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Resumo

Neste trabalho consideramos problemas parabédlicos nio lineares com parte
principal subdiferencial e damos condigdes sob as quais estes problemas pos-
suem um atrator global, mesmo quando as perturbagées nao sio globalmente
lipschitzianas. A existéncia de atratores para problemas parabédlicos ndo lin-
eares com parte principal mondtona e perturbagdes globalmente lipschitzianas
é considerada em [4]. No caso em que as perturbacdes nio sio globalmente
lipschitzianas, a principal dificuldade é a falta de unicidade de solucdes para o
problema de valor inicial. Em geral, isto ndo nos permite sequer definir atra-
tores. Neste artigo, mostramos que esta dificuldade pode ser superada para
problemas gozando de certas propriedades de regularizacdo e absorcio que
permitam obter unicidade de solugdes depois de decorrido algum tempo. Os
resultados desenvolvidos aqui sdo aplicados, no caso em que o operador subd-
iferencial é o p—Laplaciano, para obter existéncia de atratores e existéncia de
solugoes periddicas.
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Abstract

We consider nonlinear parabolic equations with subdifferential principal part and
give conditions under which they posses global attractors in spite of considering non-
Lipschitz perturbations. The case of globally Lipschitz perturbations of a maximal
monotone operator has been addressed in [4]. In the case of perturbations which are
not globally Lipschitz, the main difficultness is the lack of uniqueness of solutions which
at first does not even allow us to define attractors. We overcome this difucultness for
problems enjoying certain regularity and absorption properties that allow uniqueness
of solutions after some time has been elapsed. The results developed here are applied
to the case when the subdifferential operator is the p—Laplacian to obtain existence of
attractors and the existence of periodic solutions.

1 Introduction

In this paper we consider the existence of an asymptotic set of states (global compact
attractor, as in [8]) for a problem of the form

d
U+ Au = Bu,

(1)
u(0) = uy,

where A is a maximal monotone operator and B is a non-monotone, non-globally Lipschitz
operator defined in a dense subset of a Hilbert space H which contains D(A). In [4] the
authors prove the existence of a global attractors for the semigroup associated to (1) in

D(A) when B : H — H is globally Lipschitz. In the case of Lipschitz perturbations of
maximal monotone operators there is a well established theory that ensures global existence,
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uniqueness and continuity with respect to initial data and therefore associates a continuous
semigroup to the differential equation, see [2, 3, 13] and references there in. This allow us
to employ the existing abstract theory to obtain existence of global attractors (see [4]). In
the case of non-Lipschitz perturbations the existence of solutions is proved in [12] by using
a Schauder-Tychonoff-type fixed point theorem, but only for the case when A = 9y is the
subdifferential of a convex proper lower semicontinuous (hereafter we will write l.s.c. for
lower semicontinuous) map ¢ : H — R and for initial data Ug in the domain of ¢; that is
up € D(yp) (in fact, in [12] the author considers initial conditions also in larger spaces but
we will only use the existence results for initial data in D(p)). This fixed point theorem will
not allow uniqueness of solutions and in fact, in general, we do not know whether uniqueness
can be proved or not. In spite of this we wish to be able to define the asymptotic dynamics
of (1) for the case of non-Lipschitz perturbations B. It is clear that we will need to adapt
the existing abstract theory to encompass this case.

Since we are unable to ensure uniqueness of solutions to (1) for non-Lipschitz, non-
monotone perturbations B, we are unable to associate a semigroup to it. To start overcoming
this difficultness we will need to consider a family multi-valued operators {V;} in a Banach
space X, V; : & — P(X) that enjoy the semigroup property. This family will be called
pseudo-semigroup. For this family we define the concept attraction, invariance and, under
some additional hypothesis, we prove the existence of a global attractor.

To obtain the existence of attractors we assume the following strong uniform dissipa-
tion and smoothing hypothesis: Let {V;} be a pseudo-semigroup and {T;} be a continuous
semigroup. We will say they satisfy Hypothesis H-R. if:

H-R: For each bounded subset M C X there exists 75 = T0(M) > 0, such that if 7 > 75 and
T, € V:(M) then for all t > 0, Vi(z,) = Ti(z,).

Note that this hypothesis in particular is saying that we have uniqueness of solutions
for initial data belonging to a point far (in time) into the orbit. In the applications this
will be associated to strong regularity and attraction properties for the principal part of the
parabolic problem.

Once we have established the abstract results we apply them to the case when the mono-
tone operator is the p—Laplacian. The main tool that we employ, to ensure the needed
smoothing and attraction properties in this application, is a comparison result developed in
[5].

There is a vast literature on existence of asymptotic set of states (attractors) for evolution
differential problems with linear principal part (enjoying uniqueness and continuity with
respect to initial conditions), see [9, 8, 14] and references there in. The problems with
nonlinear principal part have been left aside except for a few isolated efforts. One of the
reasons for this is that the lack of uniqueness and continuity with respect to initial conditions
seems to be a unavoidable barrier. In the class of problems with nonlinear principal part, the
problems that seem to have enough structure to have a well organized theory on existence of
attractors are those in the class of problems that enjoy enough regularity to ensure uniqueness
after some time has been elapsed. In this class we distinguish some semigroups generated



by differential problems with subdifferential principal part, since in this case the system has
a natural energy that can be used to obtain a priori bounds and some regularity results are
available.

This paper is organized into four sections which we briefly describe next. In Section 2 we
state and prove results concerning the existence of attractors for problems lacking uniqueness
but enjoying a strong smoothing and attraction condition condition. In Section 3 consider
a parabolic equation for which the principal part is the p—Laplacian and the perturbation
is not globally Lipschitz. To obtain the existence of a global attractor we first, in Subsec-
tion 3.1, use comparison results to obtain a strong smoothing and attraction property and
then, in Subsection 3.2, we apply the strong smoothing and attraction properties obtained
in Subsection 3.1 and the results of Section 2, in Subsection 3.3 we consider examples of
perturbations that satisfies the conditions of Subsections 3.1 and 3.2, in Subsection 3.4 we
introduce a periodic perturbation to the equation and obtain the existence of periodic or-
bits. In Section 4 (Appendix) we prove two auxiliary results, first we prove that when the
principal part of the parabolic equation is the p—Laplacian (Dirichlet boundary condition)
and the perturbation is globally Lipschitz we have that there exists a global attractor in
W, ?(Q) and second we prove that for certain values of p the domain of the p—Laplacian is
embedded in L*(().

2 Attractors for Problems Lacking Uniqueness

Let (&, || - ||) be a Banach space, and let {V;} = {V;;t € R*} be a family of nonlinear
operators satisfying

o Vi: X > P(X),Vt>0;

e fMCAX, V(M) =U,er Vi), VE > 0;

e V(z)=x;Vz € AX;

o Viitt,(7) =V, (Vi (2)), Vi, to e RY, VI € X.

Under these conditions we say {V;} is a pseudo-semigroup. As it is done for semigroups we
can define the following:

Definition 1 Let A and M be subsets of X. We say that A attracts M under {V;} or
M is attracted to A under {V;}, if for all ¢ > 0 there exists Tj(e, M) € R* such that
VilM) C O, (A) for all t > Ty (e, M).

Definition 2 A subset M C X is called invariant under {V;} if V;(M) = M. We say that
an invariant subset M is mazimal compact invariant if all compact invariant subset relative
to {V;} is contained in M.

Definition 3 An invariant set A relative to {V;} is a global attractor for {V;} if A is a
maximal compact invariant set that attracts each bounded subset M C X" under {V;}.
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We can define also the w-limit set:

peﬁnition 4 Let us suppose M C X. We say that y belongs to w-limit set of M, w(M),
if y = limg_,00 Y, yx € V, (M), t = +00. We denote w(z) the w-limit set of {z}, Vz € X.

’I‘heorem 1 Let {V;} be a pseudo-semigroup and {T3} a continuous and compact semigroup
in X satisfying H-R. If My C X is such that

{veXiye ViMo),t>1(Mo)} = | Vi(Mo)

t>7(Mo)
is a bounded subset of X, where T(M,) is given in H-R, then we have
o w(My) is non-empty, compact and invariant under {T;};
e w(My) attracts My;

o w(Moy) is the minimal closed set that attracts M,.

Proof: Denote by wy and wr the w-limit sets relatives to V, and 7} respectively. It is
enough to note that if My is a bounded subset of X then wy(M,) = wy (Vr(mo) (M) =
wr(Vr(mo)(Mo)). Then follows from properties of w-limit sets for continuous semigroups
(see [9]) that wy(Mo) = wr(Vy(me)(Mo)) is non-empty and compact (invariant under {T3:})
and is also the minimal closed set that attracts Mo under {T;} and therefore under {V;}. &

Note that w(M,) is invariant under {7;} but we may not assure the invariance under
{Vi}. The invariance under {V;} will be assumed in this abstract setting to get the existence
of attractors. In the applications this invariance will be granted from the construction of
{7} and from uniform bounds on the w—limit sets.

Now we can prove the following:

Theorem 2 Let {V;} be a pseudo-semigroup and {T;} a continuous compact and bounded
dissipative semigroup in X satisfying H-R. Assume also that, if M C X is a bounded subset
of X, then the w-limit set wy (M) is invariant under {V;}. Then there exists an attractor A
for {V;} in X.

Proof: In fact, since {T;} and {V}} satisfy H-R and {T}} is bounded dissipative, there exists
a bounded My C X which attracts each bounded subset of X under {V;}. Let be ¢; > 0.
Then O, (M) is an absorving bounded subset, that means, for all bounded subset M C X,
there exists 7 (M) > 0 such that if t > T (M), V;(M) C O, (M,). Let be M, := O, (M,).
We have that V,(M,) C O,,(M,) if ¢ > T(M,). Since M, is bounded, we can conclude
that w(M,) is a compact non-empty subset of X, and also w(M,) is invariant and attracts
M under {V;}. That means for ¢ > 0 there exists ¢;(¢) such that V;(M,;) C O.(w(M,))
for all t > ¢,(¢). Then if M C X is bounded, V;(M) C O.(w(M,)) for t > t;(g) + T(M).
So w(M,) is an invariant compact set which attracts each bounded subset of X under {V;}.
Also if K is an invariant subset of X under {V;} then X C w(M,) since w(K) = K is the
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minimal closed set which attracts K. Thus K = w(K) C w(M,) and A = w(M,) is a global
attractor. i

We note that the above result can be extended to the case when the semigroup {7;} is
point dissipative and compact or to the case when orbits of bounded sets are bounded and
the semigroup is point dissipative and asymptotically compact. These extensions are direct
consequence of the existing results for continuous semigroups and of the arguments above
and will not be reproduced here.

For the remaining of this section we will have in mind a non-autonomous nonlinear
parabolic differential equations for which the principal part is autonomous and maximal
monotone and the perturbation is nonlinear and time dependent. Our concerns will be
directed to the case when the perturbation is time periodic.

We start defining pseudo-evolution process. A family {V;z, : X — P(X) 1t > tg > 0} is
called a pseudo-evolution process if the following properties hold

L Wo,to(x) =, Vze Xa tO 2 0’
o Vito(@) =Vir(Vito(2),Vt>T >t >0and Vz € X,

where, for M C X, V;;(M) = UgemVigo (), t > to > 0. We say that a pseudo-evolution
process is r—periodic if Viyorir = V,, for any ¢ > 7 > 0. If V;,, is a single valued
operator for each ¢t > ¢, > 0 we say that V;,, is an evolution process and in this case, if
R* X R* X X 3 (¢, 0, z) — Vi4,(z) € X is a continuous map we say that Vito 18 @ continuous
evolution process. If for any ¢, > 0 and bounded subset M of X the set V; 4, (M) is relatively
compact we say that the evolution process V;;, is compact.

We say that a pseudo-evolution process V;, is bounded dissipative if there is a bounded
subset My of X with the property that, given ¢, > 0 and bounded subset M of X, there
exists ¢, = t1(to, M) such that Vi, C My, Vt > t;.

We now state a condition for pseudo-evolution processes which is analogous to the con-
dition H-R. A pseudo-evolution process V;, is said to satisfy the condition NH if there is
a continuous compact evolution process T}, such that

NH: For each ¢y > 0 and bounded subset M C & there exist 79 = 79(to, M) > 0 such that
if 7 > 719 and z, € V4 (M) then, for all t > 7, V,,(z,) = T} - (z,).

Proceeding as in the continuous case we can define attraction and w—limit for the discrete
semigroup V, = {Vir400;n > 0}. Denote by 7, = {Thr+00;n > 0} a discrete compact
semigroup associated to the continuous compact r—periodic evolution process Ti;,. As a
consequence of NH we have that for any bounded subset M of X there is a large enough
integer ng > 0 such that V,zq = T,zo, for all zg € V,,,(M), n > 0. With this in mind we
can prove the following result

Theorem 3 LetV,,, be an r—periodic pseudo-evolution process satisfying the condition NH.
Assume that, if M is a bounded subset of X, then the w—Ilimit set of M under the discrete
semigroup V, is invariant unde V,. Then, there is an attractor for the discrete semigroup
Vn and as a consequence of that there is a fized point for Viis ..
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The proof of this theorem follows from the considerations in this section and from the
results in [8], Section 3.6.

3 Applications

Let H be a Hilbert space and ||- || z its norm. In this section we consider problems of the form
(1) for the case when A is the subdifferential of a convex, proper and l.s.c. map ¢ : H — R.
Next we state a set of hypothesis that will be needed to ensure local and global existence,
to allow strong smoothing and absorption properties and to ensure the existence of global
attractors. The first five hypotheses are taken from [12] and will be used to obtain global
existence and the remaining hypotheses are related to the existence of attractors for the case
when the subdifferential operator is the p—Laplacian. We assume throughout this section
that ¢ and B satisfy:

H-1 ¢ is a convez proper Ls.c. application from H to [0,+o00] and for each L € (0, +o0)
the set {u € H;p(u) + ||lul|} < L} is compact in H;

H-2 For all uw € D(0y), Bu is a convez subset of H;

H-3 B is demi-closed in the following sense: for each interval [a,b] C [0,T] we have that,
if un = u in C(a,b; H), gn — g in L?(a,b; H) with g,(t) € 0p(un(t)), g(t) € dp(u(t))
a.e. in [a,b], and if b, — b in L?*(a,b; H) with b,(t) € Bu,(t) a.e. in [a,b], then
b(t) € Bu(t) a.e. in [a,b];

H-4 There is a real increasing positive function Lo(-), v € (0,1) and c € R such that:
1Bulll < M0 @)llf + Lo(llullz)[{e(w)}* +¢], ¥ue D(@y),
where ¢°(u) is the minimal section in dp(u) and |||Bul|lg = sup{||b||x,b € Bu}.
H-5 There are positive constants a and 3 such that

(v+b,u) + ap(u) < B(|lull}4 +1) Vv € —0p(u),b € Bu and u € D(dy).

Next we restrict our attention to the case when Oy is the p—Laplacian. Let ) be a
bounded domain in R* with smooth boundary 82 and let H = L?(f2). Consider the following
nonlinear second order partial differential equation

d
dt
subjected to homogeneous Dirichlet boundary condition. Let us suppose that B is a Ne-

mitskil operator associated to some real function b = b; + by, and denote B; and B; the
Nemitskil operators associated to b; and bs, respectively. Actually, we suppose

u—Ayu=Bu, p>2, (2)
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H-6 —b; is increasing and by(r) > kr + ko for all T € R;
H-7 b,(0) =0;
H-8 there ezists c; such that for all fized § € R and some cy(8), by(r) < c1r+c(68), r > —6;

H-9 b, satisfies a local Lipschitz condition, what means that if K := {u € H; ||u|z(q) < 0}
for some n > 0, then there ezists w = w(n) > 0, such that || By(u) — B2(v)||12¢q) <
LU”’LL . ’U”LZ(Q) \ u,v € K.

Remark 1 Note that if k is negative we may incorporate kr to by and assume that k is zero.
Therefore we may always assume that k and c, are non-negative.

Under these conditions we rewrite equation (2):

2 u(t) +09(u(t)) = Ba(u(t)), >0, (3)

where

1 u
/ <—|Vu(a:)|” - / bl('u)dv) dz, ue W,”(Q),
i) = a \P 0
+00 , otherwise.

We will suppose throughout this section that H-1, H-2, H-3, H-4 and H-5 are satisfied.
Thus, given uy € Wy(Q) there exists u € C(0, +o00; L2(Q)) satisfying equation (3) a.e. in
(0, +00) such that u(0) = ug. See [12] for details. We also impose conditions in b; in such
a way that D(¢) = D(p) = W,P(Q). We only consider values of p > n/2. In this case,
according to Theorem 10 (see Appendix), D(0¢) C L*®(f).

3.1 Comparison

The aim of this subsection is to show that for large times the pseudo-semigroup {V;} behaves
as a continuous semigroup {7;}. To accomplish that the main tools are the comparison results
obtained in [5].

The hypothesis H-6 and H-8 allow us to compare the solutions of equation (3) with
those of equations presenting simple perturbations, by applying the abstract comparison
results in [5]. For that we introduce in H = L?(Q) the order given by: if u,v € L?(Q2), then
u>v < u(z) > v(z) a.e. inQ.

Now consider the following auxiliary equations:

Zv(t) +09(v(t)) = kv(t) + ko, £ >0, (4)

Zw(t) +9p(w(t) = crw(t) + oo, £>0, (5)



ar}d we denote by u(t, uo), v(t,vo), and w(t, we) the solutions of equations (3), (4), and (5),
with initial dates wo, vo, and wy, respectively. Let us first compare (3) and (4).
The following lemma is a particular case of Theorem 3.10, [3].

Lemma 1 If u(t,v) is solution of (4) with v(0,vp) = vy, then

1
[|ve(t, vo) || g < 23111{13 lvo = nlla, V>0,

where K 1s the set
K:={neH:-A,n—Bi(n) = kn + ko}.

Note that K is a bounded subset of H and of W,?(Q).

Lemma 2 With the above notation there erists a constant C(k, ko) = C depending only on
k and ko such that, if M C W,P(Q) is a bounded subset, for some t(M) > 0 we have

u(t,ug) > —C Vt>t(M), ae inQ, (6)
for all ug € M.

Proof: Since we are supposing By(u) > ku + ko V u € H, we have that ug > v, implies
u(t, uo) > v(t, vo) V¢ > 0 (See [5]). We also have that v(t) € D(8¢) C L*®(S) for each ¢ > 0,
and so, according to Theorem 10 in Appendix, there exists a constant C(k, ko, ||v|| &, ||ve(¢)|| )
depending only on k, ko, ||v(¢)||g and ||vs(¢)| g such that

[v@) L) < C(k, ko, [|v]|a, lve(B)llr) V¢ > 0.
It follows that,
u(t, uo) > v(t,uo) > —C(k, ko, ||v||&, |ve(®)||lz) Yt>0, ae. inQ. (7)

Therefore, since M is a bounded subset of H, from Lemma 1, we can choose (M) > 0
large enough so that

et uo)ller <1, ift > t1(M),¥up € M.

From the results in [4], there is a constant p > 0 not depending on M and t,(M) > 0 such

that
”'U(t,Uo)”H < p, if t > tz(M),VUo € M.

This means, by (7), that there exists ¢(M) > 0 such that
u(t, ug) > v(t,ug) > —C Vit>t(M),Yu € M
where the constant C does not depend on the set M. §
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By using the above information and still using the same notation we are able to compare
(3) and (5). By H-8, By(u(z)) < ciu(z) + ca(—C), Yu € H, since u(z) > —C is verified. We
thus have

By (u(t, ug)) < cru(t,ug) + cp a.ein Q,Vup € M, Vit > t(M). (8)

Consider that to := t(M). Then wo > u(ty, uo) implies w(t, wo) > u(t + ty, ug), according to
the results in [5].

Lemma 3 With the notation established above, if M is a bounded subset of Wy (Q), then
= {u(to, uo); uo € M} is a bounded subset of Wi(S).

Proof: We Multiply (3) by u, integrate over Q and then integrate from 0 to ¢ to obtain
1 . . 1 2 1 t
1@l + [ 6tu(6))ds < Sl + [ (Bru(s)u(eds < Hhuoll + [huts) + s
where we have used that — B (u)u > — / bi(s)ds. By Gronwall’s inequality
0

lu@)lI} < Co(M, B,t0), t < to.

On the other hand we have that

to 1 to
$(u(s))ds < 5lluolly + ﬂ/ (lu(s)lI% + 1)ds
0

0
and so

/ d(u(s))ds < C1(M, B, to).

Since
%¢(U(t)) = (00(u(t)), —0¢(u(t))) + (06(u(t)), Bau(t)),

it follows that

/ 166 (u(s))l%ds + d(u(t)) < luo) + / | Bau(s) |[%ds.

According with H-4,

Blu(t) < (o) + 2O ) [{(15( ()} + clds.

The result now follows applying Gronwall’s inequahty. |
Now we obtain bounds to ||w(t,wo)||r=(q). Again from Theorem 10 we have,

[[w(#, wo)lle=(2) < C(en, ca, [lw(t, wo)llar, llwe(t, wo)lxr), (9)

which makes us look for bounds to ||w||g and ||w;||g. The next result follows from Lemma
11 in the Appendix.



Lemma 4 There are constants K; = Ki(ci,p), i = 0,1,2, such that, given M C W, ?(Q)
bounded, there is Ty = To(M) > 0 satisfying

lw®lla < Ko, Nw®llwpngy < K1 and d(w(t)) < Ky, VE>To(M).  (10)

Lemma 5 There ezists a constant K > 0 such that, if M is a bounded subset of Wol”’(Q)
there exists Ty = Ty (M) which implies

d -
”zi—t'w(t7 wO)”H S IC, t > Tl, V’U)o e M.
Proof: If 0 < s <tand h > 0,
1 2 1 2 ‘ 2
slw(+h) —w@llf < sllws +h) —ws)y + | allwi + h) — w(r)||dr

Multiplying this equation by 1/h? and letting h — 0, we have

15wl < 15+ 26 [ 1w e 1)
dt H=1at Sl B T HE
Let us first remark that
% hwt) = (Bo(w(t)), Sw() = t ), 2 £))
FOW) = (@9(w(0), ) = ) + e~ (), Lug)
1 d d
= Eallclw(t) +coll% — ”Zi—tw(t)“%"

Therefore, t
| NG+ o) < $(u(s) + llerw(t) + el

Choosing Tp as in (10) and Ty < s < t, then
t d , 1 )
/ I g dr < Kt 5 (ko + ) = K. (12)
It follows from (11) and (12) that
d 2 d 2
||—6Ew(t)||H = I|Ew(s)||H + K3, where K3 = 2¢; K.
Integrating from T to ¢, we obtain
d 1 tod
”aw(t)“?{ < . HEU’(S)H%{dS + K5 < K3+ 1,
0

fort >Ty+ K. 1
According with above results we can conclude:

10



Lelmma 6 There ezists a constant C depending only on p, c;, and cy, such that if M C
WyP(Q) is a bounded subset, then for some T(M) > 0 we have

u(t,ug) <C Vit>T(M), ae. inQ, Yup € M.

Proof: Consider t, = t(M) + 1 where #(M) is given in Lemma 2. If M C W,P(Q) is a
bounded subset we define Uy, (M) := {u(to, uo); up € M}, then from Lemma 3, Uiy (M) is a
bounded subset of Wy**(§2). It follows from the results in [5] that

w(t, u(to, uo)) > u(t,u(to,ug)), Vt>D0.

The proof now follows from (9) and Lemmas 4 and 5, with T'(M) = max{ty, T;(M)}. 8
Next we state the main result that we extract from the above lemmas:

Theorem 4 If M C W;*(Q) is a bounded subset, there ezists T, = To(M) > 0, and N =
N (k, ko, c1, ca,p) > 0, such that

lult, vo)llze) SN Vi>1 Vuge M. (13)

Proof: In fact, with the same notation of Lemmas 2 and 6 and taking ¢, = t(M) + 1, we
have

—C(k, ko) < v(t,u0) < u(t,uo) < w(t — to, u(to, uo)) < C(cy, c2,p),

where ¢t > 79 = max {t(M),T(M)}. 8

We are supposing in H-9 that B, satisfies a local Lipschitz condition; that is, given a
bounded set M in WyP(Q), there exists w = w(M), such that if u and @ are solutions of
(3), then

||Bg(u(t,u0)) == Bz(’l_l,(t, ﬂo))“H S w”u(t, 'LL()) = ’l_L(t, ’ao)”H, t 2 7o, ’U,(),'ao € M

Therefore, if we are interested in large time behaviour, the solutions of equation (3)
are essentially those of equations with simpler structure where the principal operator =Dy
is perturbed by globally Lipschitz operators in H. In other words, denoting by wu(t,u,) a
solution of problem (3) starting in ug, we have

Theorem 5 Let us suppose that the Hypothesis H-6, H-7, H-8, and H-9 are satisfied.
There ezists a globally Lipschitz application L in H such that if u(t,@g) is solution of

d
—u(t) + 9¢(a(t)) = L(a(t)), t>0,
dt
(14)
@(0) = o,
it follows that, if M C WOI”’(Q) is a bounded subset, there exists 7o = 79(M) > 0 such that,
if T > 1o and u; = u(T, wp), ug € M, then u(t,u,) = a(t,u,) for all t > 0.
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Proof: We can define £: R — R in the following way:

by(r), ifr| < W,
Ur) = { by(—=N) ifr < —N,
b2(N) ifr ZN,

where NV is given in (13). Now, we only have to choose L as the Nemitskii operator associated
to l. 1

3.2 Existence of Attractors

Let 2 C R* be a bounded domain with smooth boundary, H = L?(Q2), and A, the
p-Laplacian operator with p > %, this restriction being made to guarantee that DA, &
L*(£2). We will prove the existence of a global attractor for

d
d_tu(t) — Apu(t) + Bu(t) =0, t>0,

(15)
u(0) = ug € WyP(Q),
where we assume that B can be decomposed in a sum of two other operators, i.e., Bu =

Biu + Bou, Y u € H, with —B; and B, satisfying H-6, H-7, H-8, and H-9.
Next we rewrite equation (15) as

%u(t) + 0¢(u(t)) = By(u(t)), t>0. (16)

We also suppose that B, satisfies the Hypothesis H-1, H-2, H-3, H-4, H-5, in a way
that, according to [12], for each initial data uy € W,?(Q) there exists at least one solution
u € C(0,00; Wy?(Q)) of problem (16).

Assume that X = D(¢) = WyP(Q) cC H. We define in X the following operators
family:

Definition 5 Consider x € X. We denote by S(z) the set
S(z) = {u € C(0,400; H); u + 8¢ (u) = Byu; u(0) = z}.

If M C X we define
SM) = | J S(x).

zeEM
Let {V;,t € R*} be a family of applications X in P(X), the power set of X subsets, given by

Vi(z) == {u(t);u € S(z)}.

IfMcCX,
VM) = {u(t)u€ SIM)} = {u(t);u € Uyep S(2)}

s {u(t);u € S(g)} = Uzem Vilz).

12



{Vi} satisfies:
Vo(z) = {w(0); v € S(2)} = {a},

and we also have

Varn(2) = {ulti +t);u € S(2)} = {u(tr);u € S{u(ts);u € S(z)}}

= {u(t1);ue S(Wz(x))} =V (Vi (2)),
so {V;} is a pseudo-semigroup.

Lemma 7 Given a bounded subset M C W,™(Q), the w-limit set of B, wy (M), is invariant
under {V;}.

Proof: In fact, it is enough to verify that if y € wy (M), then ||y||zeo@) < N, where N is
given in (13). This follows from Theorem 4 and from definition of w — limit. B

Theorem 6 Under the above hypothesis and using the same notation, {V;} has a global
attractor A in Wy*(Q), A € L®(Q), and if u € A, |ull o) < N, where N is given in
(13).

Proof: According to Theorem 5 there is a semigroup {7;} defined in X such that {V;} and
{T:} satisfy Hypothesis H-R.. The existence of an attractor follows from Theorem 2 and
from Lemma 7. It follows as a corollary from proofs of Theorem 2 and Lemma 7 that

ueA = |ullim@ <N. B

3.3 Examples
Example 1 We consider the problem

d _

7 U() = Bpu(t) + [u(®)|" "Pu(t) = Ba(u(t)),

t
(17)

u(0) = ug € Wy (Q),
where 2 < r; < np/(n — p) and B, is a Nemitskil operator associated to a real and locally
Lipschitz function by, such that
[1] [ba(s) — ba(5)| < c|s — 5|(|s|27 + |5t + 1), with 7y < 2, ceRT, Vs, 5eR;

[2] lim supj,_, o ba(s) < ¢ for some constant &;
s

[3] There are constants d; and dy such that by(r) > di7 + ds.

13



Under these conditions we can prove the existence of a global attractor in W,?(Q) for the
problem (17).

More generally, we have:

Example 2 Let B be a Nemitskif operator associated to a real and continuous function b
satisfying
b(s)

limsup —= < ¢

§—00 S

We define:
by(r) := infy,[b(s) — €s] = b(0), and by(r) := b(r) —bi(r), VreR. (18)

The functions b, and b, defined in this way are such that b;(r) is decreasing, b;(0) = 0 and
ba(r) > €r +b(0), Vr € R. Let us also suppose

[1] bi(s)s > cols[™, with 7y > 2, ¢y € R;
[2] [b1(s)| < er(ls|~t + 1), with r; < np/(n —p), ¢ € R*;
[3] [ba(s) —b2(3)| < cals—3|(|s|~ +|52"1+1), Vs, 5 € R, with ry < max{,p}, c; € R*;

Let B; and B, be the Nemitskii operators associated to b, and b, respectively. In such
case —A, — B, is the subdifferential of:

/S; (%IVU(JE)I” - /Ou bl(v)dv> de, uc¢€ Wol”’(Q),

+o00, otherwise.

¢(u) =

Under these conditions the problem

U —Ayu= By, t>0,

u(0) = up € WyP(),
has a global attractor in W, ”(Q).

Remark 2 Note that b, is the monotone part of b and by is the oscillation part of b. Also
note that the growth of by depends on how fast by grows (condition (1]). In fact we only need
to make condition [1] be satisfied for large values of s since, if by, defined as in (18), fails
to satisfy condition [1] in a neighborhood of zero, we can take B, as the Nemitskii operator
associated to a suitable real function by differing from by only in this neighborhood and
satisfying the condition [1]. The difference between by and by has compact support and we
can add it to by without changing its properties.

14



3.4 Existence of Periodic Solutions

In this subsection we consider the problem

us — Apu = B(u) + e(t)
(20)
u(ty) = ug

with homogeneous Dirichlet boundary conditions, where e : R — R is continuous and
bounded function. Assume that B satisfies the hypotheses H-1 thru H-9. Define Vito
WoP(Q) = P(WyP(R)), Vi (ug) = {u(t, to, uo) : u(:, %o, uo) is a solution of (20)}. The fam-
ily Vieo = {Visoit > to > 0} a pseudo-evolution process. For V,,, we have that: Under
these conditions, computations analogous to those of Subsection 3.1 Vit show that satisfies
the NH condition. Computations analogous to those done in Subsection 4.1 show that the
pseudo-evolution process V;;, is bounded dissipative.

In the case when e(t) is an r—periodic function the pseudo-evolution process Vi, is
r—periodic and we have, as a consequence of Theorem 3, that the discrete pseudo-semigroup
associated to the operator V;,,, has a global attractor and fixed point and therefore the
problem (20) has a periodic solution.

4 Appendix

4.1 Attractors in W,*(Q) for Lipschitz Perturbations of -Ap, — By

In [4] the authors prove the existence of a global attractors for the semigroup associated to
(1) in D(A) when B : H — H is globally Lipschitz. In this section we consider the following
particular case of (3): Assume that B, is a globally Lipschitz operator in H = L?(Q) and
Opu = (=4, — By)u = —div(|VulP~2Vu) — b;(u) with homogeneous Dirichlet boundary
condition.

Then, 0¢ is a maximal monotone operator, and —A, — B, where

%/QIW(:E)I”dx—/Q/Oubl(v)dv, if u e WiP(Q),
$(u) =

400, otherwise.

¢ is a convex, proper, ls.c. application in H, D(¢) = Wy *(Q), and ¢(u) > I oy We
prove the existence of a global attractor for (3) in W, ?(Q) = D(¢) D D(8¢). First we claim
that if S is the semigroup in H = L?(Q) associated to problem (3), then S,(W,"(2)) C
W, P(Q).
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Theorem 7 Let A be a mazimal monotone operator and B globally Lipschitz in H with
Lipschitz constant w. If ug € D(A) and u is a weak solution of the problem

d
%u(t) + Au(t) > Bu(t),
(21)

u(0) = uo,
then u(t) € D(A) for all t € [0,T).

Proof: In fact, since B is globally Lipschitz in H and u € C(0,T; H), it follows that B(u) €
C(0,T; H). Then if t € [0,T), t is a Lebesgue’s point of Bu(t) = f(t). Since uy € D(A), from
Theorem 3.5, [3], u is differentiable from right at ¢ = 0. Thus we have

. u(h) —uy _ dut
= = 0,

and so, given € > 0 there is A small enough satisfying

+

lu(h) = uollwr < eh + ” 4% 0)

7 h = kh.

H

Then for all ¢; € [0,T] we have

lulto +h) —uto)llz < llu(h) — uollu + /0 [1B(u(s + h)) = B(u(s))l|nds

< kh+ w/o (s + B) = u(s) || wds.

and this implies
[|lu(to + k) — u(to)|| < khe“to.
Therefore 1
lim inf > lu(to + £) - u(to)|l < oo,

and again from Theorem 3.5, [3], u(to) € D(A). 1
As a Corollary of the above Theorem we have

Corollary 1 If ug € H and u is a strong solution of (21) then u(t) € D(A) for all t > 0.

Remark 3 In the case A = 0¢, with ¢ convez, proper and l.s.c. we have that VYu, € D(¢),
u(t,ug) € D(¢), t > 0.

Now we prove a lemma which enables us to conclude that the restriction of S, to W, ()
is a continuous and compact semigroup in this space.
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Lemma 8 Let u(t,ug) denote the solution of (8) satisfying u(0,u0) = uo where By is as-
sumed globally Lipschitz operator in H with Lipschitz constant w. Let {wo,} be a bounded
sequence in Wy*(Q) which converges in H to uo- Then u(t) := u(t,up) € WyP(Q) and there
ezists a subsequence un, (t) = u(t, ugn,) of un(t) = ul(t, Uon) converging to u(t) in W, 7(Q)
Vi>0.
Proof: Multiplying the equation (3) by un(t) we get

1d

5 7 [un @Ol + 6 (ua(t)) < (Byun(t), ua(t)),
and so

gl + [ 6un(5)ds < Zluanlf + [ o)y + cllne) )i,

for some constant ¢ and ¢ > 0. Taking into account that there is a constant X such that
|luonllz < K,V n € N, it follows from Gronwall’s inequality that, if ¢ € [0,7] for some
arbitrary T' > 0, |lun(t)]|g < Ko(K,T,w). So there is a constant C, depending on K, w and
T', such that

supocecr (a9l + | blun(6))d5] < Co. (22)
Moreover

d d d
3 P(un(t)) = (0g(un(t)), Z7Un(8)) = (0¢(un(t)), 27 n(t) = Baun(t)) + (96 (un(t)), Baua(t))

which implies that

/0|l3¢(un(8))llirds + ¢(un(t))S¢(uOn)+/o 166 (un (5))ll21]| B2un (5) || s

t 1 t 1
< [ 3106tn(NEds + [ J1Baun(o)ds + (une

and so
[ 5 106 el + 00un(0) < bl0nn) + [ S Bl
< oluon) + [ S0l + s < olunn) +2 [ o) + 1P

From Gronwall’s inequality there are constants K; and K5, such that

t
max  @(un(t)) < Ki, / ||8¢(un(s))||%1ds < Ky, VneN
{0<t<T) 0
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We know that V ¢ > 0, u,(t) — u(t) strongly in H, uniformly in [0,T], and u(t) € W,P(Q).
By fixing ¢ > 0, since “U:n(t)HWOI,p(Q) < K, there is {un(t)} C {un(t)}, such that

Unk(t) = u(t)  weakly in W)P(Q).
We now show that “U/nk(t)”WOI,p(Q) — Hu(t)HWJ,p(m. In fact there is § > 0 (see [7]), such that
lne(2) = w() 1) < 50 (uni(2)) — OB (u(?)), uni(t) — u(d)),

so by Lebesgue Dominated Convergence Theorem

/0 |tunk(s) —u(s)”’v’vol_pm)ds < 6/0 (00(unk(s)) — 0 (u(s)), ung(s) —u(s))ds — 0, asn — oo.

From that we obtain u,;, — u in LP(0,T; Wy P(Q)) and, taking a subsequence {un,(t)},
if necessary, we have that Hunk,(t)HWé,p(n) converges to Hu(t)lIW&,p(m a.e. in [0,7]. Given
te 0,7,

|6(Uni(8)) = ()] < 16(unki(2) = G(unkr(8))] + [P (uni(8)) — H(u(8))]
+ [o(u(8)) — d(u(t))]

o
< [ HOO a5, o))l + [6(uni(8)) — 6u(0))

t d
+ [ 108(uo), Futo)las.

Choosing @ in a small enough neighborhood of # and such that B(unk(0)) = J(u(B)), we can
make [@(ung,(t)) — (u(t))|, as small as we wish since

(©0(uns(5)), nse(5)) < 1 Bonsa(5)

and the right hand side of the above inequality is uniformly bounded.
Since ¢ is arbitrary we can conclude that ¢(un,(t)) — ¢(u(t)) for all ¢ € [0,T), for any
T > 0. The result follows observing that (see Proposition 1.4, [2])

Wy ()
Ung(t) = u(t) and Hunkt(t)”wolvp(n) - ||u(t)”W01-p(n)’

imply 1
whe @
Ungy (2) o )u(t). ]

The following lemma ensures that the semigroup defined by (3) in W, P(Q) is compact.
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Lemma 9 With the above notation, if M C Wo?(Q) is a bounded subset, there is Ty > 0
such that if t > Ty and {u,(t)} C {un(t, M)}, then {un(t)} has a converging subsequence.

Lemma 10 Let u(t) € C(0, +oo; L?(Q)) be a solution of problem (1). The following appli-
cations are continuous:

e (i) R* 3t u(t) e WP(Q):

o (i1) WyP(Q) 3 ug— u(t) € WP (Q).

Let us denote by S; the restriction to Wy (Q) of the semigroup associated to problem
(1). The compactness of S, in W? (€2) has already been established in Lemma 9. In order

to obtain the dissipative property of S, in Wy () we use the Uniform Gronwall’s Lemma
(see [14], Lemma 1.1, page 89).

Lemma 11 The semigroup S,, defined in Wo(Q), associated to problem (1) is bounded
dissipative.

Proof: Multiplying the equation (3) by Edzu(t) and using the Young’s inequality we get

1.d . d 1

[ — £ = 2,

2' dt“(t)”H'*‘ dtd)(u(t)) < 51Bau(t) I3
Since B, is assumed globally Lipschitz in H and ¢(u) > l”ullzvl"’(n)’ there are constants c,
and c, such that ’

d 2
70@®) < ailu(®)? + ¢

We note that

22 @)% + dul)) <

| &

lu(@IF + (@b (u(t), u(t)) = (Byu(t), u(t)),

N[ =
QU

t

hence
t+r

(u(s))ds < %IIU(t)II% +/t TIIBzU(S)IIHHu(S)IIHdS-

There is a constant & > 0 which does not depend on u, such that for a large enough t,
llu(t)||# < k (see [4]). Therefore

t+r

(u(s))ds < C(k,r,w),

|
Sllut + )l +

t
where w is the Lipschitz constant of B,. From the Uniform Gronwall’s Lemma, there is a
constant K depending only on k, r, and w such that if ¢, is large enough,
pu(t+r) <K, Vt>to
Thus, from Theorem 3.4.6 in (8] and from Lemmas 9, 10, and 11 we obtain the following
result:

Theorem 8 Let {S;} be the restriction to Wy*(Q) of the semigroup {T} associated to
problem (3). {Si} has a global attractor in W,?(Q).
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4.2 Domain Regularity

In this appendix we partially generalize the Elliptic Lemma [1]. In order to obtain
information about the domain of p-Laplacian operator, we consider the problem:

{ —div(a|VulP~*Vu) + g(u) = f(z)  inQ, (23)

u=0 in 092,

where a € L*®(Q), (g(u),u) > 0 for all u € D(Ap), and © C R" is a bounded domain with
smooth boundary. Since the solution of (23) will be in Wy ?(Q) c L®(R) for p > n, we are
interested only in the case where p < n. (The case p = n is treated in a similar way, So we
only consider the case 2 < p < n.)

Theorem 9 If f € L'/7*1/n(Q), then the solution u of (23) belongs to L™/("=P)(Q) and

1/(p—1
[ellznorn-sri) < IFIAE s

Proof: Multiplying the equation (23) by u and integrating it by parts we get

/ o Vup < / £ < N1Fgrsssrsssngay el owrin-sey,
N (9]

and since [, a|Vul|Pdz > m [ |VulPdz > cm[]u“’znp/(n_p)(m we have

cm”u”z[’/:;}/(n—p)(n) S llfllLl+l/P+1/n(Q)

and the result follows. B
Theorem 10 If f € L*(Q) with v > n/p then u € L®(Q) and
lullzeo@) < C(1fllzv @), inf{a}). (24)

Proof: Consider ¢ = (u — k)* = max{u(z) — k,0} and A; = {z € Q : u(z) > k}. If we
multiply equation (23) by ¢ and integrate it by parts, we have

/a'V‘PV)dw < / fedz < | fllzv@llelle @) < N F @il rsron-sqy | A Y = @2 P,
Q Q

Note that
B § h
[aiverds > m ( / Ichl"dx> ( / |W|"dx) > em ( / IWI”dw> [ P—
Q Q Q Q
Therefore,

(p—-1)/p ’
cm (/ |V€0'Pdm> < “fHL"(Q)|Ak[1/” ~(n—p)/np.
Q
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Moreover
ol L1yl Ag|~HHY/P-1n < cllell Lrern-m gy

and
(”@”LI(Q)IAk,_Hl/p_l/n)p—l < chHLu(m|Ak|1/'/’—(n—p)/np.

Thus

llellzigy < c[lf”i{,’z(;;lAkl:'(,,—l_ﬁ—m,"plﬁyﬂ—ﬁ%.

It follows that i
— —_En_
ellzi@y < el £l | Ap | T Gr=252)

and ; — 222 = 2 —J > 0since v > n/p. The result follows from Lemma 5.1 (10] . B
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