Instituto de Ciéncias Matematicas e de Computacio

ISSN - 0103-2577

DUALITY AND IMPLICIT DIFFERENTIAL
EQUATIONS

J.W. BRUCE
F. TARI

N? 72

NOTAS DO ICM C
Série Matematica

S4o Carlos
Fev./1999

SYSNO_JOL3 A0

DATA [ [

ICMC - SBAB




Duality and Implicit Differential Equations

J.W. Bruce and F. Tari*
February 3, 1999

Abstract

We prove in this paper some duality results concerning various types
of implicit differential equations

d:
F(z,y, —2)

=0
dz ’

where F is a smooth function. These are used to deduce some geometric
properties of surfaces in 3-space.
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1 Introduction

In this paper we consider some duality results concerning various types of im-
plicit differential equations (IDE’s). Let

dy
F("B’ya E) =0 (1)
be an implicit differential equation, where F' is a smooth function in (z,y,p) €

IR%. At points where the partial derivative F, # 0, the above equation can be

written locally in the form & = g(z,y) and studied using the methods from

the theory of ordinary differential equations.

When F, = 0 the equation may define locally more than one direction in
the plane. The qualitative study of such equations have received considerable
attention in recent years. The cases that have been most intensively studied,
with extensive applications in differential geometry and control theory, are those
implicit differential equations that define at most two directions in the plane.
This is the case locally for example when F = F, = 0 but F,, # 0. Note
that in this situation, using the Division Theorem, one can reduce F to a
quadratic equation in p. One way these equations are studied is by lifting the
bi-valued direction field defined in the plane to a single field £ on the surface
M = F~1(0) in IR®. (This field is determined by the restriction of the contact
planes associated to the standard contact form dy — pdz in IR3.) If0is a
regular value of F' then M is smooth and the projection to the plane is a fold.
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The critical set of this projection is called the criminant and its image is the
discriminant of the equation. The configuration of the solution curves of F
at a point on the discriminant are determined by the pair (¢,0), where o is
the involution on M that interchanges points with the same image under the
projection to IR%. If € is regular then a smooth model is given by dy? —zdz? = 0
([13]). The integral curves in this case are a family of cusps. If ¢ has an
elementary zero, with separatrices transverse to the criminant, and not killed
under projection, then a smooth model is given by dy? — (y — Az2)dz? = 0, with
A#0, —1% (see [14], and [15] for applications to control theory).

There are three topological models, a well-folded saddle if A < 0, a well-
folded node if 0 < A < f and a well-folded focus if & < A. The family of
cusps and the well-folded singularities are the only locally structurally stable
configurations. Generic bifurcations of such equations in 1-parameter families
are considered in [9] and [16].

A particular class of implicit differential equations are the so called binary
differential equations (BDE’s), that is differential equations of the form

a(z,y)dy® + 2b(z,y)dzdy + c(z,y)de® = 0

where a, b, ¢ are smooth real functions in (z,y). If RP denotes the real
projective line consider in IR? x IRP the set M of points (z,y, [« : B]) where
§(z,y) = (b — ac)(z,y) > 0 and the direction [ : f] is a solution of the BDE
at (z,y). Note that here we allow FF = F, = Fpp = 0,ie. a=b=¢c=0
at the origin. The discriminant function § = b2 — ac of the BDE plays a
key role. When § has a Morse singularity the surface M is smooth and the
approach highlighted above can be used to obtain topological models for the
configurations of the solution curves of such equations ([3], [6]). Bifurcations of
BDE’s of Morse type with zero coefficients are studied in [7]. Other information
concerning such equations, such as defining and computing their multiplicities
and the deformations of the discriminant curve can be found in [8] and [10].

In [2] the first author studied the duals of the solution curves of equation
(1). These are the solution curves of the differential equation obtained from
equation (1) using the Legendre transformation. The duals of the dual curves
(the original solutions of equation (1)) can be studied using the family of height
functions on the family of dual curves. It is established that these form a family
of cusps at fold points of the projection where £ is regular (recovering the result
mentioned above), and furthermore that there are no simple smooth models in
the case when F' = F,, = F,, = 0 and Fpp, # 0. Note however that the dual only
makes sense if we restrict to affine changes of co-ordinates in the (z,y)-plane.
Consequently we can have diffeomorphic singular points of implicit differential
equations yielding quite distinct Legendre transforms.

It is consequently rather surprising that we can show, in this paper, that
the well folded singularities are self-dual, that is, that generically the equation
resulting from applying the Legendre transformation has the same type as the
original (Section 2). This is also true in the case when the discriminant has
a Morse singularity at a point where Fp, # 0 (Section 3). We also study the
case of BDE’s where a = b = ¢ = 0 at the origin and the discriminant has



a Morse singularity (Section 4). Although the Legendre transform refers only
to the plane and the results associated with it are only affine invariant, rather
surprisingly the theorems in Sections 2, 3, 4 have some interesting geometric
consequences for surfaces which we discuss. Note that although much of our
work is motivated by the case of BDE’s, the Legendre transform of a BDE
generally is not another BDE. For this reason we deal with general IDE’s.

2 Well folded singularities

The Legendre transformation in IR® is given by
X=p ¥Y=mp—y, P=2.

As in the introduction let M be the surface defined by the equation F'(z,y,p) =
0, where F' is a smooth function. We shall only be considering the local be-
haviour of the integral curves of equation (1), so we assume that the points
(z,y,p) under consideration are close to the origin. (We may clearly take
z =y = 0 and suppose p = 0 by a rotation of the (z,y)-plane.)

The Legendre transformation of the surface M yields a surface /N given as
the zero-set of the function

G(X,Y,P)=F(P,XP-Y,X).

An important property of the Legendre transformation is that the solution
curves of the implicit equation

dY
G(X,Y, X
are naturally dual to those of equation (1) (see for example [1]). So if RP?
denotes the affine projective plane, the curve representing all the tangent lines
to a solution of equation (1) is a solution curve of equation (2), and conversely.
The key is that the transform takes the canonical 1-form dy — pdz to (minus)
the canonical 1-form dY — PdX in the other space. The objective here is to
relate the configuration of the integral curves of F' to those of G.

Recall that typically solution curves to IDE’s have cusps, and that elemen-
tary geometry tells us that the dual of a cusp is (generically) an inflection. So
when studying an IDE, its Legendre transform and their solution curves we
should consider, in both cases, the cusp set and the inflexional set. We will be
particularly interested in the configuration of these two sets at singular points
of the IDE. Our aim is to analyse the configurations that can occur, and deter-
mine those that are dual. Recall, however, that the property that a curve have
an inflexion at some point is not a diffeomorphism invariant, simply an affine
one. Throughout our investigation we will only allow ourselves affine changes
of co-ordinates when simplifying normal forms.

We wish to study the singular points. Recall that the lifted field £ on M
can be written explicitly in the form

0 ) 0
€=Fpa_$ +pr5§ _(Fa; +p-Fy)%a

)=0 (2)



(see for example [2]). The corresponding line field is also determined by the
kernel of the canonical 1-form on the tangent spaces to F' = 0. So the condition
for £ to be singular is that F = 0, F, = 0 and F, + pFy = 0. The first
condition just says that we are on the surface, and the second that we are on
the criminant. The third simply states, as we now show, that we are also on the
locus of inflexions (under the Legendre transform these points get mapped to
the cusp set of the dual). To see this differentiate F' with respect to z to obtain
Fy+pFy+ Fy(dp/dz). This vanishes identically and we have an inflexion if and
only if dp/dz = 0 that is F, + pF, = 0.

Suppose now that the projection m : M — IR? is still a fold and ¢ has
an elementary singularity with separatrices transverse to the criminant, and
their tangents not projecting to zero. Of course we cannot assume Davydov’s
normal form described in the introduction since the Legendre transform is only
preserved (up to affine equivalence) by an affine change of co-ordinates.

We start by analysing the conditions for a well folded singularity.

Lemma 2.1 Assume that the point under consideration is (z,y,p) = (0,0,0).
Then the conditions for a well-folded singularity is determined by the 2-jet of
F at (0,0,0). Writing this 2-jet as

7°F = agp® + (bo + b1z + bay)p + (c12 + coy + c32? + cazy + c5?)

then the following s true.

(i) We have a fold point if ag # 0, by = 0.

(1) We have a zero of the lifted field if c; = 0, and then F = 0 1is locally
smooth if and only if co # 0.

(14i) We have a well folded singularity if and only if X # 0, % where \ =
(4agc3 — b2 —bic2)/4ck (these distinguish saddle/node/focus, that is degeneracies
of the lifted field) and c3 # 0 (the separatriz does not have tangent projecting
to zero, i.e. is not vertical). A well-folded saddle-node bifurcation occurs when

A=0.

Proof: These are all fairly straightforward. Since we are at a fold point F' =
F, =0, Fpp # 0. We have a zero of the lifted field if, in addition, F; +pF, = 0.
The linear part of the lifted field is (2agp + b12)8/0z — ((by + c2)p + 2c3z)8/dp.
The other assertions can be deduced from this.

Using this computation we can establish the following facts.

Theorem 2.2 (i) An IDE F =0 has a fold (or worse) and a zero of the lifted
field if and only if the same s true for its Legendre transform.

(11) The set F =0 is smooth if and only if G = 0 is smooth.

(11i)) The IDE F =0 (resp. G = 0) has a genuine fold if and only if G =0
(resp. F =0) has a non-vertical separatriz.

(iv) The lifted fields for F' and G are equivalent.

(v) Consequently the well-folded singularities of the implicit differential equa-

tion F(a:,y,d—y) = 0 are self-dual. This is also the case for the well-folded

saddle-node bifurcation.



Proof: We have G(X,Y,P) = F(P,XP-Y,X), and we can assume that the
points under consideration are (z,y,p) = (0,0,0) and (X,Y, P) = (0,0,0). We
denote the set of zeros of G by N. Note that the 2-jet of G at (0,0,0) given by

72G = c3 P2+ ((ca + b1)X — caY)P — Y + ag X2 — by XY + c5Y2,

is determined by the 2-jet of F' at (0,0,0). The result now follows from the
previous lemma by a straightforward calculation. For example we have

Gx = PFy+ F, =azFy,+ F,, Gy = -F,, Gp = F, + XF, = F, + pF,.

So at the origin, the projection 7 : N,0 — IR?,0 is a fold or worse if and
only if Gp = 0, i.e. F; + pF, = 0, and we have a zero of the lifted field if
and only if Gx + PGy = 0, that is F, = 0. Indeed, as remarked above, the
Legendre transform takes the canonical form in one space to that in the other.
Consequently it takes M diffeomorphically to N and the integral curves of one
lifted field to that of the other. We have a genuine fold if Gpp # 0 at the origin,
that is if and only if Fy, # O at the origin, the condition that a separatrix is
not vertical. The rest follows in the same vein.

Corollary 2.3 As cusps dualise to inflezions, we deduce that there is a smooth
curve of inflezion points tangential to the discriminant at well-folded singular-
ities of equation (1), see Figure I.

At this stage it is worthwhile establishing various basic results about im-
plicit differential equations and their Legendre transforms (or duals as we shall
sometimes refer to them). We recall from [8] that we can associate to any germ
of an IDE a multiplicity, which measures two numerical invariants. These are
the number of cusps of the projection of FF = 0 to the (z,y)-plane and the
number of (non-degenerate, well-folded) zeros of the natural lifted field that
emerge in a generic deformation of F.

In our case we are also interested in another phenomena.

Definition 2.4 An undulation of the IDE F = 0 is a non-singular point on an
integral curve where the curve has > j-point contact with its tangent line. It is
said to be non-degenerate if we have ezactly 4-point contact.

Generally curves do not have undulations, but they do appear generically in
1-parameter farnilies. Any IDE yields a natural 1-parameter family of curves,
namely its solution curves, so we might expect (isolated) points of undulation
for any given IDE.

Our aim now is to describe how an IDE, F' = 0 and its Legendre transform
G =0 are related.

Proposition 2.5 (i) The set of germs IDE’s, F = 0, with the property that
F and its Legendre transform G have finite multiplicity has a complement of
infinite codimension.

(1) When both have finite multiplicity we can deform the IDE F = 0 so
that the deformed equation has finitely many cusps for the projection say C(F),



finitely many well-folded zeros of the lifted field Z(F), and finitely many un-
dulations U(F). The same will be true for the Legendre transform G and
Z(F)=z(G), C(F)=U(G), C(G) =U(F).

(1ii) The zero sets F =0 and G = 0 are diffeomorphic, the diffeomorphism
preserving the integral curves of the lifted fields.

(tv) The initial parts of F and G are linearly equivalent.

Proof: (i) We showed in [8], that the set of germs of IDE’s of non-finite mul-
tiplicity is of infinite codimension. The proof here is very similar and omitted.

(ii) These just follow from straightforward calculations, which again we omit.
However we can explain the results geometrically. First note that the condition
for a zero of the lifted field is that we have a cusp point on an integral curve,
and an inflexion. Since these conditions are dual to each other, it follows that
zeros of the field on F' = 0 correspond to zeros on G = 0.

On the other hand an undulation can be thought of as two inflexions coming
together, and the dual of this situation is that we have two cusp points coming
together on the corresponding dual solution curves. This only occurs at a cusp
of the projection. (More precisely we expect the undulation to be ‘versally
unfolded ’, and the set of tangent lines to correspond to the discriminant of an
Ag-singularity, that is yield a cusp. See for example [4], page 203.)

(iii) This is obvious, since the Legendre map is an involution, hence a dif-
feomorphism. Similarly for (iv).

We now wish to investigate the relative positions of the inflexion curve,
the cusps and the separatrices (if any). We can do this by considering the
corresponding curves on the surface F' = 0 and the way these project to the
(z,y)-plane or via a more direct approach. We start with the former and an
elementary lemma.

Lemma 2.6 Let f : IR%,0 = IR%,0 be a fold mapping, and let Ci,i1=1,2
be smooth curves through O in the source with tangents there transverse to the
kernel of df (0). Suppose further that o : R?,0 — IR2,0 is the involution in the
source with f(o(z,y)) = f(z,y) for all (z,y) € R%. Then their images f(C;)
are smooth and have 2-point contact if and only if C; and o(C1) are transverse

to Cs.

Proof: We may suppose that f(z,y) = (z,%?), so ker df (0) is spanned by (0,1)
and o(z,y) = (z,—y). We can suppose that C; is parametrised as (t,g;(t)),
since its tangent is transverse to ker df(0), and its image is parametrised by
(t,g;(t)?), so is clearly smooth. The contact between the two images is given
by the first non-vanishing term in (g1 (¢) — g2(¢))(g1(t) + g2(¢)). So we get two
point contact if and only if g7 (0) # %g5(0). The result now follows.

In our case we now need to locate the kernel of the projection (at our base
point (0,0,0)) and the linear part of the involution o.

Lemma 2.7 Parametrising the surface F = 0 as above using the (z,p) co-
ordinates, and denoting the projection M,0 — IR?,0 as above by f, we find that
ker df (0) is spanned by (0,1), the linear part of o is (z,p) — (z,—p — biz/ap).



Moreover the tangent to the critical set at (0,0) is given by (2ay, —b1), and that
to the inflexion curve (by + cy,—2c3). Finally the separatrices have tangents
which are the eigenvectors of

by —2c3
2ap —by —co '

Proof: We have seen that to order 2 we have y = —(c3z? + byzp + agp?)/cs,
and the first results follow easily. The singular points of the projection are
given by F' = F, = 0, to first order by 2agp + bjz = 0. The condition for
the locus of inflexions, we noted above was Fj + pF, = 0. So to first order
(b1 + c2)p 4+ 2c3z = 0. The final part follows from the linearisation of the lifted
field.

Alternatively one can compute directly in the plane.

Lemma 2.8 In the case of the node and saddle the separatrices are given by
curves parametrised to order 2 as (t,at?) where 4aga® + (2b1 + c2)a+c3 =0.

Proof: We know that to second order the solution curves will be parabolas
tangent to the cusp set, so can be written in the form y = az? + hot. We
simply substitute in the equation and set second order terms equal to 0.

Now we need to do some detailed calculations. It is not hard to see that
by a linear change of co-ordinates we may suppose that in the above 2-jet we
may take ap = cz = 1, and to simplify matters we will do so. This leaves us
with a 2-parameter family parametrised by the coefficients b; and c3. For each
point in this space we have 2 or 4 curves in the (z,y) plane: the fold curve,
the inflexion curve and any separatrices. Each is generically a parabola, all
passing through the same point with the same tangent. We are interested in
the way these parabolas nest. Clearly some change takes place when one of the
following happens:

(a) we change the type of zero of the lifted field, i.e., focus/node/saddle;

(b) fold, inflexion curve or separatrices have an inflexion or a singularity at
origin;
(c) some pair of fold/inflexion curve/separatrix sets have > 2—point contact.

We write-u for b; and v for 4c3. Then we have the following sets of
interest.

(i) v = 0: separatrices inflexional or singular;
(ii) v = u?: cusp set inflexional (never singular);
v = u? — 1: inflexion curve inflexional;

(iv) u+ 1 = 0: inflexion curve singular;

)
)
(i)
)
)

(v) v = u(u+ 1): saddle/node change and also inflexion curve/fold set
have > 2-point contact;

(vi) v =wu(u+ 1) + 1/4: focus/saddle node change;
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Figure 1: Partition of the (u,v)-plane and the configurations of the cusp set
(thick), inflexion set (dashed) and separatrices (thin).

(vil) v = —2(u+ 1): the union of this set and (i) and (v) corresponds to
inflexion curve/separatrices having > 2-point contact.

When we take the dual of this BDE and normalise again we get an IDE of
the same form with (u,v) replaced by (—u — 1,v). Note that this does give an
involution on the (u,v) plane, which preserves the above sets.

Corollary 2.9 There are 18 types of configuration of cusp set/ inflezion set/
separatrices for well-folded singular points of IDE’s. They are as illustrated in
Figure 1.

Proof: This simply involves selecting one point from each of the regions
bounded by the above curves and calculating.

Remark 2.10 Note that the relative positions of the separatrices, cusp and
inflezional sets are determined by their tangents on the surface F' = 0.

2.1 Application: Asymptotic curves on surfaces in IR®

Suppose we are given a surface S in IR?, and an asymptotic curve on that
surface. So this curve has as its tangent at each point one of the asymptotic
directions to S there. Alternatively the osculating plane to the curve at each
point coincides with the tangent plane to the surface. Let us suppose that the
surface is written as a graph (z,y, h(z,y)) for some smooth function A, and the
asymptotic curve is parameterised (¢, (t),3(¢)). The condition for the curve
to be asymptotic is that its tangent line at each point has 3-point contact (or



higher) with the surface at each point. For a fixed parameter value of ¢ the
tangent line is (¢ 4 s, a(t) + so/(t), B(¢) + sB'(t)). The conditions for at least
3-point contact are (omitting the ¢’s and (t,a(t)) in any expression involving
h)

B —h=hgs+hyd — ' = hyy + 2hgyd’ + hyy ()2 = 0.

If we differentiate twice the first of these identities (which just tells us that
the curve lies on the surface) we obtain

hog + 2heyd + hyy()? + by’ = 3" =0 (3)
and combining this with the above we find that hy (¢, a(t))o” () — 8" (t) = 0.

Proposition 2.11 Some plane projection of the asymptotic curve has an in-
flezion at a point if and only if the corresponding space curve can, after a change
of co-ordinates in the source and an affine change in the 3-space be reduced to
the form (t,at3 + hot,bt* + hot). Following Scherbak [23] we call such points
(1,3,4) points.

Proof: Recall that a plane curve has an inflexion if and only if its tangent line
has at least 3-point contact with the curve. Now since asymptotic curves and
plane projections are affine invariant we may assume that the form is of the in-
dicated type and then clearly deduce that any projection yielding a nonsingular
curve gives an inflexion. Conversely suppose (without loss of generality) that
the projection results in (¢, (t)). The condition for an inflexion at say ¢ = 0 is
o'(0) = 0, but then 8”(0) = 0 and the result follows.

So we are interested in (1,3,4) points on the asymptotic curves. We now
see that we may use the standard BDE hyycly2 + 2hgydzdy + hyedz?® = 0 for
the asymptotic directions. The inflexions on the integral curves have an intrisic
meaning, and hence so does the Legendre transform. (Note that a priori there
is no reason why the Legendre transform of this equation is of any interest at
all.) These points form the so-called flecnodal curve.

Now the well folded singularities of the asymptotic BDE correspond to cusps
of the Gauss map. So after a linear change of co-ordinates we may write h =
y2 + (az?y + bzy? + cy®) + (dz* + ...) where a® — 4d # 0. A short calculation
shows that the 2-jet of the BDE becomes

. 72F = p? + (2az + 2by)p + (ay + 6dz> + .. .).

To get a well folded singular point we need a # 0, d # 0, 25a® — 24d # 0 and
a? — 4d # 0. Now suppose we scale y — ty, then p — tp and multiplying the
equation by ¢t=2 we obtain p? + 2((a/t)z + by)p + ((a/t)y + (6d/t})z® +...). If
a/t =1 then we have p? +2(z +2by)p+ (y+ (6d/a?)z?+...). So in the notation
preceding Corollary 2.9 we have u = 2 and v = 6d/a?. Clearly as a and d vary
we can obtain any point on the line u = 2. The exceptional points on this line
are v = —6, 0, 3 4, 6, 25/4 and the type of folded singular point obtained are
(moving from v large negative to v large positive) S6, S4, S3, S2, S1, N1, F1,
as described in Figure 2. In other words there are 5 types of saddles but only
one type of node and focus.



Figure 2: Configurations of asymptotic lines at a cusp of Gauss.

There are a number of other examples that we would like to consider, but
which need to be viewed in a slightly different way. The following discussion
explains the problems.

As we have seen many IDE’s occur naturally in differential geometry. For
example we can consider the lines of curvature on a surface in 3-space. We
can of course parameterise that surface by a piece of the plane, and study the
BDE in that plane, but there is no reason why the Legendre transform of this
BDE or the curve of inflexions should have any geometric significance. On
the other hand on the surface there are points where the integral curves have
natural analogues of inflexions. These are the geodesic inflexions, where the
curve crosses the plane spanned by its tangent line and the normal. It turns
out that these points are often of considerable geometrical interest. We saw that
for the asymptotic curves these geodesic inflexions are picked up as inflexions
in the parameterising plane, but this is for very special reasons. To obtain
information in other cases we need to proceed in a slightly different way.

Definition 2.12 A 2-contact element of a curve in the plane is the R-equiva-
lence class of the 2-jet of a germ of an immersion R,0 — R2. (That is we
do not distinguish 2-jets of germs differing by a change of co-ordinates in the
source. )

Given a point u in the plane there are a 2-parameter family of such elements
through u, determined by the slope of the tangent line through u and the
curvature of the curve germ there. For those elements with non-zero curvature
we can think of this space as IR? where a point v determines the centre of a
circle through u, and the germ of this circle at u determines the contact element.
Using this model the space of all contact elements (with non-zero curvature)
can be thought of as IR? x IR2. Given a curve o : I — IR?, the corresponding
family of contact elements is parameterised (o, 3) where 3(¢) is the centre of
curvature of the curve at a(t). We have seen that the following is true.

Lemma 2.13 The 2-contact element of an integral curve of F(z,y,p) =0 at
(z,y) is determined by p and ((Fy + pFy)/Fp)(z,y,p)

Now suppose given an IDE on a surface, and on that surface an integral
curve through a point. Then clearly this yields a geodesic inflexion if it, and

10



the curve obtained by slicing the surface by the plane containing its tangent
and the normal, have > 3-point contact on the surface. Looking at their inverse
images in the parameterising space (contact is preserved by diffeomorphisms)
this condition is determined by the corresponding 2-contact elements. So for
each integral curve in the parameterising plane there is the family of 2-contact
elements corresponding to the curve and a family determined by the normal
slices of the surface. These two families have the same linear parts, that is
determine the same 1-contact elements. We are interested in those points where
the 2-contact elements coincide. Thinking of the space of 2-contact elements
as IR? x IR? again, we see that the fact that the elements are tangent means
that the centre of the relevant circle for the normal slice family occur on the
normals to the original curve, and the points sought are the intersection of this
locus of centres with the evolute of the integral curve. The BDE will yield a
family of integral curves and hence a family of such points. We will now show
that we can generally use the previous models to describe the configuration of
cusp locus, geodesic inflexions and separatrices, by showing how to carry out
the required calculations.
We shall write our surface in Monge form z = h(z,y).

Lemma 2.14 Suppose given a point (z,y) in the parameterising plane and a
direction with slope p there. Let v(p) be the corresponding tangent direction at
(z,y,h(z,y)) and C(p) the curve given by the intersection of the plane spanned
by the normal and v(p) with the surface. Then its inverse image in the (z,y)-
plane determines a 2-contact element represented by (t,pt + qt%) where

q = (=hy + phz)(has + 2phay + p*hyy) /2(1 + A2 + h2).

If the IDE for the curves on the surface are given by F(z,y,p) = 0 (F will
be constructed from h in some way) then the geodesic inflexions are given by
—(Fz + pF,)/F, = 2q that is

—(Fy +pFy)(1+ hi =t hlz,) = Fp(-hy + phs)(haz + 2phgy +P2hyy)-

Proof: For any point (z,y) of the parameterising plane the normal at the corre-
sponding point (z,y, h(z,y)), and the tangent direction v(p) is easily computed.
One can consequently write down the normal plane, and check that if the germ
of the image of the curve (z + ¢,y + pt + qt2) was to lie, to second order, in this
plane then g has the given form.

Remark 2.15 (1) This calculation now allows us to carry out the relevant
computations for various geometric BDE’s. We have seen that we may always
suppose that (z,y,p) = (0,0,0). Moreover we are always studying the IDE
in a neighbourhood of a point where F;, = 0. From this we deduce that the
condition for a geodesic inflexion on an integral curve is F +pF, = a(z,y,p)Fp
where «, F, lie in M(z,y,p). So the linear part of this condition coincides with
that for F; + pF,, = 0. As remarked in 2.10 above this linear part determines
the relative positions of the inflexional, cuspidal sets and the separatrices (if
any). In other words the models described above will apply.
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(2) In the case when the direction is asymptotic we note that g =0, so the
2-contact element has no quadratic part. So we have geodesic curvature zero if
and only if the pull-back of the asymptotic curves have inflexions, as we have
seen before.

2.2 Application: Conjugate Curve Congruence

In [18] Fletcher constructed a natural family of BDE’s that links the asymptotic
curves of a smooth surface in IR3 to the lines of curvature. Take the set of all
directions in all tangent planes making a fixed (signed) angle o € [—7/ 2,m/2]
with their conjugate direction with respect to the second fundamental form
of the surface. Note that when o = 0 this gives the asymptotic directions,
since these are the self conjugate directions, and when o = +7/2 it yields
the principal directions. For a fixed angle o these directions are labeled C,,
and called the conjugate curve congruence. This family appears to be of some
substantial importance. Note also that the conjugate directions, and hence
this family, are important in computer vision when dealing with projections of
surfaces; see [20].
These directions are given by

(sina(Gm — Fn) —ncosaV EG — F2)dy? +
(sina(Gl — En) — 2mcos aV EG — F2)dydz +
(sina(Fl — Em) — lcosaV EG — F?)dz? =0,

where E, F,G (e, f,g) are the coefficients of the first (second) fundamental form

t (z,y). Away from umbilics the special parametrisation where z-constant
and y-constant curves are principal curves can be adopted and the C, can be
simplified considerably to the form

kg cos ady® + (kg — K1) sin adydz + K cos adz? = 0,

where x;, ¢ = 1,2 are the principal curvatures at (z,y). The stable structures
and the bifurcations in the C, curves when « varies are described in [9].

The congruence C, defines at most two directions at points in IR%. Take at
each point the unit vector corresponding to a given direction. This defines a
map-germ from IR? — $2. The fold singularities of this map is the fold curve.
It turns out that the fold curve of a given direction is the locus of the geodesic
inflexions of the integral curves of the other direction ([18]). It follows from
Remark 2.15 that the linear condition determining the position of the inflexion
set of the BDE of C, (or the fold curve of Cq) is that determined in the models
discussed above, when using a co-ordinate chart.

Suppose the surface is given locally in Monge form z = h(z,y) with

hiz,y) = 21_0 (.)al Ze ‘+62 (é)bzs : 1-f- )3 (i)cim4_iyi+....

By taking sinoqg = ao/,/ag + a%, cos g = —al/\/ag + a%, we fix the z-axis as
an element of Cq, at the origin. The 2-jet of the BDE C,, is then given (after
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scaling) by Ap? + 2Bp + C with

A= 2ai(ag+ ag)
b= (—agag + a(2) + QG%) + (Zalbl + apby — aobg)w + (aobl — agbs + 2a1b2)y
C = 2(bpay — agb1)z + 2(a1b1 — agbe)y+
(agal + aoa% —apcy + coal)'zz2 + 2(—apc2 + agaz +ajc; + a%aoaz)wy—i—
(—apa3 + 2a3a1as — ages + arcp + agaiad)y?.
When a% —agaz+2a? = 0 the origin is on the discriminant of the congruence
Cay. We have generically a well-folded singularity if furthermore bya; —agh; = 0.
By scaling and using the notation in Section 2 we have

w =1+ (b + b7)/ (b — bobs)
v = by (a + a?)(aa1 + agad — ager + cpar)/2a9(b3 — bobs).

In particular, when o = 0 we are dealing with the asymptotic lines, and at
a cusp of Gauss we have ag = a1 = by = 0 and therefore u = 2 as in §3.1.

When o = £7/2 we obtain the lines of curvature. This case is dealt with
in Section 4. When 0 < a < /2 it is clear that all the cases in Figure 1 occur
in this situation.

3 The Morse Type 1 case

When F,, # 0 we can rewrite F', after a smooth change of co-ordinates, in
the form p? + f(z,y) = 0. The discriminant of the equation is then given
by f(z,y) = 0. When f has a Morse singularity so does F' and the surface
M is singular (an isolated point or a cone). We say that F' is of Morse type
1. We showed in [9] that the generic topological models in this situation are
p? + (£z% £ 4?) = 0. (See also [21] where the behaviour of the integral curves
when the discriminant is a node is studied, and applied to gas dynamics.) These
phenomena occur generically in 1-parameter families. When the coefficient of
z2 above is +1 two well-folded foci appear on one side of the transition and none
on the other. An implicit differential equation equivalent to this normal form
is labelled Foci-Morse Type 1. When the coefficient of z2 is —1 two well-folded
saddles appear on one side of the transition and none on the other ([9]). An
equation equivalent to this normal from is labelled Saddles-Morse Type 1. Note
that we are only interested in the case when F' = 0 is a cone, not an isolated
point. Note also that since the Legendre transform is a diffeomorphism the
same will be true for the surface G = 0.

When dealing with duality of IDEs we can only use affine changes of co-
ordinates, so we can no longer write the equation in a simple from p?+ f(z,y) =
0. However, since the discriminant is singular, the 1-jet of F' at the origin is
zero and we have the following.

Lemma 3.1 Assume that the point under consideration s the origin, F' has
zero I-jet at the origin and F,,(0,0,0) # 0. Then Saddles and Foci Morse Type
1 equations are distinguished by the 2-jet of F'. Writing the 2-jet of F' at (0,0,0)
as

72F = p% + 2(biz + boy)p + az? + 2bzy + cy?
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then we have the following.
(1) The discriminant has a Morse singularity if and only if

Ap = b2 — bbby + ab% — ac + b2c # 0.

(ii) Assuming Af # 0, the equation is of Saddles-Morse Type 1ifb3—a >0
and Foci-Morse Type 1 if b3 —a < 0.

Proof: For an IDE with Fp, # 0 to be of type Saddles/Foci-Morse Type 1, we
need the discriminant to have a Morse singularity and its branches (complexify
if necessary) to be transverse to the unique direction defined by the equation
at the origin. It is equivalent to Foci-Morse Type 1 if the lifted field on the
cylinder, obtained by blowing up M, has no singularities on the exceptional
circle. Otherwise, it has 2 saddles singularities on this circle and the equation
is equivalent to a Saddles-Morse Type 1.

The claim that the Saddles/Foci-Morse Type 1 condition depends only on
the 2-jet of F' follows from the fact that the 2-jet of the discriminant of the
equation and the condition for it to be transversal to the unique direction at the
origin depend only on the 2-jet of F' at the origin. The 2-jet of the discriminant
is given by

726F = (b2 — a)z? + 2(b1by — b)zy + (b2 — c)y>.

This has a Morse singularity if and only if
Ap = b® — 2bb1by + ab% — ac + bic #0.

The branches of the discriminant are transverse to the unique direction (1,0)
determined by the equation at the origin if and only if 42 — a # 0. When
b2 — a > 0 the lifted field on the blow up of M has two saddles singularities on
the exceptional circle. In the case b% —a < 0, the lifted field has no singularities
on the exceptional circle.

Theorem 3.2 Let F =0 be an IDE with a Morse Type 1 singularity with 2-jet
as above.

(i) The Legendre transform has a Morse Type 1 singularity if and only if
the separatrices of F' (when they ezist) are not inflezional, the condition being
a #0.

(i) The discriminant type (a node or an isolated point) is preserved under
duality if a > 0 and reversed otherwise.

(ii) The singularity type (saddles, foci) is preserved under duality.

Proof: We apply the Legendre transformation to F'. The 2-jet of the resulting
function G is given by

72G = aP? 4+ 2(01X — bY)P + X2 — 25, XY + cY?2.

We have Gpp # 0 if and and only if a # 0. Geometrically, this has the
following interpretation. When the lifted field on the blow up of the surface M
has two saddle singularities on the exceptional circle, this circle is a common
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separatrix of the field at the two singularities. The remaining separatrices
project to smooth tangential curves in the (z,y)-plane with tangent line along
the unique direction defined by F' at the origin, the z-axis in our setting. So
the initial term of these curves, still called separatrices, is given by y = ax?.
Substituting this in F' = 0 yields 402 + 4bja + a = 0. The condition a #0
means that the origin is not an inflexion point of one of these curves, i.e. they
are parabolas. If a > 0 the separatrices bend in the same direction, otherwise
they bend in opposite directions.
The 2-jet of the discriminant of G is given by

726 = (b2 — a) X2 + 2(aby — bb1) XY + (b% — ac)Y2.

This has a Morse singularity if and only if Ag = aA F 7# 0. The Morse type
of the discriminant is preserved under duality when a > 0 and reversed when
a<0.

The branches of ¢ are transverse to the unique direction (1,0) determined
by G =0 at the origin if and only if b3 — @ # 0. We have Saddle-Morse Type 1
equation if b2 — a > 0 and a Foci-Morse Type 1 equation if b2 — a > 0. So the
type of the singularity is preserved under duality.

We now need to consider the inflexion set of the integral curves of F' = 0.
We recall that this set is given by F' = F, +pFy = 0. The surface F; +pF, =0
is locally smooth as V(F, +pF,)(0) = (a,b,b1) and a # 0. When F = 0 defines
a cone, which we assume it does here, the surface Fj + pFy = 0 generically
intersects this cone in an isolated point or a pair of curves. (The surface F, +
pFy, = 0 is tangent to the cone when the discriminant of G has a singularity
worse than Morse.) If by = 0 the inflexion curves in the (z,y)-plane are certainly
tangential. Suppose then that b3 # 0. Then eliminating p in F = F, +pF, =0
yields an equation in the (z,y)-plane with a 2-jet of the form

8rr = a(a — b3)z* + 2a(b — bibg)zy + (b2 + b2c — 2bb1by)y>.

We have a non degenerate quadratic if Ajp = b2Ag # 0 resulting in a pair of
transverse inflexion curves if A;r > 0 and an isolated point if A;p < 0. Observe
that Arr = ab?Ap, so A;r and Ap have the same Morse type if @ > 0 and
reversed type if a < 0. We thus have

Proposition 3.3 Let FF =0 be an IDE with a Morse Type 1 singularity and
suppose that j°F = p? + 2(biz + boy)p + az? + 2bzy + cy?. Assume that a # 0
and by # 0. Then the inflexion set has a Morse singularity. This singularity
is of the same type (a node or an isolated point) as that of the discriminant of
F =0 ifa>0 and of opposite type if a < 0.

As we assume that a(b? — a) # 0 (see Lemma 3.1 and Theorem 3.2) the
inflexion curves are transverse to the unique direction determined by the equa-
tion. When dF is a node, it separates a neighbourhood of the origin into four
sectors and the integral curves of the IDE F' = 0 lie in two of them (where
6p > 0). Considering one of these sectors we have several configurations de-
pending on whether the unique direction separates the inflexion curves or not.
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Figure 3: Configurations of the tangent lines to the cusp set (thick) and inflexion
curves (thin) (unique direction and separatrices dashed) and their duals: the
inflexion set has a Morse singularity.

They are separated if a(a — b3)(b% + b%c — 2bb1bs) < 0 and not separated if
a(a — b3)(b% + b2c — 2bb1bg) > 0.

We also seek to analyse how each case dualises under the Legendre transfor-
mation. A calculation shows that the 2-jet of the equation defining the inflexion
curves of G (after scaling) is given by

8rc = (a — b3) X2 + 2(bby — abg) XY + (ab3 + b2c — 2bb1by) Y2

We have Ajg = b2Ar and the inflexion curves are separated by the unique
direction if (a — b2)(abZ + bZc — 2bb1by) < 0 and not separated if (a — b2)(ab3 +
b2c — 2bb1by) > 0.

To aid the process of identifying all the cases we take j2F in a simpler form.
Since b1 # 0 we can make linear changes of co-ordinates and set b; = 1 and
ba = 0. Then Ap = b% + ¢ — ac and the position of the inflexion curves of F is
determined by the sign of a(a — 1)(b? +¢). The position of the inflexion curves
of G depends on the sign of (a — 1)ec.

Proposition 3.4 Suppose that the equation F = 0 is of Morse Type 1, the
separatrices through the origin are not inflexional and the inflexion curves are
not tangential. Then the local models of the configurations of tangent lines to
the cusp and inflezion curves and of the unique direction at the origin together
with their corresponding duals are those in Figure 3.
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Figure 4: Configurations of the tangent lines to the cusp (thick) and inflexion set
(thin) (unique direction and separatrices dashed) and their duals: the inflexion
set has an A:,i-singularity.

In Figure 3 the separatrices are also drawn to point out how they curve and
to make the distinction between the saddle and foci type.
When b; = 0 we have the following.

Proposition 3.5 Suppose that the equation F = 0 is of Morse Type 1, the
separatrices through the origin are not inflexional but the inflezion curves are
not transversal. Then the inflezion set generically has an A:‘;h -singularity.

The local models of the configurations of the tangent lines to the cusps and
inflezion curves and of the unique direction at the origin, together with their
corresponding duals are those in Figure 4.

The proof is a calculation and we omit it.

Remark 3.6 In Proposition 3.4 and 3.5 the tangent lines to the curves of
interest are given. One can refine this classification by considering the actual
cusps and inflexion curves and the way they bend in relation to each other. This
bending depends on j3F. However their relative position only depends on j2F.

3.1 Application: Asymptotic curves on surfaces in IR?

Let S be a smooth surface given locally at the origin in a Monge form z =
h(z,y). Assume that the origin is a parabolic point so that
1=4

7*h = agy® + b1y® + bazy? + baz®y + by’ + > diytiat,
1=0
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It is shown in [5] that when the family of height function is not versal at a
cusp of Gauss, the parabolic set has a Morse singularity. This occurs when
b3 = by = 0 and ds # 0. The equation of the asymptotic curves hy,dy? +
2hgydzdy + hyedz? = 0 has then a Morse Type 1 singularity. With the above
conditions we have jlhg, = 2byy so the coefficient of z vanishes. We are then
in the situation of Proposition 3.5. Hence the inflexion set (the flecnodal curve
in this case) generically has an A?-singularity. All the configuration in Figure
4 occur. These depend on the 3-jet of the coefficients of the BDE which in turn
depend on the 5-jet of A.

3.2 Application: Conjugate Curve Congruence

We consider the example in Section 2.2. It is easy to check that we can apply
the results here because of Lemma 2.13. The Morse Type 1 singularity occurs
on a Cq, when in addition to the conditions for having a well-folded singularity
in Section 2.2, we have a;b; —agby = 0. Then the coefficient of zp in F' becomes
2(a1by+agby). This is generically non-zero for ag # 0. So we are in the situation
of Proposition 3.4. By varying the coefficients of f we obtain all the cases in
Figure 3.

4 BDE’s with vanishing coefficients
As pointed out in the introduction, BDE’s
a(z,y)dy? + 2b(z, y)dedy + c(z,y)dz? = 0

where a = b = ¢ = 0 at the origin are of interest in differential geometry and
control theory. When the discriminant § = b2 — ac has a Morse singularity
the surface M is smooth ([6]). Such BDE’s are said to be of Morse Type 2.
Topological models of these BDE’s are given in [3] and [6].

Suppose given a BDE of Morse Type 2. Then a linear change of co-ordinates
reduces the 1-jet of the coefficients of the BDE to

(y7 blm + b2y7 ey),

with e = £1, (see [6] for the general case and [19] when ¢ = —1). We shall also
need to consider the 2-jet of these coefficients, so we write

72a(z,y) =y + aoz? + a21zy + azey?,

72b(z,y) = b1z + boy + baoz? + barzy + bogy?,
72c(z,y) = ey + co0z? + carzy + caoy?.

The lifted field £ on M has 1 or 3 zeros (saddles or nodes) on the exceptional
fibre, with the exceptional fibre being a common separatrix to all of them. The
zeros are the roots of the cubic

¢(p) = (Fx + pFy)(0,0,p) = p(p® + 2bop + 2b; +€).

The eigenvalues of £ at the zeros of ¢ are
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a1(p) = 2(p® +bop +by)
—¢'(p) = —(3p® + 4bap + 2b; +¢)

We showed in [6] that the topological type of the above BDE with 1-jet (y,biz+
b2y, €y) depends only on (by, by), and all the BDE’s whose corresponding (by, ba)
belong to the same connected component of the (b1,b2)-plane bounded by some
exceptional curves are topologically equivalent. These exceptional curves are
given by the following conditions:

(i) the discriminant fails to be Morse: by = 0;
(ii) the cubic ¢ has a repeated root: 2b; +¢ = 0 or b3 —2b —e =0;

(iii) the polynomials a1, ¢ have a common root: by = 0 if € = —1, and b;=0
or b2 = (by +1)? if e = +1.

Now on the surface M at the zeros of ¢ we know that F, +pFy = 0. Generally
this will be a surface which will cut the surface M transversely. If the three
roots of ¢ = 0 are distinct the condition for non-transverse intersection is that
F3(0,0,p) and Fy(0,0,p) (and consequently ¢(p)) have a common root, that is
F =0 is not smooth. So we deduce the following:

Proposition 4.1 (i) At each zero of ¢ we expect three curves: the p-azis, the
other separatriz and the curve corresponding to inflezions. Generically these
will have distinct tangents at the zeros. Projecting back down to the (z,y)-plane
we are essentially blowing down, so there will be 1 or 3 curves of inflezions 2-
point tangent to the corresponding projected separatrices (those distinct from the
p-azis). The configuration of these curves depend on the 2-jet of the coefficients
a,b,c of the BDE.

(i) We can get all possible cases (3 cases when the cubic has 1 root and 18
cases when it has 3 roots) by varying the coefficients aiz, bij, ciz.

We now consider the Legendre transformation, which of course generally
will not be a BDE. Taking an affine chart p = dy/dz of the projective line, we
obtain an equation of the form

G=a(P,XP-Y)X?+2b(P,XP-Y)X +¢(P,XP-Y).

(We shall not need to consider the other chart g = dz/dy as no singularity of
§ arises at the point at infinity.) As any value of p is a solution of the original
equation F' = 0, the equation G = 0 should be studied in a neighbourhood of
the X-axis; the Legendre transform has naturally blown-up the original BDE.
We observe that the X-axis is an integral curve of G, that is G(X,0,0) = 0.

Theorem 4.2 Suppose given a BDE F = 0 of Morse Type 2 with coefficients

(a,b,c) with 1-jet (y,biz + bay,ey), and (b1, b2) off the exzceptional curves de-
scribed above. Then,
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(i) Gp(X,0,0) # 0 if and only if $(X) # 0. So away from the roots of
the cubic ¢ on the X -axis, the equation G = 0 can be reduced to an ordinary
differential equation.

(1) At the zeros of #(X), we generically have Gpp(X,0,0) # 0. Further-
more, G = 0 has a well-folded singularity at these points. The well-folded
singularity is of type saddle (resp. node) if the root of ¢ is a saddle (resp.
node) of the field &. The X -azis is a common separatriz to all the well-folded
singularities.

(i) The inflezion set of G consists of the X -azis (infinitely degenerate
inflezions) when € = —1, and of the union of the X -azis with two smooth
curves intersecting this azis transversally at two points distinct from the zeros
of ¢ when € = +1.

(i) The bending of the cusp curve at (s,0,0), with s a zero of ¢, is deter-
mined by the sign of bjGpp(s,0,0). The bending of the non-flat separatriz at
such a point is determined by the sign of (cu1(s) + ¢(s))Gpp(s,0,0), provided
a1(s) + ¢/'(s) # 0. So the relative bending of the cusp curve and the non-flat
separatriz depends only on by(cu(s) + ¢'(s)). We have ay(s) + ¢'(s) =0 at a
root of ¢ if and only if

(3b1 + 2¢)% — 4b2(by +€) =0

which gives another ezceptional set in the (b1, bo)-plane.
(v) Gpp =0 at s, a zero of ¢, if and only if the integral curve through the
origin of F' = 0 with a slope s is inflexional. We have

1 . '
éGPP(X7 0,0) = a2 X *+(a1+2b22) X 3+(ag0+2bg1+c92) X2+ (2bgg+c21) X +c22,

that is, Gpp(X,0,0) depends only on the 2-jet of the coefficients of the initial
BDE. In particular, the bending of the cusp curves at two distinct roots of ¢
depends on the 2-jet of F, and all possible combinations occur by varying the
coefficients a;j, bij, cij.

(vi) The partition of the (b1,bs)-plane into the regions where the relative
bending of the cusp curve and the non-flat separatriz at a zero of ¢ is constant
15 gwen in Figure §.

The proof follows from relatively straightforward calculations.

4.1 Application: Asymptotic lines of surfaces in IR?

The coefficients of the BDE giving the asymptotic lines vanish at flat umbilics.
These points occur generically in 1-parameter families of surfaces. If the surface
is given locally in Monge form z = h(z,y), the origin is a flat umbilic if j2h = 0.
Then h = C(z,y) + h.o.t where C is a cubic in (z,y). In general, this cubic
is non degenerate, so by linear changes of co-ordinates we may set C(z,y) =
%y3 + %zQy. We have an elliptic flat umbilic (— case) if the cubic has 3 roots
and a hyperpolic flat umbilic (+ case) if it has 1 root.

The BDE hyydy2 + 2hgydzdy + heedz? = 0 is of Morse Type 2 at a flat
umbilic. The lifted field has 3 saddles at an elliptic umbilic and 1 saddle at
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Figure 5: Partition of the (b1, bs) plane (e = —1 left, ¢ = +1 right) by the

exceptional curves.

a hyperbolic umbilic (see [6]). The bending of the non-flat separatrix and the
cusp curve of the Legendre transform G is as in Region 1 (Figure 5, left) for
the elliptic flat umbilic and Region 18 (Figure 5, right) for the hypebolic flat
umbilic.

We deduce the following from the results in Section 2.1 and Proposition 4.1.

Proposition 4.3 There are 3 flecnodal curves at an elliptic flat umbilic and 1
at a hyperbolic flat umbilic. These curves are tangent to the separatrices of the
BDE of the asymptotic lines.

4.2 Application: Sub-parabolic lines of surfaces in IR

Geodesic inflexions on the lines of curvatures of a smooth surface S C IR3 are an
important robust feature of the surface. Let pg be a point on S which is not an
umbilic. The locus of points where the principal curvature is extremal along the
other line of curvature is called the sub-parabolic line in [12], [24], [22]. It can be
characterised, via a computation of the first and second fundamental forms of
the focal set, as the locus of points on the surface whose image is the parabolic
curve on the focal set [17], [11]. However, as in the case of ridges, the sub-
parabolic lines were first and are best described using singularity theory, and
an associated family of maps, the folding maps, [24]. A point is sub-parabolic
if and only if folding the surface along a the normal plane that contains a
principal direction induces a map-germ with a singularity of type S>2. The
folding map also reveals some fascinating geometry of the surface and its focal
set at umbilics. At such points all directions are principal so folding the surface
in any normal plane induces a map with a singularity of type Cross-cap or worse.
On the projective line IRP? of such directions, there may be 3 or 1 directions
where the singularity is of type Sz (resp. By), i.e. there are 3 or 1 sub-parabolic
lines (resp. ridges) through an umbilic [12]. It turns out, and we shall deduce
this from Proposition 4.1 and our analysis of the Legendre transform, that the
configuration of these sub-parabolic lines is closely related to that of the lines
of curvature [12], [22].
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A result in [22] characterises the sub-parabolic line as the locus of points
where the other lines of curvature have a geodesic inflexion. Using the results
in Section 2.1, Proposition 4.1 and Theorem 4.2 we deduce the following.

Proposition 4.4 (1) The linear part of the inflexion set of the BDE of the
lines of curvature of a smooth surface in R® corresponds to the linear part of
the sub-parabolic lines.

(2) There are 3 (at a Star or Monstar) or 1 (at a Lemon) sub-parabolic lines
through a generic umbilic, and these curves are tangent to the corresponding

lines of curvatures through the umbilic point. (Compare [12], [22], [24].)

We observe that the discriminant of the BDE of the lines of curvature con-
sists of the umbilic points. So the 1-jet of the coefficients of this BDE are of
the form (y, by + bgy, —y) at an umbilic point, where b1, b2 depend only on the
coefficients of the cubic part of the function defining the surface in Monge form

at the umbilic. All the cases in Figure 5 left occur for the Legendre transform
of this BDE.

References

(1] V.I. Arnold, Geometrical methods in the theory of ordinary differential
equations (Berlin: Springer, 1983).

[2] J.W. Bruce, A note on first order differential equations of degree greater
than one and wavefront evolution, Bull. London Math. Soc., 16 (1984),
139-144.

[3] J.W. Bruce and D. Fidal, On binary differential equations and umbilics,
Proc. Royal Soc. Edinburgh 111A (1989) 147-168.

[4] J.W. Bruce and P.J. Giblin, Curves and Singularities, Cambridge Univer-
sity Press, Second Edition, 1992.

(5] J.W. Bruce, P.J. Giblin, F. Tari, Families of surfaces: height functions,
Gauss maps and duals. In W.L. Marar (Ed.), Real and Complex Singular-
ities, Pitman Research Notes in Mathematics, Vol. 333 (1995), 148-178.

[6] J.W. Bruce and F. Tari, On binary differential equations, Nonlinearity 8
(1995), 255-271.

(7] J.W. Bruce and F. Tari, Generic 1-parameter families of binary differential
equations of Morse type, Discrete and Continuous Dynamical Systems, Vol
3, No 1 (1997), 79-90.

(8] J.W. Bruce and F. Tari, On the multiplicity of implicit differential equa-
tions, J. of Differential Equations, 148, (1998) 122-147.

[9] J.W. Bruce, G. J. Fletcher and F.Tari, Bifurcation of binary differential
equations and applications. Preprint.

22



Resumo

Apresentamos neste artigo resultados de dualidade em vérios tipos de equagoes
diferenciais implicitas
dy
F((E, Y, d_:L‘) =0,
onde F' é uma funcdo suave. Usamos os resultados para deduzir propriedades
geométricas de superficies em RR>.



(10] J.W. Bruce and F. Tari, On families of symmetric matrices. Preprint.

[11]

[12]

[13]

[14]

[15]

[16]

[17]
[18]

[19]

[20]
[21]

[22]

23]

[24]

J.W. Bruce and F. Tari, Extrema of principal curvature and symmetry,

Proc. Royal Soc. Edinburgh, 39 (1996), 397-402.

J.W. Bruce and T.C. Wilkinson, Folding maps and focal sets, Proceedings
of Warwick Symposium on Singularities, Springer Lecture Notes in Math.,
vol 1462, p. 63-72, Springer-Verlag, Berlin and New York, 1991.

M. Cibrario, Sulla reduzione a forma delle equationi lineari alle derviate
parziale di secondo ordine di tipo misto, Accademia di Scienze e Lettere,
Instituto Lombardo Redicconti 65, 889-906 (1932).

A.A. Davydov, Normal forms of differential equations unresolved with re-
spect to derivatives in a neighbourhood of its singular point, Functional
Anal. Appl. 19 (1985), 1-10.

A.A. Davydov, Qualitative control theory, Translations of Mathematical
Monographs 142, AMS, Providence, RI, 1994.

A.A. Davydov and L. Ortiz-Bobadilla, Smooth normal forms of folded
elementary singular points, J. Dynam. Control Systems 1 (1995) No 4,
463-482.

L.P. Eisenhart, Differential Geometry, Ginn and Company 1909.

G.J. Fletcher, Geometrical problems in computer vision. Ph.D thesis, Liv-
erpool University, 1996.

V. Guinez, Positive quadratic differential forms and foliations with singu-
larities on surfaces, Trans. Amer. Math. Soc. 309 (1988), 447-502.

J. Koenderink, Solid Shape, MIT press 1990.

A.G. Kuz’'min, Nonclassical equations of mixed type and their applica-
tions in gas dynamics. International Series of Numerical Mathematics, 109.
Birkhauser Verlag, Basel, 1992. ‘

R.J. Morris, Symmetry of curves and the geometry of surfaces: two explo-
rations with the aid of computer graphics, Thesis University of Liverpool,
1991.

O.P. Shcherbak, Projectively dual space curves and Legendre singularities,
Trudy Tbliss. Univ., 232-233 (1982), 280-336. In English in Selecta Math.
Sovietica, 5 (1986), 391-421.

T.C. Wilkinson, The geometry of folding maps, Thesis, University of
Newcastle-upon-Tyne, 1991.

J.W. Bruce F. Tari

Department of Pure Mathematics Instituto de Ciéncias Matemdticas e de Computacio
The University of Liverpool Universidade de Sdao Paulo

P.O. Box 147 Caixa Postal 668

Liverpool L69 3BX, UK CEP 13560-970, Sao Carlos (SP), Brasil

Jwbruce @liv. ac.uk tari@icmsc.sc.usp.br

23



071/99

070/99

069/98

068/98

067/98

066/98

065/98

064/98

063/98

062/98

NOTAS DO ICMC

SERIE MATEMATICA

SUN, X.; MENEGATTO, V.A. — Stricly positive definite functions on the
complex Hilbert sphere.

MANCINI, S.; RUAS, M.A.S.; TEIXEIRA, M.A. — On divergent diagrams of
finite codimension.

LINHARES, O. L.; ANDRADE, E.X.L. DE — Matrizes especiais matrizes de
teste.

CONDE, A.; MENDES, M.P. — Grobner bases and the immersions of real
flag manifolds in Euclidean spaces.

MOCHIDA, D.K.H., ROMERO-FUSTER, M.C.; RUAS, MAS. -
Osculating hyperplanes and asymptotic directions of condimension two
submanifolds of euclidean spaces.

CARVALHO, AN.; PRIMO, M.R.T. — Boundary synchronization in
parabolic problems with nonlinear boundary conditions.

BRUCE, J.W.; FLETCHER, G.J.; TARI, F. — Bifurcations of binary
differential equations.

BRUSCHL S.; CARVALHO, A. N.; RUAS-FILHO, J.G. - The dynamics of
a one-dimensional scalar parabolic problem versus the dynamics of its
discretization.

LEIVA, H. - A new sufficient algebraic condition for the controllability and
observability of linear time varying systems.

ARRIETA, J.M.; CARVALHO, AN RODRIGUEZ-BERNAL, A. -
Attractors of parabolic problems with nonlinear boundary conditions.
Uniform bounds.



