. In what follows, we verify that P interpolates
f on N. In fact, £, ---€,_, vanishes on ' N (U;-f__llh]-), and p interpolates f on A’ N (U;T__llhj),



therefore so does P. For z € N N h;, we have

f(z) — p(2)
Zl(Z) sas El_l(Z)
This concludes the proof. o

P(z) = p(z) + bi(2) - lia(2) = p(2) + f(2) = p(2) = f(2).

Lemma 3.3. Let n > 2, and let /, be the number defined by [, := n/2, if n is even, and
ln :=(n—1)/2+1, if n is odd. Then for any n distinct points zi,...,z, € S, there are [,

lines hy,..., hy, such that

(1) {Zla sidudly Zn} C U;nzlhj'

(ii) hi NhjN{zy,...,zn} =0 if i # 5.
Proof. Let NV := {z,...,2,}. No three points of A are colinear (since they are on S*). For
each j satisfying 1 < j < [n/2], let h; be the line that passes through the two points zg;_,, z9;.
If n is even, then the above process produces n/2 lines that satisfy the two conditions of the
lemma. If n is odd, then n — 1 is even, so the above process applies to the set {z1,...,zn_1}.
Since there are only finitely many lines that pass through z, and intersect the set {z,...,z,_1},
we can choose a line h(,_1)/241 that passes through z, and misses the set {zy,...,2,_1}. Since

lines are obviously complex lines, the lines Ay, Ay, ..., A(n-1)/241 satisfy the two conditions of

the lemma. 0

Lemma 3.4. Let d > 2, and let z,...,2, be n (> d) distinct points on S¢. Then there are
[ (< [n/(2d —1)] + 1) hyperplanes h,,...,h; such that

(1) {21, -, 20} € Uiy g
(i) ks Nh; N {z1,...,2,} =0, if 1 # j.
Proof. Let NV := {z,,...,2,}. Choose a hyperplane h; such that
#(hyNN) = max #(hNN),

where the maximum is taken over all hyperplanes in €. Suppose Ay, ..., h; have been chosen,

we then choose h ;41 such that
#(hjsa NN\ (hy U---Uh;)) = max#(h N (N '\ (hy U--- U hy)),
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where the maximum is taken over all hyperplanes A that satisfy h N A/ N (hiU---Uhj)) = 0.
We obtain I hyperplanes hy, ..., this way such that: (a). #(h; N A) > 0; and (b). N C
hiU---Uh;. We now need to show ! < [n/(2d —1)]+ 1. Since we can always have a hyperplane
that passes through 2d points, we have #(h; N N) > 2d, if #N > 2d. Also, if [ > 1, then
#(h;NN) >2d—1for j=1,...,0—1. This is true because we can always have a hyperplane
that passes through 2d — 1 points and in the same time misses a finite set. Note that we also

have h; Nh; N {zy,...,2,} = 0 if i # j. Thus, we have

h; N N) I &

~ #(
I—1=14---+1 > #(h;
Ll_,lia JZ‘: 2d - 1 2d_1j=1#(]m\/) 2d—1 2d—1
It follows that [ < [n/(2d — 1)] + 1. o

The Proof of Theorem 3.1: Given a node set A of n distinct points z,...,z, € S? by
Theorem 2.1, we need to show that the polynomial space II[2} can interpolate arbitrary data
given on N. Without loss of generality, we assume that n is odd. In fact, if n is even, we can
always add one more point to /. The resulting polynomial space IIj2) does not change. By
Lemma 3.3, and the proof of Lemma 3.4, we can find [2] 4+ 1 hyperplanes A, ..., h(z}41, such
that each h; (7 = 1,...,[}]) contains exactly two points of N/, and hiz}+1 contains one point
of V. Furthermore, the following is true:

()Ncuzi h;.
(11) hiﬂhjﬂj\f:@, Ifl;éj

Let L := max{#(N Nh;)+j—2; j=1,...,[n/2] +1}. It is easy to see that L = [Z].
Theorem 3.2 then asserts that the set Iz} has the desired interpolation property. a
This constructive procedure can also be used to prove the other results in Section 4 in [13].

We even feel attempted to include the details here, but choose not to in consideration of the

length of the paper.

4. SETS THAT INDUCE SPD

Lemma 4.1. If K C Z’ induces SPD of order n, than so does K + (a,b) for any fixed
(a,b) € Z%.
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Proof. Let z,...,z, be n distinct points on $™. By Theorem 2.1, it suffices to show that
I 4(ap) interpolates arbitrary data on {z,...,2,}. Choose v € €™ such that (v,z;) # 0 for
J =1,...,n. Given arbitrary data dy,...,d, on {z,... »Zn}, let p be the polynomial in g
such that
p(z;) = L___b, j=1,...,m.
(v,2)*(v, 2)

Define ¢ by ¢(z) = p(z)(v,z)“w. Then q € Ilxy(p), and it satisfies g(z;) = d;, j =
1,...,n. o

Remark: Lemma 4.1 can also be proved by using Oppenheim’s inequality [7]. Consider the

two matrices A, B defined by

A= ( > (zivzj>u<zi7zj)u) ;
(pv)EK
T—b
B = ((m, 2T ) -
Let A - B denote the Hadamard product of A and B. Then Oppenheim’s inequality asserts

that

det A- B > (det A) x H?zl(z,-,z;)“(zi,z,-)b.

By Theorem 2.1, K induces SPD of order n if and only if the matrix A is positive definite. In
this case, the above inequality shows that the matrix A - B is also positive definite, which is

equivalent to that the set A + (a,b) induces SPD of order n.

Lemma 4.2. Let d > 1 and let z,...,z, be n points on S¢. For (u,v) € Z and | € 7y let
A, B be the two matrices defined by

A = ((Z,'7 zj)“+1<z,-, Zj>u+l)

and

B = ((Z,', zj)"(zi, Zj)u) 5

If ce €, and c¢*Ac = 0, then ¢*Bc = 0.
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Proof. Let ¢:=(c,...,c,) € C" such that ¢*Ac = 0. Then the calculation in the first half of
the proof of Theorem 2.1 shows that

Zc zjﬁ—O

=1
for all multi-indices o and 8 with |a| = x4 [ and |B| = v + [. For two multi-indices o/ and 3’
with |@/| = 4 and |@'| = v, since (z;, z;) = 1, we have
z": c,-z;-"'z_j‘3 ZCJ z z],z]) = Z c;i2; b Z 'z] Fl Z Zn:cjz;-’lﬂz_jﬁl"'” =4
= =t 7’ b=t 7 =
The last equation is true because the two multi-indices o/ +7, '+ satisfy |o’++| = p+1 and
|8" + 7| = v 4, respectively. Using the calculation in the first part of the proof of Theorem

2.1 again, we have c¢*Bc = 0. t

Lemma 4.3. Let K be a subset of ZZ3 and let K be defined by K := {(v,p) : (z,v) € K}.
Then K induces SPD of order n if and only if K does.

Proof. K induces SPD of order n on S* if and only if the matrix

A=( > (z,-,zj)“(z,-,z,-)")

(n,v)EK

is positive definite, which is, in turn, equivalent to the positive definiteness of the matrix

A= ( > (21‘,2]‘)"(31',21‘)”) : o
(u,u)ef

Theorem 4.4. Let J and K be subsets of Z% and let (a,b) € Z2. Suppose that for each

(u,v) € J there is an [,, € Z, such that (u + l,,,v +,,) + (a,b) € K. Then, K induces

SPD of order n on S whenever J does.

Proof. Suppose that J induces SPD of order n on S, but K does not. By Lemma 4.1, the
set K —(a,b) does not induce SPD of order n. Therefore, by Theorem 2.1, there are n distinct

points zy,...,z, € S™ and n complex numbers cy,...,c, with 3°%_, |c;| > 0 such that

n
’ !

> aTilz, 7)) (zi,2) =0, (¢,V)€ K —(a,b).

ivj=1




By the assumption, for each pair (#,v) € J, there is a nonnegative number [, such that

(b +luwsv +1,,) € K — (a,b). Hence by Lemma 4.2, we have

n

Z C,'CT'(Z,',Zj)”(Z,-,zJ-)V =0, (.ual/) €J

t,j=1

This contradicts to the assumption that J induces SPD of order n on S. a

We can use the set Kfn/5) as a “triangular” building block to construct other useful subsets
of Zi that induce SPD of order n on S. To make our statement less cumbersome, we

introduce another notation for some special subsets of Z: . For r,n € 7., we define
Eon = () p4v = rop— /2 < v < p+ [n/2]).

Corollary 4.5 Let n > 2. Let r be odd, and s be even, both no less than [n/2] — 1. Then the
set K, , U K, induces SPD of order n on 5.

Proof. Let (u,v) be such that g +v < [n/2]. If 4+ v is odd, then we set lyy, =(r—p—v)/2.
If p+ v is even, then we set [, = (s — u — v)/2. In either case, we have (w+lp,v+l,,)€
K, ,UK . Since the set K[n/9) induces SPD of order n (Theorem 3.1), so does the set K, ,UK ,
by Theorem 4.4. O

A special case of the above result is worth mentioning.
Corollary 4.6 Let n > 2. The set K{n/21-1 U K[n/2) induces SPD of order n on S*.
The following lemma gives more basic sets that induce SPD of order n.

Lemma 4.6. Let r,s be two positive integers. Then the set {(x,v) : u < r,v < s} induces
SPD of order r + s + 1 on S°°.
Proof. Let zy,...,2.4,41 be 7 + s + 1 points. By Theorem 2.1, it suffices to show that the _

polynomial space

2 M

u<r,w<s
can interpolate arbitrary data on zy, ...,z 4s41. Select v € €t such that (z;,v) # (zj,v)
when i # 7, 7,7 = 1,...,7 + s + 1. We construct the Lagrange cardinal function Ci(z) at 2,

in the following way:

(z— 22,0) - (2 — 2r41, 0)(2 = Zr42,0) - (2 = Zr 4541, 0)

(21 = 2271)) tet (21 - Zr+17v><zl - Zr+27v> Tt (21 - zr+s+1av).

C](Z) =

13



We make the other Lagrange functions Cj,...,C,ys1 in the same way. It is clear that

2u<rw<s 1y, contains all these cardinal functions. a
We put some special cases of the above result in the following corollary.

Corollary 4.7. If r is a nonnegative integer, then both sets {(0,0),(0,1),...,(0,r)} and
{(0,0),(1,0),...,(r,0)} induce SPD of order r + 1 on S*°.

Remark. We have tried to prove (without success) the following stronger version of Lemma
4.6: The set {(u,v): pv =0, < r,v < s} induces SPD of order r + s + 1. Some calculations
with small r and s do suggest that this is true. Our success to prove the general case depends

upon the following conjecture:

Conjecture: Let n be a natural number, and let NV := {z,... ,Zan} be a set of 2n distinct

points in R?. Then there exist n lines Ay, ..., h, such that

2. For i # j, the set N N h; N h; is empty.

This problem seems to have a connection to the Cayley-Erdds problem solved by Galai [1]:
Let N = {z,,...,2z,} be a set of n distinct points in R%. If n > 2 and if the n points are not
colinear, then there exists a line that contains exactly two points of NV.

Let K be a subset of {(u,v) : uv = 0}. Then the polynomials in ITx are harmonic, i.e.,
they are the zeros of the laplacian. Thus, if K induces SPD of order n on S, then it also
induces SPD of order n on spheres of finite dimensions. We will discuss this in detail in the

next section.

We will conclude this section introducing an easily-verifiable sufficient condition for a subset

K of Zi to induce SPD of order n.

Corollary 4.8. In order that a set K C Z_z*_ induce SPD of order n on S it is sufficient that
the set {u—v : (u,v) € K} contain either n consecutive nonnegative integers or n consecutive
negative integers.

Proof. In light of Lemma 4.3, we may, without loss of generality, assume that the set {u—v :

(,v) € K} contains n consecutive nonnegative integers. If K does not induce SPD of order

14



n on S, then there are n distinct points z,...,2, € S® and n complex numbers ¢, ..., cn

with 3%, |¢;| > 0 such that for each (pu,v) € K, we have

D Tz, 2%, 25) =0.
1,7=1
In particular, for those pairs of (4,r) € K with u > v, we have (thanks to Lemma 4.2):
> ez, z;) ™ =0,
1,7=1
Assume that the set {4 —v : (y,v) € K} contains [,{+1,...,l+n—1 for some [ € Z,, then
this shows that the set ({,0),(/ + 1,0),...,(l + n — 1,0) does not induce SPD of order n on
5, and therefore by Lemma 4.1, the set (0,0),(1,0),...,(n —1,0) does not induce SPD of

order n, contradicting to Corollary 4.7. O

Corollary 4.9. In order that a set K C Zi induce strict positive definiteness of all orders
on 5% it is sufficient that the set {u — v : (u,v) € K} contain arbitrarily long sequences of

consecutive integers.

5. INTERPOLATION BY HARMONIC POLYNOMIALS

We work in € in this section with d > 1 being fixed. We call a polynomial p € II harmonic if
it satisfies the differential equation §(D)p = 0, where 6(2) = (,(1+--4+CaCa, 2z = ((1,y...,C0) €
@*. This definition is in harmony with the traditional one associated with the Laplacian. As the
title suggests, we study interpolation by harmonic polynomials in this section. Interpolation
by harmonic polynomials is not only useful in numerical solutions of the Dirichlet problem
[8, p. 686], but also connects to determining strictly positive definiteness on spheres of finite

dimensions, see [13]. We use H to denote the space of all harmonic polynomials, and define
Huu = H,uu ﬂH, HK = HK NH.

Definition 5.1. A subset K C Zi is said to induce SPD of order n on S? if Hy can
interpolate arbitrary data on any subset of S¢ of cardinality n.
With this definition, Corollary 6.9 in [13] can be interpreted in the complex setting here

as follows (we, again, need the standard conversion argument).

15



Proposition 5.2. Let R be a subset of Z,, and let j be the minimal integer satisfying

(j ﬁf) >n—d+1. If R contains j consecutive even integers and j consecutive odd integers

in {k: k> n/2}, then the set U,cph rn induces SPD of order n on S¢.
For any subset R C Zy, let K := {(4,0) : © € R}. Then every polynomial in Ok, is

harmonic. In this case, we have g, = Hkpy, and Iz, = Hg;. Thus, in light of Corollary

4.6 and the proof of Corollary 4.8, we have the following results:

Proposition 5.3. Let k € Z, be fixed. Then the two sets
{(%,0), (k+1,0),...,(k+n—1,0)}, {(0,k),(0,k+1),...,(0,k+n—1)}

both induce SPD of order n on 5S¢ for all d > 1.

Proposition 5.4. Let K C Z%. If the set {u — v : (u,v) € K} contains n consecutive
integers, then K induces SPD of order n on S*.

We end this section with a slightly more general result:

Theorem 5.5. Let R C 7, be such that: (i) 0 € R, and for any n distinct points z,.. ., z,
in 5%, thereis an [ € R and a p € II® such that p(z:) # p(z;) if i # j; (ii) For the above | € R,
we also have {2/,3[,...,(n — 1)/} C R. Then, for a fixed k € Z,, the set {(1,0): u € R+ k}
induces SPD of order n on S¢.

Proof. Let zy,...,z, be n distinct points in S¢, and let dy,...,d, be arbitrary data given at
the points. By the assumption, we can select a p € Ik, such that p(z;) # p(z;) if i # j. We

then seek a polynomial ¢(z) of the form

n—1
q(z) = D _ ci(p(2))
7=0
that interpolates the data at zj,...,2,. When the interpolation conditions are imposed, the

result is an 7 X n matrix whose ij—entry is (p(z;))?. This is a well-known Vandermonde matrix
which is nonsingular since p(z;) # p(z;) if ¢ # j. Therefore, there is a unique g(z) of the form
q(z) = X725 cj(p(2))? that interpolates the given data at the points z1,...,z,. It is clear that
such ¢ belongs to Ik ,. Hence, we have showed that the set [Ix, can interpolate arbitrary
data on zi,...,z,. By Lemma 4.1, the set IIg,,, can also interpolate arbitrary data on any

subset of S¢ of cardinality n. d
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