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Abstract

In these notes we present the state of the span problem for flag manifolds up to
now, the technics involve Lie groups theory, characteristic classes, spectral sequences
and representation rings of classical groups. We touch the main points of these too.

Resumo

Nestas notas apresentamos o estado atual do problema do posto linear para as
variedades flimula até o momento. As técnicas envolvem a teoria dos grupos de Lie,
classes caracteristicas, seqiiéncias espectrais e os anéis de representagdes dos grupos
cldssicos. Nés tocamos em cada um dos pontos principais destes.

Introduction

These Lectures (1-8) deal mainly with flag manifolds and the question of find which
are parallelizable. Lectures 1-5, are independent of each other. However Lectures 6-8 use
representationn theory of compact. Lie groups, so a reader not fammiliar with this material
would probably want to read say [4]. A working knowladge of spectral sequences is also useful
in reading these notas, as well as some basics of differential toppology and vector bundles.

Although the primary goal, the parallelizability (and stable parallelizability) of flag mani-
folds is fairly specific, the lectures include a variety of techniques that are applicable to many
other questions. These are vector bundle tecniques, multilinear algebra, characteristic classes,
homotopy theory, k-theory (the Atiyah-Hirzebruch and the Hodgkin spectral sequences), and
others. One method not treated in these notas (but mentioned briefly in Lecture 5) is the
application of Lie algebras.

*Partially supported by a grant from FAPESP (processo no 98/3143-5)



1 Lecture

Flag Manifolds and Their Tangent Bundles

The main reference for this leiture is Lam [14]. To set up notation, let k be the field [z
or €' (HH can also be treated with a little extra care). The vector space k™ has the Hermitian
inner product < z,y >= Yr,z7;, and Gi(n) is the group of k-linear transformations
preserving the inner product.

R|1|O(n) (g) (d = dimp k)

C|2|U(n) n?

1.1 Definition: F = Fi(ni,...,n,),n1 + -+ ns = n, is the flag manifold (variedade
flimula) whose elements are "flags” o = (01,...,0,) where o1,...,0, are mutually orthog-
onal subspaces of k" and dimo; = n;.

Of course this implies o} @ --- @ o, = k™. As examples of flag manifolds one has
the Grassmann manifolds Fi(nj,ng) = Gi(ni,ng) = Gfb,nl of n;-planes in k™ (in particular

Fi(1,n — ) = kP™', and the "classical” flag manifolds Fe(1,1,...,1).

1.2 Let A € Gi(n) and write it in terms of its (mutually orthonormal) row vectors
a

A = i 9. Then (A) = (oy,...,01), Wwhere o3 = span{a,...,an}, 02 =
an

span{ay 41, -, Gni4ns }» --- gives a map @ : Gx(n) — F with isotropy H = Gr(ng) x -+ X

G(n,), and this induces a bijection ¢ as shown by the commmutative diagram

Gi(n) —— F

N
Gr(n
H

~—

We can we ¢ to topologize F, indeed this makes F' into a smooth manifold called a
homogeneous space.

1.3 It is casy to calculate dimg F = dimGy(n) — dimH = (d/2)(n® — S n?, whence
dimg(F) = (1/2)(n? — £ n?). Note also that n? = (L ni)(Xnj) = S n?+2%,;ning, hence
Zi(j TLinj = dlmk F.

1.4 There are natural k-vector bundles 1, ...,&s over F of ranks respectively ni,...,ns.
The fibre of ¢;, at a point o = (o1,...,0,) € F, is simply ;.

1.5 Proposition: & @ --- @& & ~ ne, where ne denotes the trivial bundle of rank n.
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Proof: (o,vy,...,v;) — (0,v1 + ...v5, where ¢ € F and v; € o1, gives a linear
isomorphism of the two vector bundles.

1.6 Recall, from elementary linear algebra, the row echelon form (REF) and reduced row
echelon form (RREF) obtained by Gaussian elimination on any m x n matrix A. And one
has the following basic theorem from linear algebra.

Theorem: Let A,B be m X n matrices over any field k. Then row span (4) =
row span (B) iff RREF(A) = RREF(B), where row span (A) is the subspace of k" spanned
by the m row vectors of A, and similarly for B.

1.7 For a (“vector space V, the conjugate V is given V = V with the scalar product
zxv=7%-v,2z € Cuv € V. For an IR-vector space V, V =V with the some scalar product.
Similarly one defines @ for a k-vector bundle a over a space X. We assume throughout
that all the vector bundles we deal with have a hermitian metric, for example this is alwags
true if the base space X is paracompact ([ ], p.23).

Proposition: For vector bundles o, 3 and k = IR, C,
Homy(a, B) = @@ B.

Proof: For an inner product space V (hermitian inner product) let ¢ : V @ W —
Homy(V, W) be given by (v & w)(v') =< v/,v > w. Note that ¢ is linear in v and in w. To
see that ¢ is an isomorphism, let vy, ..., v,, be an orthonormal basis of V and wy, ..., w, any
basis of W. A basis for Homy(V, W) is {fi;}, where f;;(v,) = 6w;. Since fij = o(v; ® w;),
¢ is surjective and hence an isomorphism (the spaces are finite dimensional). One should
also note that ¢(v @ w) is linear in v', thus p(v & w) € Homy(V, M).

Now ¢ is clearly natural with respect to inner product preserving linear transformations
f:V — V' and any linear transformations g : W — W’. So using the methods of [20] §3 or
[9] Ch.5, ¢ extends to a vector bundle isomorphism @ @) 3 — Homy(a, 3) as long as « is

endowed with a hermitian metric. a
1.8 We now turn to the tangent bundle of F' = Fj(n4,...,n,). Some intuition for the main
result Theorem 1.10, can be obtained by imagining a ”"small” change in 0 = (07,...,0,) € F.

For any vector v € o;, the ”’small”’ change in v will be a vector orthogonal to ¢;, which

”gives” a linear transformation in Homy(o;, 07) = @;2 Homy(oy, 0;). To make this precise,
let i < j and f : 0; — o linear. For convenience take ¢ = 1, j = 2. For any ¢ € IR,

tf € Homg(oq,02) = Homg(&1€2), -

Let its graph be y(¢f) = {(v,t- f(v)) : v € 01, } C 01 B 03. Note that dim, y(¢f) =n and
v(of) = o1 ® o. Also let v*(tf) be the orthogonal complement of (tf) in oy & o3, clearly
dimyt(tf) = ny and v (of) = 0 @ 0.

Definition: Set o(t) = (y(tf),y*(tf),03,...,0,. Clearly this defines a smooth curve in
F with o(0) = 0.

Definition: L(f) = D;o(0) € (T'F),, where T'F' is the total space of the tangent bundle
Tr of F', and (TF'), is the fibre over o.



1.9 Our main task is to prove the follewing lemma.

Lemma: [ :Homg(¢,¢;) = TF, i < j, is injective.

Proof: Asabove set i = 1, j = 2 for convenience. Choose an orthonormal basis vy, . . . , vn
for £™ such that
v1,...,VU, = basis for oy,
Unghly < » + 3 Unygny = basis for a3, efc.

For any n x n matrix A, we write A in block form using n = nq +ny + ... + ng, both in
rows and calumns. We consider now those A having block form

| 0 0 0 0 ... [, |

Note first that any such A is in REF (not in general RREF). Let V; = span of first
ni + ... + n; rows of A with respect to the chosen basis v;,...,v,. Since A is in REF,
dimV; = n; +---+n;. Next sat 014 = V] and, for z > 1, 0’;4 =V;NVzi,. Clearly dim o4 = n;
and of',..., o are mutually orthogonal. So define (A) := (of},...,0%) € F. For exemplo,
Yl = o

We now clain } is injective. For write A in the form

A
0 A
A=| 0 0 A;

where

Ay =first ny rows of A=[[, **...%] is n; X n,
A; =next ny, rows of A=[I,, *...*] is ny X (n —n,y),

A; =last n, towsof A=[[] is nysx (n—ny—...—ns_q).

Notice that each A; is in RREF, 1 <7 < s. So by 1.6, A; is uniquely determined by
Vi = of!, hence also by 3°(A). Now consider V; = span of first n; + ny rows of A. Since
Ay = [I,, * ... %], it is clear that o3 = VNV, satisfies o3 C span {V, 41,..., Vi, 4n,}. In this
space Ay is in RREP, hence o' (and also Y°(A) ) determines A, uniquely, again by 1.6. Thus
5 (A) determines A;, A, uniquely and continuing this way clearly determines A;, As, ..., As
uniquely, i.e. determines A uniquely.

Thus Y is injective and clearly smooth. Further, we have
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dim Im )~ = nl(n—n1)+n2(n—n1—n2)+---+ns_1(n—n1—---—ns_l)
+ng(n—ny—---—n,) =
= nZ—Zn?—ngnl—ng(nl+n2)—---—-ns(n1—|—---+ns_1) =
= n2—an?—2nin]~:n2—2nf—2nin]~ =
i>j i<J
= dimy F by 13.

By the inverse function theorem ¥~ is locally a diffeomorphism, hence is a homeomorphism
onto Im }°. By the invariance of domain, Im ¥ is open in F. Since o € Im >, this forms
a coordinate chart for the open neighborhood U = Im ¥ of o, with 0 € k" corresponding
to o. Now let

[ I, t-M(f) 0 0 ]
0 I, 0 0
A= 0 0 I, 0|
0 0 0 - I, |

where M(f) is the matrix of f with respect to V4, ..., Vai4n,- From the above definitions
> (A;) = 0y, and by differentiating with respect to ¢ it is clear that L(f) corresponds to

0 M(f) 0 --- 0

and this L is injective. .
1.10 Theorem: 7p = @1<icj<sHom(&;,E;).

Proof: Using the neighborhood U of o as in the proof of 1.9, we see that L embedds
Bic;Hom(¢;,&;) into 77, since L(Homyg(é;,¢;)) is in the ij block. Again, since ¥ n;n; =
dim; F' by 1.3, this map is an isomorphism. O

Corollary: 7r = @1<icj<s&i ® &;.

We now make a few applications with £ = IR, in which case 77 ~ ®i;& @ &;. First
recall a few properties of exterior powers of a vector bundle. One has rank A} = <ranik a) )
Nare, Mara, A (a®B) ~ Bpig=i(\Pa @ MB). Also, for a rank n orientable bundle e,
there is the Hodge duality M'a ~ A" ~a.

1.11 Application to immersions: From 1.5, and with k = R, & & --- @ €, = ne,

(”)ezv(gl@---@@)zvfl@l---@A?és@zfi%,

) s
1<



S

n
<2>€ ~n@T, where 7 :ZV&.

1=1

n

2>, with codimension = rank 7 =

p (7;’) (as long as ) <rg> > 0, ie. n; > 2 for some i). For further information about

By the Hirsch immersion theorem F' immerses in R<

n

this, especially with regard to when c <2

28], [18].

) is the best possible immersion dimension, see also

1.12 We now consider the span of manifolds and state some of the basic definitions and
theorems. The attached historical summary 1.16 may also be of interest.
(a) Write a = 3 for isomorphism of vector bundles, and o ~ B for stable isomorphism
(or stable equivalence), meaning o @ me ~ B & ne for some m,n.

Definition: spana = max{r : a ~ re @ r for some v }. The rank of v, Le. rank o —
span a, is often called the geometric dimension (gd) of a.

(b) Definition: For a smooth M™", span M = span 7. Clearly 0 < span M < n.

(c) The lower extreme span M = 0 is settled by Hopf’s theorem: For M connected,
smooth, compact, without boundary, span M =0 iff X(M) # 0. Equivalenty, span M > 0
iff X(M) = 0. Since any add dimensional manifold has Euler characteristic x(M) = 0,
positive span is the case for “ver half” the manifolds, in as approximate sense.

(d) The upper extreme is span M = n, M is then called parallelizable (written par in
these notes). Equivalently, 7as & ne is trivial. A move general condition is Tar ~ 0, i.e. T 1s
stably trivial; M is then called stably parallelizable (sp). An example of a sp manifold that
is not par is S%. Our main interest in these lectures will be determining which flag manifolds
are par (or sp).

(e) For n = 21e+%z (odd), where 0 < b <3 (a,b are unique), let p(n) = 8a + 2°, the
Hurwitz-Radon function of n. Then span 5™ ' = p(n) — 1.

Exercise: Show span S"~! < 2= unless n = 2,4,8, 16, and hence only S!,S%, S” are
par.

(f) Theorem (Bredon Kosinski): If M™ is stably parallelizable, and n # 1,3, 7, then
either span M™ = span S™ (= p(n+1) —1), or M is parallelizable.

The theorem contains further information to distinguish the two cases, which we omit
here.

(g) Although the Bredon-Kosinski theorem effectively gives the span of sp manifolds, we
shall see in the work that follows that relatively few flag manifolds (and other homogeneous
spaces) are sp. For such manifolds (i.e. “most” manifolds), little is known about the span.

1.13 The classical flag manifold F' = Fg(1,1,...,1).
Proceding as in 1.11 and noting rank ¢ = [, hence A2¢ =0, we get TF = (Z) ¢ and thus
F'is par.



Remark: Fi¢(1,...,1)is sp but not par, this is proved in [14] using a variant of the A2
construction for the complex case.

We will also be interested, in case k = IR, in the case where each (or later some) subspace
o; carries an orientation. This is written F'(nq,...,n,), clearly F(nq,...,n,) = SO(n)/H,
where H = SO(n;) X --- x SO(n,) (We also requive. That the orientations here on ay,. .., o,
induce the standard orientation on IR", otherwise the space would have two components).
Note that F'(ny,...,n;) is thus a 2°~'-fold covering space of F(ny,...,n,.

2 Lecture

Stiefel Manifolds
We make a small digression from the main path of the lectures here to consider one specific
family of manifolds, the Stiefel manifolds, in more detail. The Stiefel manifolds, V,, . are flag

manifolds in the sense of Lect. 4, that is, “partially oriented” flag monifolds. Our goal is to
show that for » > 2, V,, . is par. For references see [29], [6], [14], [32], [10].

2.1 Definition: V,,---, for 1 <r < n, is the space of orthonormal r-frames of vectors in
n
a1
We denote a point of V,,, as : |, where a; € IR" and (a;,a;) = é;;. One gives this
a'l'

space the structure of a smooth manifold by writing it as a homogeneous space
Var = O() /(I X 0(n = 7))

Familiar examples are V,; = S™' V., = 0(n), Vano1 = SO0(n). There are smooth
fibrations S"~"! — V.11 = V,,, where

ay .
1
T = :
ar
ar
Ar41

2.2 There is also a smooth fibration, in fact a 2"-fold covering projection, ¢ : V,,, —=
Fgr(1,...,1,n — ), where

a;
o| : | =(span {ai},...span {a,}, span”"?{ay,...,a,})

ar

Now Fgr(l,...,1,n — r) has the canonical bundles &i,...,&,,&41. Clearly ¢*(&;) ~ .
1 <i<r,and we call 8,, := ¢*(41) the orthogonal complement bundle (of rank n —r).
The next lemma is an easy application of 1.3, 1.5, and Cor. 1.10, its proof is left as an exercise.

V> € (7nr)a. On the other hand these equations

Heve 1,, = 7(V,,) result, so all such (V



reduce to the r + (;) = (r _; 1) equations homotopic. Using same basic topology of the

Stiefel manifolds, one knows V5, 5 is (2n — 4)-connected.

Lemma:
(a) BnrBre = ne,

(B) Thw &P Buy B (;)s,

(c) dimV,, =nr — (T ; 1).

Remark: The complex and quaternionic Stiefel manifolds of orthonormal r-frames in
C", H" can be defined similarly. There is no change in the above lemma expect for (c), which

r) , d =1,2,4 respectively.

becomes real dim = dnr — r — d<2

2.3 Theorem: V,, is parallelizable, r > 2.

This theorem was first proved by Sutherland [29]. A little later Handel [6] and Lam [14]
noticed that for r > 3 the theorem could be proved by elementary vector bundle techniques.
Alternatively, notice that. Lemma 2.2 trivially shows V,,, is sp, 7 > 1, and the Bredon-
Kosinski theorem will then give a quick proof that V. is par, r > 2. Here, however, we
shall follow [32] to give a complete proof of Theorem 2.3 using nothing move than a basic
theorem of homotopy theory, the Hopf classification theoremm: for n > 2, dimX < n,

(n — 1)-connected,
(X, Y]~ H"(X;m(Y)) -

First, an alternative description of the tangent bundle 7, .

ay
2.4 Lemma: Let A=| : | € V,,. Then
a,
U1
(Tag) s = 2 | v € RY, {a;,v;) + (vi,a;) =0, 1 <4, <7
vy

ay ()
Proof: Consider a smooth curve A(t) = .|, with ¢;(0) = v;. Differentiating the
a,(t)
equations (a;(t),a;(t)) = 0 with respect to ¢ and setting a;(0) = v; gives the desired result, so
U1
: r r+1
allsuch | : | € (Tas)4. On the other hand these equations reduce to the r+ (2> = ( 9 >
vy
equations (a;,v;) = 0,1 < ¢ < r, and {a;,v;) + (aj,v;) = 0,1 < e <y <7, 80 the solution

" 1) — dimV,, by 2.2 (c). This shows that the solution

space has dimension > nr — (
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space is (T,,)4, and also that the set of equations are linearly independent, i.e. have rank

(7‘42—1>' -

Corollary: For r > 2, 7, , admits (;) linear sections
v1(A) 0 ,  k#i,j
w;;(A) = : , where v (A)=< —a; , k=1, i<j
’U-,-(A) a; ) k= .7

2.5 We now turn to the case r = 2, and follow some ideas of Eckmann. The 3 equations
(a1,v1) + (a2,v2) = (a1,v3) = (ag,v1) = 0 are considered as a map f: V, 3 — V3,3,

a; 0
f<a;):(a:z/0\/§ a1;i/§) 7

and a unit vector field on V,, ; is simply a lifting g of f to V5, 4,

ai 0

le (al)— y o
.. g as = (12/\/5 al/\/i ’
(% v

1 2

indead an r-field (orthonormal) will be a lifting g as in

%n,3+r
e
™
Vn,2 f ‘/Zn,3

Since 7 is a Serre fibration, such a lifting always exists (for any r < dimV, , = 2n —3) if
f =~ 0, and this is what we shall show, this proving V, ; parallelizable.

2.6 Theorem: V,, is parallelizable.

Proof: As shown in 2.5, it suffices to prove f null homotopic. Using some basic
topology and the Z/2-cohomology of the Stiefel manifolds, one knows Va,3 is (2n — 4)-
connected, dim V,, ; = 2n — 3, so the Hopf classification theorem applies. Also m2,-3(Van3) =
Hon_3(Vans) = Hap_s (IRP™ 1 /IRP*™*) = Z/2. So by the Hopf classification it suffices to
show

0= f*: H" 3(Vans; Z/2) = H™3(V,2;Z/2) .
Using the Cor. to 2.4, we have a lift g



g a 0
/ k T
Vana —a1/V2 4/ V2

Now H?"3(Va,3:Z/2) = Z/[2, generated by a class we write yan_3. Since T (yzn—3) =
Yons € H 3(Vana) = Z[2, it suffices to show ¢*(y2n—3 = 0. Now fairly obvious homotopies
of Vopa show g~ g1~ ¢g2..., where

Vn,2

aiq 0 ay 0
0 a ay 0
9i(4) = oy 02 , (4)= 02 aq
0 ay 0 a9

Let o : Vg X Vg = Vana, (A4, B = ( 1(‘)1 103
Viz X Vg is the diagonal. Consider the involution w : Vana — Vana which interchanges
the first two rows with the last two and similarly for the columns. Clearly wo = o7,
where 7 ¢ Voo X Vg = Voo X Voo switches the two factors. Now w being an involution
and H>"3(Vana; Z/2) = 7|2, generated by yzn-3,. .- implies w*(y2n—3) = Y2n—3- It fol-
lows that 7*0*(yzn—-3) = o*w* (Yan-3) = o*(yzn-3), i-e. 0*(y2n—3) 1s invariant under 7*. But
H*(Vy2; Z/2) has only the classes Tp_2, Tn1,Tn—1Tn—2 iD Tespective dimensions n — 2,n —
1,2n—3. Thus 0*(yzn—3) = A(Tn-2 X Tn-1F+Tn-1X Tp1Tn2)+B(Tn-1Tng X1+1X Tp1Tn_2),
for some a, 3 € Z/2. Taking A* of this gives 0 = A*0*(Yan—3) = 93(Yan-3) = 9*(yan—3), as
required. a

), so that g5 = oA\, where A : V2 —

2.7 Lemma: Underp: V,,+1 = Var, *(Tnyr) ® Brrs1 = Tartl-
The proof is left as an exercise, using either 2.2 or 2.4
2.8 Theorem: Vn,r is parallalizable, r > 2.

Proof: Note n > 7 + 1 and r > 2 imply 2r > r + 2 and hence onr > (r+2)(r + 1), or
T;1>ZT+L

Now use induction, 2 < r < n — 1, and suppose Tn; trivial.
Theorem 2.6 starts the induction, and

equivalently d,, = nr — (

Tnot1l R D (Tng) ® Brrt1 & dpr€ B Prrtr (inductive hypothesis)
(dn,r - Tr—= 1)5 @ (’I" + 1)5 S ﬁn,r+l
~ (dn, —7—1)e @ ne~ dnrpa

Q

using that dp, —7—12>0 as shown above. O

Remark: The proofs for k = €, [H are similar, except that the case r = 2 (Theorem 2.6)
turns out to be much easier as far as showing f* = 0. See [32] for details.
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2.9 Questions: (a) Can one give a fully elementary proof that V;, is par? For n =0
(mod. 4), yes (cf. [14], or try as an Exercise).

(b) Can one exhibit the vector fields on Voay Var, say with polynomial formulae? For
n = 4,8, done in [32].

(c) (Daciberg Lima Gongalves): When does f3,, admit a section. Answer: r =1 and n
even,r =n — 1, or (n,r) =(7,2),(8,3).

(d) (Daciberg Lima Gongalves): When does £B, , admit a section, £> 17 What is span
(Eﬂn,r) ?

2.10 Definition: X,, = Vo, /(A~—A), 1 <7 < n—1 is the projective Stiefel manifold.
One has obvious covering projections

v, O x.. e F(Q,...,1,n—r)
] ] (21‘+1) ?

so dim X, , = dim V,,, = nr — (T ; 1

has ¢*(&) & €nr, 1 <@ <7, and defines ¢*(&r41) = Bur-

) , also there is a Hopf line bundle &, over X, .. One

3 Lecture

Parallelizability of Standard Flag Manidolds

The main references here are [12], [21].

3.1 Preliminary facts (to be dealt with in Lecture 5).

(a) For k = IR, all Grassmann manifolds Fr(p,q) = Gpiep = Gpiq, are Dot sp, except
forp=1,¢4=1,3,7 (or vice-versa) which are par, namely Ga1 = RP', G4, = RP?,Gs, =
RP". For k= C,H, only F(1,1) are sp (and not par).

(b) The projective Stiefel manifolds X, 2 are not sp unless n = 3,4,8, and X32, X422,
Xs o are par.

3.2 Inclusion method Many inclusion and fibration maps exist between flag manifolds.
The inclusions are obtained by increasing the size of the ambient space k", and the fibrations
by collapsing some of the subspaces of the subspaces of a flag into their (direct) sum, 1.e.
into the single subspace they span.

Example: Let F'= Fi(nyy...,ns-1) ..., F= Fi(nq,...,ns), and 0 be the
span {€n—n,1----€ny C k" Thenu: F' < F, where i(oq,...,08 —1 = (01, .- ,05_1,0) 1s
an inclusion of flag manifolds.

Let p: F — F(m,n;), wherem = n;+-- .4n,_; = n—ng, be given by p(o,... ,Os—1,05) =
(1@ ®0s_1,05). Thenp is a fibration and its fibre is precisely F' with nclusion ¢.

Exercise: Show this same fact using the homogeneous space definition for F', F, F(m,ns).
The key to using the inclusion method is the nest lemma.

11



3.3 Lemma: *(7r) ~ Tp.

Proof: Clearly i*(&) ~ ¢l 1 <i<s—1, while i*(&5) = nse. By Theorem 1.10,

s—1
U(tF) = i*( > Homy(é,&) & Homk(fi,fs))
1<i<j<s—1 i=1
> Homy (¢;,&; & iHomk( !, ns€)
1=1

1<i<j<s—1

Q

s—1

~ T @ Homy (Z f,ny:) ~ 1 @ Homy((n — ny)e, nge) ~ 7.0

1=1

Remark: This is a special case of the fact that for any smooth fibration, the inclusion
of the fibre has trivial normal bundle (for consider a small enough coordinate neighborhood
U of a point z € X, the base space, then p~'(U) is diffeomorphic to Ux fibre).

3.4 Theorem: Lets>3,k=R,C, or H.
(i) Fi(1,...,1)is sp, andis par iff k = R.
(ii) If n; > 1 for some ¢, then Fi(ni,...,ns) is not sp.

Proof: Without loss of generality suppose ny > ng > --- 2 ns. For (i) the case k = IR
is already done in 1.13, and it was remarked there that for k = € (also H) Fi(1,...,1) is
sp. In the cases k = €, H, x(Fk(1,..., 1)) # 0 so it cannot be par, indeed has span = 0 by
1.12 (c).

For (ii), suppose Fi(ny,...,ns)is sp, then by the inclusion method Fi(ny,n,) is also sp.
By 3.1(a), the only possibilities are k = R, (ny,n2) = (1,1),(3,1),(7,1), or k = C,JH and
(ny,n2) = (1,1). So, if also nq > 1, it is only possible that k = IR and (ny,n2) = (3,1), (7,1).
The proof will then be completed, again by the inclusion method, if we can show Fr(3,1,1)
and Fr(7,1,1) not sp. The double cover X5, — Fr(3,1,1) and X5 not sp (see 3.1 (b))
shows Fg(3,1,1) not sp, and similarly for Fr(7,1,1) using Xg . O

4 Lecture

Parallelizability of Partially Oriented Flag Manifolds
The main reference for this lecture is [22], and k = IR throughout.

4.1 Definition: F(ny,...,nr | Brg1,-- -, n) is the usual flag manifold F(ny,...,n,) except
that the subspaces oy, ...,0, also carry an orientation, with the convention that if r = s then
the orientations on oy, ...,0, induce the standard orientation of R".

Thus F(ny,...,np | Regi,---5ns) 15 @ 27 convering space of the standard flag manifold

F(ny,...,n,s), r < s (or a2 " fold covering if 7 = s). Note that with the above convention
F(ny,...,ns1 | ns) = F(ny, .. ,ns |), and we write this space F'(nq,..., n,) in analogy to the
oriented Grassmann manifolds G, .. As a homogeneous space F(ny,...,np | Nt - - - ~Tig)s IoT

r<s—2,is0(n)/SO(n1) X ... x SO(n;) X O(npg1) X - -+ x O(ny)), while F(ny,...,ns) =
S0 /S0(ny) X -+ x SO(ns).
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4.2 Examples: (a) F(ni,ng) = Grny = Ghny, in particular F(1,n —1) = S"~
(b) F(1,...,1|n—r)=F(,...,1,n—r)=Va,
() F(I11,1) = Xinyao

4.3 The tangent bundle 7 of F(ny,...,n, \ns41,...,n) is given by the same formula as
1.10, Cor., since it pulls back under the covering projection. The 7 =~ > & @ ¢, with the
i<j

extra information that ¢; is an oriented bundle of rank n;, 1 <¢ <.
The tecniques used now are for the most part (but not entirely) the same as in the previous
work: the A\2-construction for positive results, and the inclusion method for negative results.

4.4 Preliminary facts (to be dealt with in Lec. 5)

(a) F(Pﬁg‘]) = Gptgp = Gpigq is sp fp=1,0rg= 1, or (p,q) = (2,2),(3,3), and of
these only Go1 = S*, G41 = S°, Gs1 = S*, Ge3 are par.

(b) X,z isnot sp unlessn =3,4,8 (as in 3.1 (b), also X4 is not sp. X3,2,X42, Xs2
are all par.

We now study the par (sp) of these manifolds. We consider only s > 3, since the
case s = 2 is already done in 4.4 (a). And, without loss of generality, we always suppose
n1 2 annr+1 Z ZTLS.

4.5 Theorem: Suppose ny > 1. Then F(ny,ng,...,n,) is not sp unless {ny,... st €
{37 1} or {nlv- sts 7ns} g {271}

n, = 1. By the inclusion method,
i < j < s. In particular, for 1 <
n; = 3. This completes the proof.
O
Corollary: Suppose at least two of ny,...,n, are > L. Then F(ny,...,n | Rry1, - - ., Ny)
is not sp unless {ny,...,n,} C {3,1} or {2,1}.
This follows because the sp of F(nq,...,7r | Net1,-..,ns) would imply the sp of its
covering space F‘(nl, .,

B Proof: Write ny > ny > ---np > Npp = -+~
F(ny,...,n,) sp implies F(n;,n;) sp for any 1
i < j < p, using 4.4(a), we see n; = n; = 2 or n;

IIA

Remark: We are always assuming r > 1, ortherwise we are back in the case of standard
flag manifolds dealt with in Lec. 3.

4.6 Lemma: The following are sp: (a) F(1,...,1)|1,...,1),
(b) F(2,...5%Lwogl | Leasryd ]y

(¢) F(3,...,3,1....,1).

Proof: (a) Here we have a covering space of F(1,...,1) so it is in fact par by 1.13.

(b) Left as an exercise - use A\

(c)Here & @+ & @ Exr © -+ B & = ne, with &1, ..., & oriented rank 3, &xqa,s---,&s
oriented rank 1, i.e. trivial line bundles. So

£ ®E D (s — k)e ~ ne. The A? construction gives

TONED D A\, @ <5 ; k)g ” (g)€7 now Hodge duality gives
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TONLGD - DN D (5 ; k)e R <2>6 and \'¢; = ¢; gives

oot (5 e ()
2 (*5 )e~(3)e
T® ne ea( ;k)€~(2>e, ie. 7~ O. O

Notice that 4.4 and 4.5 completely determine which F(nl,...,ns) are sp, so we may
suppose 1 < r < s — 2 henceforth. The next theorem gives most of the remaining negative
results.

2

LB - BED(s—k)e

4.7 Theorem: Consider F = F(ny,...,n, | npy1,...,n5), 1 <r < s—2, and suppose
either precisely one n, > 1, or {n4,...,n,} = {3,1}, or {nl,..., s} = {2, 1} with nyq = 2.
Then F'is not sp in the following cases.

(i) F(ny,...,n.|1,1,...,1), n; #1,2,6 for some ¢ <,

(i) F(ny,...,n,|1,1,...,1),r<s—4, n; #1,2 for somes: <r,

(i) npp1>1, 7<s—2,

(iv) nyp1 > 1, r=s5—2, and (ns_q,n;) # (3,1,(7,1).

Proof: For (i), the inclusion F(n; | 1,1) = X422 < F shows F' is not sp unless
n; =1,2,6 (using 4.4 (b)).

For (ii), we may suppose using (i) that n; = 6, so by inclusion it suffices to show F(6 |
1,1,1,1) not sp. But X4 — F(6 | 1,1,1,1) is a (8-fold) covering and Xjo4 is not sp
(4.4(b)), hence F(6 | 1,1,1,1) is not sp.

For (iii) the inclusion F(n,;1,nr42,...,ns) — F and Theorem 3.4 suffices.

For (iv), if (ns-1,ns) # (3,1),(7,1), the inclusion F'(ns_1,n,) — F shows F' not sp. O

4.8 Ifr =s—2,and (n,_1,n,) = (7,1), and n; > 1 then F isnot sp by Cor. 4.5. However
we need one extra negative result if (n,_1,n,) = (3,1) (Cor. 4.5 does not help here).

Theorem: Forkz1,F=F(3,.L.,3,1,...,1|3,1) is not sp.

Proof: One shows F(3]3,1) not sp by computing its Stiefel-Whitney classes, see [22]
for details. The inclusion method then completes the proof.

4.9 Proposition: F(6|1,1)and F(6,1]1,1) are par.

Proof: The first equals Xg, and is covered by 4.4 (b). The second is more delicate, see
[22] for details.

At this stage only a few questions remain. First, in the positive cases 4.6 (b), (c), which
are par (in 4.6(a) all were observed to be par). Using results of Miatello-Miatello [19] and
Stong [27], one can see that all manifolds in 4.6(b), (c) are par except for F(2,2,...,2)
and F(2,...,2,1). As for the negative results (for sp), there are four unsolved families, as
follows.
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4.10 Unsolved: F(1,...,1]3,1) , 823,
F(1,...,1]7,1) Cs>3,
F(6,1,..5;1 | 1;1) 4 826,
F(,1,...,1|1,1,1) , s=>4.

To see this, first consider any case with at least two nj,n; > 1. Using 4.5, {n1,...,ns} =

either {2,1} or {3,1}. If {2,1}, then n,y; = 2 1s eliminated by 4.7 (iii), (iv), leaving
F(2,...,2,1,...,1|1,...,1) which is sp by 4.6. If {ny,...,n,} = {3,1}, then 4.7 (i), (iii)
and 4.8 eliminate all possibilities except F(3,...,3,1,...,1), and this is known to be sp by
4.6.

This leaves only the cases where precisely one n, > 1, and these are easily seen to be the
families listed using 4.7.

4.11 For completeness, we list what is now known.

Theorem: Let F = F(ny,...,n | nyt1,...ns), Withr > 1 and s > 3. The following are
all stably parallelizable and apart from F(2,2,...,2), F(2,...,2,1) are parallelizable:
(1) Ij(l,...,lll,...,l),
) F(nl,l,.s..,l):an_Hys )
) wtF(3,...,3,1,...,1),
V) F(2...,2,0,..,1] 1.1,
) F(6|171):X8,Za F(671|131)

Any other flag manifold of this type is not stably parallelizable, apart from the four
undecided families listed in 4.10. Our main goal in the following lectures is to introduce the
tool of K-theory and show how it led to solutions for the undecided families.

5 Lecture
Introducing K-theory

5.1 In this lecture we shall consider the Stiefel and projective Stiefel manifolds, the Grass-
mann and oriented Grassman manifolds. These were already used in the “preliminaries” of
Lec. 3,4. We shall now see how the use of K _theory can give quick proofs of parallelizability
results for these manifolds. The Stiefel manifolds V., will be omitted, they have already
been dealt with in Lec. 2 and in any case are all sp (par for r > 2 5

5.2 To define K-theory (see also [9], Ch. 9), one starts with the Grothendieck completion
of an abelian semi-group A, the same process by which one obtains the integers from the
non-negative integers in elementary algebra. So let A be an abelian semi-group.

Definition: A = {(a,b):a,b€ A}/ ~, where (a,b) ~ (a/,b) iff a + b =a +b One
checks that ~ is an equivalence relation. Then define (a, b)+(c,d) = (a+c, b+d), check this is
well defined, and A is now an abelian group with 0 — (a,a) for any a € A and —(a,b) = (b,a).
Further A C A with a — (a,0).

5.3 Now consider A = abelian semigroup of isomorphism classes of (constant rank) F'-
vector bundles over a space X, with [a] + [8] = [@ @ f]-
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Definition: A= Kr(X).

Remarks: (a) The requirement of constant rank is redundant if X is path connected.

(b) rank: A — Z induces a well defined homomorphism rank : K(X) — Z.

(c) Recall that for vector bundles of finite type (for X paracompact all vector bundles
are of finite type), say a, there exists a vector bundle 3 such that a @ g is trivial (cf. [9], p-
32).

5.4 Definition: F(X) = ker(rank : Kr(X) — Z).

Notice that Kp(X) also has a ring structure given by [a] - [8] = [a ® B], this induces a
ring structure on Kr(X) as well. Since a ® B ~ B ® q, it is a commutative ring.

Remark: Kp(X) can equivalently be defined as the equivalence classes of stable vector
bundles over X, but this definition needs care for multiplication since oy ~ 02, By ~ B2 does
not in general imply ay ® 1 ~ a2 ® Bs.

Remark: Notice that for a vector bundle « of rank n, o ~ 0 iff [¢] =0 € Kp(X) iff
[0] = n=0¢€ Kp(X). This K _theory is an ideal tool for detecting stable parallelizability.

5.5 One makes K-theory into a cohomology theory by defining K (X) = K(ZPX), where
3 X is the reduced suspension of X. According to the remarkable Bott periodicity theorems,

K*(X) ~ K-P*2(X) and KO "(X) ~ m—p+8(X); these allow us to define Kin(X) and
hence also Ki(X) for alli € Z. Also, for f: X — Y, the induced bundle construction *(8),
for any vector bundle 3 over Y, gives rise to a well defined homomorphism
i Kp(Y) — Kp(X)
(B8] — [f*B)

similarly S7 f gives rise to f*: KgP(Y) — K7?(X). Altogether, these definitions turn the
graded object Kf = {,..., Ki',Kp, K}, KE,...,} into a cohomology theory.

5.6 Recall (Lec. 3) the projective Stiefel manifold X, ., the covering projections Voo 2

Xnr (zr—;) F(1,...,1,n —r) the Hopf bundle &, & ¢* (&), 1 <<, and 3, = q*(&r41) of

rank n — r. Also define B, = 8, , @ {nr (also rank n — 7 ), and recall { @& = € for any real
line bundle ¢ . We have the following basic isomorphisms.

Lemma: (a) B,,@re=néu,,

(b) Bur@ren,rmne,
© 7 i@ (3)e
(d) 7o, ® (r —; 1)6 ~nrén, (= Tap~nra)
(€) e ®XBur ~ (5 )e
Exercise: Derive (b) from (a), and derive (e) by taking A2 of (b), then using (c)-
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Deriving (a), (c), (d) is also not difficult using the known facts about F(1,...,1,m — ), k.
[14] or [32] for details.

5.7 One can already show that many X, are not sp, using Stiefel-Whitney classes and the
Z/2-cohomology, H *(Xpyr; Z/2), first found by Gitler-Handel ( ). There 1s always
a generator © € H'(Xns; Z/2), and the Stiefel-Whitney class of £, s 18 w(é,,) =1+ Then,
since stably equivalent vector bundles have the same Stiefell-Whitney classes,

w(Tpr) = w(nrﬁnﬂ) = (w(gn,r)m =(1+ z)"" .

To compute the binomial coefficients mod 2. arising this way, the following result of Lucas
[16], for any prime p, is useful.

Theorem: Let n = Z d;p', r= Zc,'pi, where 0 < ¢;, d; < p, be the p-ary expansions
i>0 i>0

() =1(a) i

Proof: (1+t)" =1+ ' =TI +4)8# = L1 +7)%, since (a+ b = (o' + )
i>0 i>0
(mod p). Now simply compare the coefficient of " on both sides. O

of n,r. Then

5.8 Examples: (a) For Xio3, the work of Gitler-Handel shows H*(X10,3; Z/2) contains

z,2%,...,¢ #0, 28 = 0, and other generators Ts, To that do not concern us here. So

w(rps=(1+2)® =(1+2)"* =0+ 225 =1+ 2% +2* +2°

since 15 = 1111 in binary expansion. So w(r) # 1, hence Xyo,3 not sp.

(b) For X104, we similarly have z® = 0, so here w(r0,4) = (1 + 2y = (1+28)P=1"=1,
giving no information. Cases like (10,4), being more delicate, were not settled until the K-
theory of X, was calculated, cf. [1], [2]. We will not go into K*(X,,) here, but will quote
the final answer.

5.9 Theorem: X, is par for (n,n— 1), (2m,2m —2), (4,7), (8,r), and (16,8). No other
is sp except possibly X128 which is undecided.

5.10 We now turn to the Grassmann manifolds Gnr = Fg(r,n —r). Since Gnr = Grp-rs
we assume without loss of generality that r < n/2. The next result is just a repeat of 3.1 (a).

Theorem: G, is par for r =1 and n = 2,4,8. Any other Gn, (with r < n/2) is not
Sp.

This theorem was first proved in [31] and a little later in [7], [11], and [30]. We will study
the proof given in [30] since it is a very easy application of K-theory and also covers the
complex and quaternionic Grassmann manifolds.
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5.11 First recall the result of Adams (cf. [9], p- 237) :
KO(RP") = Z/2°(™, where p(m) =[{i: 1 <1<, 0= 0,1,2,4 (mod.8)}!.

Furthermore the generator of this cyclic group is [€m] — 1, or equivalently 2e(m¢,, ~ 0.
Here are some sample values.

o 92345678910 11 12 13 14 15 16 17 18
m—1 12345678 9 1011 12 13 14 15 16 17
om-1) 122333345 66 7 77789

Notice that (¢(n) is approximately n/2, so that 2¢(m — 1) is much larger than m — 1
except for the small values m —1 < 8. This makes it easy to prove the next lemma, we omit
the proof.

Lemma: m&n,_1 ~ 0iff m =2,4,8, and (m — 1)ém-1 # 0, 0 2 1.

5.12 Proof of Theorem 5.10: For convenience we write the canonical bundles &1,&2
on G, = Fr(r,n,n —1) as & =B, & =7. On Gpot,r1 write these as #',7', and under
the inclusion i : Gyu_1 ,_1 < Gnsr, Where i(A) = span(4, en), observe that *(y) = 7,

*(B) = B @ e. It follows that
i*(T"l,’l‘) ~ Z*(/B ® 7) ~ Z*IB ® 7’*’7 ~ Tn—l,r—l @ '7, .

Iterating the inclusion 7, (r — 1) times, gives an inclusion
RP"" =Fgr(l,n—r) < G, with

j*(Tn'T) ~ TRpPr—T @ (7' — 1)’)’mpn—r ~ én—r ® Yn—r (&) (T _ 1)’7n—1‘ .

where we write yp—r = YRP? -
Now recall (Lec. 1) épr ®ynor = (n—r+1)¢ implies & ® (€ner ®Yn—r) = (n—7+1)én—r,
ie. €ner @ Ynr ~ (n—1+ 1)é,—r and Yp—r ~ —&,_,. Substituting,

) & (=T + DEB(r—1(=E) =(n—r+1-(r— 1))én—r -

By Lemma 5.11 this can be stably equivalent to O iff r = landn—r+1 =248, ie
n =2,4,8.

Remark: The cases k = €, H can be handled in the same way, and the final step is in
fact easier because the Hopf bundle £, turns out to have infinite order, in K (k P"7").

5.13 We now turn to én,k, the oriented Grassmann manifolds. Since C:’n,l & Gn-l o én,n_l ,
we write C?n'k = F(k,{) with k+{=mn and henceforth suppose k, £ > 1 to dispense of the
spheres. In Lec. 1 we saw that F(2,2) was sp and F(3,3) par, our aim now is to show
that no other F‘(A, (), k,£>1,1s sp. This theorem was first stated and partially proved
in [19], fully proved in [22], and again proved (using characteristic classes, the Pontrjagin
classes) in [13]. In [23] K*(Ghn) was computed and this leads to a very short proof of this
theorem, which we now present at least in part. The work in [23] also settled which Gn
admit an almost complex structure, a problem going back to the 50s, but we only consider
the parallelizability here.
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5.14 Let k =2s or 2s+ 1, £ = 2t or 2¢t + 1. The description of K(Gnz) = K°(Gn ) shows

that this ring always contains a subalgebra H,; C K(Gpyx) defined as

Hs,t=Z[Pu---,ps,ql,.--,qt]/((l+P1+---+ps)(1+q1+-~+qt)=1) :

Further H,, is graded via degp; = degg¢ = ¢ Thus one obtains p; + ¢; = 0 in degree 1,
p2 + p1q1 + ¢2 = 0 in degree 2, etc.

Remark: In the case k, ¢ both odd, H,; = K(C:’n,k), for other parities H,; C K(én,k).
5.15 Lemma: [c7] = piq1 + kg +{p1 + k€ Hy, C© K(Gni)-

Proof: Two tochnical things must be assumed here, first that the “K-theory Pon-
trjagin classes” pi,q1 are related to the exterior power representations A; € RRSpin(k),
Al € RpSpin(¢), by cAp = p1 + k, cAj = ¢ + £, and second that the a-construction here
satisfies (AL =[], a(A}) =[] in KO(Gnp)-

Then (Al ® A Beq]=I[7] € KO(Gpx), so

a(cAt®c)}) = [eT]€ K(Gny) -
Thus [er] = a(cAl) - a(cAy)
= (p+k)q+L) =piaq + kg +lpy + kL.

O

Remark: If one is not familiar with the technicalities in the above proof, Lemma 5.15
can just be assumed and Lemma 5.16 can be directly studied.

5.16 Theorem: For k,{ > 2, én,k sp = (n, k) = (2,2) or (3,3).

Proof: From 35.15, if also Gz is sp, we have (since dimGnyx = k€) kL = [7], so
kl = [ct] = pras + kg1 + £py + k¢, giving kg + p, = 0 in degree 1, and pyg1 = 0 in degree
9. The second relation gives 0 = po + p1q1 + @2 = P2 + 2 which can only hold in H,; if
pp=¢q =0,ie s=t=1 Since py + ¢q1 = 0 in Hyy, the first relation gives (k —£)g; =0
which implies k = . This leaves only k = { = ot k=0=3, 0

6 Lecture

Outline of the Hodgkin Spectral Sequence

6.1 The Hodgkin spectral sequence is a powerful tool to compute the (complex) K-theory
of a homogeneous space X. Unfortunately steps 2,3 deal with the representation rings of
compact Lie groups cf.[Brocker-Tom Dieck], [Husemoller], it is not available for K O-theory.
The basic reference for it is the book [8]. In this lecture we give an 8-step “user’s guide” to
using this tool. Steps 4-6 involve some homological algebra, and details for these steps are
given in Lec. 7.

Step 1 Write X = G/H where G = compact, connected Lie group with m(G) =0
and H is a closed subgroup. Frequently G = Spin(n) is used. We remark that m1(G) has no
92-torsion suffices. and write 7 : H — G.
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Step 2 Determine RH, RG, the (complex) representation rings of H,G. It is useful if
RG is a polynomial algebra, this is the case for G = Spin(n).

Step 3 Calculate the “restriction” homomorphism i* : RG — RH. This also makes RH
into an RG-module.

Step 4 E, = Torpg(RH,Z) gives the E; term of the Hodgkin spectral sequence.

Step 5 Simplify the Tor calculation, using the “change of rings” theorem, to get rid of
redundant terms. One gets Torrg(RH, Z) = Tor (B, Z), with A, B having fewer generators,
and tries to retain A = polynomial algebra.

Step 6 Use the Koszul resolution for Tor4(B, Z) calculation.

Step 7 Now having E,, calcule the differentials in the spectral sequence to get Es, ..., E.
We remark that in all examples known to the author the spectral sequence has “callapsed”,
ie. 0=dy =dy =---, whence By = E3 = --- = E,, and thus this step is trivial in these
circumstances. See also 6.2 below.

Step 8 Reassemble K*(X), as a Z/2-graded algebra (due to Bott periodicity), from E.
An excellent source for this step is [1], 6.1-6.5.

6.2 Remark: Here are a few further details about the Hodgkin spectral sequence.

(a) E? = Tor%,(RH,Z) gives the p-grading, the ¢-grading is the Z/2-grading (periodic)
induced by regarding (RG)° = RG, (RG)' =0, similarly for RH and Z.

(b) d,: EP~" — EP, and d, = 0 for r even.

(c) E3™ gives rise to a multiplicative spectral sequence, in particular if Torgg(RH, Z) is
generated as an algebra by its elements in degree < 1 then the spectral sequence collapses.

7 Lecture

Some Homological Algebra

In this lecture we review some homological algebra that is very useful towards performing
Steps 4,5,6 of the Hodgkin spectral sequence calculation, as outlined in Lecture 6. Let R he
a commutative ring with unit and A, B, ... (left) R-modules.

7.1 Definition: A free resolution of A is an exact sequence

——)P3°d—3)P2£>P1LP0-L)A——>O,
where each P; is a free R-module.
Note that ¢, called the augmentation,is necessarily surjective. One then obtains a chain
complex

PopB=--22 P, @rB2 P or BES P,®r B,

but in general this sequence is not exact.
7.2 Definition: Torﬁ(A, B)=H,(P®rB), n20.

7.3 Remarks: (a) It must be verified that this is well defined, i.e. independent of the
resolution P.

(b) The modules in P can be taken to tbe projective, a generalization of free.

(c) Torf(A, B) can also be computed by a proj. resolution Q o f B, using A ®r @,
giving the same result to ~ .
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All of 7.1 — 7.3 are basic facts and may be found in any text of homological algebra. In
general the main difficulty in a Tor calculation is to find a convenient projective resolution
P. When R = a polynomial algebra, say R = K|[z,...,2,] where K = comm ring with
1 (usually K = Z in applications), there is a convenient free resolution called the Koszul
resolution, of K. Suppose each z; has degree 0, so ¢ : R —~ K with (1) = 1, g(z;) =0,
gives an augmentation to start the resolution.

Let E = Eg[€1,...,&n] be the exterior algebra over R on generators &, ..., ¢n of degree
1. Thus each E, is the free R-module on {&, ---&, =4, < -+ < i,}, and By = R, E, ® R,
E, = 0 for r > m. Setting 8(¢;) = z; makes E into a differential graded algebra over R, i.e.
the property

O(uv) =0u-v+ (-1 u-0v ,

for w homogeneous of degree p, and linearity, defines 0 on all of £.
Example: Take u = ¢}, v =¢;, so degu = 1.

O(uv) = 8(5152) =08 €y — & - 06 =118y — 6122 = 162 — 2261 -

7.4 Proposition: 0 — E, - E._; PO N E, 2, Ey =+ K is a free R-

resolution of K (here K is regarded as a trivial R-module, ie. z;-k = k Vk € K,
1<i<m).

For a proof see [17], p. 204.

The next theorem serves to simplify the calculation Tor®™(RH, Z) occurring in the
Hodgkin spectral sequence by “cancelling” common parts of RH, RG as for as possible (we
make this precise in Remark 7.6(b) ). It is a straightfoward application of techniques in [5]
involving supplemented algebras and the change of rings theorem.

Given i : H — G, suppose RG =~ Z[71,...,7a) with e(y; = 0. Let A = Zlm, v
for some r < n, and *(3;) = hi € RH, 1 < i <r. Alsolet A = RG /(m1,7v), B =
RG /(hy,..,h:) and note that just as 7* makes RH an RG-module, it induces an A-module
structure on B.

7.5 Theorem: If RH is free as a A-module, then Tor™ (RH, Z) ~ Tor((B, Z).

7.6 Remarks: (a) RH flat as a A-module suffices (free = flat),
(b) the idea of “cancelling as for as possible” means taking r as large a possible with
RH free as a A-module.

8 Lecture

Completion of Parallelizability Theorem

8.1 Recall from 4.9 that there were four families of partially oriented flag manifolds whose
parallelizability was still undecided:

F(1,...,1]3,1) L s>3,
F(1,...,1]7,1) , s>3,
F(6,1,...,1|1,1) , s>5,
F(6,1,...,1]1,1,1) , s>4



The object in this lecture is to apply K-theory to show that none of these manifolds is
even sp, although in the end there is a single undecided case F'(6,1,1,|1,1) (of dim 30).

8.2 By the inclusion method, to prove all the assertions in 8.1, it will suffice to show that
none of the following are sp:

X =F(1]3,1),

Y =F(1|7,1),
Z=F(6,1,1,1]1,1),
W=F@6|1,1,1),

with respective dimensions 7,15,40,21. In this lecture we will outline the non-sp proofs
for X, using the Atiyah-Hirzebruch spectral sequence, and for W using the Hodgkin spectral
sequence. The proof for Y is similar to that for X, and the proof for Z similar (actually
much easier) to that for W. The main reference is [24].

8.3 Remark: The above conclusions together with those in Lec. 3,4 decide the sp and
par of all standard and all partially oriented flag manifolds, apart from the one exception
F(6,1,1,]1,1).

8.4 We determine first the tangent bundles of X, W. Using the usual notation, we have
Proposition: [r;] =4[&]+3 € KO(X)) ,
[ru] =8[(2 ® & D &) —3 € KO(W) .

Proof: For X we have ¢; =¢, §; rank 3, &3 rank 1, and &, & &, @ {3 = 5e. Since & = ¢
this gives [(3] + [€s] = 4. Now . ® § @ LD Q6D ERE R EDEHDEL® . Soin
KO(X),

[7o] = [&2] + [€s] + (4 — [€a])[€s] = 4 + 4[] — 1 = 4[&] +3 .

For W, let £ := & @ &3 @ &4, it is rank 3 orientable. Also §; @ £ ~ 9¢. Then { = N =
£2@63BEREDERE, , from which €2 = €RE = EDEBEB2(HLO6DE:Q6DELRE) ~ 36D,
This  [r] = [&@¢]+ [\
= [9-¢E]+ €] =9lE] - €] + [¢]

= 10[¢] -3 —2[¢] =8[¢] -3 .
O

Exercise: Show similarly [ry] = 8[&] + 7, [rz] = 16[s] +24 (for Z first show &5 ~ &6 ).

8.5 We now turn to the non-sp of X. By 8.4 it will suffice to show 4£5 % 0. Note the fibre
map ¢ : X = F(1]3,1) = F(4,1) = P* (cf. 3.2), clearly ¢*({ps) = &3. Since 8£,s ~ 0. (cf.
5.11) it follows that 8¢5 ~ 0, our goal will be to use the Atiyah-Hirzebruch spectral sequence
to show 4,s o 0 implies the same for 4€4, this completing the proof.

To use the A — H spectral sequence for K O-theory one needs to know both H*(X;Z)
and H*(X; Z/2). For this there is another useful fibration

FG3,1)= P < X = F(|3,1) -5 F(1,4) = §*,
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to which the Serre spectral sequence may be applied. We omit the details and simply give
the results, see [24] for all the details.

dim  HYX:Z) = H (P4 Z)  H*(X;Z/2) & B*(P%Z/2)

0 Z 4= 7 Z[2 & Z)2
1 Z|2 & Z)2
2 Z/2— Z[2 Z[2 & Z[2
3 Z[2 &~ Z[2
4 Zja - Z[2 13 e T2
5 Z/2
6 72 Z/2
7 Z Z/2

8.6 The Atiyah-Hirzebruch spectral sequence is summarized by
EP™1 = HP(Y; KO%(pt)) = KO™"(Y),

which means that the E, term is the ordinary cohomology of Y with coefficients in K O*(pt),
converging to E,, which represents the successive quotients in a filtration of K O~P71(Y).
Further facts are as follows.

(a) d, has bidegree (r,r — 1),

(b) the spectral sequence lies in quadrants 1,4,

(c) the coefficients are K O°(pt) =~ KO*(pt) = Z, KO (pt) = KO*(pt) = Z/2, KO*(pt) =
KO3(pt) = KOS(pt) = KO™(pt) = 0, KO8 ~ kO* (so the spectral sequence is periodic in
q)-

In general it is not too dificult to find the E, term, but determining the d, and the
possible group extensions of the Eo, terms may be quite tricky. We are primarily interested
in K°(Y), so will consider the diagonal p+¢ = 0. This always (for Y connected) has the term
7 = H'(Y; KO°(pt)) = E5°, which always lasts to Eq and gives rise to the direct summand

Zin KO°Y)=Z¢& KOO(Y), so it is the EP7P terms with p > 0 that are of interest.

Remark: There is a similar (and simpler) spectral sequence for K*(Y), with K°(pt) = Z,
Kl(pt) = 0, K**? ~ K* giving periodicity of order 2 in g.

8.7 The real and complex K-theory of IRP™ and CP™ was found in 1961 by J.F. Adams
(cf. [9], p-237 or 5.11 in these notes). In particular all differentials in the Atiyah-Hirzebruch
spectral sequence are known to vanish, and the groups K°(IF P™) are cyclic so all extension
of the EP terms are non-trivial. For example, for RP* = P*, we have already seen in 5.11
that I?Z)%P“) ~ Z/2?4) = Z/8. Since (ignoring the EX° = Z term as discussed in 8.6) the
diagonal E5 " has just three non-zero entries, £y & E>? Ey~* =~ Z/2, these three
Z/2’s must last to Ex and then recombine to give Z/8 by the non-trivial extensions

0 - 0 — Z/]2 — Z]2 — 0
0 —» Z/2 — Z[/4 — Z/]2 — 0
0 — Z/4 — Z/8 — Z[2 — 0.
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This is shown in the right hand spectral sequence in Diagram 8.8 below, the E; term for
Y = P*. The notation e = Z, 0 = Z/2, O = Z/4 is used, the arrows indicate all possible d,
into or from EP~P terms, r > 2, and these are all 0 as mentioned above.

The left hand spectral sequence is the E, term for X. Further, the map ¢ : X — P*
induces a map of the spectral sequences, and this is completely described at the E, level by
8.5.

8.8 Diagram KO*(X) &~ KO*(P%) at E, level.
X p+
N N
& & = o—eo— @ &

o
AN 74
Va Y
A7

a Y
N4
ay
%4
.
AN 74
2
a Y
A
o
AN 74
&
I

Ve
N4
)
o
A4
L 4
o
A\
A
1

p+¢=0

The only possible non-zero differentials coming from or going to EP~? are shown, there
are 3 such in each spectral sequence. As described in 8.7 these 3 differentials equal 0 in the P
spectral sequence. Then using naturality and the fact that gx : H'(P*; Z/2) =, HY(X; Z/2),
: = 1,2, it follows that the 3 differentials also vanish in the X spectral sequence. Thus
EP? = E¥7? for both spectral sequences. The maps ¢* : EPP(P*) — EP7P(X) are
therefore the same as ¢* at the E, level, so are isomorphisms Z/2 =, Z/2 for p=1,2 and
the injection Z/2 — Z/4 for p = 4. If follws that ¢* : KO°(P*) — KQ°(X) is injective,
so &3 has order 8, 4¢3 £ 0, and X is not sp.

8.9 We now turn to W = F(6 | 1,1, 1), and will outline (for full details cf. [24]) the 8 steps
for the Hodgkin spectral sequence determining the complex K-theory K*(W).

Step 1: Recall W = F(6 | 1,1,1) = SO(9)/SO(6) x D, where D = {diag(1,1,1),
diag(1,—1,—1),diag(—1,—1,1)} C SO(3) is the diagonal subgroup of SO(3). Let ¢ :
Spin(9) —~ SO(9) be the usual double cover, @ = ¢~'(D), then W = Spin(9)/H where

H = ¢~ (SO(6) x D) <& Spin(9).
8.10 Step 2: R Spin(9) = Z[Py, Ps, Ps, A4, and R Spin(6) = Z[p1, AT, A7] is standard

(cf. [9]). Here Py, Py, Py, p; are the “K-theory pontrjagin classes” which are certain linear
combinations of the corresponding exterior powers A!, A%, A? adjusted to have augmentation
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;; 41 in R(SO(2r)),R(SO(2r + 1)) resp, similarly in
R Spin(2r), R Spin(2r + 1), and in general P = M4 ... lin. comb. of M1 ... AL A0 =1.
Using the standard description of Spin(9) in terms of the Clifford algebra Co[9]], p.169-170),
we see

(or total degree) 0, e.g. P = A' — {

Q = {£1, Leres, Legeg, egeg} C Spin (9) -

Since (eres)? = eregeres = —ereregeg = (—1)° = —1, and (eres)(eses) = ereieg = —ereg =
eger, etc., Q is clearly isomorphic to the group {£1,=1,+j,+k} of unit quarternions. The
representation ring RQ is well known, one has RQ = Z[z,y,q] /~ , where ~ is the relations
?=y*=1, ¢=(1+2)(l+y), ¢z=9=qy.
Here z,y are the 1-dimensional representations of the Klein 4-group D, composed with
Q —» D, while g is the obvious representation of @ on the quarternions IH, regarded
as a 2-dimennsional complex representation.

Now Z/2 acts on Spin(6) x Q via (a,b) — (—a,—b), and clearly H = Spin(6) Xz, @
Thus

RH = R(Spin(6) x Q)%/*
~ (RSpin(6) ® RQ)%/* .

A calculation of this gives
+\2 A+ -
RH ~ Z[p17p2)p3] [(AB a) ’ AS q, AB q, -T,y] / ~

where ~ consists of 9 relations, for details se [24].
Caution: ¢ & RH, so Afq and Ajq are not products in RH, similarly for (A§)2

8.11 Step 3: Using the maximal torus of Spin (9) one can compute the restriction
homomorphism j#. The result is
J#(P) =p; +w:=p) (wherew=z+y+zy — 3=q¢*—4€ RH),
#(P2) = pz + wp1 := ph,
J#(Ps) p3 +wpz == ph,
( 4) = P3w ,
7*(

Ny) = DFg+ D3g.

8.12 Step 4,5: To apply the change of rings as in 7.5, let
A:Z[Pl,Pz,Pg]. AISO let
A = RSpin(9) /(A") = Z[A4]
B = RH /(p;, p3, P3) -
With some difficulty one can show that RH is A-free, so Tor®™®(RH, Z) = Tor*(B, Z).

8.13 Step 6: Since A is a polynomial algebra on just a single generator A4, the Koszul
resolution (and this step) are in this case quite easy, the resolution consisting of chains in
degrees 1,0 only. After tensoring with B one obtains the chain complex

D >— AIqg+A5¢—16
In particular only Torg (B, Z), Tor? (B, Z) # 0.
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8.14 Step 7-8: Theseare also quite easy here. Indeed for any Hodgkin spectral sequence

with only Torg, Tor; possibly non-zero, the spectral sequence automatically collapses, Ez =
E.., and furthermore K 0 — Torg, K' = Tor; . So for the case at hand we find

KO(W) = Toro = B /Im(d) = B /(D3q+ D59 16)
~ z[(A;)Z,A;:q,z,y]/N

for a suitable set of relations ~ .

8.15 To complete the proof it remains to show, from 8.4, that 8w #£ 0 € K°(W) (see also
the definition of w in 8.11). To do this one constructs an epimorphism

R := (Z/16)[u,v] /(u® + 2u,v* +v)
0

0
u—+1
v+1.

>
A

Of course one must check that all the relations ~ map to 0 under r, this is routine.
Next, noting that r(w) = r(z+y+zy—3) = utldo+l+(ut+1)(v+1)—3=uwv+2u+2v,
‘t suffices to show. 0 # r(8w) = 8r(w) = 8uv. This is done by a representation of R in
M4,4(Z/16):

o0 0 0 O 00 0 O
1 =2 0 O 00 0 O
ur— U = 00 0 0 , vi— V = 10 -2 0
0 0 1 -2 01 0 -2
o 0 0 O
. 2 9 0o 0 0 O
One checks this respects U* 42U = 0,Vi+2V =0, also UV =VU = 00 0 0
1 =2 -2 4
Clearly 8 UV # 0, completing the proof that W is not sp. O
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