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Resumo

Neste trabalho provamos um resultado abstrato de comparagio para solugoes
para problemas parabdlicos ndo lineares com parte principal maximal monétona.
Estes resultados sao aplicados a equaccdes diferenciais parciais de segunda ordem do
tipo parabdlico que tem como parte principal o p—Laplaciano e como perturbagao
um operador de Nemitskii n&o linear e nio globalmente lipschitziano.



Comparison Results for Nonlinear Parabolic Equations
with Monotone Principal Part

Alexandre N. Carvalho* and Claudia B. Gentilet
July 19, 1999

Abstract

In this work we prove an abstract comparison principle for abstract quasi-linear
parabolic problems with monotone principal part. This result is applied to parabolic
problems having the p—Laplacian as principal part and with non-Lipschitz perturba-
tions.

1 Introduction

In this work we prove abstract comparison results for solutions of nonlinear parabolic
problems with monotone principal part and apply these results to a parabolic problem having
the p—Laplacian as principal part. To be more precise, let A be a maximal monotone operator
in a Hilbert space H, {S(t);t > 0} be the semigroup generated by —A and, for i = 0,1,
consider the associated initial value problem

= Au+ f;(t,u)

(1)
’U,(O) = Uj;.

Denote by u(t, u;, f;) a solution of (1), ¢ = 0,1. Assume that H is endowed with an order (e.g,
up > 0in H = L*(Q) if ug > 0 almost everywhere). A first comparison result in the ordered
Hilbert space H states that ug > u; implies S(t)ug > S(¢)u; for all ¢ > 0. In this case we
say that the semigroup S(¢) is increasing. We seek for conditions on the maximal monotone
operator A that ensures this first comparison result. Once we have obtained conditions on
A ensuring that S(t) is increasing we extend this comparison result to the solutions of the
problem (1).
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The statement of the comparison results that we will present in this paper are similar
to those already established elsewhere for semilinear parabolic equations. In particular the
starting point of this theory is a result that can be stated in the following way: If the resolvent
of A is increasing (in a sense to be ezplained later) then, S(t) is an increasing semigroup.
This result reads exactly the same as the corresponding result for the case when the maximal
monotone operator A is linear. They differ, however, in the techniques used in the proof.
This condition is actually a necessary and sufficient condition and its proof is based on a
generalization of a result due to H. Brézis that we state and prove in the next section.

Concerning the comparison results for (1), the theorem that we would like to prove should
read: If S(t) is increasing, ug > u; and fo(t,u) > fi(t,u) for all t,u then u(t,uo, fo) >
u(t,u1, f1) as long as both solutions exist. As we will see in the coming sections there are
some technical difficultness that will impair us from obtaining such comparison result. These
technical difficultness will lead to some additional assumptions on the vector fields fi- The
the comparison results that we will be able to prove for (1) will have statements similar to
the statements of the comparison results presented in [1] for semilinear parabolic problems.

This paper is organized as follows. The second section is devoted to the proof of a
preliminary result that will be the key to prove the abstract comparison results. The third
section is devoted to the statement and proof of the abstract comparison results for the case
of globally Lipschitz perturbations. The fourth section deals with the case of non-Lipschitz
perturbations of subdifferentials. Finally, the fifth section is devoted to the application of
these results to the study of a parabolic equation with the p-Laplacian perturbed by non-
monotone non-Lipschitz operators.

2 A Preliminary Result

Let H be a Hilbert space with inner product (,-) and norm | -|. Let A be a maximal
monotone operator in H, and S(t) be the semigroup generated by —A. We will employ the
following notation.

e Jy:= (I +AA)~!, is the resolvent A;

I— L.
o A= '\, is the Yosida approximation of A;

A

e A%, is the least norm element of Az.

Let ¢ be a convex, proper and lower semicontinuous (hereafter l.s.c) map defined in H.
We define

oul) = 5ol (I = 1u09) Nuf + ({1 = udp) ™).



¢, thus defined is convex, Frechét-differentiable and 0o, = (0p),. Furthermore, walz) T
p(z) as 4 1 0,V z € H, (see Proposition 2.11 in (3], page 39).
The following theorem can be found in [3], Theorem 4.4, page 130.

Theorem 1 Let ¢ be a convez proper and Ls.c. map defined in H and assume that for any
z € H:

(H-1) ¢(Projprz; o) < pla).
Then, the following are equivalent:

(2) (I +AA)~'z) < () Vze HVY)>O0;
(it) (Axz,2) >0 Vz e dp(z),VA>0;
(4i1) (Axz, Opyu(z)) >0 Ve e HVY )\ u>0;
() (A'z,8p,(z)) >0 Vz € HYu>0;

(v) eu(S(t)z) < pu(x) Vt>0,Yz e D(A),Ypu>0;

(vi) ©(S(t)z) < p(x) Vt>0,Yz € D(A).
Remark 1 Note that, in the statement of Theorem 1, the operator A in general is not the
subdifferential dp of (.

The following theorem is a variation of Proposition 4.7, page 134, (3], and follows as a
consequence of Theorem 1. The equivalent statements of the next theorem are the base to
all comparison results that will be proved in this paper.

Theorem 2 Let ¢ be a convez proper and Ls.c. function in H and let A, B be mazimal
monotone operators in H satisfying

(H-2)  ¢(Projgrzy « — Projggy y) < w(z —y),Vz,y € H.
Then, the following are equivalent:
(4) o((I +AA)™ 'z — (I + A\B)~'y) < p(z —y) Vz,ye€ HV\>O0;

(1) (Axz — Byy,2) >0 Vzedp(z—1y),A>0;
(473) (Axz — Byy, 0pu(z —y)) >0 Vz,ye HV )\ u>0;
(w) (A% — B%, 0p,(z —y)) >0 Vz,ye€ HNV u>0;
(v) Pu(Sa(t)z — Sp(t)y) < pu(z — v) Vit u> 0,2,y € D(A);

(vi) ©(Sa(t)z — Sp(t)y) < p(z—y) Vt>0,Yze D(A),y € D(B).
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Proof: Let X = H x H, be the Hilbert space with the inner product ([u,a],[v,7]) =
(u,@) + (v,7), and let C : % — #H, be the operator defined by C[u,d] = [Au, Ba]. The
operator C is monotonous, since

(Clu, @] - Clv, ), [u, @] — [v, D)) =
([Au, Ba] — [Av, Bo), [u —v,@ — 7]) =
([Au — Av, Ba — B, [u — v, — 7]) =
(Au— Av,u —v) + (Ba — 3,3 — 7) > 0.

Let us verify that R(Z +C) = H. In fact, for all [u,v] € H there exists [z,y] € H such
that
(I+Az=u e (I+B)y=v,

then
Z+0O[z.yl = [z,y]+Clz,y] = [z,y]+ [Az, By

= [z+Az,y+By] = [I+A)z,(I+B)y]= [u, v].
Hence, C is maximal monotone in 7. Besides that we have:
L. Jiu, @] = [J{u, JP1], where Jy is the resolvent of C;
2. C\[u, @] = [A\u, B,\u], where C, is the Yosida approximation of C;

3. 8(t)[uo, @o] = [Sa(t)uo, Sp(t)uo], where S(t) is the semigroup generated by —C, Sa(¢)
is the semigroup generated by —A and Sp(t) is the semigroup generated by —B.

Let ¢ be a convex, proper and ls.c. function defined in H, and let 3 be the function
given by [z, y] = p(z — y). Then 9 is convex proper and l.c.s. and:

L. 0Y[z,y] = {[z, —2];z € Op(z — y)};
2. Oa[z,y] = [(0p)ar(z — ), — (8p)ar(z — ¥)];
3. halz, y] = ()ar(z — v).

With the considerations above the result now follows applying Theorem 1 to the operator
C defined in H, and the convex, proper and l.s.c. function . 0

Remark 2 The hipothesis (H-2) is automatically satisfied if D(A) = H and D(B) = H.



3 Comparison Results

In this section we first prove abstract monotonicity results for semigroups of nonlinear
contractions generated by maximal monotone operators using the results of previous section.
Then, we use these monotonicity results to obtain comparison results for abstract nonlinear
parabolic problems with monotone principal part and non-monotone perturbations of various
types (time-dependent, globally Lipschitz and non-globally Lipschitz).

We start introducing a concept of order in a Banach space which is suitable for the desired
comparison results:

Definition 1 An ordered Banach space is a pair (X, <), where X is a Banach space and <
is a order relation in X satisfying:

1.z <yimpliest+z2<y+z 5,9,2€ X;
2. © <y implies \x < Ay, z,y € X and 0 < )\ € R;

3. The positive cone C = {z € X : £ > 0} is closed in X.

Definition 2 Let (X, <) and (Y, X) be ordered Banach spaces. We say that a map T : X —
Y is increasing if and only if © < y implies T(z) < T(y). We say that T is positive if and
only if z > 0 implies T(z) > 0.

Let (H,<) be an ordered Hilbert space and let A be a maximal monotone operator in
H. Let C be the positive cone defined in H, and let I be the indicator map:

0 ifzeC,
Ig=
+o0o ifz &C.

Ic is a convex, proper and l.s.c. map, and therefore 8/¢ is a maximal monotone operator in
H. In what follows we characterize (I — \0I¢)~!, (0I¢), and (Ic)x, for details see [3, 2.

e the resolvent operator (I — A\dIc)~! of 8I¢ is the projection in C. In other words,
y= (I - M) 'z & y=Proj; z;

1
e the Yosida approximation of dI¢ is given by (8I¢) = X(:c — Proj, z);

1 )
e (Io)a(z) = 5;\-|:r — Proj. a:l2.

A semigroup of nonlinear contractions {S(t) : t > 0} is increasing if, for each t > 0, S(¢)
is an increasing map. In what follows we give e necessary and sufficient condition so that
the semigroup {S(t);t > 0} generated by a maximal monotone operator —A be increasing:



Theorem 3 Let A be a mazimal monotone operator in H satisfying
(H-3) Ic(Projm.'E = PI‘OjH(T) y) < Ic(.’l: = y),‘v’x, y € H.
Then, the following are equivalent:

(1) z2y=>T+XA) 2> T +))y Vz,ye HV)A>D0;

(6) z>2y=S@)x>S(t)y Vt>0,Yz,y € D(A).

Furthermore, if S(t)0 =0, t > 0 we have that

(@) e=>0=S@z>0 Vt>0,Yz € D(A).
and in this case we say that the semigroup is positive.

Proof: It is enough to consider A = B and ¢ = I in Theorem 2, and the result will follow
as a consequence of the equivalence (i) < (vi). g
More generally we have:

Theorem 4 Under the hypothesis (H-3). Denote by u, 1, the respective solutions of the
following initial value problems:

LutAusy adzﬂ+Aﬂ9yj
e
U(O) = Uo, 'I._L(O) = 'ELo.

Ify, §, wo, @0 € H, y > 7 and uo > Uo, and if (I + NA)™! is increasing, then u(t) > u(t)
Vit>0.

Proof: In fact, it is enough to note that, if y € H, the operator A, : H — H given by
Ayu = Au — y is maximal monotone. Then the result follows from Theorem 2 with ¢ = I¢,
A=Ay e B = Ay, observing that

w=(I+A,)'u=w=+IA)(u+\y),

W= (I+Ag)'a= o= (I+M)a+\g),
in such a way that u > @ e y > 7 implies (I + AAy)™'u > (I + A4;)7'4, 0 < A € R, that is,

0=1TIc((I+A4y) 'u— (I +A4y)7'a) < Ig(u—a) =0, u,i€ H, A>0. 1

To extend the above results to the solutions of the non-homogeneous equations, we shall
employ the same limiting procedure used to obtain existence of solutions for these equations.
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Theorem 5 Let T > 0 and let f(t), f(t) € L'(0,T; H), ug € D(A). Suppose that u, @ are,
respectively, the week solutions of the following initial value problems:

Lu+Aus f(2) Lu+Au> f(2)
and
u(0) = uy, u(0) = .

If A is a mazimal monotone operator in H with increasing resolvent and satisfying the
hypothesis (H-3), f(t) > f(t) a.e. in [0, 7], ug and G € H, then uy > @y implies u(t) > a(t)
Vite|0,T).

Proof: There are sequences {f,} and {fa} of step functions in [0, T] such that f, — f and
fa = fin LY(0,T; H). We may assume, without loss of generality that for each n € N,
given a partition of the interval [0,T], 0 =1ty <t; < ... < ty, =T, f, = an; and f, = @y, in
[ti—1,t;] with Qn;, Gn; € R, an, > @,,. Let u, e 4, be strong solutions of the equations

d d _ 5 s F

respectively, with u,(0) = ug, and 4, (0) = @y. It follows from Theorem 4 that Un(t) > U, (t)
Vte[0,T],Vn €N. Since

lun(t)—um(t)ls/0 |fn(T) = fm(7)|dT  Vte[0,T], and

[ (2) — B (2)] < /0 Falr) = Fum)ldr Vi€ [0,T)

then u, — u and 4@, — @ uniformly in C(0,T; H), and since the positive cone is closed,
u(t) > a(t). g

Once we have the above result we start to compare solutions of non-linearly perturbed
problems. As in the preceding proof the comparison is obtained through the same procedure
used to obtain existence of solutions.

Theorem 6 Let A be a magimal monotone operator in an ordered Hilbert space H, and let
< be its order relation. Let B, B be globally Lipschitz maps in H, with Lipschitz constants
w and & respectively. Let ug, 4y € D(A), and let u, G be weak solutions of the problems

Lu(t) + Au(t) > Bu(t) Lu(t) + Aa(t) > Ba(t)
and
’LL(O) = Uo, Q—L(O) = Uyp.

respectively. Suppose that A has increasing resolvent and that there exists G : D(A) — H,
increasing, such that Bu > Gu > Bu, Vu € D(A). Then ug > Gy implies u(t) > a(t) Vt>
0.




The proof of the above theorem is similar to the proof of the next theorem and therefore
will be omitted.

Theorem 7 Let ¢ be a convez, proper and Ls.c. in the ordered Hilbert space H, let < be its
order. If B, B are maps from [0, 7] x D(¢) in H, each of them satisfying the conditions (1)
and (2) of the Proposition 3.13 in [3], page 107, with Lipschitz constants w e @ respectively.
Let u and @ be solutions of the problems

Lu(t) + 0p(u(t) 3 B(t, u(t)) d La(t) + dpu(t) > B(t, a(t))
an

©(0) = uy, @(0) = .

respectively. Suppose that Op has increasing resolvent and there exist G : [0,T)x D(p) — H,
increasing in the variable u for each t € [0,T], and such that for all t € [0,T), B(t,u) >
G(t,u) > B(t,u), Vu € D(p). Then ug > @y implies u(t) > a(t) vt > 0.

Proof: We consider the sequences u, e @, defined by u(t) = ug and @ (t) = g, u, e i, are
solutions of the equations

Ltin(t) + 0p(un(t)) 3 B(t, un—1(t))

and

U
respectively. By Theorem 5 u;(t) > @(t), t > 0. Assume by induction that u,_;(t) >
Un—1(t), t > 0. Then by Theorem 5, u,(t) > @,(t)Vn € N,¢ > 0, and since

Ot |B(7, un (7)) — B(T, un—1(7))|dT

IN

|un41() — un(t)]

|@n1(t) = Bn()] < | |B(7,8n(7)) = B(7, Gnr (7)) |d7



then

wT'
|un+1(t) - Un(t)l = ( n') |U1 - U0|L°°(0,T;H)
_ _ o)™ _ _
|Tn41(t) — G ()] < ( n') |4, — Uo| oo (0,7, )

where u, — u and @, — @ uniformly in [0, T, in such a way that u(t) > a(t), t > 0. g

4 More General Perturbations of Subdifferentials

This section is devoted to the proof of comparison results for problems with subdifferential
principal part and for perturbations which are not globally Lipschitz. To accomplish that
we will use the existence results proved in [10] which we briefly describe in Subsection 4.1.
The proof of the comparison results are given in Subsection 4.2.

4.1 The Existence

In this subsection we state a particular case of a result due to Mitsuharu Otani, [10]. That
result assures the existence of at least one strong solution for the equation

Su(t) + Au(t) 3 Bu(®), 0<t<T, (2)

where some of the restrictions are made on the operator A so that the hypotheses in the
perturbation B may be relaxed. Since the proof of this result is used to prove our comparison
results we shall indicate its main steps. We will assume that A = Oy, with ¢ satisfying:

(O-1) ¢ is a convez, proper and Ls.c. from H into [0, +00], such that for each L € (0, +00),
the set {u € H;p(u) + |ul?> < L} is compact in H.

(0-2) For all u € D(8yp), Bu is a conver subset of H;

(O-3) B is semi-closed in the following sense: for all interval [a,b] C [0,T] the following
holds: if un — u in C(a, b; H), 0p(un(-)) 3 ga(-) = g(-) € dp(u(-)) in L?(a,b; H) and
if Bun(-) 3 bn(-) —= b(:) in L*(a,b; H), then b(:) € Bu(-); that is, b(t) € Bu(t) for

almost all [a, b];

(O-4) There ezists a real, increasing and positive Lo(-), a constant Y € (0,1) and a constant
co such that:

1Bulllf < 7010¢°(w)? + coLo(p(u) + [ul), Y ue D(@y),

where 0p°(u) 1s the smallest norm element in Ap(u) e [l|Bulllg = sup{|b|,b € Bu}.
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In the proof of the local existence result the following version of Schauder-Tychonoff
Theorem is used:

Theorem 8 (Browder) Let K be a compact convezr subset of a locally convez topological
vector space X. Let T be a multi-valued l.s.c. map from K into X such that for each z € K,
T(z) is a closed convez subset X such that T(z) N K # @. Then T has a fized point in K ;
that is, there is an element o € K such that zo € T'(xy).

Definition 3 For each wo € D(dp), h(t) € L*(0,T;H), and S € (0,T], we denote by
Ey,,s5(h) the unigue strong solution of the equation

d
Zu(0) + 3p(u(t)  h() @
in [0, S] satisfying u(0) = uo. Let R be a fized positive real number and let Krs be the set
Kgrs = {ue L*0,S; H); |u|L200,5,m) < R},

endowed with the weak topology of L*(0, S; H).
Let B,y s,r : Krs — Kg;s defined in the following manner: given h € Kg g, if there erist
b € Kg,s such that b(t) € B(Ey,,s(h)(t)) almost everywhere (0,S), then

b € By, s.r(h),

and
D(By,,5,r) = {h € Kg,s; Bu,,s,r(h) # 0}.

Lemma 1 Suppose that the hypotheses (O-1), (O-2) and (O-3) are satisfied. Then, the
graph G(By, s,r), of By, s.r, is closed in Kgrs x Kps. Besides that, if h € D(B,, s.r) then
By, ,5,r(h) is a closed conver subset of Kps.

Theorem 9 Suppose that the hypotheses (O-1), (O-2), (O-3) and (O-4) are satisfied. If
uo € D(p) the problem (2) has a strong solution in [0, To) for some Ty € (0,T).

Sketch of the Proof: The idea of the proof is to show that the operator By, 1o, has at
least one fixed point in Kgr, by making appropriate choice for the values of R and T,. In
that way, there exist h € Kgr, such that By, z, z(h) = h and, from the definition of By, 7, r
it follows that E,, 7, (h) is a solution of the problem (2) in [0, Tp).

4.2 Comparison

In what follows we are going to compare solutions of problems with perturbations more
general then Lipschitz. As before, we are going to appeal to the techniques used to obtain
the existence and Theorem 5. We assume throughout this section that (H — 3) is satisfied.
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Theorem 10 Let ¢ satisfying the hypothesis (O-1), ug, @y € D(p),up < 1. Let B, B be two
Junctions defined in D(y) taking values in H and satisfying the hypotheses (0-2), (0-3),
and (O-4). Suppose that dp has increasing resolvent and that there ezist G : D(p) - H,
increasing, such that Bu < Gu < Bu, Yu € D(yp). Then given a solution u(t) of the problem

Edfu(t) +9p(u(t)) 3 +Bu(t), 0<t<T,

(4)
u(0) = up € D(g),
there exists a solution @(t) of the problem
Lu(t) + 0p(a(t) > Ba(t), 0<t<T,
(5)

u(t) defined in [0,Tp) for some Ty > 0, and u(t) < a(t) vVt e(0,Ty).

Proof: In fact, let 77 > 0 such that u(t) is solution of (4) in [0,T1), let Ty < T be a positive
real number to be determined, and let KR 1y, Buy 10,7 and By, 1, g as in the Definition 3 with

R? — 2’70(,0(170) + €9
(1-%) ~’

where % is as in the hypothesis (O-4); that is
1Bl < %ol0¢° (@) + alo(p(@) + [al), Ve D(Ayp),

and &g is an arbitrary positive number. By definition of By, 10,2 and u, h := Bu is a fixed
point By, 7 r in Kg1,. We consider the restriction B|z of IE—B{LO .To,r to the following subset of
KR,TO: _

K ={g€ Kpg;9> h}.

K is convex and compact. Let us verify that B|g : K — K. Well,if g € K, then g > h and by
Theorem 5 ug(t) > up(t),t > 0. Thus B(uy) > G(ug) > G(un) > B(us), and consequently
B(g) > B(h) = h, Vg € K. It remains to conclude that given g(t) € K, if b(t) € B(g(t))
almost everywhere in [0, Tp), then ,l_)(t)le(O,TO;H) < R. For that we first observe that if k € K,

and v = Eg, 1, (k), then by Lemma 3.3 in [3], page 73, for almost all ¢ € [0, T], we have:
Lo(t) = (—Fo(t) + k(t), Su(®))

= — | = Zo() + Q)1 + (= So(t) + k(t), k(2),

11



therefore

|~ F0® +EOP + $o00) <1 - Lo@) + k)] k()]

and therefore

1

5 1= 2590+ Ko)ds + o(o(t) < (i) + 5 [ e

In one side

/0 = Lo(s) + k(s)[ds < 2(a0) + / k() Pds < 2 (o) + R,

dt

and in another
P(u(t)) < (o / K(5)Pds < (o) + 1 B.

That is
max{y(v(t));t € [0, To]} < Cy, where Cy = (o) + %RQ.
Besides that, from the definition of subdifferential,
p(v(t)) = (@) < (—Lu(t) + k(2), () — Go)
= (1)) = o) < -ELu(t) — aol® + (k(t), v(t) — o)

= ;jtlv( t) = @ol® +p(v(t) < ¢(ao) + |k(t)]lv(t) — Gl

> ghO-wl < [ pads+ | (6)luts) - aolas.

From which we conclude that

o0 ~u0) < /2] + v ([ o)

= [u(t)] < V/2tp(@) + VIR + [T,

1/2

and therefore

max{|v(t)]; 0 <t < To} < Cy, where Cy = (v/20(to) + R)To"? + ).

12



Now, if b(¢) € Bu(t), then by the hypothesis (O-4), by (8) and by (7),
,l_)(t)lz S ’70[3@0(21@))]2 + ’C, where £ = 5050(01 + Co)

Hence

Ib(t)li%o,z’o;z{) < ’—)’Olaﬁao(v(t))l%?(o,To;H) + IOk,
and by 6

,b(t)liz(O,To;H) < Yo[2¢ (o) + Rz] + ToK.

From the choice of R,

|E(t)|%2(o,To;H) < (1 =7)R? - + YR+ THK.
Choosing Tj small enough so that

THK < &,

we obtain

16()|220,70;8) < R.
That is, if k € K, & = Eqg, 1,,(k), and b(t) € Bu(t) almost everywhere in [0, Ty], then b € K.
In this way
Ba 1 r(K) C K.
Besides that B|z satisfy all the hypotheses of the Theorem 8 since B satisfy, from which

one concludes by Lemma 1 and Theorem 8, that 3 h € K satisfying h = By, 5,r(R). Hence,
there exists a solution @ for the problem (5) in the interval [0, Ty). Since Bu(t) > Bu(t)
follows by Theorem 5 that %(t) > u(t) almost everywhere in [0, T%) g

Remark 3 If in the above theorem we can ensure that the problem (5) has a unique solution
u(t), then all solution u(t) of the problem (4) satisfy u(t) < a(t),vt €0, 7).

5 One Application

Let &2 C R be a bounded smooth domain with boundary 9%, and let H = L*(Q) be
endowed with the following order relation: if u,v € L%(Q) then

u>veu(zr) >v(z) aein Q.

Consider the following second order nonlinear partial differential equation:
%u —-Au=Bu, p>1, (9)
where Apu = div(|Vu|P~2Vu) is the p-Laplacian.

In this section we aim to apply the abstract results developed in the previous sections
to obtain comparison results for (9). To that end we assume that the operator B is single

valued and can be decomposed into the sum of two other operators, that is, B = B; + Bs,
with B; and B, satisfying the following conditions:
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(A-1) —Apu — By (u) is the subdifferential of a convez, proper and lower semicontinuous
function ¢ : H — R such that p(u) > 0V u € WyP(R), D(yp) = Wy (Q);

(A-2) B is the Nemitskis operator associated to a function b; : R — R which is contin-
uous and non-decreasing and satisfies b, (0} =0;

(A-3) By is the Nemitskii operator associated to g function by : R - R

Under these conditions we rewrite the equation (9) as:

S ult) + Op(u(t) = Bolult), > 0. (10)

Assume that B, satisfies all the hypothesis required in Theorem 9. Then, given ugy €
WoP() there exist T > 0 and at least one function u € C(0,T; L2()) satisfying the
equation (9) a.e. in (0,7) and such that u(0) = uo.

Note that H = D(p) = D(dyp); that is, 9y is densely defined in H.

The hypothesis (A-2) is to ensure that the operator dp = —A,— By has positive resolvent
and that the equation

—Apu—Biu=v inQ, (11)

has a unique solution for each v € H. These facts are consequences of the following theorem
(see, [5]):

Theorem 11 Let Q be a bounded smooth domain, p > 1, f : R = R a continuous non-
decreasing function such that f(0) = 0, and F(s) = [ f(t)dt. Consider g and h such that

geEW™(Q) and heWiP(Q)  F(h(z)) e L}(Q).
Then, there ezists a unique u € WP (Q) verifying

—Apu+ f(u) =g(z) inQ,
(12)
w=h n 082,

in the sense that u minimizes the functional

J(u)z/Q

in the set K = {v:v—he WyP(Q) such that F(v) € L'(Q)}, where g;,i=0--- N, are such
that

N
ou
[VulP + F(u) — gou + ;gi% dz,

)

ozx;

If for i = 1,2, u; is the solution of the problem (12) corresponding to g = gi, h = h;, then
91 < g2 in Q and hy < hy in 0Q imply u; < usy in Q.

N
39,‘ /
9=90+Y ==, g0, g € L”(Q).
i=1
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To verify that Oy has increasing resolvent it is enough to note that if
w=(I+0p)"'u, and @@=+ op) "4,

then
w—Aw—Bw=u, e W — Apw — B1@ = 1,

and we can apply the above theorem with f(w) = w - Byw.
Next consider the following equation auxiliary equation

2 0(t) +0p(w(t) = Bf (w(®), >0, (13)

where for Bf we assume that

(A-4) Bf is the Nemitskii operator associated to a function b5 : R — R which is continu-
ous, non-decreasing, satisfies by(s) < b3 (s) for all s € R and is such that all conditions
of Theorem 9 are satisfied for the problem 13

As a consequence of the results in the previous sections we obtain the following result

Theorem 12 (Comparison Theorem) Assume (A — 1), (A-2),(A-3) and (A —4)
are satisfied and that uo, wy € Wy (), ue < wy. If a solution u(t,uo) of (10) is defined for
0 < ¢ <T then there exists a solution w(t,w,) of (18) defined on [0,T0), 0 < Ty < T, such
that u(t,ug) < w(t,wp), 0 <t < Tp.

Remark 4 This result is used to compare the solutions of (10) to equations with simpler
right hand side By . In [4] this result is used to obtain global attractors for problems of the
form (10) by comparing it to equations for which By is given by b3 (s) = c15 + co, where
and cy are constants. A similar result will also hold for comparison from bellow.

In what follows we make assumptions on the real valued functions b, b, and by that
ensure the conditions necessary to apply Theorem 12:

1. p>n,or
2. p=mn and by, b, and b grow polynomially, or
3. p < n and there are constants c;, ¢, such that b1, by and b satisfy the growth conditions

° [bi(s)] + [bF ()| < er(|s|™t + 1), 7 < B

n—p’

® |by(5)=b2(5)| < cals—3|(|s|2~ 14|52 +1), Vs, 5 € R, 75 < min{;22, 2e-iliry
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Remark 5 Under the above assumptions on by and by it is not hard to see that all conditions
of Theorem 9 are satisfied and therefore the initial value problem for (10) has at least one local
solution. Concerning the initial value problem for (13), the above conditions on the growth
and monotonicity of b; and b3 ensure that it has a unique solution that depends continuously
on the initial conditions. Besides uniqueness and continuity with respect to initial conditions
we also have that the solutions of (13) converge to an equilibrium for (13), that is, a solution
of 8¢(n) — Bi(n) — Bf (n) = 0. All these conclusions follow from the fact that 8 — By — By
is the subdifferential of a convez, proper and lower semicontinuous function and from basic
results on the theory of differential equations with mazimal monotone principal part (see,

/2, 3, 11]).
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