Instituto de Ciéncias Matematicas e de Computag¢ido

ISSN - 0103-2577

UPPER SEMICONTINUITY FOR
ATTRACTORS OF PARABOLIC PROBLEMS
WITH LOCALIZED LARGE DIFFUSION
AND NONLINEAR BOUNDARY
CONDITIONS

JOSE M. ARRIETA
ALEXANDRE N. CARVALHO
ANIBAL RODRIGUEZ-BERNAL

N? 76

NOTAS DO ICMC

Série Matematica

Sao Carlos
Mai./1999

SYSNO_RIH K0

DATA [ [

ICMC - SBAB




Resumo

Neste artigo lidamos com problemas parabdlicos semilineares de segunda
ordem para os quais o coeficiente de difusdo torna-se grande em uma sub-regisio
que ¢é interior ao dominio fisico da equacgdo diferencial. Esta situacdo pode
ser encontrada, por exemplo, em materiais compostos, onde as propriedades de
difusdo do calor podem variar significativamente de uma parte do material para
outra; isto é, o calor pode difundir-se muito mais répido em algumas regides do
que em outras. Se em um processo de reagao e difusdo o coeficiente de difusdo
tem o comportamento acima, intuitivamente esperamos que as solugées tornem-
se homogeéneas nas regides onde a difusdo é grande. Neste artigo provamos que
a intuigdo fisica manifestada acima estd correta.
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1 Introduction

In this paper we are concerned with second order parabolic problems for which the diffusion
coefficient becomes large in a sub-region which is interior to the physical domain of the
differential equation. That situation can be found, for example, in composite materials,
where the heat diffusion properties can change significantly from one part of the region to
another; that is, heat may diffuse much faster in some sub-regions than in others. If in a
reaction-diffusion process the diffusion coefficient behaves as expressed above, intuitively we
expect that the solutions will tend to become homogeneus in the regions where the diffusion
becomes large.

In the following we borrow the notations from [16]. Let  be a bounded smooth domain
in IRY, € be a positive parameter, m be a positive integer, {2y = Uj%;Q; be an interior
sub-domain of Q2 where € ; is a smooth sub-domain of  with —Qo,i ﬂﬁo’j = (), for i # j. Let
['=0Q, T'o; = 0,; and I’y = U2 T'y; be, respectively, the boundary of €2, €y, and .
Denote by Q; = Q\Qp and note that its boundary is given by 09 = T UT,.

The diffusion coefficient a. is assumed to be a regular and bounded function in Q satisfying

0<mgy< ac(z) < M, (1.1)

for every z € Q2 and 0 < € < ¢;. We also assume that the diffusion becomes very large on Qg
as € approaches zero. More precisely, we assume that, as € — 0

ao(z) uniformly on Q; 1.2
ae(z) — { o0 uniformly on compact subsets of €2y (12)
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With these notations and for ¢ € C'(Q), b € CY(T'), and the nonlinearities f, g we
consider the family of parabolic equations '

ug — div(ae(z) Vue) + ¢(z)u = f(uf), on Q

ae% +0(z)u = g(uf), onT (1.3)
uf(0) = u§

Our goal is to study the behavior of solutions of (1.3), as ¢ — 0.

Now, we guess which is the limiting equation, or “shadow system”, for (1.3) when € tends
to zero. To simplify the presentation let us assume for the moment that m = 1.

Again, from physical considerations, we intuitively guess that for small values of ¢, the
solution of problem (1.3) should be approximately constant on €y as time increases. There-
fore, suppose that u¢ converges to some function u, in some sense, and that u takes a, time
dependent, spatially constant value on 2y, ug,(t).

If we formally take the limit in problem (1.3), we expect that, inside ;, the function u
satisfies

uy — div(ao(z)Vu) + ¢(z)u = f(u), on Q
ao(x)g% +b0(z)u = g(u), onT.

The constant ug,, however, may not be arbitrary. Integrating the equation in €y and
using the inward normal in the integration by parts, we obtain

/ u+ [ a o’ + [ cu=[ f(u)
Qo ¢ To ‘ on Qo B Qo
and formally taking the limit and dividing by || we have

ou

1 o
Uuq, + m i ap o7 + Cuq, = f(UQO)

where ¢ = |Q|™! [, ¢(z)dz. Even more, one can expect u to match appropriately the
constant uq,(t) across I'g, that is ujq, = ug,.
In fact, when m > 1 the limiting problem should be

[ u; — div(ag(z)Vu) + c(z)u = f(u) on Q
aog%% + b(z)u = g(u) onT

UQe; =" UQg, on Qo;, 1=1,...,m (1.4)
/l.J:QO,l- + IQ::)J /Fo,iaog—% + éi’UIQO,i = f('U/QOJ-), 1=1,...,m
L u(0) = uo
where & = |Qq |~} Jo.: c(z)dz and ug = lim,_,o u§ which are constant on Qg;, i =1,...,m.

The natural spaces to study problem (1.3) are L9(2) or W?(Q), see [3]. We will see
that under certain conditions on the nonlinearities f and g problem (1.3) is well posed in
LI(2) or WhHQ(Q) and under some dissipativeness conditions we have the existence of global
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attractors A which actually are independent of the space chosen to study the equation
and that lie uniformly on a bounded set of C°({2), see [4]. This will allow us to cut-off
the nonlinearities, reducing to the case where the nonlinearities are globally Lipschitz and
studying both problems (1.3) and (1.4) in H'(Q) and H} () respectively, where in general
for any functional space X we define Xo, = {u € X, u is constant on £l 0= Ly0. .y}
For this globally Lipschitz nonlinearities we will have the existence of an attractor A, for
problem (1.4) which will also lie on a bounded set of H'(Q) N C°(Q).
In comparing the dynamics of (1.3) and (1.4), we will prove the following result

Theorem 1.1 The global attractors A., Ay are bounded subsets of H'(2), C°(Q) and are
upper semi-continuous at € = 0 relatively to the topology in H'(Q) and C°(Q).

We will also be able to give a result on the convergence of orbits of the attractors:

Proposition 1.2 For every sequence of complete orbits u(-) C A, there ezists a subse-
quence e; and a complete orbit u®(-) C Ay such that

u () 2 W0()  in C([-T,T],C°(S)), for any T > 0

This results state, in a precise sense, that the asymptotic set of states and the asymptotic
dynamics of both problems are close as ¢ — 0, see [9]. This closeness is obtained in the
topology of H1(§2) and of C°((Q).

For related questions in the case of linear boundary conditions see [5, 6, 7, 8, 11, 12].

Now we describe the contents of our paper.

In Section 2 we recall known results on the well posedness, regularity, existence of at-
tractors and uniform bounds in different metrics for problem (1.3). These results are taken
primarily from [3, 4, 16]. As an important consequence of this section is that we will be able
to reduce to the case where the nonlinearities f and g are globally Lipschitz functions.

In Section 3 we study the local and global well posedness of the limiting problem in the
functional spaces H{, () and L (Q). For the first case standard theory like the one from
[13] can be applied. For the Lg (£2)-setting we need to apply some results from [2, 3].

In Section 4 we study and compare extensively the linear problems associated to equations
(1.3) and (1.4). We will prove the convergence in the H! and C° metric of the resolvents
of the linear operators. For the proof of the C? convergence we need to prove Lemma 4.2,
which is an essential ingredient in the analysis of the C° convergence for the linear and,
afterwards, for the nonlinear problems. With this lemma we will also improve certain results
from [16] on convergence of the spectra for the linear operators, see Proposition 4.4. We will
also obtain estimate in the convergence of the linear semigroups, see Proposition 4.6 and
Corollary 4.8.

Finally, in Section 5, we study the relation between the asymptotic dynamics of both
problems (1.3) and (1.4). We will show first that the attractor of (1.4) lies in a bounded
set of C%(Q). Considering now the uniform estimates obtained for problem (1.3) and the
convergence of the linear semigroups we will show the upper semicontinuity of the attractors
in H'(Q) by comparing the nonlinear semigroups with the use of the variations of constants
formula. Once the upper semicontinuity in H'(Q) is obtained, Lemma 4.2 will give us the
key to prove it in C°(Q).



2 Background results.

We sumarize in this section the already known results on local and global existence
of solutions, existence of attractors and their uniform bounds. These results, taken from
[3, 4, 16], will be our starting point for the upper semi-continuity results proved later on in
this paper. We refer to these articles for details, proofs and generalizations.

We consider the family of semi-linear parabolic problems given by equation (1.3) for
€ € (0, €) where the nonlinearities f, ¢ : IR — IR are C? functions, ¢, b are C! functions and
the diffusion coefficient a. € C*({2) and satisfies (1.1).

We treat this problem as an evolution problem in the spaces LI(2), W4(Q) for 1 < ¢ <
2. Therefore, and in order to simplify the notations, we define the family of spaces

& ={LYQ), WH(Q), 1 < g < co}.
Then we consider (1.3) as a semi-linear problem written in the abstract form as
u+ Acu = h(u)

where A is a suitable weak formulation of the operator —div(a(z)Vu) + cu with boundary
conditions a.(z)0u/0n + b(z)u = 0, and the nonlinearity is given by h := fq + gr, that is,

(h(w), ¢) = [ flz,u@)() + [ 9z, u(@))o(),

for all suitable regular test functions ¢, see [3] for details.
Assume that f and g satisfy the following growth conditions
(G)x: Let f,g9: IR — IR be locally Lipschitz functions. Assume the following,

1. If X = L9(R2), assume that f and g satisfy a relation of the form
[5(u) = 5(W)] < clu — o] (Jul~" + [o] 7! + 1), (2.1)
with exponents py and p, respectively, such that, with NV > 2 (respectively N = 1)

2q - .
Pr<pai=1+ ﬁq, and pg < pr:=1+ %, (respectively, py < pr :=1+gq),

2. If X = WhH(Q), assume either

i) ¢ > N,
ii) ¢ = N and f, g satisfy that for every n > 0, there exists ¢, > 0 such that

() — ()] < cyle™™T + VT )y — | (2.2)

ili) 1 < ¢ < N and f, g satisfy (2.1), with exponents p; and p,, respectively, such that

and pggppzzl-{-NL_q.

q
< =1+
P> pPa N —¢



The results from [3] can be summarized as follows,

Theorem 2.1 (Local Existence) Let € € (0,€). If X is any space in the class € and f,
g satisfy the growth restriction (G)x, then for any ug € X there ezists locally a unique (in
certain sense) mild solution u.(-, uo) € C([0,7),X), of problem (1.3) satisfying u(0, uo) = uo
in X. This solution depends continuously on the initial data ug € X and it is a classical
solution for t > 0. Also, the following regularizing effect takes place: if ug € X then
ue(t,uo) €Y for any other space Y in the class €, and t € (0,7).

In order to obtain that all solutions of (1.3) are globally defined, we will assume some
sign conditions on the nonlinear terms. These sign conditions are independent of the space
X and can be expressed in the form:

(S): Assume there exist By, Cy € IR and B,,C; > 0 such that the following holds

u f(u) < —Cou? + Cy|ul,
ug(u) < —Bou? + By |ul.

for u € IR.
Then we have the following result on global existence (see [4]):

Theorem 2.2 (Global Existence) Let € € (0,¢) and let X be an space in the class £.
Assume that the growth condition (G)x and the sign condition (S) hold. Then, for any
ug € X the solution uc(t,ug) of (1.8) starting at ug ezists for all t > 0. Therefore, we can
define in X the semigroup {Sc(t) : t > 0} associated to (1.3) by Sc(t)uo = u(t,ug), t > 0.
Moreover, from the regularizing effect of Theorem 2.1, S¢(t)ug € Y for any other space Y in
the class € and for any t > 0.

To prove the existence of a global attractor for the problem (1.3) we will impose, besides
condition (S), some dissipativeness condition for (1.3). This condition is expressed as:

(D).: Assume (S) holds and that with Cy and By from (S), the first eigenvalue, \, of the
following problem is positive

—div(ac(z)Vu) + (c(z) + Co)u = Au, in Q

aﬁ(x)g% + (b(z) + Bo)u=0, inT (2.4)

With all these, it is possible to show the following result (see [4])

Theorem 2.3 (Existence of Attractors) Let ¢ € (0,¢9) and let X be an space in the
class E. Assume that the growth condition (G)x and the dissipativeness condition (D), hold.
Then the semigroup {S(t), t > 0} associated to (1.3) has a global attractor, A%, in X.
Moreover, for any space Y in the class & with Y — X we also have the ezistence of the
attractor AS5,. Moreover A = A and it attracts bounded sets of X in the topology of Y.



In particular if the diffusion coefficient a. satisfies (1.2), we know from [16] that ¢
converges to the first eigenvalue, A?, of the limit eigenvalue problem:

(—div(ao(z)Vu) + (c(z) + COu = Iu on O
0
ao(:r)—:ji + (b(z) + B)u =0 on I
< fyo,i(u) = UQ,; on FO,i’ 1= ]-a cee, M (25)
. aa—u—I—(é-—%-CO) = X i =1
| 0] Jro, 9057 T (6 COhuan, = My, i=1,m

where & = [Qo;|™" [, c(z)dz.
Therefore, if A} > 0 then for small enough ¢, we will have \$ > 0, which motivates the
following definition

(D)o: Assume (S) holds and that with Cy and By from (S), the first eigenvalue, A}, of the
problem (2.5) is positive

With this condition we obtain, see [4],

Theorem 2.4 (Uniform Bounds) Let X be an space in the class €. Assume that the
growth restriction (G)x and that the dissipative condition (D)o holds. Then, for sufficiently
small €, and for any global solution {v(t) : t € IR} C A%, we have

’I,) ||’U”00(Q) + ||UtHL°°(Q) S Ko, where KO = K()(Q,/\]_,mo,c, b, C(),Cl,Bo,Bl).
ZZ) ||’U”H1(Q) -+ ”’UtHHl(Q) S f{o, where RO = RQ(Q,/\l,mo,C, b, Co,Cl,B(),Bl).

i11) For zg € Q and py > 0, there exists a v € (0,1) such that SuvaAs({”U”CU(QQB(zO’po))} <
K¢, where K¢ depends on the same as Ky plus on v, M = sup{a.(z); = € QN B(0,2p0)},
sup{|f'(s)| : |s| < Ko}, and sup{|g'(s)|: |s| < Ko}.

Remark 2.5 It s important to mention that the dependence of the constant KS on € is

only throug_h MPpe. Therefore, we obtain for our problem uniform Holder bounds in compact
subsets of @\ Q; = Qo UT.

Remark 2.6 Part ¢) of this theorem establishes the uniform L°°-bounds on the family of
attractors A%. These uniform bounds allow us to cut off the nonlinearities f and g outside
the set [—2Ky, 2K in such a way that the new nonlinearities f and § have the same regularity
as the original ones, they are globally lipschitz and condition (S) still holds with the same
constants By, By, Cy and Cy. Therefore, from now on we will assume that this cut off has
been performed and we will denote again the new nonlinearities by f and g.

3 The limit problem

In this section we recall from [16] the functional setting for problem (1.4) and will consider
its well posedness and global existence and regularity of solutions in Hg () and L§ (§2). In
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Section 5 we will prove the existence and regularity of the attractor for this problem under
the dissipativeness condition (D)g.
We will assume that the nonlinearities f and g are globally Lipschitz, see Remark 2.6.
Following [16] we define the space L3 () = {u € L*(Q), u is constant on Qq;, i =
.,m}and H, (Q) = {u € H'(Q), uis constant on Qg;, 1 =1,...,m}. Let Xo = L3 ()
and deﬁne the operator Ay in Xy with domain D(4y) = {u € HQO(Q) —div(ap(z )Vu) €
L*(1), ao(z)2 + b(z)u = 0 on I'} and for u € D(Ay),

o) = (~div(ao(®) V) + ce)) o, + 3 (1o [ o) + v ) o,

POI
where & = |Qo4|™" fo,, c(z)dz and ugq,, denotes the constant value of u on Qq; for i =
1,...,m. The operator Ay is selfadjoint and has compact resolvent in X, = L§ (£2). More-

over, 1f p > A, the first eigenvalue of Ay, then the operator Ag+ uf is positive. If we denote
by X{ its fractional power spaces, we have that X} = D(4,), Xo/* = Hg (9), X§ = L3, (Q),
X‘l/2 Hg (6) = e (HQO(Q))’, see [16]. By interpolation X| < HéZ(Q), for 0 < vy <1/2.
By duality we obtain HQ(J () = X7, again for 0 < y < 1/2.

The operator Ay is the realization in Lg (2) of the operator Lo, between Hg (£2) and its
dual defined by means of the bilinear form

(Lo(u),v)-11 = ao(u,v) = /91 aOVquwL/chv—i—/Fbuv

for every u,v € Hy (€). For the sake of simplicity in the notations we will not distinguish
between Ly and Ajg.

The nonlinear terms verify h = fq + gr : Hy () — Hg?(Q) for any s > 1/2, and since
fy9 : IR — IR are globally Lipchitz we obtain that h is globally Lipschitz. In terms of the
fractional power spaces we have that h : X b2 X ® for any s > 1/4 and that there exists
a constant ¢ > 0 such that [|h(u) = A(v)||x-+ < cllu — U”x(}” for any u,v € X,/>. We can

prove the following

Proposition 3.1 For any uy € L§,(S2) there erists a unique globally defined u(-,u) €
C([0,00), L, (2))NC((0, 00), Hy, () mild solution of uy+ Agu = h(u) starting at ug. More-
over this solution depends continuously on the initial data and satisfies u, u; € C((0,00), X7),
for any v < 3/4. Moreover if ug lies in a bounded set of L§ (Q) then, for t > 0 fized u(t, o)

lies in a bounded subset of X{ for any v < 3/4. If the initial data is in Hy (Q) = Xl/2 then
the solution is also in C([0,00), Hj (€2)).

Proof: To prove that the problem is well posed for uy € HéO(Q) we can apply standard

semilinear theory like in [13]. The nonlinearity h : X, /2, Xy and is globally Lipschitz,
from where it follows the regularity and the global existence stated in the proposition.

The case ug € L3, () = X is different since the nonlinearity h is not even defined on
this space. Nevertheless the general theory developed in [2, 3] applies to this problem and



allows to obtain all the results of the proposition. Notice that if we define E* = X&~! then
h: EYY2 — E'=5 s > 1/4, and it is globally Lipschitz. In the notation of [2, 3] this map is
an e—regular map for e = 1/2 relative to (E', E°). Applying Theorem 1 from [2] or Theorem
2.2 from [3] we prove the proposition.

Note that now u solves
<ug, ¢ > +ag(u, ¢) =< fa(w),¢ >+ < gr(u),¢>, forall ¢ € H (Q)

which implies

(uy — div(ag(z)Vu) + c(z)u = f(u)  on
ao(a:)g% +b(z)u=g(u) onl
< 70,1'(“) = uﬂoyi on FO,'L', 1= 17 RPN (31)
. 1 ou |, _ C_
Ugy,; + m/miaga—n——, + Eiuqy,; = f(ug,,), i=1,...,m
L 2(0) = ug
where & = Q047" fo,, c(¥)dz and ugq,; denotes the constant value of u on Qq; for i =

1,...,m.

4 Comparison of the linear problems

In this section we compare the linear operators Ay and A, establishing certain uniform
convergence of the solutions of the respective elliptic problems. In particular, applying these
results to the eigenvalue problems, we will improve certain results from [16] and will prove
the convergence in the uniform norm of the eigenfunctions of A, to the eigenfunctions of A,.
We will also be able to compare the behavior of the linear semigroups, e~4°* and e=4<t.

We have the following result:

Proposition 4.1 Let f€ € L2(Q) and ¢¢ € LA(T). Assume f¢ <=3 0 w-L2(Q) and g¢ =3 ¢°
w-L2(T") then if u¢ and u® are the solutions of Acu® = f§ + g& and Agu® = f§ + g2, then

i) u¢ =8 40 strongly in H'(Q)

i) If f° € LP(Q), with p > N/2, g° € L*®(T) then u® € C°(Q).

ii) If f¢ € LP(Q), with p > N/2, g¢ € L™(T) for all 0 < € < ¢ and || f¢||zr(q) +
66|l oo (ry < C' independent of e, then u¢ =3 u® in C°Q).

Proof: i) The first part is obtained directly from [16], Corollary 4.5.

ii) For the second part let us see first that u® € L®(Q). If we denote by v¢ the solution
of At = f3 + g2, from i) we have that v¢ <=3 u® in H'(Q). But from the uniform bounds
obtained in [4] we have that ||v¢||z=(q) < C independent of e. This implies in particular that
|u®|| Lo (o) < C and therefore u® € L*®(Q). If we denote by «f the constant value that the
function u® takes on Qg ;, then the function u° in Q; is the solution of the following problem:



—div(ao(z)Vu) + c(z)u = f©  on O

ao(x)g% +b(z)u=g¢°> onTl (4.1)
u=ay only,;, i=1,...,m

which is C%(€,), see [4]. Moreover, since u is constant in the connected components of €
we deduce that u is in C°(Q).

iii) In order to prove this part, we need the following important lemma,

Lemma 4.2 For a fized i, with 1 < i < m, let Q; be a domain such that Qo; C QF C Q, let
a; € IR, and consider the family of problems depending on € and QF

*
5, on (2

—div(aVu¢) = Ff
u® =a; + (i(z), on T} =00,

where limsup, ||8!(| Lo (rsy) < L, Ff € LP(Q}), for p > N/2, uniformly bounded in LP(2}).
Then

limsup limsup ||u¢ — oy|peeqr) < L
dist(T,To,i)—0 €0 '

Before proving this lemma let us finish with the proof of the proposition.

From i) and ii) we obtain that u® € C°(Q) and u¢ <23 u® in H'(Q2). From the uniform
bounds of [4] we obtain that u¢ € L®(Q) and that |[u¢||z~@) < C independent of €. Also,
from Theorem 2.4 iii) and Remark 2.5, for any Q* = UQ} as defined in the lemma, we have
the existence of an « € (0, 1) such that 1wl ca(@yar) < C(€*), which implies the compactness
of the sequence u¢ in C°(Q\ Q*) and in particular that u€ <=3 w0 in CO(Q)\ Q).

Let § be a positive number arbitrarily small. We will see that there exists an €(§) > 0
such that [|u¢ — u®||coqy < & for any 0 < e < €(4).

Since u® € C°(2) we have that there exist an smooth Q* = UQ? close enough to Qg with
the property that || 5;||Lw(a:) < §/2 where f;(z) = u’(z) — o, and of is the value of u° in Q.
Applying the lemma to a Q* sufficiently close to 2y and with F*¢ = f¢ — ¢(z)u¢, we obtain
the result.

Now, we only need to prove the lemma

Proof of the lemma: Notice that without loss of generality we can assume that m = 1.
Therefore, for the proof of this lemma we will drop the subindex .

First, working with u¢ — oz we can always assume that o = 0. Second, by superposition,
we can consider separately the cases e # 0, F¢ =0 and 8, = 0, F¢ # 0.

In the former case, from [4], Lemma B.1, we get |[u¢||zoo(q) < ||Be||zoo(r+) and we get the
result.

If B =0, F€ # 0, as in [4] Lemma B.1 ii), taking (u® — k)* as a test function and after
some computations, we get for any Q*, ky > 0, such that Qy C Q* C Q and k > k¢ and for
some § > 0, that

/AE(k)(ué _ k) < C|‘FiEI|LP|Ae(k)|1+5 = ')’IAE(k;)IH‘J/?
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where A°(k) = {z € Q* : w(z) > k} and v = C|A¢(ko)|*/%. We also get from here and [14],
Lemma II.5.1 that
sup [u‘| < ko + () (4.2)

where c(7) is a monotonic continuous function of v and ¢(0) = 0.

Now we show that the right hand side above can be made arbitrarily small by choosing
the domain Q* D g, close enough to Qy and by choosing ¢ small enough. If this is not the
case then there exists a sequence of domains O*™ O )y approaching €y in the sense that
dist(I™",I'g) — 0, where I'"™ = 9Q*", a sequence of €, 4 =3 0, and a positive number 7
such that

|um*{|Loo(emy > 7, for all k,n € IN (4.3)

From the results in [16], we know that for fixed n, there exists a subsequence of €n,k, that
k—o0

we denote by €, ; again so that F,, — F weakly in LP(Q2*") and ué»* — u*™ in H'(Q*")
and almost everywhere, where u*" € H}(Q*") verifies

—div(aoVu*") = F*, on Q%" \ Q
u*" =0, on I™"

*,1

p— *7n
u 10 = qu € R
1 ou*" _ 1 *
Qo] fFo Qo on = T fno i

Multiplying by u*™ and integrating on Q™ we get [q..n ao| Vu*™|> = [q.n Ffu*™. There-
fore extending by zero to  and using Poincaré’s inequality, we get that [ ao|Vu*"|? and
Jo lu*™|? are bounded by a constant independent of n and so is |ugy |-

By weak compactness, there exists a subsequence of u*", that we denote again by u*™
so that u*" "=% u*, weakly in H}(Q), strongly in L?(2) and almost everywhere. It is clear
that w* is constant on €2y and Ulg, = limy, 00 ™, Also, it is clear that on any compact
set in © \ Qo, u* must vanish and then we get u* = 0 on Q \ Q. Consequently, u* = 0 and
we have proven that u*"q, == 0.

Let n9 be big enough so that |ug| < /8 for any n > ng. Let -y, be small enough so that
c(y) < n/4 for any 0 < v < y,. Let us see that |A“*(n/4)| can be made arbitrarily small.
Notice first that

[Ak(n/4)] < 127"\ Qof + [{z € Qo, u™* >n/4}|

and from the convegence of ucnt =% y*n in H'(Qo) and the fact that |ug)| < n/8, we
obtain that there exists k¥ = k(n) such that the second term satisfies

{z € Qo, ums—u® > n/d—u} < [{o € Qo, ums—ul® > n/8}| < 1/n, for any k > k(n)

In particular we have shown that there exists an integer ny such that for every n > ny
there exists a k(n) so that |A%*(n/4)] < |Q*™\ Qo| +1/n for any k > k(n) and |Q*™\ Qo] +
1/n =% 0. Choose now n; > ng big enoug so that C|A*(n/4)|%/? < , for any n > n
and k > k(n). Therefore, from (4.2) we have that supg.. [u*| < n/2 for all n > n; and
all k£ > n(k), which contradicts the existence of 7 for which (4.3) holds. This proves the
lemma.p
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With this proposition we can improve a result from [16] on the convergence of eigenfunc-
tions of the linear operators. We denote by {¢£}%,, 0 < € < ¢, an orthonormal set of
eigenfunctions of the problem

a(z )a—+b( g)u=0, inT (4.4)
and consider the limiting eigenvalue problem
(—div(ao(z)Vu) + c¢(z)u = \u on
ou
a0(2) 2= + b(z)u = 0 "
| - ' (4.5)
’701( )“'U:Qo,,' Onro,i, r=1,...,Mm .
\ |QO,i| To,i 8”’ iUQe; = AUQg,, = 1L1,...,M

where & = |Qo;|™" [, , c(z)dz. We know from [16] that the following result holds,

Proposition 4.3 We have the following

i) If {152, and {\2}32, are the eigenvalues of (4.4) and (4{.5) respectively, then for fized
ne N, \s =30,

it) For any sequence ¢y, "2% 0 there exists a subsequence, that we denote again by €, and an

orthonormal family of eigenfunctions of (4.5), denoted by {#2},, such that ¢c* hoop #° in
H'(Q).

With Proposition 4.1 we can actually prove

Proposition 4.4 For eachn € N and ¢ € [0, ¢, ¢¢ € C°(Q). Moreover, the convergence
of Proposition 4.8 i) can be improved to ¢& =% ¢0 in C°(Q)

Proof: A bootstrap argument like the ones from [4], Appendix B, applied to (4.4) will show
that ¢¢ € L>°(R), € € (0,¢) and that for each n € N there exists a positive constant K,
such that ||@5||ze () < K. Applying now Proposition 4.1 we prove this Proposition.q

Observe that this result is an improvement of the H'-convergence obtained in [16].

We can now obtain important comparison results for the limit problem. The space Léo (Q)
has a natural order relation, the restriction of the one from L?*(2). Therefore, if > A}, the
first eigenvalue of Ay, we have that Ay + uf is a positive operator, that is: if f, f € L2 . (8,
9,5 € L*(T), and if f > f and g > §, Aou + pu = fo + gr and Agd + i = fo + gr then
u > 4. To see this, we observe that if u¢ and @ are the solutions of A.u® + pu = fq + gr
and A.uf + puf = fg + gr we have, from the comparison results applied to the operators A,
that u¢ > 4¢, see [4]. Passing to the limit as ¢ — 0 and using Proposition 4.1 i) we obtain
that u > .

The fact that the operator Ay is positive allows us to apply all abstract comparison results
from [4] Appendix A. In particular, if we denote by wu(¢,ug, f, g) the solution of
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(uy — div(ag(z)Vu) + c(z)u = f(t,u)  on
ao(a:)g% + b(z)u = g(t,u) on I’
Yo,i(u) = uq,, onTy;, i=1,...,m (4.6)
T:LQo’i -+ méo,iao($)% + 61"11,90,,. = f(t, UQO,i), 1=1,...,m

. ’LL(O) = Up

where & = [Qo;|™! [o, , ¢(z)dz, we have

Lemma 4.5

i) Assume f(t,0) > 0 and g(¢t,0) > 0 for every t > 0. Then uy > 0 implies u(t, ug, f,g) > 0
as long as the solution exists.

i) If uy > uo then u(t,uq, f,g) > u(t, uo, f,g) as long as the solution ezist.

i) If fi(t,u) > fo(t,u), g1(t,u) > go(t,u) and uy > wug then u(t, uy, f1,91) > u(t, uo, fo, 90)
as long as the solution exist.

Proof: We apply the results from Appendix A of [4] to the the problem above, which can
be written as uy + Agu = fq(t,u) + gr(t,u). g

We analize now the behavior of the linear semigroups.
We define the projection P : L*(Q) — L§ () given by Pf = [Qo;|™" [, , f(z)dz on Qo
and Pf = f on ;. We have the following,

Proposition 4.6 Assume A\ > 0. Then, for any v € [0,1) there ezists an a € ((1+7)/2,1)
and a function c(e) > 0 with c(e) 290, such that for any h € H=(Q) = (H"(Q))

le<h — ™ h i) < c()t*Ihlla-~@),  t>0 (4.7)
where we denote by h* € (Hg,)' the restriction of h to the space Hg .

Remark 4.7 Notice that if f € L*(Q) is identified with the linear map f : H'(Q) — IR by
(@) = Jq @, then the restriction of f to HY () denoted by f* is identified with the element
Pf e L}, (Q).

Proof: Notice first that if we denote by X the fractional power spaces associated to the
operators A, then X° = L*(Q), with the same norm, and that from (1.2) X!/? — H(Q),
with a uniform constant embedding. That is, there exist a constant C' such that ||¢||g1(q) <
CHd’ng/? for any 0 < € < €y. By interpolation we have that X7 < H?7(Q) for 0 <y < 1/2
with a uniform constant embedding and by a duality argument we have that H=27(Q) =
(H*(Q)) — X7 for 0 < v < 1/2 with a uniform constant embedding.

To prove (4.7) it is sufficient to prove if for sequences, that is, to prove that for each
sequence {ex} with ¢ "2% (), there exists a subsequence, denoted again by e and a 0 e
such that
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“e‘AEkth - e—Aoth*“H1(9) S (Skt_a“h”H—’Y(Q)y t>0 (48)

We denote by {\S, @5} a set of eigenvalues and eigenfunctions of the operator A, for

0 < € < € and recall from Proposition 4.3 ii) that for each sequence ¢y, hoeop 0, there exists

a subsequence, denoted again by ¢; and an orthonormal family of eigenfunctions of (4.5),
denoted by {¢2}%,, such that ¢ =% e #° in HY(Q).

If the function h € C*°(Q) C H=27(Q), then from the spectral decomposition we have h =

ne1 (s @5 ) b5k where we denote by (-, -) the inner product in L2($2). We know that e~ A«th =

0  (h, ¢ck)e= wtgek. Similarly we have that Ph = Y02 (Ph, ¢2)¢% = 3250 (h, ¢2)¢2 and

—AotPh S22 1 (Ph, ¢0)e5t2 = 2 (h, ¢0)e~*t¢? where we have used that Ph and ¢

are constant on ) ;.

Let § > 0 be a parameter and let us consider two different cases
i) Assume 0 < ¢ < §. For this case, we easily check that

He_A‘kth - e—AotPh”Hl(Q) < C|16_A‘kthI|X1/2 + C’||6‘A°tPh||X1/z < Ct*1/2_7/2“h]|X——y/2
<k 0 €k
+Ct_1/2_7/2||Ph||X_7/2 < Ct_(1+7)/2(”hHH-v(Q) + ||Ph||g-+(@)) < 2Ct_(1+7)/2”hHH—7(Q)
0

< 20t~ WN2¢=9||b|| g-v() < 2C8H%||B| v (0

where p=a — (1+17)/2 > 0.

ii) Assume ¢ > 4. Let 8 € (0,1) be a fixed number. Since we have A% <23 X0 and
Ay =% +oo, there exists N(J),ki(5) € IN, such that \ke="t < §t= for all n > N(6),
k > ki1(6) and t > 6. Without loss of generality we can assume that we have A9, ) < ANy
Hence from the spectral decompositions of the linear semigroups, we obtain

NG
He_A‘kth _ e—AotPh”Hl(Q) S “ Z e—,\nt ¢ek ¢ek _ Z e—/\ﬂc Ph ¢0)¢O”Hl
n=1

Z e 6 Ny + I Y- e (PR, 68

N(d)+1 N(6)+1
but

o0
Z 6_,\ kt ¢:L’L)¢;k||H1(Q) S CH Z e‘Ankt(h/, ¢:{”)¢;"“xék/2

N(6)+1 N(8)+1
o0 " o0 1
=C[ X Ake™ R, ¢4 2 < CotP( Y = |(h, 6))Y* < OOt -1
N(d)+1 N(8)+1 7T

and with a similar argument
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Z e~ t(Ph, D) 00| () < C8tP|| Phl| - 1(9)-
N(6)+1

Moreover,
N(s)

| Z e (h, 2k)gck — Z e (Ph, 62) 8 o)

N(5)

N(5) o
sll;(e‘w e ) (h, ¢) 6% || 1 (e +||Ze " ((h, 62) 85 — (Ph, ¢2)8%) | a1

N(9) o N(96) 0
Z Akle™t — e ||hl| g-rgqy + 3 €% (b, 65 ) gk — (h, $n) )|l (o)
n=1

For the first sum we have that for n € IN and for € small enough such that A& > N\0/2,
we have that for any ¢, [e™ ! — e=*2¢| < |A€ — \0|te=*/2. This implies that

N) 6
D Atle7 e — e [Allz-1@) < [AFs)] 125 = /\Onlte_t'\w”h“f{-l(n) < 87| || g-1(a

n=1

for all k > ko(8) > k1(0).
For the second sum we have,

z e[ (h, ¢2) g5 — (B, 62)02) ey

N(d)

< e (8% — 60)0% |l arsay + 1| (R, 62) (65 — Sl @)
n=1

N(5)
—)\0 e
Art Z b5k — dallzrr oy (1| a1y + ooz @) 12l sr-1¢s2) < St P1IR|| -1 ()

for all k > k3(8) > ko(0)

In particular we have proved that there exists a constant C' such that for an 8 € (0,1)
and a given ¢ arbitrarily small there exists a k3 satisfying

He_A‘kth, — e‘A°tPh||H1(Q) < C(St—ﬂ“h”H—l(Q), k Z kg, t>9
Using the continuity of the embedding H=7(Q) — H~'(Q) and putting together i) and

ii) we prove the result for A € C®(Q). A density argument completes now the proof for
he H(Q) g

In particular we obtain the following
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Corollary 4.8 There exists an o € (3/4,1) and a function c(-) > 0 with c(e) =3 0 such
that for any f € L*(Q) and any g € L*(T"), we have

le™4*(fa + gr) — e (fa + g0l < c(€)t*(If |2y + lgllzee), ¢ >0

Once we have established the convergence result given by Proposition 4.6 and Corollary
4.8 it is clear that uniform estimates on the semigroup e =< can be transformed into estimates
on the semigroup e~4ot In particular we can prove,

Corollary 4.9 There ezist k > 0 and M > 0 such that for any f € L*(Q), g € L*(T), we
have

le™ 4 (fe + gr)llee(@) < ME*([| £llz2ey + 19l z2ry)

Proof: We know from [4], Lemma 4.4, applied to A, that there exists M and N, inde-
pendent of ¢, such that [le™<t|| 00y < ~t_N‘|w||L2(Q)- Passing to the limit as ¢ — 0
and using Corollary 4.8 we have that ||e=40')* || 1o () < Mt_N”w”LZ(Q). We also have that
le=40*R]| L2y = lle™*hllxg < Ct7||R|| <=

Writting e=4°* as e ~Aot/2 e~#%2 and using the continuous embeddings L*(Q)+L* () —
(H3) — X577, for v > 1/4 we obtaln lle= At (f& + gr)lleo(@) < M(t/2)N|le=A0t/2(f +
o0)llz@ < B2 MO £ + gellgr < M*(|fll3) + 9llz2n) which proves the
corollary.

5 Upper semicontinuity of attractors

In this section we will compare the asymptotic dynamics of (1.3) and (1.4) in the metrics of
H'() and C°(Q). From now on we will denote by A, the global attractor of (1.3) which,
by the results of Section 2 are uniformly bounded in H'(Q) and C°(). Since we will be
dealing with solutions lying on A, we will make no further reference to the space X in the
class £ where (1.3) was initially set. Also, recall that after Remark 2.6 the nonlinear terms
are assumed to be globally Lipschitz.

Before establishing any relation between the asymptotic dynamics of both problems we
will prove the existence and certain regularity of the attractor of the limiting problem. We
have,

Proposition 5.1 Assume that the nonlinearities f,g € C*(IR,IR) are globally Lipschitz
functions and that condition (D)o is satisfied. Then (1.4) is well-posed in H} () and has
an attractor Ag. Moreover, Ay attracts bounded sets of L§ (Q) in the topology of H(2) and
it lies in a bounded subset of C*(2) for some positive a.

Proof: The fact that (1.4) is well posed in H{, () and that we have global existence of
solution has been already established in Proposition 3.1. Also from Proposition 3.1, if we
denote by To(t) : H, () — Hp (Q) the nonlinear semigroup generated by (1.4), we have
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that if B is a bounded set of Hg () then Ty(t)B is a bounded set of X{ for any vy < 3/4
which is compactly embedded into Xj/? = H},(Q) from where it follows that Ty(¢) is a
compact map for any ¢ > 0. The fact that Ty(t) is point dissipative follows by standard
arguments: multiplying the equation by w, integrating by parts and using the dissipation
condition (D) it can be proved the existence of an R so that all orbits enter eventually the
ball of radious R in Hg (Q). The existence of the global attractor A, can be obtained by
Theorem 3.4.6 from [9].

If By is a bounded set of L3 () then from Proposition 3.1 we have that for ¢ > 0 fixed
there exists B;, a bounded set of H{, (), such that u(t,up) € B for any uy € By. Since
now B is attracted by Ay in H' then B is also attracted by A, in H! ().

The fact that the attractor A lies in a bounded set of L*(Q) follows from the comparison
results obtained in Lemma 4.5, Corollary 4.9 and hypothesis (D)o. Since for u, € Hj, ()
we have that |To(¢)ue| < U(¢, |ug|) where U(-, Juo|) is the solution of

[ U, — div(ag(z)VU) + (c(z) +Co)U=C,  on
ao(a:)gT% +(b(z) +By)U=B;, onT

< l]IQ(),i = UQO,;' on Qo,iy 7= 1, ey (51)
' 1 oU . (s B o
Uﬂo,i + I_[Qo,i /Fo’iaom + (Cz + C())UQOJ. = iCh 1=1,...,m
U(0) = |uol

where & = [Qou|™" fo,, c(z)dz. That is, U, + AU = (C1)a + (Bo)r, where Ay is the ap-
propriate linear operator. If we denote now by V' the solution of 4yV = (C})q + (Bo)r
we have that V' > 0 and W = U —V = e 4(|Uy| — V). Applying Corollary 4.9 we
have that ||U(¢) — V||zeo(@) < Mt™*(|Juo||2() + ||V ]| 2()) Which implies, since from Propo-
sition 4.1 we know that V' € L*(Q), that U(t) € L*®(Q2), and moreover, ||U(t)||re(n) <
IV llzeo) + Mt=*(|Uoll 20 + |V || 2(0y)- This in turn implies that the attractor A, lies in
the bounded set of L*°(2) given by By, = {¢ : ||#||zo(@) < ||V ||Leo(n)} (as a matter of fact
Ao lies in the bounded set of L>(£2) given by {¢ : |¢(z)| < |V (z)]}).

Moreover, if u(-) is an orbit in the attractor Ay, then we know that it is defined for all
¢t € IR and that u,u; € C(IR, Hy,(Q)), that is u € C'(IR, H} (). Multiplying equation
(1.4) by u, integrating by parts and in time for ¢ € (0,1), and using that the attractor is
a bounded set of H'(Q2) and L*(R2), we can show that for any orbit u(¢) in the attractor
Ao, we have that [, ||ut(s)|l%2(n)ds < C for some constant C' independent of the orbit on the
attractor.

Now, if we denote by v(t) = u,(t) then, v satisfies the variational equation around u(t),
given by

vy — div(ag(z)Vv) + c(z)v = f'(u(t))v  on
aog-% +0(z)v=¢'(u(t))v onT
70,1'(7)) :UQO‘,- on PO,i, 1= 1,...,7TL

; 1 v 2 ! :
: : .= : : = N )
Ve, + sl /Fo,,»aoa_ﬁ + &iva,,; = f'(uay )V, =T,

where & = [Qo4| ™! [y, c(z)dz.
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By the comparison results of Lemma 4.5, denoting by Dy = sup{||f'(4)| Lo(@) : ¢ € Ao}

and Ey = sup{l|g'(®)|lz=() : ¢ € Ao} then |v| < w where w is the solution of the linear
problem

(w, — div(ag(z)Vw) + c(z)w = Dyw ~ on
ao(x)%% +b(z)w=Ew onTl

J ’Yo’i(’w) = on,i on PO,i; 1= 1, wae g 1Y (53)
. 1 R .
we,,; + m/ro,iao(.’li)%% + Ciwq,; = D()'LUQO’“ 1=1,...,m

[ w(0) = [v(0)]

which by Corollary 4.9 we have that w € L*™ and [w(2)llzeo(e) < Mollv(t)]|2(q) for any
t € (0,1), which implies that [|v(2)||3e(qy < MZ Jy [v(s)[172(qyds < MZC. By the invariance
of the attractor we obtain that there exists a constant M,, such that ||t (t)|| Loy < My for
any orbit u(-) of the attractor.

Now, for ¢ fixed, we can rewrite equation (3.1) as an elliptic equation in Q;, as

—div(ao(z)Vu) + c(z)u = f(u) —u;  on O

ao(x)9% +b(z)u=g(u) onT (5.4)
Yo,i () = U, ; only;, 2=1,...,m

Since f(u) — u, € L®(Q), g(u) € L*(T), and ug,, € L®(Ty;), with uniform bounds for
t € IR and u(-) on the attractor, by the results of [4], see Lemma B.1, we obtain that u lies
in a bounded set of C*(£2;). Since u is constant in € we obtain that u lies in a bounded set

of C(Q). g

5.1 Upper semicontinuity in H(Q)

In this subsection we compare the asymptotic dynamics of (1.3) and (1.4) in the metric of
H'() by proving the following result

Theorem 5.2 The global attractors, A, and Ay, are upper semicontinuous at € = 0 in

HY(Q).

Proof: Notice first that we have obtained uniform estimates in H'(Q) N C°(Q) on the
attractors of (1.3) and (1.4). Therefore, we can assume the existence of a constant K, such
that

su

s (el (@) + ll@ellzeo(@) + 1 (@e)llzoo() + [19(Be)llzo(ry) < Koy, 0 < €< e

Denote by T, and Ty the nonlinear semigroup associated to (1.3) and (1.4) respectively.
We have from the variations of constants formula and for ¢. € A,, that

Te(t, ¢5) = e_AEtQSe + /Ot e_Ae(t_s)(fQ(Te(S: ¢e)) + gF(Te(S7 ¢€)))d8
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To(t, Pp.) = et P, + /0 ‘g olt3 (fa(To(s, Pée)) + gr(To(s, Pée)))ds

In particular, taking into account Proposition 4.6 and Corollary 4.8 we have, for ¢ € (0, 7),
ITe(t, ¢c) — To(t, Poe)llaray < lle™etpe — e~ 44 P || 1+
+Jo e (fo(Te(s, 6e)) + gr(Te(s, 4c)) -

—e U= (P fo(Te(s, b)) + gr(Te(s, ¢c))) || oy ds
+ Jo lle™ 4= (P fo(Te(s, ¢c)) + gr(Te(s, b)) — fa(To(s, Pée)) — gr(Ta(s, Pée))) ar@yds
< o)t Ko + Ji cle) (¢ = )~ Kods + [3(t — 5)PL|T.(t, be) — To(t, Poo)l| gy
< e(€) KogZgt™ + L [ (t — 8)P|ITe(t, ¢e) — To(t, Poe)l|mryds

where o € (3/4, 1) is given by Corollary 4.8 and 8 € (0,1). By the singular Gronwall lemma,
see [13], we obtain that there exists a constant M = M(a, 3, L, 7) and a positive function

c(+) with c(e) <%0, such that
“Te(ta ¢5) - TO(ta PQSG)HHI(Q) S MC(E)Kot_a’ te (O>T)> ¢e = Ae (55)

Notice now that if § > 0 is fixed, there exists a 7 = 7(6) such that dist g1 (Ty(r, Poe), Ay) <
/2, for all ¢. € A, and for all € € (0, €0). This is so since U..A, lies in a bounded set of L?(Q)
and therefore Uc.P.A, lies in a bounded set of L3 (€2) and from Proposition 5.1 A, attracts
bounded sets of L§ (€2). Moreover, since the attractors are invariant, we have that for any
ve € A there exist ¢, € A, with T, (7, ¢.) = v, and therefore if we choose €, € (0,¢€p) so that
Mec(e) Kot~ < 6/2, for all € € (0,¢;), we have

diStHl (’UE, Ao) S ||’U6 — To(T, ¢€)I|H1 + diSt(To(T, ¢6), Ao) S (5, Ve € Ae, € E (0, 61).

and this implies the upper semicontinuity in H '

We can also give a result on convergence of orbits in the attractor:

Proposition 5.3 For any sequence ¢; € (0,¢y) with e o 0, and ¢, € A, such that

k—o0

be. — G0 in H'(Q), then if u(-) C A, is the positive orbit passing through ¢, and u°(-)
is the positive orbit passing through ¢o, we have u°(-) C Ay and

T R P C([0,T), H'(Q)), for any T > 0 (5.6)

Proof: Observe first that if ¢, "=% 0 and be, € A, in H'(Q) then, by the upper semicon-
tinuity in H'(Q) we get that ¢y € Ay and therefore u®(-) C A,.
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Assume statement (5.6) is not true. This means that we can chose a sequence ¢;, and
k—o0

functions ¢, € A, such that ¢, = @y € Ay and 5 > 0, so that

[lu(-) - UO(‘)HC([O,T],HI(Q)) 21, ke IN (5.7)

But, from the invariance of the attractors, there exist 1., € A,,, with Te,(1,%e,) = ¢,

From the upper semicontinuity result proved in Theorem 5.2 we can choose a subsequence,
k—o0

denoted again by ¢ and a function 1, € 4, so that e, — 1. By the fact that Py, e
Pt = 1o, the continuous dependence of the semigroup Ty and using (5.5) we obtain that

u(t) = Te, (£ + 1,9%,) =5 To(t + 1,4%) in C([0, T], HY(Q))

In particular taking ¢ = 0 above, we get that ¢, = T, (1, Ve,.) L= To(1, 1) and therefore
To(1,%0) = ¢o. Hence, by uniqueness of solutions in forward time, we have Ty(t + 1, ) =
u®(t) which contradicts the existence of 7 > 0 satisfying (5.7).0

With this result we can prove,

Corollary 5.4 For every sequence €, with ¢ 2% 0 and for every sequence of complete
orbits u(-) C Ae, there exists a subsequence e, and a complete orbit u®(-) C Ay such that
u () 2X W) in C([~T,T), H(R)), for any T > 0
Proof: We just need to use the invariance and compactness of the attractors, the result
from Proposition 5.3 and a standard diagonalization procedure to obtain the subsequence.

5.2 Upper semicontinuity in C°(Q)

We have already proved that the attractor A is in C°(Q). To prove the uppersemicontinuity

of attractors in C°(Q2) we need to prove the following,

Lemma 5.5 If for a sequence ¢ € (0, €], with ¢ i 0, we have u* € A, and u* ke

ud € Ay in HY(Q), then u =5 40 in CO(Q).

Proof: Let § > 0 be a small number and choose subdomains 0 D Qq,; near enough to Qo ;
so that [|[u® — ug ||lLe(ar) < §/2, where ud,; denotes the constant value of u® in Qg ; . This
can be done due to the continuity of the function u° in Q. Denote by Q* = U™ Q.

From the uniform estimates given above by Theorem 2.4 (iii), we have that u¢ is uniform
Hoélder continuous in 2\Q* and therefore, from the compact embedding of the space of Holder

continuous functions into the space of continuous functions and the fact that u¢ *=% 40 in
H'(R), we obtain that u, =% w0 in C°( \ 0*). In particular we can choose kg € IN, such
that [|u% —u||co@\q+y < 6/2 for k > k; and therefore if we denote by Bt (z) = u*(z) —uf ,,
defined in 9}, we have that u®(z) = u, + f (z) on 9Qf and [|BL, ||Lo(aq;) < 6. But,
considering the complete trajectory on A,, passing through u and denoting by H®%* =
—cu* — ug* + f(u*), we have that u* is the unique solution of
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—div(ac, Vus) = H%, on Q
uf = u%oﬂ. + B ), on Tf= a0,
From the uniform bounds of Theorem 2.4 (ii) we have that || H¢|| L) < K independent

of ;. Applying Lemma 4.2 we obtain the existence of ky > k; such that |k —ug, || Leo(z) <

20 for k > ky and therefore [lut — v?|| Leo(q;) < 30. Since 0 is arbitrarily small we prove the
lemma. g

Once this lemma is proved it is not difficult to prove the following,

Theorem 5.6 The global attractors, A, and Ay, are upper semicontinuous at € = 0 in

().

Proof: If it were not true then there would exist a positive number n, a sequence of €, —% 0,
and u” € A.,, such that distcog)(u”, Ag) > 7. By the uppersemicontinuity in H 1(Q) and
the compactness of Ay in H'(£2), we have the existence of u® € A, such that u™ "=% 40 in
H'(Q) and from the lemma in C°(). This contradicts the existence of 1 > 0. 0

In a similar way as in the case of the previous subsection we can obtain some convergence

results for complete orbits in the C°(Q) topology. It is not difficult to show,

Proposition 5.7 For every sequence € € (0, €y) with € 2% 0 we have,
i) If ¢, € A, and ¢, hoo ¢o € Ao, in H'(Q), then if u(-) C A, is the positive orbit
passing through @, and u°(-) C Ay is the positive orbit passing through ¢y, we have

uk 2% 40 i C([0,7],C°)), for any T > 0

it) For every sequence of complete orbits u®(-) C A, there ezists a subsequence €k, and a
complete orbit u®(-) C Ay such that

ui () 2 u0() in C([=T,T],C%(Q)), for any T > 0

Proof: For the proof of this result we need to use Proposition 5.3, Corollary 5.4 and Lemma
5.5. g

Remark 5.8 We note that by using the uniform estimates in H*(Q) and C°(Q) for the time
derivative of solutions on the attractors A, the results on the convergence of orbits obtained
above could be also obtained by using Ascoli-Arzela’s theorem.
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