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Abstract

We study the existence of periodic solutions for a class of periodically
forced quasiparabolic equations involving either the p-Laplacean, or other
nonlinear operators of similar class, perturbed by operators depending on the
gradiente of the solution

1 Introduction

Monotone operators, in particular the ones that are subdifferentials of convex func-
tions, like the p-Laplacean, appear in several importante situations, showing, for
instance, in equations modeling the behaviour of viscoelastic materials, Le Tallec
[5]. In most cases, these monotone operators may be accompanied of other nonlinear
operators, what may turn difficult the analysis of the equations where they appear
and, consequently, the prediction of the behaviour of the corresponding solutions.
This is specially true when these acompanying operators model situations where
there is imparting of energy to the system, by means of the interaction between the
material and external actions, for instance. In this sort of case, the overall operator

associated to the problem is no longer monotone and not even dissipative (at least
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not in all of the corresponding functional space). Besides, due to possible imbalance
between the gain and the dissipation of energy, it is not clear under what condi-
tions the internal dissipation provided by the monotone part of the operator will be
enough to guarantee that the system will respond in a periodic way when acted on
by periodic external forces.

The search for conditions guaranteeing such existence of periodic respouses 18
the seneral objective of this paper, in the cases that the principal operator in the
equations for the problem Is like the p-Laplacean, and, besides, the accompanying
operators include gradient operators (here,we say that these accompanying operators
are perturbations because they are of lower order). Moreover, we put ourselves 1n
what we call the “worst-case situation from the energy point of view”: we assume
that the sole responsable for the dissipation in the problem is the principal monotone
part of the operator. Thus, any possible dissipation coming from the perturbation
terms is disregarded, and we will be looking for growth conditions for these last
terms in order to obtain periodic solutions.

Specifically, we will study in detail the existence of solutions of the following

problem:
wy(t, ) — Ap(u(t,z)) = h(t, z) + g(u(t,z)).Vu(t,z), T€Q, tE (0,77,
u(t,z) =0, €, t€ 0,7), (1.1)

u(0,z) =u(T,z) T €.

Here, T > 0, and (1 is an open bounded and regular set in IRN. For p € IN, A,
denotes the p-Laplacean, that 1s,

Ap(u) = div(|Vul[P~2Vu).

Also, we use the notation

id ou
g(u(t,z)).Vu(t,z) = Ege(U(t,ﬂf))—a—x—g(t,m),

where, for £ = 1,..., N, the g;’s are suitable functions. The function h is T-periodic

in time.



Concerning this problem, under certain regularity and growth conditions (de-
seribed in detail in Theorem 3.1,) in this work we will show that (1.1) has a weak
(strong) solution. Briefly, our procedure of proof will be the following: the Faedo-
Galerkin method, together with a fixed point argument. will be employed to provide
a sequence of approximate periodic solutions; then, exploiting the periodicity of
those approximate solutions, we will derive further a priori estimates. A compact-
ness argument will then finish the proof of existence.

We should say that the above analysis is more difficult than that in which
the principal operator is linear (that is, it is the Laplacean;) in this last case there
are plenty of known results for the problem. This is mainly due to the weaker
regularization of the p-Laplacean (p # 2) as compared to that of the Laplace operator
(p=2).

We also mention that in [3], we analyzed a problem similar to the above, but in
which the lower order perturbations dependended only on the values of the solution
itself, instead of the values of the gradient of the solution. As we will explain later
on, the technique employed in [3] could not be employed in case of the present paper.

Finally, the paper is organized as follows: in Section 2 we fix the notation
and recall certain results that will be used in the course of the work; in Section 3
we will state precisely and prove our existence results concerning periodic solutions
(Theorem 3.1); an extension of the previous result (Theorem 4.1) will be given for
more general monotone operators in Section 4, where we will also give some examples

of its application to other equations than WL

2 Preliminaries

In this section we will fix the notations, as well as recall certain mathematical results
to be used in the rest of the paper.

Being ) an open, bounded and regular set on JRY and 1 < ¢ < o0, the norm of
a function f € L(Q) will be denoted |f|q. We recall that L?(Q2) is a Hilbert space
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with inner product given by (f,g)s = Jo f(x)g(r)dz for f,g € L*(2) (in this paper.
we will always work with real functional spaces.)

For k € IN and q as above, we write 117%9(Q) for the standard Sobolev space.
with 11757(Q) being the closure in W*7(Q) of the class of C**-functions with compact
support in Q. The topological dual of 11 TP(Q) will be denoted Wka'(Q). with
é+$:L

As usual, W2(Q) and W (Q) will be respectively denoted by H*(Q) and
HE¥(Q); their norms will be |+ |k (q) and | g respectively. Also, the dual space
HE(Q) (= Wg?(Q)) will be denoted H¥(Q) (= IW"*(Q)), with norm |- |1-k(0)-
The duality product between H () and HE(Q) will be denoted (u,v) -« gi-

We recall that Hf(Q) is a Hilbert space with norm denoted by (fs 9 mi)

Since the spaces W™ (Q) and Wo9(Q) will be used more often, to simplify
the notation, we will represent their duality simply by (-,+), and their respective
norms by

lw|-1¢ = sup (w,u) for uwe Wy9(Q) and w € w=h(Q)

lul1,4<1
1/p L
luli,q = (/Q |Vu(m)|qdm> for ue Wy ().

We observe that, when g > 2, then Wy¥(Q) C L*(Q) = (L)) € WH(Q),
with continuous and dense inclusions. Thus, when w € L?(Q) and u € Wy(Q), we
have (w,u) = (w,u)s.

We will use standard Sobolev imbedding results, which can be found in Adams
[1].

Being (B, || ||5) a Banach space, for 1 < g < 00, we denote by L(0,T; B) the
Banach space of all B-measurable functions | : (0,T) — B such that JEf ()] %dt <
co; the norm in L?(0,T;B) is then defined as WfllLer;B) = (T [IF (@)% de) .
Also, we define L>(0,T; B) as the Banach space of all B-measurable functions
£:(0,T) — B such that e-sup{|f(¢)|s,t € (0,T)} < oo, with norm || f|[z~(1:8) =
e-sup{||f(t)||, t € (0,T)} (here e-sup denotes the essential supremum.)
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We will also need the following Banach spaces:

W = {u € LP(0,T; WiP(Q)): w € LF(0, T W1 ()} (2.1)
and

Wi = {ue DPOT W@ we PO HH @) (22)
with norms |ulw = [u|pyir + ] iy - and Julw, = |l + g o7 pp—is, L€

spectively. Here, u; (or u') denotes the distributional derivative with respect to
time.

We will also use the fact that
W c C([0.T); L*()) (2.3)
and that for w,v € W it is true (Lions [6]. pages 156 and 321) that

[ a0, 0000 + (w0, o))t = (D), (TN = (0 o0 (24

N N
Now, if 1 < p < oo, ¢ is such thak 1 = = +L > 0 and & € IN satisfy
p q
1 1
k > lV(E + 5), then
HE(Q) € WiP(Q) € LYUQ) € H*(Q), (2.5)

with continuous and dense inclusions. In particular, the inclusion WyP(Q) C L9(Q)
is compact.
Thus, by the Aubin-Lions compactness criterion (Lions [6], Chapter 1, Section

5, Theorem 5.1), we have that
W, c LP(0,T;L%(5)) compactly. (2.6)

For the use with the Faedo-Galerkin method, we also recall the following spec-

tral problem: find 0 # w € HE(Q) and a number A such that

(w, V) k) = AMw.v)y Vv €E HE(Q). (2.7)
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It is known that (2.7) has a sequence of strictly positive eizenvalues {\;}° such that
the corresponding eigenfunctions {¢;};~ form a orthogonal basis both in HY(Q) and
L*(Q).

As before, we observe that H(Q) C L*(Q) = (L*(Q))' C H=*(Q) (with con-
timwous and dense inclusions), and. thus. for v,w € H (), we have (v. W) gk gk =
(v.w)s. In particular, the we conclude that the above basis has the following prop-
erty:

(€ir ) y-rx = (€12€5)2=0, for 1#j€N. (2.8)

To recall properties of the p-Laplacean, let us consider the functional defined

o: WyP(Q) — R

‘ Pl
e (flVae)Pd)” = i,

1 (2.9)
p

It is known that ¢ is a differentiable and convex functional whose derivative
9 Uolp(Q) — I/V_l’p/(Q) is given by
(¢'w,v) = [ [Vu(@)*(Vule), Vu(@))ds Va0 € Wo"(Q),
Q
where (-,-) denotes the usual inner product in RN,
Thus, calling A,(u) = div(|[VufP"*Vu), by the Divergence Theorem, when
A,(u) € L*(§), we have
('), v) = — /Q A, (u(z) v (z)dz. (2.10)

Hence, from now on, we are going to denote ¢' by —A,, which corresponds
to the p-Laplacean with Dirichlet boundary conditions. This operator has special
properties; in fact, for each u,v,w € 1V, 7(9) the following is true:

Strong monotonicity: there is a > 0 such that
(—Apu — (=Apv),u—v) 2 alu —vff ; (211
Hemicontinuity: the following aplication is continuous
AE R — (=A,(u+ Mw),v); (2.12)
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Coercivily:
(—Apu,u) = |ulfy; (2.13)

Boundness:

| = Ap(u)|-1pr < JulP~". (2.14)

We observe that (2.11) follows from [7], Section 2, Lemma 1; (2.12) follows from the
fact of ¢ € CHWP(Q)); and (2.13) and (2.14) follows easily from the definition of
A

We need to clarify the concept of weak and strong solutions we will be using
in this paper:
Definition:
(i) Let f € LP(0,T; WP (Q)) and ug € L*(Q). We say that u is a weak solution
of

u — Apu = f,
U\@Q = 0, (215)
u(0) = up €

ifueW ={we LP0O,T, WoP(Q)); we € LP (0, T; W17 (Q))} and u satisfies (2.15)
in LP'(0,T; W~1#'(Q)) with u(0) = uo (this makes sense because of (2.3).

(ii) When f € L*(0,T; L*()),  is called a strong solution of (2.15) if it is a weak
solution, u; € L2(0,T; L?(Q)), and (2.15) is satisfied in L*(0,T; L*(Q)).

A final remark concerning the notation is the following: as it is usual, we
will denote by C a generic positive constant depending on the data of the problem
(like the given functions, (2, the Sobolev imbeddings results being used, and so
on) and that may change in the sequence of the derivation of each estimate; these
constants, however, will not depend on the Faedo-Galerkin approximation of the
solution, um, being considered (in the situations in which the constants do depend
on these approximations, we will use the notation C(m). In cases we want to

emphasize the role of certain constants, we will denote them by ¢, ¢, and so on.
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3 Existence of Periodic Solutions

We start by investigating the existence of weak solutions: We will prove the following

result:

Theorem 3.1 Letp > 3, a function h € L¥(0,T; W=17(Q)) and locally lipschitzian
functions g : IR — R, £ =1,..., N, satisfying

19:(7) = ge(0)] < Co(|Tl~H o + D)7 = o (3.1)

for all 7,0 € IR and some Cp > 0 and 1 < sp <p— 2.

In this case, Problem (1.1) admits a weak solution.

When er:nla>§V{3g} =p—2,1if Zr:nﬁi(v{C’g} is sufficiently small, (1.1) still has a
weak solution.

Moreover, when 1 < s < 4 ; 2 and h € L*(0,T; L*(Q)) the above solutions are

strong.

Proof: Let us consider the variational form of Problem (1.1):
(W'(t),v) + Jq |Vu(t, )P~ (Vu(t, ), Vou(z))dz
= (h(t),v) + Jog(u(t,z)) - Vu(t,z)v(z)dz, forany ve W,P(Q), (3.2)
u(0,z) = u(T,z) for z €,

where g(u) - Vu is as in the Introduction.

We will use Faedo-Galerkin method (see Lions [6], Chapter 2, Section 1) to
show that (3.2) has a solution. For this, we use the orthogonal basis in HE(Q),
{e;}$°, given by the eigenfunctions of the spectral problema (2.7) (by 2.5, {e;i}7° is
also a basis in Wy?(€).)

Now, for each m € IN, we take X™ = spanley, . .., em|, the m-dimensional

subspace generated by the m-first elements of this basis, and define an approximate



problem by the following: find wy, : [0, 7] — X™ such that

Jo 1 (t, )0(z)dz + fo |V (t, 2) P> (Vum (¢, ), Vo(z))de

= [, 9(um(t, @) - Vun(t, 2)v(z)ds + (h.v), Yve X™, (3.3)

i (0) = wnlT),

In order to solve (3.3), we will first introduce the following initial value problem:

Jo il (8, z)v(z)ds + fo [Vum(t,2)[P*(Vun(t, ©), Vo(z))dz
= [ 9(um(t, ) - Vup(t, z)v(z)dz + (h.v), Vve X™, (3.4)
Um(O) = Uom,

m
where u,(t) = Zak(t)ek (the coefficients ax(t) must be found) and wuy, =
=1

m
Za()k@k e Xm.

k=1
This defines a system of ordinary differential equations

{ Un(t) = Gm(t, V),
Um(o) = Uo,m,
for the variable Un(t) = (ay(t), az(t), ..., am(t)), with Upm = (ao1, -, aom) and a
suitable function G, which is locally lipschitzian in U and p-integrable in ¢ (this is
not hard to verify under our conditions.)

Thus, according to Carathéodory’s Theorem (see Hale [4], Chapter 1, Section
1.5, Theorem 5.1 - 5.3,) there is an unique absolutely continuous function wum, (t),
which is a local solution of (3.4) and is defined in some maximal interval [0, T )

Let us show that there is a sufficiently large number R > 0 such that if |uomle <
R then |um|re@1;L2(0) < V2R for all m € IN. This implies that u,, is defined in
[0,77.

We start by observing that by taking

s = ,max {se},
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there is a constant ¢ > 0, which does not depend on m, such that for any { =

1,....N there holds
l96(7) = ge(0)] < € max {CH(|7[" = o} + T — ] (3.5)
for all 7,0 € IR.
Also, sincep >3 and 1 <s <p—2, 1t holds

p=—L <L < Foqp (3.6)

p—1 p—-2"p-2

Hence, Wy?(Q) C Lrs/=2)(Q), and, by using Holder’s and Young’s inequali-
ties, (3.5) and (3.6), we conclude that there is a constant C' > 0, which does not

depend on m, such that for any £ = 0,...,N and any u,v € Wy (), it is true that
lgl(u) - g[(”)lp/(p—?) S Cmaxl:l-'-N{Cf}(l’ulps/ p—2) i ‘Ulps/(p 2) + 1)\“ - UIPS/(T’"'-Z)

< Cmaxeer. n{Ce}(lulf' + T, + Dlw = vl
. (3.7)
By taking v = 0 in this last inequality and using Young’s inequality. we find

that there is positive constants c; and cp, such that for any u € W, ?(Q) it holds
|9¢(u)lp/ -2 < erluli, +c2- (3.8)
Since we will need it later on, we remark that c; is form form
- d £ (s g
o= C mexiChh S

with C > 0 independent of m.
Now we are ready to obtain estimates for the sequence . For this. we take

v = um(t) in (3.4) to conclude that
1d g »
5 glum®lz+ um(®)E, < [A(E)] -1 tm (Bl + 19 (m (1)) + Viim (B)]-1p tm ()] 1p-
(3.10)
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But. using (3.6) and (3.8). we obtain. for each ¢ = 1,ldots, N,

(9’(Lm ~ aum
g1(m (1) G2 () < Claclim ()52 Ol

= Clgf ('Um(t)) IP/(P—Q) ium(t) IP

< chlum(t)l‘H,l + coCum (t)|1,p-

Substituting this result in (3.10), we obtain
1 d
2 dt

Thus. in the case that 1 < s < p — 2. we can use Young’s inequality to conclude

(@)1 + lum @) < {[AO)]-100 + 1Clum @7 + 2Clem (D)} ttm (D)1

that, for any with € > 0, there are constants cs, ¢4 > 0 and c; > 0, which depend

on £ but not on m, such that

d i
Elum(t)lg + calum ()7, < cslh(®)IF , + ca. (3.11)

Here
c3=1— (e’ + c1Ce?/ P+ 4 ¢, CePl?), (3.12)

When s = p — 2, by working in a similar way, again we can obtain (3.11), but
now with the following expressions for the constant cs:

cz3=1— (" +ciC+ ¢y CeP!?). (3.13)

Now let us consider first the case 1 < s < p—2: by choosing £ > 0 sufficiently
small in (3.12), we obtain ¢; > 0. Using that Wy(Q) C L*(Q) and Young’s

inequality, we find

d )
& um (O + colum(®)13 < e (RO 0+ 1),

for suitable positive constants cg and cr, still independent of m. Multiplying this

inequation by e®’ and integrating from 0 to ¢ we conclude that
i (£) B < €™ atoml + 71l -1y T 1)
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This implies, in particular that |u,,(t)]2 is bounded for finite ¢ > 0, and. couse-
quently, 1, is defined in all [0,7]. This same inequality implies that if we take 1
large enough (independent of m) such that

Cr

(T + |h[” ), (3.14)

LP (0,T;WW-1p")

2 U
= 1 —e 6T

then, when |umol2 < R, we obtain
|Um(T)|2 S R and ‘umle(g,T;Lz(Q)) S \/QR (315)

Thus, we can define the following Poincaré map associated to (3.4):

K,: X™ — X™
Uom Km(u0m>:um(T>

To prove that K, has a fixed point, we will show that K, is continuous. For

this, let wm, and vy, be two solutions of (3.4); proceeding as before and using (2.11),

we obtain
1 d ) B
2 E‘um(w ;uvm(t”z + alum(t)av m(t)ll,p (3.16)
< 19 ()22 (1) — (0m() G2 Ol (®) = v (D)
But we have that
) 2200 - 9 2@ 1 S glam(®) = 90O GO

(7 (1) = 5 ()9 (vm(®))]-1p-

Now, working as before and using (3.6) and (3.7), we obtain for any £ =1... N that
Oy,
|(9e(um(t)) = 9e(vm(£)) 5= ()l-15 < Clge(um(t)) = ge(um(t))] 25 [tm ()15
< Clum@®) 35"+ lom)5" + Dlum(t) — vm (@) 1plem(t)]1p-
In the same way, using (3.6) and (3.8), we have

(T

B OV

() v

(g Wn(E))|-15 < [tm(t) = vm ()| p(c1lvmli, + c2)-
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Substituting these two last inequalities back into (3.16), and using the fact that X™
is finite-dimensional (and thus any two norms are equivalent in X™;) for each m,

we find positive constants Cm,1 and Cp 2 (which depend on m) such that

() = U (8)]5 + Crm [um (£) = v (8) 2
2t () = v (0[5 (m ()] + [om (B)]5 + 1.

Q&|@~

5
2
<

But we know that when |tmols < R and |Umolz < R for R satisfying (3.14), then
|t | Loo(o,sL2()) S V2R and |vm|re(o,riL2) S V2R. Thus, there is a constant
Cyn(R) > 0 such that, when |uom| < R and |vom| < R, it holds

& 8) — v 0 < Ol Rn) = o D1
and we conclude that |um(t) — vm(t)}3 < [tom — Vom|2C)! for t € [0,T).
Therefore, K, is a well defined and locally lipschitzian function, and, moreover,
by (3.11), Km(Br(0)) C Br(0). So, by Browder Fixed Point Theorem, K, has a
fixed point in B—R(_j that is, there is uom € X™ such that |ugm|2 < R and, being
Wy, the solution of (3.4) with um,(0) = tom, then U (0) = um(T).

By the uniqueness of solutions of the initial values problems associated to (3.4),

we conclude that w, is T-periodic when A is T-periodic.
We have constructed, thus, a sequence of periodic solutions {um}3° of (3.4).
To proceed, we will find uniform in m estimates for this sequence, in the space
W, (see the definition of W, in (2.2).
For this, we integrate (3.11) in (0,7") and use the fact that each approximate

periodic solution satisfies m(0) = um(T) to obtain the following:

IUmlip(O,T;Wé'P(Q)) — (c4lhlLr (OT Ww- 1,p/ (Q)) + C5T)) (317)

Now, we recall that we have taken I € IN as in the introduction, and thus (2.5) and

(2.6) hold.
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By our choice of basis (recall (2.8).)and the use of equation (3.3), we have

|l ()| -#() = SUP{venk (@), [v|Hg:1}(“/m(f)aU)H—k,Hg
= SUP(yexm, |U|Hk:1}(”;n(1)~ U)H—k,Hg
0
= SUPyexm, 1u|Hk=1}<’—\p“m(t) + h(t) + g(um(t)) - v'“m(t)W)H—k,Hg

0

< 1B n(t) + h(t) + 9(tm (1)) - Vi (D)l -0
< C(lApum(t)l—l,p’ o Vl(t)l—l,:[)’ + lg(um(t)) ’ vum(t)l—lm’)'

Using (2.14) and (3.8), we conclude that
! (8) ] s-rey < Cllm 5"+ RO -1yt + lum (DT + T (E)1p)

Since p > s + 2, we already know that the sequence u,, is bounded in
LP(0,T; W, 7(Q)); thus,

{u/ }® is bounded in L7 (0,T; H™"(%)). (3.18)

Therefore, the sequence u, is bounded in W,, and by (2.6) there is a subse-

quence, which we still denote by {tm}, such that
u, — u weakly in LP(0,T} Wy(Q)), (3.19)

and

w, — u  strongly in LP(0,T; LP(R2)), (3.20)

as m — Q.

Moreover, by (3.18), we can also take
ul —u'  weakly in LP(0,T; H (). (3.21)

Also extracting subsequences. by (2.14) and (3.17) there is & €
LP(0,T; W17 (Q)) such that

— Aty — & weakly in 70, T; W= (Q)) (3.22)
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Moreover, from (3.19), we have Vi, — Vu weakly in L7(0.T: LP(€2)). and,
from the first inequality in (3.7). (3.6), and (3.20), g(um) — g(u) strongly in
LP(0,T; LP(S)). Thus, g(um) - Vum — g(u) - Vu strongly in LP2(0,T; LP3(Q)).

Since p > 3, we conclude that
g(tm) - Vi, — g(u) - Vu  weakly in LP (0, T L¥ (), (3.23)

(obviouly, this weak convergence occurs also in L0, T, W-4P'()).)
Now take o € C$°(0,T), then, for i = 1...m, p(.)e; € X™ and, from (3.2), we

conclude that
/OT(u;n(t)ﬂO(t)ei)dt + /()T(_Ap(um(t)), (P(t)ei)dt
= /0 (o) plt)en)dt + /0 " (gelum(®)) - Vum (0), p(D)es)d

Using (3.19), (3.22), (3.23) and the fact that {e;}{° is a basis in W,yP(Q), we
conclude that when m — oo then

W+é=gu) -Vut+h In LP(0,T; H*(Q)).

Now, we observe that since &, g(u) - Vu, h € LF'(0,T; W=+(Q2)), the last
equation implies that u’ € L%p/(0,T; W17 (Q)) and that the equality still holds in
L¥(0,T; W= (Q)). Therefore, we can write

WAE=glu) Vu+h in LF(0,T; WP (Q)). (3.24)

Now, we must show that u(0) = w(T) and § = —Ayu.
For this, note that when ¢ € C$°([0,T]) and (0) = ¢(T), then, by (2.4) and
the fact that um(0) = um(T), we have that

[ ) o0t = = [ Cam(®, )

Then, passing to the limit when m — oo and using (3.19) and (3.21), we conclude
that
T i ‘
/ (W (1), p(t)e:)dt = -/0 (w(t), d(t)e)dt  for i=1,2...
0

15



On the other hand, again by (2.4), we have

[ W), el == [ " (u(t), @' (Des) + (T, p(T)es) = (w(0), p(0)er).

0
Since ©(0) = (T), we conclude that for any e € Wy P(Q), (u(T), e;)
(w(T),ei) = (u(0),e;). Using the fact of the inclusion W, ?(Q) € L3(Q) is dense, we
conclude that w(T") = u(0).

Now, let us show that &, given in (3.24), is equal to — D .

Observe that by the monotonicity of the p-Laplacean, we have
T
/ (= Ayt (t) + Apo(t), wm(t) = v(E)dt 20 Yo € LP(0,T;Wy(R))  (3.25)
0
By (3.2), we have that

jg(—APum(t)aum(t))dt == f(]T(u;n(t)vum(t))dt (3 26)
+ JOT(g(um(t» ’ vum(t)aum(t))dt - fg(h(t)aum(t))dt ‘

Let us analyze each term of the right-hand side of this last equality.
By (2.4) and because t, (0) = um(T) and u(0) = u(T), we have that
T

/OT(u’(t),u(t))dt: / (e, (£), um(t))dt = O, (3.27)

0

By (3.20) and (3.23), we have

[ (0l - Fum @) et = [ (o) Ve u@le (329

and
A (A(2), um (t))dt — /D (A(2), u(t))dt (3.29)

Hence, passing to the limit in (3.25), with the help of (3.13), (3.22), (3.26). (3.28),
(3.29), we conclude that

/OT(g(t) £ AU, ult) —v()dt >0 v e LP(0,T; Wao(Q))
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Now, we proceed as usual: by taking v = u — M, where w € LP(0,T; W, #(Q))

and \ > 0, in the above, we obtain
T
[0 + Apult) = (D), () 20 Vo € 20T Wy ()

Now, with help of the Lebesgue Convergence Theorem and the hemicontinuity of

A, ( see (2.12),) we can pass to the limit when A — 0, to obtain
T
6@ + Ayu(0, 0t 20 Vo € 120, Wy ()

Thus, £ = —A,u and u is a (weak) periodic solution of

{ w, — Apu = h(t) + g(u) - Vu.
u(0) = u(T).

This finishes the proof of the existence of a weak periodic solution of (1.1) in the
case 1 <s<p—2.

To find periodic solutions in the case s = p—2, it is sufficient to guarantee that
again in this case, in (3.11), we have ¢z > 0. In fact, if this is true, the rest of the
proof follows as exactly as before. For this, recall that, when s = p — 2, c3 is given
by (3.13), with ¢; given by (3.9). Therefore, when lgllc’.):ﬁv{(]g} is sufficiently small,
by taking € > 0 small enough, we can make c3 > 0 and thus obtain a weak periodic
solution also in the case s = p — 2.

This finishes our considerations concerning the existence of weak periodic so-

lutions.

Now, we consider the case in which it is possible to obtain strong solutions of

(1.1).
-2 2
We observe that, when 1 < s < — then g > _p2 Thus,

LP/*(0,T; LP/*(Q)) < L*¥/®=2(0,T; L*/(p — 2)())-

Being u a weak solution of (1.1), we know that u € LP(0,T; Wy(R)), and. for
each £ = 0,...,N we conclude that ge(u) € L%(O,T; LP_Q%(Q)) Consequently,
g(u) - Vu € L*(0,T; L*().
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Now, by denoting f(t) = g(u(t)) - Vu(t) we can rewrite u as a solution of

{ w(t) — Ayu(t) = f(t) in L*0,T;L*(Q)
w(0) = u(T)

But, from Brezis [2], Chapter 3, Section 3, Theorem 3.6, we know that, when f €
L*(0,T; L*(£2)), a solution of the above equation is a strong solution. Hence, wu is
an absolutly continuous function from [0,7] to L*(Q) and the equation is satisfied
a.et € (0,T) and in L*(0,T; L*(Q)) O

Remark: As we said in the Introduction, in (3] we showed the existence of solutions
for a problem as follows:
w(ts5) = Dyu(t, 2) = hit,2) + m(g(u(t ) (7)€ 0,T) x &,

wlt, o) =0 (t,z) € (0,T) x 9%, (3.30)
u(0,z) = u(T, z) z €,

where, as before, T > 0 and () is an open bounded and regular set of RN. A,
is again the p-Laplacean, h € L”(0,T; W=7 (Q)), m € L*°(0,T) and g a real
continuous function for which there is a constant ¢ > 0 such that for all T € IR we
have |g(7)| < ¢(|7]® + 1). Moreover, we assume that one of the following situations
occurs:

a)0<s<p-—1lor

bip—lsg=<p— 1+ 2Np’ p < N and |m| is sufficiently small or
¢)p—1<s<p+1,p> N and |m|s is sufficiently small.

In [3], we proved the existence of periodic solutions of (3.30) as follows: first,
we introduced an operator K : L?(0,T;L1(Q)) — LP(0,T; L%()), for suitable g,
as the operator that for each v it is associated K (v) = u, where u is the solution
of w(t,z) — Ap(u(t,z)) = H(t,x) = h(t,z) + m(t)g(v(t,z)) with ulpg = 0 and
w(0,z) = u(T, ) for z € Q. Solutions of (3.30 are then fixed points of K.

We showed the existence of a fixed point by observing that K was the com-

position of the Solution Operator associated to (2.15), with the Nemytskii operator
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Ny associated to the above function H. By proving that these operators had good
properties, we were then able to prove that K was a completely continuous operator
taking a suitable ball in LP(0,T: L%(Q)) in itself (in the case that 1 — ad > —ﬁ, and
thus W, P(Q) € L) compactly.) ! !

If we had tried a technique similar to the one described above in the con-

text of the present paper, the corresponding Nemytskii operator Ny would depend

also on the gradient of the solution. Then, for instance in the simple case where
af 3,

Ny ()(t,z) = h(t,z) + Zai(t)a_:(t>$)’ with a; € L*=(0,T'), we had to consider the
£=1 )

corresponding operator K as acting from LP(0,T; W, P(Q)) to itself. It would still
be possible to prove the continuity of the corresponding K in this space, but not to
obtain that it were completely continuous. Thus, we would not have a simple way
to prove the existence of a fixed point.

For this reason, when gradients are present in the perturbation, we have to
use a different technique, like the one employed in this paper, in which the lack
of compactness of the above K was compensated by the use of the Faedo-Galerkin
method, and the use of the Brower Fixed Point Theorem (in finite dimension) for

the approximate operators K.

4 Existence of Periodic Solutions in the Case of
More General Monotone Operators

By analyzing the proof of Theorem 3.1, we observe that it depends only on certain
properties of the p-Laplacean and not on the special form of this operator. Thus,
the proof still holds true for more general monotone operators having properties

similar to the ones of the p-Laplacean. In fact, we have the following result:

Theorem 4.1 Let A: Wy (Q) — WL (Q) be an operator satisfying the following:
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(i) Strong monotonicity: there is a constant o > 0 such that Vu € Wy P(Q) it holds
(A(u) — A(v),u —v) > alu—vl],.
(i) Hemicontinuity: for any u,w € W, P(Q), the following aplication is continuous
A€ R+ (A(u + \w),v);

(iii) Coercivity: there are constants ay > 0 and ay such that Vu € WyP(Q)) it is
true that

(A(u),u) Z arlulf, — as;

(iv) Boundness: there are constants 1 > 0 and By > 0 such that Yu € I/Vol’p(Q),

|A(u)| -1 < ﬂ1|u|€;l + Bs.

Suppose also that p > 3, and we are gien h € LP'(0,T; W=7 (Q)) and locally
Lipschitzian functions g; - IR — IR, £ = 1,..., N, satisfying

19(T) = 9e(0)] < CellTl*™ " + o™ + D)7 — o

for all 7,0 € IR and some C; > 0 and 1 < s, <p—2.
Then, the following problem has a weak solution:
uy(t,z) + A(uw)(t,z)) = h(t,z)+ g(u(t,z)) - Vu(t, z),
it i) =10 for z € 9Q,te (0,T), (4.31)
u(0,z) = u(T, z) for z € Q.
When er_nla%v{sfg} =p—2,1f l_rrllaxN{Cg} is sufficiently small, there is still a
weak solution. o
When 1 < s < i

and h € L*(0,T; L*(Q)), the above solutions are strong.

The following are examples of equations for which the corresponding problems
of finding periodic solutions (with Dirichlet boundary conditions) are such that

the above theorem applies. In fact, it is not difficult to show in these cases that
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the associated operators are hemicontinuous, coercive and bounded. To show the
strong monotonicity, it is enough to use Tolksdorf’s result, which for the reader’s
convenience we state below.
Example 1:

g — AN, — M Ay, + XAy, (u) = h+g(u) - Vu,

where p > py > p1 > 2, p=2p;—p1, A —4MA=—a <0 and [M(p; — 1)) -
AAApr—1)(p—1) 20.

Exemple 2:
w, — div(a(|Vul?)|[VuP~2Vu) = h+ g(u) - Vu,

where a(-) € C*(IR;) is a increasing function such that there are constants a; > 0,

B > 0 and @y > 0 such that apt?™t < a(tP)tP~! < oyt + O

As we said previously, in the above examples, the strong monotonicity of the
corresponding operators can be verified with the following interesting result by Tolks-
dorf ([7], Section 2, Lemma 1):

Proposition 4.1 Suppose that A : Q X IR X RN — RN satisfies:
a) Az, p,n) = (aj(z,pm,m)) where a; € C°(Ix R X RM)YNCHOQ x Rx RN\ {0})
b) aj(z,p,0)=0
¢c) there are p,y > 0 such that for all§ = (&, ... En) € RN andn = (n1,...,nn) €
RV \ {0} N
Y 2t > ol lef
ij=1 g
This is called the ellipticity condition.
Then, if p > 2 and n,n' € RN \ {0} we have

Z;'Vzl (aj(zvlu/an) - CYj(QT,/J,,’)’}/)) (77.7 - n;) >

< lp_g —n'|?
<3 In—n'l
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