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RESUMO

As funcges continuas que geram niicleos bizonais e positivos definidos na esfera unitéria
em C? sdo caracterizados como séries de polinomios no disco (disk polynomials) com coefi-
cientes nao negativos. Tais funcdes sdo versées complexas das funcdes positivas definidas em
esferas reais, introduzidas e caracterizadas por I. J. Schoenberg [Duke Math. J. 9 (1942), 96-
108] anos atrds. A nossa caracterizagio expande a classe de fungdes que podem ser utilizadas
para construir bons interpolantes, do tipo bases de funcdes radiais, para dados espalhados
sobre superficies esféricas.
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Abstract
Continuous bizonal positive definite kernels on the spheres in C? are shown to
be series of disk polynomials with nonnegative coefficients. These kernels are
the complex analogs of the so-called positive definite functions on real spheres
introduced and charaterized by I. J. Schoenberg [Duke Math. J. 9 (1942), 96-
108]. The result adds to the classes of functions from which one can generate
radial basis function interpolants to arbitrary data on spheres.



1. Introduction

We are interested in positive definite kernels on the unit sphere Q,, in €7 with emphasis
on those continuous ones having the form

(6:¢) € 23, — f({& 0D

In this expression, (-,) denotes the usual inner product in €7 and f is a complex function
defined on Q; when ¢ = 1 and on the closed unit disk B, in € otherwise. Kernels of the
above form are called bizonal due to the fact that they become zonal functions on {l3¢ when
one of the variables is fixed. A function is (-zonal if it is of the form £ € Qy, — g((£,¢))
for some function g defined on B; (9, if ¢ = 1). This concept agrees with that appearing
in many books dealing with analysis on real spheres ([7,10,13]).

We recall that a kernel K : A> — € is positive definite on a nonempty set A if and only
if 1

> et K (€, 6) 20,

pr=1
foralll € IN:={0,1,...}, {&, &, ..., &} C Aand {c1,¢c3,...,¢} C C. In other words, K is
positive definite on A if and only if every matrix of the form (K (£,,¢,)), {&1,&2,...,&} C A,
is nonnegative definite. It is convenient to call a function f positive definite on A C (U,
whenever the corresponding bizonal kernel f({-,-)) is positive definite on A.

Our primary interest in bizonal kernels is due to the possibility of using them to per-
form interpolation on §25,. Under reasonable additional hypotheses on the positive definite
function f on )y, it is possible to guarantee the positive definiteness of many matrices of
the form (f((£,,£.))) and as a consequence interpolation of arbitrary data at the £, by a
function of the form

l
6 = Q?q = z_:cuf“é.’g#))a

can be performed. When the points £, belong to a real sphere contained in Q;, then the
restriction of the above interpolant to that sphere becomes a spherical radial basis function
or spherical spline; the reader is referred to [3,6] and references therein for acquaintance
with this recent and important field of research in approximation theory.

The main purpose of this paper is to present a complete characterization of continuous
bizonal positive definite kernels on {25, thus generalizing a famous result of I. J. Schoen-
berg ([11]) on positive definite functions on real spheres. In addition to that, the result
expands the class of functions that can be used to construct spherical radial basis function
interpolants to arbitrary data on real spheres. Our approach has similarities with that of
Schoenberg but the arguments here are more complicated. In the present situation, we will
deal with a class of homogeneous, zonal and harmonic polynomials in €? and with the
Poisson-Szeg6 kernel for the unit ball By, of €?. The above mentioned polynomials are
connected to the so-called disk polynomials which are two dimensional analogs of Jacobi
polynomials ([1,9]) while the Poisson-Szegé kernel generates solutions to certain Dirich-
let problems on B,, and is connected to Jacobi polynomials and certain hypergeometric
functions ([12]).



The paper is organized as follows. In Section 2, we introduce notation and present nec-
essary technical lemmata. In Section 3, we characterize positive definite bizonal kernels on
2. In Section 4, taking Section 3 as a model, we characterize the positive definite bizonal
kernels on 5., ¢ > 2. At last, in Section 5, we make a brief discussion on the connection
between positive definite functions on Q,, and on real spheres.

2. Preliminary and basic lemmata
The Laplace-Beltrami operator A, associated to the Bergman metric on By, reveals
itself in the field of several complex variables and is the basic invariant differential operator
on the symmetric space isomorphic to By,. It can be defined by

4 : . 0
Agy = q—}——l (1 - |z|2) #,‘21 (Juu - Zuzu) m7 z=(21,2-... »2g) € Bag,

and it is usually attached to the Poisson-Szeg6 kernel on Uy, i.e., the kernel

o (a1t (1= Py
PO = S o

(Z, C) € qu X ng.
Together, they appear as the main subject in the following Dirichlet problem ([12]):

Lemma 2.1. Given a continuous function f : Qg — @, there ezists a continuous
function u : Byy — © such that Agyu = f and u|Qsy = f. The solution u can be computed
by the formula

| u(z) = [ Py5,0)f(Qduns(), 2 € By
2q

in which dw,, denotes the rotation-invariant surface element on Qq,.

Some additional properties of the Poisson-Szegé kernel are: P, > 0, P,(-,() is anni-
hilated by A,, and P, coincides with the standard Poisson kernel when ¢ = 1. If inner
product between square-integrable functions on §2;, is defined by

(£.90) = [ £(OaCdoar(C),

q

then the following orthogonal decomposition holds

Lz(ng,dUng)= @ H?‘n,n’

m,n=0

in which H? . is the space of restrictions to {2, of harmonic polynomials in the variables
z and Z on €7, that are homogeneous of degree m in z and degree n in Z. Here, a harmonic

function is understood to be one that is annihilated by the complex Laplacian




Several classes of disk polynomials play an important role in the spaces just described.
Recall that the disk polynomial of degree m + n in = and y associated to a positive real
number o is the polynomial RZ, ,, given by

Ry A (2) = Tlm—nlei(m_n)aRS:}\I?_nl)(wz -1), z=re’=z+ i,

in which RS,?,\',T ") is the usual Jacobi polynomial of degree m An := min{m, n} associated
to the numbers o and |m — n|, and normalized by Rﬁ:,\lzl—nl)(l) = 1. It is easy to see that
R7, . is a polynomial of degree m in the variable z and of degree n in the variable Z. Due
to the orthogonality relations for Jacobi polynomials, the set {R, : 0<m,n < oo} is
a complete orthogonal system in L?(B,, dw,), where dw, is the p051t1ve measure of total

mass one on B, given by

a+1
T

dwy(z) = (1 o B2 yz)a dzdy, z=2z+1y.
For further information on disk polynomials see [2,4,9] and several references given there.
The isomorphism betweeen )3, and the homogeneous space U(q)/U (¢—1), the quotient
of the group U(q) of unitary transformations of €? by its subgroup U(q — 1) composed of
unitary transformations that leave a “pole” of ), fixed, is the doorway for a beautiful
theory in which disk polynomials play the role played by ultraspherical polynomials in
harmonic analysis on real spheres ([1,8,9]). The connection between disk polynomials and
the spaces H{,  is made by the following result implicit in [9].

Lemma 2.2. The (-zonal functions in Hi.n G = 2, are the constant multiples of the
function £ € ng — RZ2((€,¢)).

If {7, ¥, .. Y"(qmn } is an orthonormal basis for #Z, , with respect to the inner
product prev1ously deﬁned then the following nice addition formula holds ([9]):

N(g;m,n)

R a((6.0) = Z Yi(¢ & ¢ € (g

N(q,mn

In this expression, wy, is the total surface of {y, i.e., wy, = 279/(q — 1)!. Among other
things this formula reveals that R?;2 is positive definite on Qs,. Indeed, by the use of the
addition formula we have that

! [ N(g;m,n)
Rq 2 L€, - e —— Yq Y‘I fu
;20 ({€ur 62) Z; ’ Nq,mn) Z (€.)Y;'(&)
wo N(g;m,n)
o q9 q q
~ N(ggm,n) Z ZC"Y 2 ZC"Y )
N(q,m,n) 2

Z Cquq(gu)

p=1

_ W2q
~ N(g;m,n) 2

3=1

whenever | > 1, {{,&,...,6} C Qy, and {c1,c,...,c} C C.
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The last property of disk polynomials needed in this paper is the main result in [5], a
series representation for the Poisson-Szeg6 kernel in terms of disk polynomials.

Lemma 2.3. If g > 2 then

Pirg, )= 3 Yamn)

(m,n)EN2 w2q

SpaMBLA((EC), 0<r<1, £¢€,,

in which S . (r) > 0 and lim,_,;- Sma(r) = 1. The series converges absolutely and uni-
formly for £,¢ € Qyy and 0 < r < p, for each p < 1.

We observe that the function St.a(r) is in fact a multiple of the product of rm+n by the
hypergeometric function F(m,n,m + n + q, r?) associated to the triple (m,n,m+n + q),
as explained in [5].

We end this section with a consequence of the definition of positive definiteness on
spheres to be used in the next two sections. The first step to reach it is to obtain a complex
version of a well-known result found by W. H. Young a long time ago ([14]).

Lemma 2.4 A continuous function f is positive definite on Qy, only if

Jou fo 69O T da () (€) 2 0,

for every continuous function g : yy — C.

Proof. Let f be positive definite on {134 and g a continuous function on Q. Since the

inequality
!

Z cuaf(“uafu» >0,
pw=1
holds for every positive integer I, {61,&,...,&} C Qy, and {e1,¢0,...,a} C €, we take
122, ¢p=9(&), p=1,2,...,l, and integrate with respect to ¢, and £,. From each of the
diagonal terms we obtain
wiof(1) [ 19(6)Pdwny(E,),

while each of the terms for which u # v yields

Jor, . 746 ED)0(E)TTE dony (€6,
Thus,

Lo (1) [ 1€ don(@ +10=1) [ [ F((6.0)0(E)5TCT dany(€eon¢) > .

2q
The continuity of g implies that the single integral above is finite. Hence, on dividing by
l({ = 1) and letting I goes to infinity, we deduce that

| e 960510 dung(€)dons () > 0,
Q2q J Q24

which is the desired inequality. u

We shall use the following weak version of the previous lemma.



Corollary 2.5 A continuous function f is positive definite on Qyq only if

/ﬂz FUE Q) dwng(€) >0, ¢ € 0y,

Proof. First, take g equals to a constant in the previous theorem to conclude that a
positive definite function f on Uy satisfies

/qu /qu S(€, €))duwng (€)dwny (¢) > 0.

Next, observe that to conclude the proof it suffices to show that the following invariance
property holds:
A

Since this is certainly true in the case ¢ = 1, we assume that q 2 2. By decomposing the
point £ in the form

JUE @) = [ 746D dne(€), ¢, € .

q9

§ =cos¢ e ( +sin¢ ¢, €e Qag-2, € (0,21), ¢ € R mod 2m,

we see that
diny (€) = cos  (sin §)43dgdpduos, (¢)).
Making the changes r = cos ¢ and ¢ = —0, we reach

dwqye(€) = r(1 — r2)drd0a'w2q_2(f'),

and, consequently,

o 748 ) = 2many s [ 51 = 2= ),

which is independent of ¢ and ¢. Finally, taking an element B of U(q) such that B(e ¢) = ¢
and using the invariance of dwsy, with respect to elements of U(q), we obtain

f, T4 Ony() = [ U € ) ).
The result follows. [ |
3. Zonal positive definite kernels on Q,

The starting point in this section is the Poisson-Szegd kernel on §,. Since it coincides with
the Poisson kernel, we have ([12]):

Pi(z, ) = — =12 (2,¢) € B, x Q
S Tl =GR o
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Writing z in polar form the previous equation reads

Pl(ré-’ C) = Z r‘k|(§7 C)ka f)( = Q2-

keZ

The solution of the Dirichlet problem on 2, given in Lemma 2.1 can now be expressed in
the form

Jo, P05 Qden(€) = oM [ (06 0¥ dun(0), €, €
2 kez

Recalling Lemma 2.1, we now see that a continuous function f : @, — € has a series
representation in the form

~ 3 [ FOE 0 (), ¢ e

keZ
The use of this representation and of Corollary 2.5 yield our next result.

Theorem 3.1 A continuous function f is positive definite on Qy if and only if it is
representable in the form

f(g) = Z aké'ka E € QZ»

keZ
in which Y jey ar < 0o and ax, > 0 for all k.

Proof. Let f be positive definite on Q;. For n € Q,, the function f({-,n)) can be
represented in the form

e ~ 3 G, 046 ) dun(0)

keZ

= (L scmn C)"dwz(C)><§,n)k, Eem

keZ

The function € € Q; — f({)zk is positive definite on {2 because it is a product of positive
definite functions there. By Corollary 2.5, the integral

L, UGG dn(€)
is nonnegative and independent of 7. Thus, we can write

FUEM) ~ D an(Em)*, ax >0, &neQ,.

keZ

In particular, we can write

f(é‘) ~ Z ak'fka ar > 0, 6 € Q.

keZ



To prove f coincides with the series it suffices to show that the series is absolutely convergent
on {)p. But, letting r — 17 in the inequality

> apr®g] < > aprlfl < > ar™, me N,

k=—m k=—m keZ

and using Lemma 2.1, we obtain

m

Yooalél < > a < 1ir{1 S arfl = £(1), meN.
r—1—

k=—m k=-m k€Z

Conversely, let f have a series representation as in the statement of the theorem. Taking

an arbitrary positive integer /, complex numbers ¢y, cs, . .. ¢; and &1,62,...,& in Qy we have
that

l l

L1
Z Z Cu—cjf«éuvgu)) = Z ag Z Z cua(é'm €u>k

p=1v=1 keZ p=1rv=1
! ! k
= Z Qg <Z c#é'm Z Cu§u>
keZ p=1 v=1
! 2k
= Y ak|d eyl >0.
keZ p=1
Therefore, f is positive definite on (2,. [ |

4. Positive definite kernels on Qy,, ¢ > 2
In this section, we generalize Theorem 3.1 by characterizing the positive definite func-
tions on l,.¢ > 2. For a continuous function f : 03, — € we consider once again the
solution of the Dirichlet problem on By, i.e., we define

168 i= [ Pyrmfmdeng(n), 0Sr<1, €€,

2q

Multiplying the equation in Lemma 2.3 by f(n) and integrating we reach

_ N(gm,n) o, 7
Jo,, Palrésm ey () = LT TSkl o, SO REZ(CE m) )y ),
ie.,
0= ¥ I e o) [ AL Munln), 0Sr<1, €€,
(m,n)eN? W2q $2q
Thus, on Q,,, we can write

JO~ ¥ B [ ) Rz )y ).

(m,n)€N? Waq 2q



Next, we analyze the above identification for the case in which f is (-zonal. We define

W(E) = [ F(n CDBIZ(E M) dona(m), € € gy

and observe that ¥ is also (-zonal. Indeed, to see that it suffices ([9]) to verify that WoB = ¥
for every unitary transformation B of C? fixing . But, for any such B,

WBO) = [, Flln, BOREABE mdes ()
- /Q FUBn, O RIZ2((€, B n))dwny(B*)

2q

= [ DB ) dong(n) = 0(€), € € Moy

Since the function £ — RZ2((£,¢)) is an element of HZ, , so is U. Due to Lemma 2.2, we
conclude that

U(E) = M BTV REEO), € € M,
for some constant M. The fact that RZ 2(1) =1 allows us to infer that

¥(¢) = M PEFm ().

Thus, we have proved the following result.

Lemma 4.1. For a continuous function f on By and €, ( on Qy,, the following expansion
holds:

N~ ¥ I [ 0, ) RGN dontn)) REEE ).

(m,n)eN?

We are now ready to prove the main result of this section.

Theorem 4.2. A continuous function f is positive definite on Qy, if and only if it is
of the form
f(Z) = Z am,nR;';,Z(z), zZ € BQ,
(m,n)€eN?
in which 3 nyen? @mpn < 00 and amy > 0 for all (m,n).

Proof. First, assume that f is positive definite on Q,,. By Lemma 4.1, we may write

N(q;m,n)

Woq

SFUEN ~ X alT2(QORE(6C)), & € Dy,

(m,n)EN?

in which

a2 Q) = [ T OVREC m)dwns ().



By Corollary 2.5, a‘,’n‘,,f is a nonnegative constant and, therefore, we can write

FUEC) ~ X amaBLA((60)), amn 20, £,( €y,

(m,n)eN?

To see that f((£,()) coincides with the series, it suffices to see that

k
Z ST (MIREZEN] < Y amaSL . (r)|RE2(1)]

m,n=0 m,n=0

< Y amaSha(MIRLI1)), 0<r<1, kel

(m,n)eN?

Letting r — 17, we reach

k

> amal B 2((6,0))] < Z Ul R a (D] < lim 37 amaSh . (r)|RE (1] = f(1),

m,n=0 m,n=0 r-#l= (m,n)€EN?

where the last inequality follows from Lemma 2.1. Thus, the series representing f((¢, ¢)) is
absolutely convergent in ¢ and { showing that the function must coincide with the series.
The desired representation for f is now visible.

Conversely, if f has the series representation as in the statement of the theorem, we may
use the addition formula to reach

2

o N(gim,n)
. w2
c af f afLI)) — Am,n : C Yq 5 0,
El; il (m,ENz N(g;m,n) ; ,,z_: e

whenever [ > 1, {£1,&2,...,&6} C Q2 and {c1,¢2,...,¢} C €. Thus, f is positive definite
on {lg,. [ |

5. Additional considerations

In this final section, we discuss one aspect on the connection between positive definite-
ness on )y, and positive definiteness on real spheres. Let us denote by S? the unit sphere
in R?*!. Since Q,, contains a copy of S971 it follows at once that every positive definite
function on Q,, is positive definite on S7~!. What does not seems to be so obvious is that a
positive definite function on 4, ¢ > 2, can be positive definite on S™, ¢ < m < 2¢—1. In
order to explain that this can happen, we need the following result linking ultraspherical
polynomials and disk polynomials discovered by Dreseler and Hrach ([4]).

Lemma 5.1. For any a > 0 and any nonnegative integer k, there are positive constants

{d(k,a,m,n) : m +n =k} such that d(k,a,m,n) = d(k,a,n,m) and

R£a+1/2’a+1/2)(R62) = Z d(k,a,m,n)an,n(Z), z € Bz-
m4n=k

10



We observe that the coefficients d(k, a,m,n) can be computed by the formula

2
d(k,a,m,n) = (/_1 'Ri A, +l/2)($)’ dwa+1/2,a+1/2(3’)) </B

where dway1/2,041/2(2) = c(a)(l — 2?)*+/2dz and c(a) is a constant chosen so that the
measure has total mass equals one.

Let g : [-1,1] — IR be a positive definite function on S~ ¢ > 2. According to
Schoenberg’s theorem,

B (o)} dua(2))

g(z) = 3 xR (@), KCN, a,>0, Y a < oo
keK keK

By Lemma 5.1, we obtain

g(Rez) = D ar Y, d(k,q —2,m,n)RL2(z)
keK  m4n=k

Z Z Clkd(k, q-— 2a m, n)RZn_,TzL(Z)
keK m4n=k

= D Gmnd(m+n,q—2,m, n)Ri %(z), z€ B,.
m+neR

Due to the assumptions on g, the resulting sum defines a real positive definite function f on
{1y,. Since g is the restriction of f to [—1,1], it follows that f is positive definite on S2¢1.
Thus, we have concluded that there are positive definite functions on ), that are positive
definite not only on S7~! but also on all real spheres of dimension up to 2gq.
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